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ABSTRACT
The results of numerical integrations of the rates and emissivities of the photo, pair,
and plasma neutrino emission mechanisms in the Weinberg-Salam theory of the weak inter-
action are presented. We consider the range of densities 10 gm cm™ < p < 10'* gm cm™3
and the temperature range 108K < T < 10! K. We present fitting formulae, similar to
those provided by Beaudet, Petrosian, and Salpeter (1967}, which reproduce our numerical

result for the total emissivity to within 20% in the temperature range 108*K < T' < 10! ! K.

Subject headings: dense matter — elementary particles — neutrinos



I. INTRODUCTION

Energy loss by neutrino emission is an important process in a wide range of astrophysical
problems {Barkat 1975; Tayler 1981). Because neutrinos interact so weakly with matter
(typical interaction cross sections are & 10~**em? as opposed to typical photen interaction
cross sections of & 1072%¢m?) they can escape unhindered in circumstances where photons
are trapped. Neutrino losses are important in the red giant stages of stellar evolution (e.g.,
Ramadurai 1976, 1984; Sweigart and Gross 1978), for cooling of white dwarfs (Lamb and
Van Horn 1975; Isern et. al. 1983) and neutron stars (e.g., Nomoto and Tsuruta 1981),
for x-ray burster models (Joss and Li 1980), as well as during supernova collapse (e.g.,

Bodenheimer and Woosley 1983; Ray, Chitre and Kar 1984).

Beaudet, Petrosian, and Salpeter (1967 hereafter BPS) have presented the results of a
series of numerical Monte Carlo integrations of the emission rates of electron neutrinos and
antineutrinos due to the pair, photo, and plasma neutrino emission mechanisms {(Figure 1)
using the “universal” Fermi theory of the weak interaction for a wide range of temperatures
and densities. Dicus (1973) rederived the matrix elements for these mechanisms in the
Weinberg-Salam theory of the weak interaction, and included the g neutrino, but did
not redo the numerical integrations, instead presenting his results in various limits where
analytic approximations may be obtained. Ramadurai (1976,1984) used a modified form
of Dicus’ correction factors in performing stellar evolutionary calculations, and showed
that small, but significant, changes are produced by including these approximations to the
effects of neutral currents. The changes in the pair emission rate were also considered by
Soyeur and Brown (1979), while modifications to photo neutrino emission rates induced by

strong magnetic fields have also been explored (Chou, Fassio-Canuta and Canuto 1979).
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In this paper, we present the results of numerical integrations of the pair, photo, and
plasma neutrino emission mechanisms in the Weinberg-Salam theory for temperatures

between 108K and 10!'K and densities between 10 gm cm~2 and 10Mgm cm~3. We
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integrate numerically to find the emissivities (erg cm™3 sec™!) and rates (cm™2 sec™!) of
electron, g and 7 neutrinos. We also, following the example of BPS, present fitting formulae
for our emissivities. However, we will show that the BPS fitting formulae must be used
with great caution. The individual fitting formulae which they give are very poor fits to
our recalculation of the neutrino emissivities in the Fermi theory and are a reasonable fit
only to the total emissivity, and only in the region in which BPS calculated actual values

for the emissivities. The granularity of their grid is evident in their fitting formulae, as we

shall show.

Flowers (1972} investigated the role of neutrino-pair bremsstrahlung as a as a cooling
mechanism in matter below its melting temperature in the Fermi theory; this was originally
considered by Festa and Ruderman (1969). Dicus, Kolb, Schramm, and Tubbs (1976)
subsequently included neutral current effects. We do not consider this reaction here,
since Flowers shows it is important only at high densities, where it begins to dominate
as the plasma neutrino emissivity drops rapidly, and Dicus, Kolb, Schramm, and Tubbs
show that including.neutra.l currents does not change the results greatly. Recently Itch
and Kohyama and collaborators (Itho and Kohyama 1983; Itoh, ef. al. 1984 a,b,c) have
improved upon the calculations for neutrino-pair bremmstrahlung by including corrections
due to phonons in the crystalline lattice phase and low-temperature quantum corrections
to the liquid metal phase. Adding the fitting formulae they present for those reactions to

the ones we give below provides a fairly complete description of neutrino emissivities over
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a very broad range in temperature and density.

As we were completing this work, we learned of the similar work of Munakata, Ko-
hyama, and Itoh (1985), who presented the neutrino emissivities for the pair, plasma,
and photo neutrino processes in the temperature range 108K < T < 10'°K and in the
density range 1 gm cm ™2 < p < 10'* gm cm™3. Our expressions for the neutrino emissiv-
ities given below are identical to theirs, but our photo neutrino emissivity for 7' = 10K
seems to differ appreciably from theirs. However, because it is difficult to read many cycle
log-log plots or compare them with each other, the difference may or may not be real.
Munakata et al. also present fitting formulae for the three emissivities. We have used their
fitting formulae to compare with our results by computing their fitting formulae, using
sin?fyw = 0.23 instead of the value 0.217 which they use, over the range of temperatures
and densities for which we have numerical results. The results of this test show that in
general, the simple fitting formulae which we present below are better fits to our numerical
data than their more complicated formulae. If their fitting formulae are accurate represen-
tations of their numerical results, the discrepancy between our numerical results and theirs
at low temperatures (10% — 10°K) may be > 10% at densities where the photo neutrino
process dominates. As might be expected, their fitting formulae are poor (errors > 40%

at T = 10'* K) in the high temperature regime (10'!' K) which they do not inspect.

In §II, we will present the results of our numerical integrations, going briefly into
the techniques. Since there are minor errors in the published literature about the photo
neutrino rates, we will more fully discuss the photo neutrino rate, and present the numerical
technique used to calculate the integrals for those rates, in the Appendix. In §III, we will

present our results and discuss our fitting formulae to our numerical results. We will show
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that the fitting formulae provided by BPS are actually poor fits to our recalculations of
the Fermi emissivities (which agree well with their data), and only fit the sum of the three

rates with any degree of accuracy. In §IV, we will summarize our findings.

II. BASIC FORMULA AND NUMERICAL TECHNIQUES

The basic equations for the photo, pair, and plasma neutrino emission mechanisms are
given in Dicus(1973). We will present his results below, with the minor modifications
necessary to include both g and 7 neutrinos.

3

The emissivity (erg cm™2 sec™!) due to the pair neutrino reaction (e* +e~ — ve s +

Do u.r) i8 given by

G2,m9c® _
Qpair = TSW—E;W{('?CQ — 203G GY, )y + G2, ,GT 1 + 9C (G, GY + Gy G
+(C% + C)4GT G1/2+4G1—/2G1 -Gy GY —1/2” rsz -Gy thz G:1/2G“}1
(1)
where
00 a4l _ y-2
+ — \3+2n 22" (2% — A7)
GE(), ) = A [Hdz e (2)

Gw is the Fermi constant = 1.435 x 10~%%erg cm®, €2 = CZ + 2(Cv — 1)%, C% = C5 +
2€C4—1)%,Cq =1/2,Cy = 1/2+2 sin® 8w, and Ay is the weak angle. In these calculations
we use sin” fy = 0.23. The rate (cm™2 sec™!) due to the pair neutrino reaction is given

by

Gwm ¢’ 2 op2 + 2 +
T (0% - 20R)(62, 3G o) + €Y (G5 6T 9

(C2 +C2 )[401/2 1/2 G1/2G+1/2 G:1/2G:’/2]}'

Rpai'r =

The emissivity and the rate due to the plasma neutrino reaction (plasmon — ve, r +
Do) may each be split into two parts, that due to longitudinal plasmons (which may

be thought of as collective excitations of the electron gas), and that due to transverse
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plasmons (normal photons interacting with the electron gas). The longitudinal emissivity

is

z 7
Geym®c® 1(5\% .3 5.5 o Cy %y - a?)PVy? -1
Q= ooz \3) YA\, 1 pr— dy, (4a)

where a? = 1 + (3/5)(w; /w,)? and the transverse emissivity is given by

Or = GW';'“;’ “Agf T " VT =T 4y, (40)
where 1 = (hw,)/(kT), A = (kT')/(mc?), w, is the plasma frequency given by

2 _ 4a(mc?)?

we =
° 3rh?

[2G+1/2 + 2an1/‘2 +G* —3/2 + Gna/z]

w; is the first order correction to the plasma frequency given by

4a(mc?)?

2 2

Wi = st — —m—m——
! ° 3rh?

[3G+5/2 + 3G“5/2]
m is the mass of the electron, and « is the fine structure constant. Note that this differs

from the results of BPS only by a factor of (3 = 0.928, and is not valid at low density

and high temperature as they explain. The longitudinal rate is given by

1 a
Rp = Glym®c’ l(ﬁ)gC2 EA8 (83)7f Pl =)V - dy (5a)
48m, 802 2\3/ 7V . e — 1 :

wy

and the transverse rate is

Ry = —"—5—

Gym®e’ wf V2 "" VETV i, (58)

481,45 %
The emissivity for the photo neutrino reaction (¢* + v — e* + v, r + Do b ) is more

complicated than the previous two reactions:

kT o0 1
Qphoeo=(—f devz? —A~2(e" " + 1 “f dy\/y? — 12 (6”-1)"'f dw
A-t o -1

4(2x)7

1 .o 2 1
t“dtm S+ Giz S=G1s
—_ d U ACR T T o E 2 T
. SD(D+2),[_1 z(z+y) (1 D+2) (¢ +7

(6),



where the various terms are defined in equation (A12) of the Appendix. The corresponding
rate is found by simply removing the factor of (z+y) from the integrand in equation 6 and
removing one power of kT from the coefficient in front of the integral. Note that, where
the plasma and pair emissivities and rates can be written in terms of {relatively) simple
one dimensional integrals, the photo production emissivity (and the corresponding rate) is
a five dimensional integral and must be done by a Monte Carlo technique.

We use a standard numerical technique, the Romberg method {Acton 1970), to in-
tegrate the plasma and pair emissivities and rates. ‘Four significant figures are required
from the integration routine, and in most cases are obtained. Only for low temperatures
and high densities does the integration routine fail to provide four figures; in those cases,
three significant figures are found. Results calculated with Cy = C4 = 1 reproduce very
well the results obtained by BPS. The photo neutrino emissivity and rate are done by a
Monte Carlo integration routine, more fully described in the Appendix. The formal errors
in the integration are a few percent. Setting Cy = C4 = 1 reproduces the BPS results

very accurately.

III. NUMERICAL RESULTS AND FITTING FORMULAE

Figure 2 shows our results for the emissivities for T = 108K, T = 10°K, T = 10'°K, and

3. Figure 3 shows

T = 10" K for densities in the range 10 gm cm™3 < p < 10'gm cm™
our results for the rates for the same four temperatures in the same density range. The
photo neutrino process is important only in the temperature range 108K < T<10°K. The
pair neutrino process dominates the low density regime for temperature above 10° K, while

the plasma process dominates at high density for all temperatures considered here.

Figure 3 shows the average energy of the emitted neutrinos and antineutrinos, E,;, =
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@/R, in units of keV. Notice that the pair neutrino process emits the most energetic
neutrinos and antineutrinos for all T. The average energy of pair neutrinos at T = 103K
is not shown since the pair emissivity is completely negligible compared to the photo and

pair emissivities there.

Note that the photo neutrino results do not extend beyond p” 10'! gm ¢cm™3. This is
because the plasma frequency w, becomes > 2m,.c?/h. At this point, numerical difficulties
prevent further calculation. However, by this time the plasma neutrino process is so
enormously dominant that we felt no need to continue calculations of the photo neutrino
emissivity and rate. BPS show that the photo neutrino emissivity at high density is ~ 10~°
of the plasma neutrino emissivity. The reaction plasmon — e* + e~ + v + & can also occur

when the plasma frequency exceeds 2m,c?/h.

The photoneutrino results shown in figures 2, 3, and 4 were done using 50000 random
points for the Monte Carlo integration. The formal errors are less than a percent for all
densities and temperatures where the photoneutrino emissivity dominates. The formal
error increased rapidly at high densities where the electron degeneracy becomes large. We
also performed Monte Carlo calculations using a finer grid in p — T space using only 5000
random points for each integration. The temperature range covered was from 10°K <
T < 10" K in steps of Alog(T(K)) = 0.1 and the density range was 10! gm cm™2 < p <
10'* gm cm™2 in steps of Alog([p/p.](gm cm™3)) = 0.125. The formal errors were only
a few percent for those densities and temperatures where the photoneutrino emissivity
dominates. The 5000 point results agree very well with the more accurate 50000 point
results for those temperatures and densities where they were both calculated. The 5000

point results were used to calibrate our fitting formulae, which we now present.
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BPS calculated the emissivities for the three processes at 260 points in p — T space.
They sampled density in steps of 10%® gm cm™ between 1 gm cm™2 and 10'* gm cm ™2,

and temperature in steps of 1092 K between 10K and 10'°K. They fit their results to

ao+a1£+ agfz ) ’ (70‘.)

= —c¢
Qapproz K(p,)\)c (Ea + b!.//\ + bg/)\z + 63/’\3

where A = T/5.9302 x 10°K,

i

¢ = (—“’—/‘”——) At (75)

10% gm cm—3

(p/the)? plasma
K(p,A) =1 (p/pue)A®  photo (7¢)
g{A)e~(3/*)  pair

g(A) = 1 — 13.042% + 133.5)* + 1534A% + 918.6A% and ao, a4, az, b1, by, b3, and ¢ are
adjustable parameters. BPS give values for these parameters in Table 2 of their paper.
Because we have actual numerical results on a finer grid, the BPS fitting formula can be
tested for points in p — T space for which they did not calculate emissivities. Figure 5
shows a comparison of the BPS fitting formula with our recalculation of the emissivities
in the Fermi theory for two temperatures: T = 103 K, which is a point at which BPS did
calculate the emissivities, and T = 1081 K = 1.258 x 108 K. Notice that the fit is quite
good at T = 108 K, deviating significantly only at high densities when the plasma neutrino
emissivity is dropping steeply as a function of p/u.. However, the result is completely
different at T = 103! K; notice that the error is as much as 70%. The maximum errer
occurs at about p/p. & 10° gm ecm™?, where the plasma neutrino emissivity dominates,
so the error is not due to possible errors in our Monte Carlo integrations. This is the
worst case that we found in the temperature interval 108K < T < 10'°K, but it indicates

that the BPS fitting formulae must be used with extreme caution, paying full heed to the
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warnings contained in that work. In the interval 10*° < T < 10!, we find that the error
in the fitting formula increases to about 40% at T = 10'! K (figure 6).

Dicus (1973) provided approximate multiplicative factors by which to multiply the
BPS fitting formulae to convert to the Weinberg-Salam theory of the weak interaction. We
choose from Dicus the following multiplicative factors to construct the fits we present below:
the plasma neutrino emissivity is multiplied by a factor of CZ + 2(Cy — 1)? = 0.925, the
pair neutrino emissivity is multiplied by the same factor, and the photo neutrino emissivity
is multiplied by a factor of (C2 +2(Cy —1)? +5C% +10(C4 —1)?)/6 = 0.7791. We checked
these coefficients by comparing Dicus’ predictions with the results we actually obtain by
numerical integration. Figure 7 shows the quantity AQ/Q, where AQ = (Q — Qapproz),
vs. p/u. for three values of temperature: T = 10°K, T = 10°K, and T = 10'°K.
As can be seen in the figure, the fits are reasonably. good except at high density, where
the plasma neutrino rate is falling sharply. Table 1 presents the numerical values of the
coefficients which we use. The maximum error which we find in the temperature range
1082 K < T < 10!°K is about 20%. The error at 10%:! K has a maximum of ~60%.

In the interval 101°K < T < 10'!'K, we modified the coefficients in the BPS fitting
formula by hand to construct a fitting formula which more nearly fits our results in this
region. The coefficients we use are also given in Table 1. Figure 8 compares this fitting
formula with our numerical results for T = 101%°K and T = 10'' K. The most difficult
regions to fit are those where the pair and plasma neutrino emissivities begin to drop

rapidly.

IV. CONCLUSION

In this paper, we have presented the results of our numerical calculations of the photo,
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pair, and plasma neutrino emissivities and rates of matter in the Weinberg-Salam theory of
the weak interaction. We also compared our recalculation of the photo, pair, and plasma
neutrino emissivities in the “universal” Fermi theory of the weak interactions with the
fitting formulae given by BPS. We find that the BPS fitting formula are good fits to our
recalculations only in the interval of temperature in which they calculated actual values of
the emissivities (108 K < T < 10!9), and can be significantly in error near the edges of this
region {we find 70% differences between the BPS fitting formula and our numerical results
at T = 10%!'K). We show that the multiplicative factors provided by Dicus (1973) to
convert the BPS formulae to the Weinberg-Salam theory are good, and the fitting formulae
using these correction factors agree reasonably well with our Weinberg-Salam theory results
in the temperature region 10%2K < T < 10'°K. We provide additional fitting formula

which fit the region 10!°K < T < 10'!' K reasonably well (~ 20% maximum error).
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APPENDIX

In this appendix, we will derive in detail the photoneutrino emissivity due to e* + v —
et + v, +7,. The derivation for the emissivity in the Fermi theory of the weak interaction
is given in Beaudet, Petrosian and Salpeter (1967) while the derivation in the Weinberg-
Salam theory is given in Dicus {1973). There are small errors in both, which we attempt
to correct here. We use units & = ¢ = 1, and Dirac spinors are normalized to 4u = 2F.
Otherwise, we use the conventions of Bjorken and Drell{1964). To obtain the emissivity for
ef 4+ v et + v, ,+5,,, simply do the usual replacement Cy — Cy —1,C4 — C4 — 1
in what appears below. The total emissivity of all three neutrino types is obtained by
replacing C2 — C% + 2(Cy — 1)2, C% — C% + 2(C4 — 1)? in what appears below.

The emissivity is given by

3 3 3! 3 3 1

0= [ konm [ gsen [ G- [ 5 [ 65

(A1),
1 1111}

1
<(an) st (p+ k= —g = g)(E+w- B (3) Dimr { o b
8,€ o]

where p = (E,p) is the four momentum of the incoming electron, p’ = (E',p')} is the
four momentum of the final electron, k¥ = (w,k} is the four momentum of the incoming
photon, ¢ = (g, q) is the four momentum of the emitted neutrino, and ¢’ = (qg,q’} is the
four momentum of the emitted antineutrino. The corresponding rate is found by simply
removing the expression E + w — E' from equation (Al}. In equation (Al), f.(E) =
(exp((E — p)/kT) + 1)~ is the electron distribution function, where g is the electron
chemical potential, and f,(w) = (ezp(w/kT) — 1)~! is the photon distribution function.
The factor of 2 in front of f,(E)} and f,(w) take into account the two spin states of those
particles, while the factor of 1/4 preceding the sum averages over initial spin states. In

the sum, the index s indicates sums over electron spin states (both initial and final), while
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¢ indicates a sum over the initial photon spin states.

Continuing, three angular integrals may be done immediately, yielding

_2(2m)? [°° p2dp /'°° k2dk f
Q =8(2n)° fe(E) w fa(w) f(E") 42
*p+k—p - ~-QE+w—E)Y M ’
< [ 5 [ St k= o - );| |
where w = cos(p, k).
We now define, following Dicus equation (39),
da !
k—p — M|?
1= [P by - LM (43),

3,£

so that

1 pzdp k?dk y @p' , -
0= o [ gm0 [ G- rENEu- B (49

Equation (A4) agrees with BPS equation (B3), and differs by a factor of 1/4 with Dicus
equation (40).

We now find ), [M|?. The matrix element M is given by Dicus

g

M=— ;::fv Be(p' )Y (Cv ~ CA’Ts)% Fue(p)i, ()1 (1 — v5)vs(q') "
teg? - K+m ) ’ (A5),
Bm3, e (p') o hrwi) *(Cv = Cavs)ue(p)8u(9)Vall — 15 )va{q)

where w, is the plasma frequency. The quantity >, |M|? is

5P =g T+ mre (0 —Cun B g R

(Cv + CA’Ts)"/ﬁ}]

@ +m
£

s Q2+ m
B2

xTr[gf'ra(l —15)(~ &)1 + '75)73]

x{(Cv + Cavs)7y ¢+ ¢

where Qu =p+k, Qe=p" -k, By =(p+ k)2 -m> =2k -p+wl, fa=(p - k) —m® =

—2p' - k + w?, and m is the mass of the electron. We use Leanard’s formula

f f L9 54p — g - q)qq” = ZOP)2PP* + ¢ PP),
2qq 2q0 24

14
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where
o _J1 ifP2>0
G')(P)_{O if P2 <0

to integrate over d°gq and d*¢’, and taking the second trace, find

I ZQ(PQ)Q; (92Fuly = 3200 )Z 64rn} T’[(f” +m){7*(Cv — Cas) QlﬁT Y
+ @2ﬂ‘: m “(Cy — Cus)}(#+m{(Cv + Cars)y? Qzﬁ:- m /
A0y + Car))]
(A7),

where P = p+k—p’. We will split [ into two parts, I, &« {CZ+C3%), and I_ o« (C% — C3).
Making use of the facts that e-e = —1, €- p = 0 {by choice; see below), and €- k = 0, after

performing the remaining trace, we find, using G? = ¢*/(32mj, ),

2 12P2 12P2
(PQ)EG (C% - C2) 22[ wy + W2 — =S (P22~ 3(k- P)?)

6 p3 ﬁf ? B2
{ w? 48P2}]

R 3 e X T Y i

€

_ 8 (P2 +m?) (k- P)? - 8 w2 p? {fﬂ 2—(k-P)+w—g]
8182 Bifs ° 2
+ 5P (e P
: (ASb).

We now perform the sum over photon polarization states. Following BPS, we choose

e* = (0,¢) in the rest frame of the initial electron. Then, in this frame
(e p) =0,
Y T I (p’ - k)?
S(e-p)? = o' - B

€

The first equation is true in all frames. We write the second in terms of relativistic
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invariants, with u = p/m the four velocity of the initial electron,

Y= v~ P - ((p '(‘("i(.ku'):):k};’)- k)*

€

So, in any frame

S0 0 = (g ) (5 k)2 k=) (m® =5 9)

2 _ 2,42
P mew, . (Ag)
(k- (p+ k= ) = Sud(m? + 5 p)(p + b~ )]
After doing the summation, I = I, +I_ becomes, with §~! = 8, /2 and v~ ! = —f,/2

to conform with the notation used by Dicus and BPS, and inserting the factor of 2 due to

the sum over photon polarizations of terms not prorportional to 3, (p' - €)?,
82G2
6m

+ (—4w§ﬁﬁ + 12P2'12) (

I =@(P?)

(CE — C3)m? [6P2ﬂ2w§ + 6P%4%w2 4 40~ (P22 - 2(k - P)?)

1
(k- p)? — m2uw?2

1
+m3(k- P)? = Zul(m® +p p')PZ}]

) {2t m - 7 -5) (4100),

2G% 2

I, =0(P*)—-

(CZ + C3){4P? + 282(P? + m?)(k - P)* + 26w P”
X [Pz -2m?—(k P)+ w?f;] + -wz—g(ﬂ - 12 P}(P? - m?)
+[V*PA(P? = m?) + Byw;(P® + m?)] (A106).
X ((k . p)zl.. mﬂwg) {2(ﬁ~r)—1(m2 - P' . P)
1 '
+m?(k- P)* - Ewg(m2 +pp )Pﬁ}}

Now we will get equation (A4) into a form suitable for Monte Carlo integration. We
will follow the treatment of BPS closely. Because of the factor ©(P?), the most convenient
frame to do the [ d®p' is in the center of momentum of the initial particles, where the
constraint becomes ©((2p - k + w2)/(2|p + k]) — [P'oml)- Defining

,=2p-k+w§
2p+ k|
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Q becomes

1 ® p2dp f k2dk ’/"‘" '2 ,
Q 4(211_)7'/; E (E) . fa(w) \ P omIPom

1 o (Al1),
x f-ldzfo dpor(l = f(ENWE +w — ENI

where the z axis is aligned along the direction of p + k so that z = cos(p + k,p’as)-

We align the x axis in the direction of p + k — kcas, and define A = cos{p + k, kear),

a = cos(keoa, P o) 50 that @ = zA +v/1 — z2v/1 — A2 cos ¢opr. The integral over ¢opy

may then be performed, and the result is

Q= (kT)f dz /2?2 = A2 (Y + 1) fmdy\/m(e“l)“lj:dw

T 4(2m)7

142
t“dtm S+ Gtz StGec
dz( — v—=gx7 (z+y) -1
X . SDD+2,[ z{z +y) (1 D+2)I(e +2 + 1)

(A12),

where z = E/kT, y = w/kT, A =kT/m, v = wo/kT, t = ppop, /o', v = p/kT,

r=I,+L,
16G*m?e?, oy 1 _1
L ==k + ) (5 {@+D-5) |2+ 00+ LF}2+C-45))

+(14+D-8)(1+:D- 5)[% (1-4LF4 +4L2F-3(U - 1B2))

+EL(1-20F 3+ VF}(U - tB2))]

U-tBz + EC
2L 4

)

+(1+-32-D—S) [zLF—%-z+ (-—2U+(U—th)+VF“J=‘)]},

116G2m?2e?
I =z—3""‘—e(ca - c}-;){cu +D-8) (3 +4LF-% 4 12F- LU - th))
—apr-t44-Y -Lth +6EL{(1+ D - 5) [1 —2UF~% 4+ (U - th)VF-%]
CE

: (U~ tBz2) - 20 + 2l
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2m?

D=———7—
2p k+ w?’
2
c=22p,
m

§ =/ D(D +2) + t2,

D+2
L_C+2’
U =8 - LC,
4
E=triate
D+2
G—\/I—W’
_2Ly-z-y
T G(z+y)
kel
V2+O)E
2L
|14 _H—C[zD—C(1+D—S)(2D+25—C)[,

F =(U - tBz)? — (1 - 2°)(K*® - B*)#.
This expression for I is valid for (U — ¢Bz)? > (1 — 2%)}(K? - B2)i2. If (U — tBz)? <

(1 — 22)(K? —~ B?)t?, a non-integrable singularity appears in the integral over ¢car. We
find that this occurs only when w, > 2m, at densities p210'! gm cm™3. When w, > 2m,
the photon can also decay via the mode ¥ — ¢t + e~. The dielectric constant {and hence
the plasma frequency) becomes complex, and a more exact treatment of the physics is
needed. We have nof investigated this further, since the densities at which w, > 2m lie
at the extreme upper end of the range of interest, where the plasma neutrino emissivity
always dominates the photo neutrino emmisivity by orders of magnitude. The process
v — et + e~ + P + v should also be considered when w, > 2m.

In order to integrate numerically equation (A12) by Monte Carlo methods, it is most

convenient to transform to a set of variables which range between 0 and 1. We therefore

18



define X = (z~A7")/(zc=27'), Y = (y=71)/(ye =), W = (1+w)/2,and Z = (1+2)/2,
Here z, and y, are arbitrary cutoffs chosen to limit the region of integration of z and y to
a finite interval; they are chosen so that the important part of the region of integration is

sampled. With these variables, equation {A12) becomes

o= R ' e [ e -y

4(2m)7 Te — A1) o (ye—1)

! L 24t ! S +tGz S4iGs -1
— 2d - v— L (x4 y)
x/; 2dwj; SD(D+2)f0 Z(=+y) (1 D+2 )(e ” “) I
(A13).

We do the Monte Carlo integration using the method of importance sampling. We

define an importance function
g(X,Y,Z2,W,t) = X(X)Y(Y)Z(Z2)WW)T (1),

normalized such that

1 pl pl pl gl
f / f f f g(X, Y, Z,W,t)dXdYdZdWdt = 1
o Jo Jo Jo Jo

by normalizing X , ¥, Z, W, and T separately. Letting J be the integrand of equation

(A13), we actually perform the integral
I I ) If
P dXdY dZ dW dt = EdG;dedG,,de dGe m > o)

where the integration points ¢+ are uniformly sampled over the variables G, = [ IdX,
Gy, = [YdY, etc. A wise choice of ¢ will improve the accuracy of the Monte Carlo
integration over the “standard” Monte Carlo integration of equation (A13). We choose

the BPS importance function

g=K22V22 — A=243/y% — 42 (" + 1)~ e — )T (8) Z(2)(e¥ 3T + 1),

19



where K is the normalization constant

1

1
K = (f z*v22 — A3V + 1)~ eV FTar + 1)_1dX[
0 0

—1
g = (e — 1) dY) ,

and

The quantity 4, is chosen such that  + z4, is a typical value of the term K_M_ls*‘:gi;;ﬂ .

BPS uses r,;, = 4, and we do the same.
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Table 1

This table presents the coefficients to be used in the fitting formula

(see equation 7} which, when summed, gives values within

Qapproz = K(p,)\)e-cf

o+ a £+ apf®

E 4B M+ by 2T+ by 20

=220% of the exact

numerical values for the total neutrino emissivity in the temperature range
105K < T<10MK.

10K T<10°K
dy al s bl brj 63 [
pair 5.026x 10 | 1.745x 102 | 1.568x10*" | 9.383x 10! | 4.141xX 10" | 5820102 | 55024
photo | 3.897x 10*° | 5.906x 10'° | 4.693x 10" | 6.200x 107 | 7.483x 107" | 3.061x107* | 1.5654
lasma | 2.146% 1077 | 7.814x107% | 1.653x10°® | 25811072 | 1.734x 1072 | 6.990x 107 | 0.56457
p
1K< T<10MK
pair 5.026%10"° | 1.745%10%° | 1.568x 107! 1.2383 —8.141x 10" 0.0 4.9924
photo | 3.897%10'° | 5.906x 10! | 4.693x 10" | 6.200x 10°® | 7.483x 107 | 3.061x 107 | 1.5654
lasma | 2.146X 1077 | 7.814x10% | 1.663x 1028 | 25811077 | 1.734x 1072 | 6.990x 107 | 0.56457
p
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FIGURE CAPTIONS

Figure 1: Feynman diagrams for the three neutrino emission mechanisms studied in this
paper. The neutral current diagrams are on the left, and the charged current diagrams are
on the right. Notice that only electron neutrinos and antineutrinos are produced by the

charged current interactions.

Figure 2: The photo, pair, and plasma neutrino emissivities in the Weinberg-Salam theory
of the weak interaction with sin? fiy = 0.23 for T = 108, 10°, 10!°, and 10! K, respectively.
The solid line is the plasma emissivity, the dotted line is the photo emissivity, and the
dashed line is the pair emissivity. The pair emissivity is negligible at T = 108 K.

Figure 3: The photo, pair, and plasma neutrino rates for 7 = 108, 10°%, 10'?, and 10" K,
respectively. The solid line is the plasma rate, the dotted line is the photo rate, and the
dashed line is the pair rate. The pair rate is negligible at 7 = 102 K.

Figure 4: The quantity E,;, = @/R, the average energy of the emitted neutrinos and
antineutrinos for T = 102, 10°, 101°, and 10!! K, respectively. The solid line is the plasma
, the dotted line is the photo , and the dashed line is the pair average energy. The pair
rate is negligible at T = 108K, and so the average energy of neutrinos and antineutrinos

emitted by the pair mechanism at 108 K is not shown.

Figure 5: The quantity AQ/Q, where AQ = (Q ~ Qapproz), @ i8 our recalculation of
the total neutrino emissivity in the Fermi weak interaction theory, and Qupproz is the
BPS fitting formula, is plotted as a function of p/u. for two temperatures, T = 108K and
T = 1081 K. At 108 K (a temperature at which BPS numerically calculated the emissivities)
the fit is fairly good; the maximum error is ~ 20%. At 108! K, however, the maximum

error is ~ 7T0%.
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Figure 6: A comparison of the BPS fitting formula with our Fermi weak interaction theory
results for T = 1011 K. The error is of order 40% over most of the range of density.
Figure 7: A comparison of the BPS fitting formula as modified by Dicus to be correct in

the Weinberg-Salam theory with our Weinberg-Salam theory numerical results for three

temperatures, T = 108 K, 10°K, and 10'°K.

Figure 8: A comparison of our fitting formula designed to fit the region 101°K < T <

10! K with our numerical results in that region at two temperatures, T = 105K and

T =10"K.

25



AUTHOR'’S ADDRESSES

Paul J. Schinder

Mission Research Corporation
735 State Street

P. O. Drawer 719

Santa Barbara, California 93102

David N. Schramm

Astronomy and Astrophysics Department
The University of Chicago

5640 S. Ellis Avenue

Chicago, Illinois 60637

Paul J. Wiita

Department of Astronomy and Astrophysics E/1
The University of Pennsylvania

Philadelphia, Pennsylvania 19104

Steven H. Margolis

The Aerospace Corp.

P. O. Box 92957

Mail Stop MI-105

Los Angeles, California 90009

David Tubbs

Los Alamos National Laboratory
X-2, MS B220

Los Alamos, New Mexico 87545

26



Figure 1

Y
e Y e
e 7 WY e W _
VALY ~. YV
e S S~ e
- - - e Ve
elVF,IVT
Pair
e- Ve:Vp:Vr e- Ve
+ + —
e - = - e v
Vo,V Vy €
Plasma
u.v.v v
~ e eI T A e e
Y OZ< Y CIW
e _N_ _ e -
Vo Uy Uy Ve

P,



_3 -
Q erg cm ~sec !

Figure Z2a

PR



Figure 2b

=1
o
|

*
........

_

(b)

T=10%K

. IS e SE—— e

_O_ml
2
7 107
S 107
Q e

_O_ol

0°

24



Q erg em > sec”!

Figure 2c

1o



Figure 2d

-
no
oo

Q erg e > sec”!

-
N
e

(-
(g
>

Kol




Figure 3a

P



sec

R cm®

Figure 3b

T O | e

02 10* 0% 10® 10"

2D



sec

Figure 3c

Flpe gm cm

3

|
[

0

2 04

la 4



R em® sec!

_Oum

Figure 3d

_Oum

_Oua

_Oum

—— ewm e GRS b —— S S eSS S e Sm— — t——

L]
b 4 5 2 5 & 8 80 60 88 8 0T B WS et s P e AN BN P

_ ({d)

| Ouo

_Omm

T N N WO I T B

T
0% 10* 10° 10® 10° 0% 10"
P/te gM cm

29



0 Ol

()l()l

1 | I | ll | ] . 1 J 1.1

2

ey 94nbL4



Figure 4b

L R

[ |

R

0% 10

|
10° 108

Pljre QM CIV

_O_o
3

_ _ﬁ_u_m_ _O_b

5T



w) wb °r/d

28

I I4anbi4



Figure 4d

T SO AT T FUVON TN NN SN NN T

02 10* 10® 108 10 10

DA



0.8

0.4

Figure 5a

__
(a)

T=108K

log (#/Ke)

£ 0



Figure 5b

!



0.8

0.4

Figure 6

>
o|3

-04

-0.8

oY



0.8

0.4

-0.4

-0.8

Figure 7a

(a)

T=108K

log ( P/ke)

a v



Figure 7b

(b)

T=107K

3 5 [ 9 1
log ( P/He)

13

Ly



Figure 7c

| T T
0.8 (c)
~ T1=10"%
04
AQ [
o Of ~—
0.4}
-0.8-
| I
1 5 [ 9 I 13

55



Fiqure 8a

e



Figure 8b

|
08 (b)
" 1210k
0.4
AQ -
Q O
04|
0.8+
_ L
1 3 7 9

log (A/ke)

3

®}



