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Abstract

The invariant function approach is applied to the Fritzsch and Stech quark
mass matrices to derive explicit analytic formulas for the measurable KM ma-
trix elements and commutator determinant associated with CP violation. Im-
position of the ARGUS B — B mixing results greatly restricts the allowed
top quark mass range. The Fritzsch model with minimal Higgs structure is
marginally viable with 95 < m,; £ 105 GeV, but the top mass range can be eas-
ily extended downward to 70 GeV in the two-doublet Higgs version. The Stech
model, on the other hand, restricts the maximum top mass to ~ 50 GeV and
is ruled out except in the two-doublet Higgs version with somewhat unnatural

parameters.
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I. INTRODUCTION

One of the outstanding issues in particle physics concerns the pattern of quark

masses and mixings.

In the minimal version of the Standard Electroweak Model' (EWM) there is only
a single mass scale v ~ 250 GeV, the vacuum expectation value of the Higgs field.
Nevertheless, the quark (lepton?) masses are all arbitrary because the Higgs-fermion
coupling constants are not fixed by the EWM. Furthermore, the EWM can not predict
the individual elements of the quark mixing matrix; however, it does require that the
mixing matrix be unitary®. In the extended versions of the EWM where two Higgs
doublets are introduced, there are two fundamental mass scales, » and v', the vacuum
expectation values of the two doublets. In order to avoid severe problems due to flavor-
changing neutral currents, it is assumed* that one of the doublets is responsible for
the masses of the up-type quarks and the other for the down-type quarks. Again, as

in the case of the minimal version, the quark masses and mixings remain arbitrary.

The above unsatisfactory feature of the EWM has, in the past decade, generated
two major approaches to the question of masses and mixings as follows:

i) Since the quark masses and mixings originate from the quark mass matrices, a
number of authors have attacked the issue by assuming “reasonable” specific forms
for the quark mass matrices. These mass matrices have either been inspired by
gauge models or have been derived by imposing exterior principles, such as discrete
symmetries, hierarchical structure, mixing of nearest neighbors, etc. Given the mass
matrices, for the up-type and down-{ype quarks, one may compute the eigenvalues
(quark masses} and mixings as functions of thé parameters of the model. A desirable
requirement is that the model in question be as predictive as possible, i.e., the number

of parameters in the model should be as small as possible. In the minrimal EWM, with
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n families of quarks, the number of independent measurables (masses and mixings) is
m+(n-1P =n+1 (1.1)

where 2n equals the number of masses and (n — 1)? is the number of independent
measurables of the quark mixing matrix. Furthermore, one should keep in mind that
many of the measurables in (1.1) are not known. In fact, even the number of families
is unknown. A great deal of work has been done within the framework i) described
above. See, for example, refs. 5 - 6.

ii} A second mainstream of papers has addressed the question of how to parametrize
the quark mixing matrix. This might seem strange, for afterall the general parametriza-
tion of a unitary n xn matrix in terms of rotation angles and phases has been discussed
in great detail by Murnaghan”. In fact, all parametrizations proposed in the literature
are simply special cases of the Murnaghan parametrizations and are, of course, equiv-
alent to one another. The only justification for introducing different parametrizations
is that the quark mixing matrix is already quite complicated for the case of three fam-
ilies. For larger numbers of families, this complexity increases dramatically; therefore,
it may turn out that physics would look simpler in some parametrizations than in
others. Some examples of parametrizations of the quark mixing matrix in terms of
angles and phases are given in refs. 8 - 10. Among these papers, ref. 8 is the fun-
damental result by Kobayashi and Maskawa, who showed that for n = 3 the quark

mixing matrix could be parametrized by three angles and a phase.

Since angles and phases are convention dependent, it is desirable to introduce
combinations of them which are directly measurables and thus convention indepen-
dent. The plaquettes in the quark mixing matrix provide such measurables. For
n = 3, such measurables are given in refs. 11 - 13. The general structure of the quark
mixing matrix in terms of its plaquettes and plaques, for arbitray n, has been studied

by Bjorken and Dunietz!*. Furthermore, for n = 3, Wolfenstein!® has provided us
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with a useful and easy to remember empirical parametrization of the quark mixing

matrix.

Finally, one of us (C.J.) has proposed® that, for n = 3, the simplest parametriza-
tion of the quark mixing matrix is obtained by forgetting all about the angles and
the phase. Instead, one can use four (independent) moduli of the mixing matrix.
The point is that the moduli are directly measurables, while the angles and phase are
convention dependent and, furthermore, have to be extracted from measurables. So
far, since the angles and the phase are not known to have a fundamental status, there
is no need to bother about extracting them. This state of affairs could change in the
future, if we would find that the angles and phase, in some convention, do actually

have important physical “meaning”.

In this paper, we wish to reinvestigate the above issues using the method of
invariant functions of mass matrices!” and the flavor projection operators'®. As we
shall demonstrate below, this method is convenient as follows: Given the twon xn
mass matrices M and M’ for the up- and down-type quarks, respectively, what one
usually does is

a) find the eigenvalues (masses),

b) calculate the measurables of the quark mixing matrix,

c) compare them with data.

As we shall see below, the task b) is much simplified by using the projection technique,
where one simply projects out the appropriate measurables in closed analytic forms.
In general, the measurables are rather complicated functions of the parameters of
the mass matrices which are not manageable by hand unless one is willing to make
approximations. Therefore, it is useful to have exact analytic expressions which the
computer can easily handle. The computer can, for example, easily check the unitarity

of the resulting quark mixing matrix, etc.

In this paper, we extend our earlier work'® and examine in some detail two popular
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models of quark mass matrices. Since the methods described in this paper are new,
we shall present them in a pedagogical fashion, so that the interested model builder
may easily apply them to the analysis of her/his favorite model. The plan of the paper
is as follows: In Section II we present the technique of flavor projection operators in
generality for hermitian, as well as nonhermitian, mass matrices. The commutator of
the quark mass matrices plays a special role if CP is violated as illustrated for three
families. The invariant function approach is applied in Section III to the Fritzsch and
Stech mass matrices to extract closed analytic forms for the absolute squares of the
KM mixing matrix elements and the determinants of the mass matrix commutators.
In Section IV two determinations of the quark masses at 1 GeV are presented along
with expressions needed to evolve the top quark mass up to its physical mass scale.
A recent determination of the KM matrix elements is also presented. A numerical
analysis is carried out in Section V in both the Fritzsch and Stech models with minimal
Higgs and two-doublet Higgs structures to find the allowed range of top quark masses
which best fits the KM matrix information as well as the B — B mixing information

from the ARGUS collaboration. Our results are summarized in Section VI.

II. TECHNIQUE OF FLAVOR PROJECTION OPERATORS

In this Section we shall give a brief account of the invariant approach’” and flavor

18

projection operators'®. Our purpose is to establish our notations and give explicit

analytic formulas for measurables.

Assume that there are n families of quarks and denote the mass matrices for the
up- and down-type quarks by M and M, respectively. Since in the EWM one may®,
without lack of generality, take M and M’ to be hermitian, we shall first consider the

hermitian case. The generalization to nonhermitian mass matrices is given later.
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A. Hermitian Mass Matrices

The hermitian n X n mass matrices M and M' are, as usual, diagonalized via
unitary rotations. We shall denote the eigenvalues of the mass matrices by Ay, Aq,
etc., the point being that these eigenvalues are real but not necessarily positive. Thus

A3 = m3, etc., where m,, is the (positive) mass of the up quark, etc. We have
u u? ) P

UMUT = diag(hy, Aes Ay -r)

(2.1)
UMUT = diag(Ag, Aus Ao, .rr)
The projection operators for the up-type quarks are given by
Po(M) = 5a(M)/v (2.2)
Here v is the Vandermonde determinant
v = v(Auy Ay Ay o) = [[ (A — Ay) | (2.3)

Ax~
where A, = A,,A; = A, etc. For example, for n = 3 we have v = (A, — A ) (A —
Au)(Ac — Ay). The numerator v,(M), in Eq. (2.2) is obtained from » by replacing A,
with the mass matrix M and multiplying all Ag,3 # a, with the unit matrix. Thus

v, in the case of n = 3 is given by
vy(M) = (A — A)(Ael - M)(A.1 — M) (2.4)

Here 1 is the unit n x n matrix. If there are degeneracies in the up sector, the con-
struction above needs some modifications (for details see ref. 18). The construction
of the projection operators for the down-type quarks follows exactly in the same way

as for the up-type quarks.

Given any pair M and M', we may rotate both of them with the same arbitrary
unitary matrix X. The measurable quantities remain invariant!? under such a rota-

tion. Thus all measurables must be invariant functions of mass matrices, where an
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invariant function f(M,M’) is defined to be such that

FM, M) = fxmxt xmrxh (2.5)

The measurables of the quark mixing matrix are expressible in manifestly invariant
terms with the help of projection operators. The square of the modulus of the matrix

element V,,;, where a = u, ¢,t,... and j = d,s,b,... is given by!™1®

|Vail® = Tr(Pa(M)Fj(M)) (2.6)

where P,(M) is defined in (2.2) and P} is the projection operator for the down quark,
etc. The purpose of the prime is only to remind us that we are dealing with a down-

type quark. Similarly, other measurables can be projected out. For example,

Viwio (VD ez eeVauin(V )inay = Tr(Pay Pl Pay P, .. Pa PL.) (2.7)

bl Bl TRl Bl

Here the indices are not summed.

B. Some Resulis for n =3

For the case of three families, which will be our main concern in this paper, the

commutator of the quark mass matrices defined by
M, M'] =iC (2.8)

plays a central role. CP is violated if, and only if, det C # 0. The determinant is
given by!?
det C = —2vv'J (2.9a)
where
v — (At hand Ac)(Ag — Au)(Ac e Au)

(2.95)
v = (Ab - A,)(/\b - Ad)(.)\, - )td)
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and J is an invariant of the quark mixing matrix. It is given by
Im(VasVisVieVis) = T X carein (2.10)
Tl
where the sum in the RHS equals either plus or minus one, depending on which rows
(@, 8) and columns (j, k) are chosen. The quantity J itself, up to an overall sign, can
also be written!® in terms of the moduli of the elements of the quark mixing matrix.
One finds
407 = —A(| Vs * [ Var[s [Vas " | Vel 1 Vs Vo) (2.11)

where the rows a, 3,7 are any permutation of 1,2,3 and the columns j and k satisfy

j # k. An equivalent way of writing J? is in the column formulation, where
4J% = —2(| Vas* | Vasl?s [ Ve P Vs [ Vel | Vail*) (2.12)

Here the columns j, k,! are any permutations of 1,2,3 and the rows o and f satisfy
the condition a@ # 8. The function X is sometimes referred to as the Killen’s A

function?! or the triangular function??, the reason being that
Mz,y,2) = 2* +y* + 2* — 20y — 2yz — 222 (2.13)

determines the area of the triangle with the sides \/z,+/y and y/z. Thus J? defines
a “CP violation area”. However, it would be unwise®® to use this area to define a

measure of CP violation because the condition for CP violation does not involve only

J but rather det C of Eq. (2.9).

In applications, we shall use Eq. (2.9) to compute J as function of the parameters
of models of mass matrices and will use Egs. (2.11) and {2.12) to relate J? to the

elements of the quark mixing matrix.
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C. Nonhermitian Mass Matrices

If the mass matrices M and M’ are not hermitian, we take their hermitian

“squares” S and 8’ defined by
s=Mmt, s =mm’ (2.14)

The eigenvalues of these matrices are nonnegative, viz.,

vsul = diag(zy1, T2y ey Tn)

(2.15)
Usut = diag(e), .. 2h)
where
21,23, .y 2n) = (ml,ml, ..
( 142 ) ( ’ ) (216)
(), 2hy ey Zh) = (m3,mi,...)
Now the projection operators are given by
Po(8S) = va(S)/v, Pj(8") = v;(S")/v, a,7=1,2,...,n (2.17)
where
v = v(Z1, T3,y Zn) = [ (T8 — Ty) (2.18)

B>~

and v,(S) is obtained from v by replacements z, — $ and zg — z31, 8 # a. Here
1 is the unit matrix. Thus the construction follows exactly the same pattern as the
hermitian case, cf. after Eq. (2.2). Furthermore, the invariant functions of S and S’
may be defined as in Eq. (2.5) by simply replacing (M, M’) by (S,S). Finally, the
commutator of the mass matrices now involves S and S’ instead of M and M’, and
its determinant has the form (2.9), where v and v’ involve the squares of the masses,

cf. Eq. (2.18), but J is exactly the same as before as defined by Eq. (2.10).
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III. FRITZSCH AND STECH MODELS

A. Fritzsch Mass Matrices

In order to demonstrate the power of the invariant approach and the projection
technique, we apply it to the well known case of the Fritzsch mass matrices?*, for

n = 3, given by

0 4 0 0 A 0
M=1{4 0o B|, M=|4a" 0 B (3.1)
o B C o B* C

where M and M’ are hermitian mass matrices for the up- and down-type quarks,
respectively. The entries in these matrices are complex numbers. Without lack of
generality one may take C and C' to be positive. Furthermore, as noted before in
Eq. (2.5), one may rotate M and M’ with the same arbitary unitary matrix without
changing the physics. By choosing X in Eq. (2.5) to be

X = diag(ezp(—iga),1,ezp(idp))

where ¢4 and ¢p are the phases of A and B, M is made real with positive entries.
Thus the number of parameters in M and M’ is eight. These are A, B,C, {4'|,|B'[,C’
and the phases ¢4 and ¢g:. Since there are, in principle, ten measurables according to
(1.1), there are two predictions; however, since m, is not known, one of the predictions
is replaced by a prediction of the value of the top quark mass.

The Fritzsch mass matrices?® have enjoyed a great deal of popularity in the

past decade and have been studied by many authors®*~?".

To quote one of the
investigators?®, the analysis is “painstaking” if one wishes to avoid approximations.

We shall now show that in the invariant approach the analysis becomes easy.

First one may determine 4, B,C,|A'|,|B’| and C’ as functions of the eigenvalues
of M and M’. Let the eigenvalues of M and M’ be denoted by (Aus Ay Ae) and
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(Ad,A,, As), respectively. A priori, the A’s which are real by hermiticity are not
necessarily positive. Thus A, could be either +m, or —m,, where m, is the physical

mass of the up quark, etc. We have

TrM = A\ +A. 42X, = C
TrM? = A +A1+20 = C?+2(B*+ 4% (3-2)
DetM = A\ = —CA?

Solving for A, B and C yields

C =X+A+A (3.3a)
CB? = —(Ar+ A)( A + Au)(Ae + Au) (3.3b)
CA* = -2 A, (3.3¢)

Since we are looking for a solution with a hierarchial structure {A,| >> || >> |A,],
we see from (3.3a) that A\, = mq, C being positive. From (3.3b) it now follows that
A is negative, i.e., A, = ~m,. Finally (3.3¢) yields A, = m,. This result that
the Fritzsch form requires the second eigenvalue A, be negative is well known in the

literature. Thus

¢ = my-m.+m,
B = [(m¢ — m)(my + my)(m. —my,)/C]"? (3.4)
A = [mt'm,:'.rn.,,./C']U2

Similarly, C’,|B'| and |A’| are obtained from (3.4) by replacing (m,,m.,m;) by
(md, m,, M)
By using these relations the above parameters may be eliminated, i.e., replaced

by measurable quantities. Thus we have two remaining parameters, ¢4 and ¢pg:, and

four measurables of the quark mixing matrix. The measurables of the quark mixing
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matrix are

Vai? = Tr[Pa(M)PYM")|
{[AsAy + A7 + B [And + 4] + | B
+{AgAy + A% [Aede + 147
+1(%a +3g)(Aa + 2y) + BN + 22 + A) +1BPL (3:5)
+2(A5 + Ay )(An + A)A|A!|cospa
+2A,A;B|B'|cosdp + 2BA|B'||A|cos(dar + ¢51)}
x [(Aa = Ag)(Aa = A (A5 = M)A = M)

where (a,3,7) is any permutation of (u,¢,t) and (j, k,!) any permutation of (d, s, ).
Furthermore, since for this Fritzsch case

Auy Ay Ad) = (my,—m.m

( ’ t) ( u © t) (3.6)

(z\d,l,,;\b) = (md, --m,,mp,)
Eq. (3.5) together with (3.4) then yields the nine |V,;|* as functions of the six masses
and two angles ¢4 and ¢p/, but by unitarity only four of the |{V,;|? are independent.
We may check on the computer whether, in the allowed range of phases ¢4 and ¢g,
there is any solution with m, treated as a free parameter. This was the procedure

followed in ref. 19,

Another way of approaching the problem is as follows: We compute the four
independent measurables of the quark mixing matrix from the four independent traces

appearing in (3.5). We find

Tr(MM') = Z Aad;| Vasl?

&,

=CC' + ZB\B'|COS¢B- + 2A|A'|cos¢4r (3.7&)

Tr(M*M’) = 3" A2V,

o,}

= C'(C? + B?) + 2CB|B’|cos¢p: (3.75)
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Tr(MM?) =3 A A3V, 07

a,j

= C(C" +|B'|?) + 2BC'| B'|cosgp: (3.7¢)

Tr(M*M"”) Z,\ 2| V12
= (C? + B¥)(C"” +|B']*) + (A* + BY)(JA? + |B]") + A%| A"

+ 2BCC"|B'|cosgp + 2AB|A’||B'|cos(dar + dp) (3.7d)

With the magnitudes of the quantities A, B,C and their primed versions determined
before as functions of the masses via (3.4), we may eliminate cos¢p: by combining
Egs. (3.7b) and (3.7¢c) to get a prediction for the ¢-quark mass as function of the five
other quark masses and the {V,;|?. In this way the top quark mass is related to other
measurables via

3 (C'Aa — CA)Au)s Vel = C2B* + C*|B'|* = 0 (3.8)

aj
We may use Egs. (3.7b) or (3.7¢) to determine cos¢p and subsequently use (3.7a) to
compute cos¢ 4. Then Eq. (3.7d) will provide a further consistency relation. Since in
that equation what enters is cos(¢pa + ¢ ), we see that there is a two-fold ambiguity,
i.e., if the fit requires sing 4 singp: > 0, we will not be able to distinguish between
both sine functions being positive or both being negative. Similarly if the product
of the two sines is negative, we will not be able to distinguish which one is negative
and which one is positive. As discussed in Section IIB, the reason for the ambiguity

is that the sign of J is not fixed by the moduli |V,;|. To determine the sign we must
use the sign of one of the imaginary parts in Eq. (2.10).

The quantity J, including its sign, can be determined from the determinant of the
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commutator in Eq. (2.9). In the Fritzsch model we have

3Det C = (B|B'|singp — A|A'\sind ) [A’|B'? + B2 A']?
- 2AB|A'HB'|(:03(¢A| -+ ¢B')] (3 9)
+A|A'|sing [C?| B + BXC"? — 2CC'B|B'|cos¢p/]

= —vv'J

With the replacements (3.6) in Eq. (2.9b) for v and v', we then find that J in (3.9)
above can be written entirely in terms of measurable quantities with the help of Eqs.

(3.7).

B. Stech Mass Matrices

As a second example of the application of the invariant approach we consider the
very popular model by Stech?® which has been studied by many authors. The Stech

mass matrices are given by

e 0 0 0 a d
M=|0 A 0], M=pM+iA=pM+i| —-a 0 b (3.10)
0 0 A —d -5 0

where the mass matrices are hermitian, the A’s are the eigenvalues and p is a constant.
The entries a,b and d are real. Again by judicious choice of X in Eq. (2.5), we may
take a and b to be positive. The Stech model, having seven parameters, gives three
relations among the measurables. Since m; is not known, in principle, one of these
relations will fix m, and there will be two further predictions among the measurables.

In the invariant approach, the analysis goes as follows: First we have the Stech

relations?®®

p=TrM'/TrM = (A + A\ + X))/ (Au + Ac + A) (3.11)



-14~ FERMILAB-Pub-88/23-T

Furthermore
TrM? =p* (A2 + A2+ A +2(a® + 67 +d)) = AT+ A0+ X5 (3.12)
DetM' = p(p* A A — a’dhe — ¥ — 0°X,) = AdA A (3.13)

Using these equations we may express a and b in terms of the quark masses and find

a? = [“MEy+ Br~ (he = X)) (e = ) (3.14a)

B = [MEr— By — (A - A)d?] O = Au) (3.14b)

where
Ey = YA+ X 4+ —pP (Al + AT+ A
1 2[ d 5 —p( e)l (3.14¢c)
Ex = [PPArde — MaA A /p
Therefore the only remaining parameter is d, while we have four measurables |Vo;|*

which we have not used yet. In contrast to Eq.(3.5) for the Fritzsch model, these can

be written

Vagl? = Tr [Pa(M)PUM)]
= [(Ak — pAa)(M = PAa) + (8% + @*)au + (a® + b )bac (3.15)

+ (8% 4 d2)8ae] [(Ae — A3) (A — A7

1

where again (4, k,1) is a permutation of (d,s,b).

Computing the four traces in |V,;|? gives

Tr(MM') = 3" A2 (Va;* = p(A3 + A2 + X)) (3.16a)
alj
Tr(M?M') = 3220V, P = p(Ad + A2+ A7) (3.16b)
%)
Tr(MM?) = 3 A V,,;1°
a,f

= p2(A2 + A2 4+ A3) 4 A (@® + d7) + A(a® + %) + A (B? + d°f3.16¢)
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Tr(M*M?) = Y ARV,
W3
= pP(A4 + A0+ A+ A2(a® + d7) + A3(a? + b7) + AX(B® + d7(B.16d)

Relations (3.16a) and (3.16b) give two relations for the top quark mass in terms of
|Va;|?. Multiplying the first by A; and subtracting the second from it gives

PN = A) + AL = M)l = Taj dadi(Ae — Ao Vas?

= TiAedi(Ae — A Vs [P + 5 Audi(Ae — AL Vi5/?
(3.17)

Using this equation and (3.16a), we have two second order equations for m, in terms

of other measurables, i.e.,

et A A) T AadslVal = (a4 X, 4 A2+ 40D =0 (3.164)
o,
and

Qe+ A + A A5 el = AVl + Auhe — A)iVis?]

7

~ (A + A+ 20) [M(A = A) + 03 (A~ M) =0 (3.17)

As before, the above equations do not determine the sign of d. The sign of d is

determined from the determinant of the commutator, which is found to be
Det C = -2vv'J = —2vabd (3.18a)

Thus
J = abd/v’ (3.18b)
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IV. QUARK MASSES and EXPERIMENTALLY DETERMINED KM
MATRIX

We shall require the quark masses as input as well as experimental constraints
on the KM matrix in order to limit the unknown parameters m;, $o- and ¢p: in the

Fritzsch model, two of which can be independently determined.

A. Quark Masses

The light quark masses m,,mq and m, follow from QCD sum rules in the MS
scheme, while their ratios are determined more accurately from current algebra. On
the other hand, for the heavy quark masses m.,m; and m,, each pole mass can be
defined at the singularity of the quark propagator, or again alternatively from QCD
sum rules. Moreover, the quark masses run with energy since their Yukawa couplings
satisfy the renormalization group equations. In the approximation that the evolution
equation is linear and involves just the gauge couplings, the solution up through two

loops can be written as??

ANl Yo In L In L)?
m(p) = m; (E) {1 — 2%;(’ L+ ! + 8;2 + O [(_EL—’—)_]} (4.1a)

where 1, is the renormalization group invariant mass, and in terms of the QCD scale
A,
L=1n%
o=11— 1Ny, Yo = 2 (4.1b)
Br=102— 2Ny, m =T 5N

for the appropriate number of flavors Ny. The running QCD coupling strength is

au(y) = %{1- g-:,-li‘}+o ((mL_}:y)} (4.2)

up through terms involving one loop.

given by
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In order to implement the invariant function approach described in Section II,
it is important to determine the matrix elements of M and M’, and hence their
mass eigenvalues, at the same energy scale, 4. This can be accomplished by defining
m;(m;) = m; and evolving the quark masses to 1 GeV. In doing so, it is conventional
to select A3 = 100 MeV as the 3-flavor QCD scale. To insure that o, () is continuous
across the flavor thresholds then requires that one take Ay = 76 MeV and Ag = 47
MeV, respectively, for the 4- and 5-flavor scales with the pole values m.(m.) = 1.28
GeV and my(my) = 4.26 GeV.

The quark mass determination by Gasser and Leutwyler®*® remains a standard

choice:
m, = 5.1 £ 1.5 MeV, mg =8.9+2.6 MeV
m, = 1.35 £ 0.05 GeV, m, = 175 & 55 MeV (4.3)
m, =7 my = 5.3£0.1 GeV

with light quark mass ratios

B4 176 £0.13, £=196+16, £ =345+51 (4.4)
My my my

A new determination of the heavy quark masses based on the propagator singularity

has been carried out by Narison®® who obtains

me(1GeV) = 1.36 + 0,02, my(1GeV) = 5.70 + 0.07 (4.5a)
with
Me ™M _949 (4.55)
m, — My,

The latter ratio together with (4.4) then yield

m,(1GeV) 155 + 36 MeV
my(1GeV) = 7.9+2.5 MeV (4.5¢)
my(1GeV) = 45117 MeV

i
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for the light quarks.

Finally we note that once a value for my(1GeV) is determined by the invariant
approach, it is necessary to evolve m,(u) upward to m(m.) = m, to find the appro-
priate mass scale for the top quark. In doing so, we use A4 from 1 GeV to mu(ms)
and then Aj from my(m,) to m(m,). Thus m, is determined from the product ratio

m,(mb)

" mi(1GeV)

My

(4.6)

me(ms)

Nf=5 N,:ll

in terms of m;(1GeV). The mass of the dressed quark is then computed from the

running mass with the first order QCD correction

P = my(m,) {1 + -34?1, + O(af)} (4.7)

B. KM Matrix

For the KM matrix we use a recent determination by Schubert®! as presented at

the 1987 EPS meeting in Uppsala:

0.9754 £ 0.0004 0.2206 + 0.0018 0 + 0.0087
V = | —0.2203 £ 0.0019 0.9743 & 0.0005  0.0460 + 0.0060
0.0101 + 0.0086 —0.0449 £ 0.0062 0.9989 £ 0.0003

0 0 0 + 0.0087
+2} 0+ 0.0004 0=0.0001 0 (4.8)
04+ 0.0085 0£0.0018 0

Here V.4 is determined from superallowed beta decays and p decay, V,, from K.a
decay and hyperon decays with SU(3) breaking, V.a from neutrino production of
charm and V,, from D decay lifetimes. The less accurately known V follows from
the B decay lifetime, Vi, from the ratio of (b — u)/(b — ¢}, and V;4 and V;, from
the ARGUS B° — B° mixing data®. Finally, unitarity of the 3-family KM matrix is

imposed to determine V;, and to reduce the errors on the other entries.
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V. NUMERICAL ANALYSIS

We now use the previously derived relations in Section III to test the predictions
of the Fritzsch and Stech mass matrices with the known experimental data. The
latter involves information on the allowed range for the top quark mass, the KM
matrix elements, the J value for CP violation, BB mixing results for Am/T, the bag
parameter By, etc. The new information on BB mixing has important consequences
for both mass matrix models and the appropriate Higgs sector — standard model or

extended — as we shall see below.

A. KM Matrix Elements Squared: [V;|®

Our procedure for comparing the predictions of the Fritzsch mass matrices with
the experimental limits given in Section IV is as follows:

a) Select masses m(1GeV) for the five lightest quarks u,d,s,c and & which lie
within the bounds and ratio limits stated in Section IV for the Gasser - Leutwyler?®
or Narison®® determinations.

b) Pick a top mass m,(1GeV) in the range 25 - 200 GeV and run through the
complete range of phase angles ¢4 and ¢g. The upper limit of 200 GeV selected is
imposed by radiative corrections on the neutral current neutrino scattering data®.

c) Plot the allowed range of ¢ for given m;(1GeV) and selected ¢4 for which all
calculated |Vg;|? from Eq. (3.5) lie within one standard deviation of the KM matrix
evaluation of Schubert®! given in Eq. (4.8).

With this prescription, we find that the allowed support region is an annular ring
in the ¢p: vs. m(1GeV) plots for rather tightly constrained ¢4, typically +2°. We
plot several examples in Fig. 1. Varying the input quark masses changes the size
of the ring; notably the size is most sensitive to the strange quark mass m,(1GeV).

Lowering the value down to 120 MeV increases the size of the annulus and the allowed
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range for my(1GeV). Along the bottom horizontal axis we have plotted mP™ by
scaling it relative to m(1GeV) through Egs. (4.6) and (4.7).

In Fig. 2 we plot m¢(1GeV) and mE** 3. m,(1GeV) to show the allowed range of
m, obtained with the exact formula (3.5) for the KM matrix elements, |Va;{*. On the
same Figure we also plot the upper bound on m, obtained by the usual approximate

method of first diagonalizing the Fritzsch mass matrices™:

my S e .
(\/",,.—"—,— Vas)? &)

which follows from the estimate

Val ~ 2 - capt-itay [

The cases illustrated in Fig. 2 correspond to |Vi|mee = 0.052 and m. = 1.35 GeV,
ms = 5.3 for the Gasser-Leutwyler masses and m, = 1.36 GeV, my = 5.7 GeV for
the Narison masses. Comparison of our exact procedure with the approximate bound
(5.1) reveals roughly a 10% discrepancy. Whereas the approximate formula leads to
(mf""‘)m“ ~ 88 GeV and 97 GeV in the two cases above with m,(1GeV) = 120

GeV, the exact upper limits are 97 and 107 GeV, respectively.

Let us now turn our attention to the four independent trace equations (3.7a-d).
We select the central values of |V,;|* given by Schubert in (4.8) along with the five
lightest quark masses m(1GeV) for u,d,s,c and b. Either Eq. (3.7b) or (3.7c) can
be used to calculate cospg: as a function of mi(1GeV'), and the results typically
agree with each other to one part in 10%, as well as with the values of ¢ allowed
in Fig. 1. Equation (3.7a) or (3.7d) can then be used to find ¢4, again with fair
agreement with each other and the previous results in Fig. 1. When Egs. (3.7b)
and (3.7c) are combined to eliminate cos¢p:, one finds the cubic equation for m,
given in (3.8). Although this equation can, in principle, determine m; for a given

set of five quark masses and a set of |V,;|?’s, it is so sensitive to the values of the
1778y
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KM matrix elements used that the procedure is unreliable. We prefer instead to use
the method described earlier in this Section to fit the KM matrix elements to one

standard deviation uncertainty.

For the Stech model, our procedure for comparing the predictions of the KM
matrix elements with those given in Section IV is as follows:

a') Select masses m(1GeV) for the five lightest quarks as in a) above for the
Fritzsch model.

b') Pick a top mass m,(1GeV) in the range 25 - 200 GeV and run through values
for d lying in the range 0 < |d| < a as determined from (3.14a).

¢') Require that the |V,;|? calculated from (3.15) lie within one standard deviation

of the KM matrix element evaluation of Schubert given in {4.8).

Acceptable predictions are obtained only for the identification (3.6) of the A, and
A; with m, and m; as in the Fritzsch case and then only for the restricted band of
m, vs. m, indicated in Fig. 2. A maximum m?™* of 48 - 51 GeV (depending upon
which parametrization is used) is obtained for m,(1GeV) = 120 MeV, well below the
maximum value permitted in the Fritzsch model. No acceptable solution is found for
m, = 170 MeV. The actual choice of m, and mq made within the allowed ratios of

(4.4) limits the range of the matrix parameter d.

Alternatively, we can select the central values for the {V,;|?, a set of the five lightest
quark masses and find m, from the four trace relations given in (3.16) and (3.17).

This method yields a value for m,(1GeV) consistent with Fig. 2 and the procedure

described above.

B. CP Violation Parameter J and Phase Angle §

The invariant J parameter associated with CP violation can be determined from

Eq. (3.9) for the Fritzsch model for any point in the annular rings appearing in Fig. 1.
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For the Stech model, J is determined from Eq. (3.18b) for any point in the allowed
region of d vs. m, in (5.2) above with the aid of Egs. (3.14). In the Fritzsch model
the J values lie in the range 0.1 x 107* < |J] < 0.45 x 107*, while in the Stech model
this range is even greater. In a recent analysis of Donaghue, Nakada, Paschos and
Wyler®, the preferred value is close to 0.3 x 1074, well within the allowed range of

either model.

It is customary to parametrize the 3-family KM matrix in terms of three angles
and one phase®. If we adopt the scheme favored by Chau and Leung®, Harari and
Leurer®, and Fritzsch?®, one rotates the s and b quarks first by the angle 823, then the
first and third family of down quarks by an angle f;3 and phase ¢, and finally the
first and second familes by an angle 8. This procedure corresponds to the complete
breaking of the chiral U(3)y ® U(3)r symmetry in stages such that only nearest

neighbors mix to yield the observed spectrum. In this scheme the KM matrix is then

given by
€12€13 812€13 3337
_ i§ i§
V = | —c23812 — c123823913¢€" C12€C23 — $12823513€° €13833 (5.2)
i i
812823 — €12€C23813€ —C12823 — C23812313¢ €13C33

Using Eq. (2.10) we then observe that J can be written as

J = Im(ViaVasVisVia)
= C1zc§352381231332385n5 (5-3)

= [Vaa||Vas||Vaal|Vaz|siné

from which sind can be determined. Near the preferred value of J =~ 0.3 x 107*, we

find sind ~ 1.0 in both models. Specific cases of interest are listed in Table I.
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C. B - B Mixing in One and Two Doublet Higgs Models

We now turn to the restrictions imposed on the Fritzsch and Stech models by
new combined information on the top quark mass and Viz and Vi, matrix elements.
This arises from the recent ARGUS experimental results®® on the B — BS system. In
Section I'V we have noted that Schubert®! used this information to restrict the KM
matrix elements in a model-independent fashion. Here we can obtain even stronger,

model-dependent bounds.

The ratio r4 of the decay widths for the mixing mode relative to the direct mode

is measured to be
_T(Bg— B - X')

= =0. 0.08 5.
T4 (57 > X) 21 £ (5.4a)
and can be well approximated by
2
~ _%d
Td ™~ 2 + xi (5.45)

in terms of the ratio of the mass difference to the average decay width, from which
Td = AmB“‘_B‘s/FB ~ 0.73+£0.18 (5.46)

The mixing parameter, x4, can be approximated by the one loop box diagrams in-
volving just W boson exchange in the minimal Higgs model with one doublet but

also charged Higgs exchange in the two doublet Higgs model. In these two cases, we

can write3®37

G} .
z4 = o 2ma7aBa fpnami |V Vil Rz, 2n, va/v1) (5.54)
and estimate this by using mg ~ 5.3 GeV for the mass of the B meson, 7p =~
1.18 x 10~2 sec for its lifetime , Bg f3 ~ (0.140 £ 0.040 GeV')? for the product of the

bag parameter and square of the B meson decay constant, and 7, ~ 0.85 for a QCD
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correction® to obtain:

Baf} .
zq =~ 0.37 W%B)_; m?| Vs Vi |? R(z¢, 20, v2/v1) (5.58)

where37

R(z,zyvfm) = {[i+ 4(1 L - iy — dain ]
+2(2)" = [ + et
toditptn #] -3 (2) 2 [amm (559
+(T."-T.,'§'(T—Z,’)ln zg + %ln zt]

+1(2) = [ - i (i)]}

in which v; and v; are the vacuum expectation values of the Higgs giving masses

to the up-type quarks and down-type quarks, respectively, and z, = (m;/Mw)? and
z, = (my,/Mw)? are the squared ratios of the top quark and charged Higgs mass to
the W mass. In these formulas m, is the running top quark mass. The first term in
(5.6¢) is the W box contribution to the By — Bs mass difference which is the only

term present in the standard minimal Higgs model.

In Fig. 3 we plot R vs. m, for m, = 30,50 and 70 GeV and the ratio vs/v; = 0,0.5
and 1. From Egs. {5.4c) and (5.5b) we can then write

(0.140)?
Bgpf

m2 Ve Vi1 R( 24, 25, v2/01) 22 (2.0 £ 0.5) (5.8)

and can plot the bands corresponding to this for fixed v3/v; for both the Fritzsch and
Stech models. In Figs. 4 and 5 we superpose these B — B mixing bands with the KM
allowed regions for the Fritzsch and Stech models, respectively, where we have used
the central value of (0.140 GeV')? for Bp f3 in the plots, so the bands cover the range
2.0 £+ 0.5. The right-most band in each figure applies for the minimal Higgs model,
while the double-hatched band corresponds to the two-doublet Higgs model with
vy/vy = 1.0 and charged Higgs mass m, = 50 GeV in the Fritzsch case and m, = 30
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GeV in the Stech case. It is apparent that these bands for the Fritzsch model with
minimal Higgs structure do not overlap the allowed KM region, while overlap does
occur with m, = 120 MeV in the two Higgs doublet version if v2/v1=2 1. However, the
Fritzsch model with just one Higgs doublet can not be ruled out on the basis of the
present ARGUS data due to the uncertainty in Bpfj indicated above. For example,
by selecting Bgf% = (0.160 GeV)? instead, the bands cover the range 1.5 = 0.4 and
nearly intersect the KM matrix-allowed annuli when the strange quark mass is taken
to be 120 MeV in the Gasser-Leutwyler or Narison mass determinations. Slightly less
overlap of the double-hatched band with the KM ring occurs in the Fritzsch case,
if we raise m, to 70 GeV with vo/v; = 1.0. The Stech model can be ruled out in
the minimal Higgs case. With two-doublet Higgs structure, and m, = 30 GeV and
v3/v, = 2.0, the Stech model survives, but this case is very marginal, since the charged
Higgs mass is just beyond present observation and the VEV ratio is anomalously large

for the down quark sector relative to the up quark sector.

D. Other Parameters of Interest

We conclude our analysis by addressing several other parameters which are pre-

dicted by the Fritzsch and Stech models and are of interest here.

The predicted values for [V;,|?/|Via|? for both models suggest a BZ — B; mixing
parameter 2,2 10z4 corresponding to 7, 2 0.95 for the physically interesting cases,
nearly maximal mixing in this channel compared to r4 in (5.4a). The square of the
amplitude ratio |Vis|/|Vis| enters the prediction for the partial decay rates I'(b —
uz)/T(b — cz'). The ARGUS group has recently observed® the non-charmed decay

modes Bt — ppr* and B° — pprtn~ from which they have determined

bou |Vl
0.07 & —— ~ =20 £ 0.23 :
Sy S (5.7)

The Fritzsch model predictions are slightly below the lower bound for this ratio of
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KM matrix elements as seen from Table I.

Finally we note that the bag parameter Bx can be determined from the e param-

eter in K decay. For this purpose we use the expressions of ref. 40 to write

G By 3 .
e} = a,zf/zM%’mzmifK | Vi Vepsind|

x {["?afs(zt) = EA R nzztfz(zt)chsl’ (Vu- - %6085)}

(5.8a)

in terms of the bag parameter By in K decay, z. = (m./Mw)® and z, given earlier in

part C,
3 Zg(l + Zg) 222
_q,_3 - %) _LZ 5.
falze) =1 1 - ap [1 + - zfln zt] (5.8%)
nE d A f ]
O e [1 +n (5.8¢)

and my = 0.7, = 0.6,n; = 0.4. Using standard values for the constants in (5.8),
we find the values tabulated in Table I for the cases illustrated in Figs. 4 and 3.
The values of Bx obtained with m, = 120 MeV and the top quark mass yielding the
best fit for the KM matrix and B — B mixing data are in fair agreement with the

predictions of Bardeen, Buras and Gérard*! in the Fritzsch model.

Neither a heavy top mass nor a heavy charged Higgs boson significantly modifies
the standard u and ¢ quark and W contributions to the ¢ parameter given in (5.8)
above. The same is true for the €/ ratio recently determined experimentally*? which

is well explained by the standard EW model.

VI. SUMMARY

In this paper we have investigated the Fritzsch and Stech models of the quark
mass matrices, using the invariant function approach developed by one of us (CJ).
With this approach we are able to present explicit analytic formulas for the measur-

ables, i.e., the squares of the KM mixing matrix elements and the J-value associated
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with CP violation. It is then a simple matter to find the support regions in the top
mass, ™., and remaining free-parameter space where the predicted KM matrix ele-
ments lie within the experimentally determined bounds. For the Fritzsch model, this
corresponds to an annular region in the ¢ps phase vs. m, plane, while for the Stech

model it is a very narrow elliptical region in the d vs. m, plane.

The recent ARGUS data on BS — BS mixing further restricts the range of the
combination m? |V;gV;}|* R, with R defined in Eq. (5.6c), corresponding to bands in
the ¢g» vs. mq or d vs. m, planes. We have considered the box diagram contributions
to the mixing parameter for both the standard model with minimum Higgs structure

and the two-doublet Higgs model.

Our analysis indicates that the Fritzsch model with minimal Higgs structure
is somewhat marginal. The strange quark mass at 1 GeV must be set equal to
m,(1GeV) ~ 120 MeV and the mixing parameter 24 must be taken on the low side
of the experimentally determined value while the product of the bag parameter and
decay constant squared, Bp f2, must be taken on the high side. The top mass, mPhve
is then predicted to lie in the 955 mP"* < 107 GeV range, depending somewhat upon
the light quark mass determination employed in the analysis, i.e., that by Gasser and
Leutwyler or that by Narison. Note that this conclusion is somewhat more pessimistic
than that arrived at in our earlier letter because here we make use of the exact ex-
pression for the box contribution to B — B mixing, and we have taken a slightly lower
upper bound for |V| than previously for the range allowed by the latest Schubert
data analysis.

As expected, if one expands the standard model to include a two-doublet Higgs
structure, the Fritzsch model is less tightly constrained and more viable, We have
considered a charged Higgs mass of 50 GeV and set the ratio of the two vacuum
expectation values equal to unity. In this case, the allowed top quark mass range is

85 =~ mE™’< 107 GeV if we take the value Bp|fp|> = (140 MeV)?, while it can be
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lowered to (m2™*), ... ~ 70 GeV with the choice Bp|fs|? = (160 MeV )2 However, a
bag parameter By closer to 0.7 than 1.0, as suggested by the analysis of Buras ef al.,
favors the higher top quark masses. In either the minimal Higgs or two-doublet Higgs
version of the Fritzsch model, we find the ratio of |V,;/ V.| = 0.055, corresponding

to a (b — u)/(b — c) transition ratio slightly on the low side compared to recent

ARGUS data.

In contrast, our exact treatment of the Stech model shows that the maximum top
quark mass allowed by the present KM data lies in the range mf™* ~ 48 — 51 GeV.
The standard model version with minimal Higgs structure is ruled out on the basis of
the B — B mixing data, while the two-doublet Higgs version is still marginally viable,
if we set the charged Higgs mass equal to 30 GeV and the vacuum expectation ratio
to v;/v; ~ 2. The latter choice of parameters is somewhat unnatural, however, and

the bag parameter in K decay is much too large.
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Figure Caption

Figure 1:

Figure 2:

Figure 3:

Phase angle ¢g: vs. m,(1GeV) and mI™* plots in the Fritzsch model
showing the physically allowed annular regions for the KM matrix ele-
ments based on the one standard deviation results of Schubert® given in
Eq. (4.8). The sets of quark masses for the four plots illustrated, two
with the Gasser-Leutwyler and two with the Narison determinations, re-
spectively, are
(a) m, = 5.1 MeV, mg = 8.9 MeV, m, = 175 MeV, m, = 1.35 GeV and
my = 5.3 GeV;
(b) m, = 3.5 MeV, my = 6.1 MeV, m, = 120 MeV, m. = 1.35 GeV and
my, = 5.3 GeV;
(c) m, = 4.5 MeV, mq = 7.9 MeV, m, = 155 MeV, m. = 1.36 GeV and
my = 5.7 GeV;
(d) m, = 3.5 MeV, mq = 6.1 MeV, m, = 120 MeV, m, = 1.36 GeV and
m = 5.7 GeV.

Allowed range of m,(1GeV) and mE™ s, m, in the Fritzsch model
obtained by fitting the squares of the KM matrix elements |V,;|* to one
standard deviation with the exact formula given in Eq. (3.5). The cases
ilustrated correspond to |Vip|mez = 0.052 with m. = 1.35 GeV and m;, =
5.3 GeV for the Gasser-Leutwyler masses (solid lines) and m. = 1.36
GeV and ms = 5.7 GeV for the Narison masses (broken lines). For
comparison, the approximate upper bounds from (5.1} are plotted as
dashed lines. The corresponding allowed range in the Stech model is

indicated by the two narrow bands.

Plot of R(z,zy,vs/v;) defined in Eq. (5.6c) vs. m, for the standard

model with one Higgs doublet and the two Higgs doublet model. The



Figure 4:

Figure 5:
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standard model result is represented by the lower solid curve, while the
two- doublet model results are given by the two sets of three curves with
the upper set referring to the vacuum expectation value ratio va/v; = 1.0
and the lower set to v;/v; = 0.5. In each set, the curves refer to a charged

Higgs mass of 30, 50 and 70 GeV, respectively.

Annular regions of Fig. 1 for the Fritzsch model allowed by the KM
matrix elements and bounds following from Eq. (5.6) as determined by
the By — By mixing results of the ARGUS collaboration. The single-
hatched bands apply for the minimal Higgs standard model, while the
double- hatched bands apply for the two Higgs doublet model with a
charged Higgs mass of 50 GeV and VEV ratio va/v; = 1.0. The sets of

quark masses are identical to those for Fig. 1.

Plot of d vs. m(1GeV) and mE™ for the Stech model with light quark
masses m, = 3.6 MeV, mq = 6.4 MeV and m, = 120 MeV for the Gasser
- Leutwyler determination. The narrow elliptical region is that allowed
by the KM matrix elements, while the single-hatched and double-hatched
bands correspond to the standard model and two-doublet Higgs model

results for By — By mixing as in Fig. 4.
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