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Abstract: We study solutions to the hydrodynamic equation3 

ipproprlate for ultra-relativistic nuclear collisions. We find that 

the matter produced in such collisions spends times t > 30 fm/c at 
:emperatures larger than 150 Mev. The transverse momentum of protons, 
laons and pions is computed in the central region of ultra-relativistic 
nuclear collisions. Assuming Bjorken's initial conditions for the 
?ydrodynamic equations, and a bag model equation of state, we show that 
the transverse momentum distribution as a function of g does reflect 
properties 

0 
of the equation of state. We demonstrate that such a 

distribution approximately scales as a function of 1 dN 
Kay- The relation 

oetween pt and g is shown to be significantly altered under different 
0 

Issumptions about the equation of state. The transverse momentum 
distribution of heavy hadrons is shown to be much enhanced relative t0 
:hat cf light pions. These distributions are little changed bY 
differences in the assumptions about the initial transverse density and 
relocitg profile. We are unable to fit the observed correlation 
setween pt and e observed in the JACEE experimental collaboration. 

0 
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Secticr, 1: Introduction 

In this second paper of a series of tvo, 'we use the methodology 
-xplained in the previous paper in an attempr to compute the transverse 
-.cmentum distributions of hadrons as they might be produced in ultra- 
.elativistic nuclear collisions. Arguments have been put forth by 
:huryak(", Shuryak and Zhirov"), and by van 3oveC3) that the 
-ransverse momentum as a function of multiplicity reflects general 
2roperties of the equation of state of high temperature hadronic 
:atter. These arguments, when substantiated by detailed computation, 
?ieht :allow an ,_) experimental determination cf the properties of high 
~empernt;re hadronic matter. 

The ,irgument originally proposed by Shuryak is quite simple: (1-2) Irl 

~.ne expansion of a fluid, the matter i n the fluid does work 0 II 
cart; Jies as they are pushed into the vacuum. This work is caused by a 
pressure difference between the vacuum and the matter in the fluid. As 
-he energy density increases, the pressure increases, and therefore the 
:rs~'sverse momentum of secondary particles increases. For example, the 
zaltiplici ty cf particles reflects the energy density achieved in a 
zcllisicn. Therefore, the degree to which the average transverse 
-.cmentum increases as a function of multiplicity reflects prop-erties cf 
-he equaticn of state. 

The sorrelation between multiplicity and transverse ncmentum most 
irrmatically reflects the equation of state in the case that there is a 
first order phase transiticn. (7) As has been emphasized by van Hove, 
the transverse momentum may not rise so steeply for energy densities 
,Lppropriate for a first order phase transition. During a first order 
-rsnsiticc, the energy density increases during the mixed phase, while 
-he pressure remains constant. For equations of state appropriate to 
iescribe quark-gluon matter, this region of constant pressure may occur 
:cr energy densities which vary by an order of magnitude. The 
transverse momentum distribution does not change much for this range of 
~:r!ergy densities since the ~0x.k done by the fluid on particles while 
zxpanding into the vacuum remains roughly constant, since the pressure 
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Yemains constant. 

There are of course many reservation3 concerning the above 

irgument. In fact for a quark gluon plasma, there is a slight increase 
.I: the energy per degree of freedom relative to that of an ideal pion 
:as. Probably the greatest gap in this argument however, and the gap 
which is hardest to fill without the detailed computations which we 
sresent, is the following. As the energy density increases, the system 
;pends more time in a mixed phase than as a low pressure pion gas. 
Therefore, 3.S the energy density increases, we expect a continued 
:ncrease in the average transverse momentum due to a larger time 

averaged value of the pressure. 

The correlation between transverse momentum and multiplicity may be 
nest easily seen by considering the example of the expansion of a 
spherical droplet of fluid, initially at resti4-') Such an initial 
condition might arise as a fluctuation in $p collision. For such a 
system, initially in a volume V, the total energy and total entropy are 
conserved. Therefore, the quantities E/S, the energy per degree of 
freedom, and E/V, where V is the initial volume are conserved by the 
-quation of motion. Up to a constant which may be determined from 
:ecaetry and by relating entropy to multiplicity, E/S is the average 
transverse momentum. The total energy of the secondaries may also be 
measured, and if the initial volume is known, the initial energy 
density may be experimentally determined. Notice that the total energy 
is is easily related tc the total multiplicity once the energy per 
particle is known. The relation between E/S and E/V may also be 
theoretically determined. The result of such a computation for a bag 
node1 is shown in Fig. 1 At low densities, E/S - T since the energy per 
degree of freedom is that of a pion gas. At high densities, E/S i3 
again - T with roughly the same propcrtionality constant, since the 
energy per degree of freedom is almost independent of the constituents 
for a massless ideal gas. At energy densities appropriate to the phase 
transition, the energy per degree of freedom remains approximately 
constant as the hadron gas melts into a plasma. 
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For ultra-relativistic nuclear collisions, the geometry is not so 
3imple as was the case for p-5 collisions. For systems of infinite 
transverse extent, the solutions of Bjorkenc6) determine the spacr- 
time evolution of matter in the central region. (7-8These Pquations may 
also be generalized to the fragmentation region. Unfortunately, the 
issue of measuring the properties of the equation of state by studying 
the transverse momentum distribution of secondaries is not possible 
without allowing for transverse expansion. The formalism for treating 
transverse expansion of a quark-gluon plasma has been developed by Baym 

(9) et. al. and by Bialas and (10) Czyz. Their method is applicable for the 
-entral region of head on nuclear collisions of equal A nuclei. They 
'lave made explicit computations for the case of an ideal gas expansion. 

The generalization of their results tc the case where a fluid 
:ransversely expands and undergoes a phase transition is not entirely 
straight forward. As matter transversely rarefracts into the phase 
transition region, a transverse rarefaction shock develops. (11-12) In 

order to treat this case, in a vevious ,p,ape;i-izb ,:ls yeynenJ;iliI; 
alpnrithm originally due to Boris and Book 
in the past to relativistic nuclear 
?rankfurt!'5-15) 

ccllisions by workers at 
We also discussed the general initial conditions, the 

nethod cf solution of hydrodynamic equations, <arid deccupling.. In this 
Taper we shall make extensive use of the results presented in the first 

?aper, which we now refer to as I. 

This second paper presents results of explicit solutions to the 
hydrodynamic equation appropriate for the conditions in the central 
region of ultra-relativistic nuclear collisions. In the second 
section, we discuss qualitative and quantitative features of our 
scenario for initial conditions and subsequent expansion of matter. We 
iiscuss the interplay between transverse and longitudinal expansion. 
iIe describe the shock wave which appears in the transverse rarefaction, 
and will show in the third section that our numerical solution properly 
reproduces the known features of this shock as gleaned from analytic 
studies. We also qualitatively analyze the correlation between 
transverse momentum and multiplicity for various nuclear sizes A. 
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In the third section, we present the results of our computations 
for the hydrodynamic evolution of matter as it might be produced in 
altra-relativistic nuclear collisions. We explicitly compute the pt 

distributions of hadrons. We argue that the correlation between pt and 
dN 
qY lS fairly independent of the details of the assumptions concerning 
the matter distributions and the initial conditions. We show that this 
correlation does in fact measure properties of the equation of state. 
We show that the correlation approximately scales as a function of 4 
dN 
5' We also compute the effects of a quark- glucn plasma upon the kaon 
3nd proton spectrum. We present the actual pt distribution for pions 
for a variety of values of dN 

G 
and for picr:s, kacns and Ilucleons 

together for a typical value of the multiplicity density in head on U-U 
collisions. 

In the fourth section, we attempt to compare our results with the 
experimental results from the JACEE emulsion chamber experiment. We 
find that our results are unable to fit the rapid rise in pt seen in 
this experiments. We attempt to critically assess this discrepancy. 

In the last section, ve briefly summarize cur results. 

Section 2: Initial Conditions, .and Qualitative Features of the 
Flow 

We shall give in this section a qualitative and semi- quantitative 
discussion of how the matter flows in ultra-relativistic nuclear 
collisions, and of qualitative features of the pt spectrum of hadrons 
as a function of s 

dy' 
We also discuss the exparlsior, time of the matter 

prc,duced in these collisions and the shock wave which appears in the 
transverse rarefaction of the matter. In additicn, the interplay 
between transverse and longitudinal expansion, as well as general 
features cl the correlation between multiplicity ?nd average transverse 
momentum are descirbed. 

We will consider a situation where the hot hadronic matter expands 



longitudinally according to the sca1ir.g soiutic,rl but i; initially at 
.-est in the transverse direction. Secauae \3f pressure gradients, 
-ransverse flow will develop, the 'details S3eperldirlg on the initi:.l 
:cnditions, the equation of state ,and on other assumed dynamical 
properties like the nucleation rate if a first crder phase transition 
Ls possible. Sere we shall assume the bag model equation of state and 
1 'fast nucleation scenario' which means that the phase transition is 
Assumed to proceed through the equilibrium mixed phase where pressure 
stays constant. This has a profound effect on the evolution of 
yransverse flow and consequently the resulting pt-distribution is not 
-eiated in a simple way to the initial temperature Ti or the initial 
energy density Ei. 

2uring the expansion energy is lost from any slice of matter in a 
given rapidity interval dy through the work which is done in the 
iongitudinal expansion. Since for an ideal massiess relativistic gas, 
entropy conservation implies gas particle number conservation in this 
slice, the energy per particle will decrease. In principle mass effects 
In ihe pion gas phase could lead to decrease in particle number but the 
?rccesses to achieve this are probably too slow when the pion mass is 
Important!17) This might be also compensated by the entropy Droduction 
iuring various stages of the expansicn. In terms cf <pt>, the ,coupling 
to the lcngitudinal expansion means that the final ,value :s usually 
less than what one would expect on the basis of initial temperature. 

The effect of the phase mixture on the flow is two-fold. On one 
hand it slows down the transverse expansion as compared to the ordinary 
transverse rarefaction wave in simple relativistic fluid, leading to 
longer decoupling times. On the other hand when the initial energy 
density is in the mixed phase interval, it provides a mechanism t0 

drive the transverse expansion through the formation cf a rarefaction 
shock ijave at the interface of mixed phase and hadron gas. Since the 
Atrength of the shock depends on the energy density of the mixed phase, 
the flow velccity at decoupling increases with increasing energy 
'density even though the initial temperature is fixed to '7, in this 
interval. As a result the pt-distribution broadens and <pt> increases 
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Throughout the whole p’hase transition region =ont rary to the naive 
sxpectations. 

This conclusion should hold even in the case vithout homogeneous 
.:ixed phase when the initial matter vould consist of plasma droplets 
-mbedded in hadron gas. As the droplets deflagrate the resulting picns 
gill get the vacuum energy of bag constant in addition to the thermal 

energy and consequently their average energy will be higher than that 
sf the pions originally in hadron phase. It should be noted that even 
Though <pt> grows throughout the phase transiticr: region T-i = T,, the 
growth is much slcwer than in the case of no ohase transiticn when the 
:r:itial matter would consist of pions. 

When Ti > Tc the tsmpersture drops tc Tc in ‘ime ~~ = Ti(Ti/Tc)’ 
.lue to the longitudinal expansion alone. If Ta << 3112 R A the ordinary 
rarefaction wave has little effect and from 7. ‘J 

on the system developed 
essentially as if the initial energy density had been Ea- Consequently 
the growth of <pt> is slow until T a becomes ccmparable with 31/z RA. 
Then the ordinary rarefaction wave has time tc evclve and a strcng 
?ransverse flow builds up. Depending cn the det:iils cf the decoupling 
-his may 2verl lead to shorter deccupling times : ,y; T zcne prts cf the 
ratter wher: initial temperature increases. 

The above arguments about the decrease of average energy per 
particle ir: the final state due to longitudinal ex>ansicn hold cnly for 
pions. Fcr the heavier particles the situation may be different if they 
‘are able to stay in local thermal equilibrium and follc,w the collective 
flow. This is because their thermal moticn even in the high temperature 
initial state may, due to their mass, be small compared tc the velocity 
cf final flow which is dominated by the (almost) massless pions. As a 
result the pt-distribution of ‘heavy particles should broaden more than 
that cf the 2ion.s when going from hadron collisicr- to A.3 heavy ion 
,sollisions. This expectation is verified by numerical results. 

Section 3: Results and Their Dependence on the Parameters 
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In this chapter we present the numerical results on the flow .L:ld 
the pt-distributions and discuss the details o f their dependence on the 

initial conditions and the main parameters of the model, the critic?1 
temperature, T,, the decoupling temperature, Tdec, and the radius cf 
the colliding nuclei, RA' The number of quark flavors is taken to be 
2.5 to account roughly for the mass cf strange quark. With pions alone 
In the hadron phase, the ratio of the number of degrees of freedom in 
the plasma and hadron gas is 14.1. Most results are for T, = 200 MeV 
which gives 9 = 0.0 GeV/fm" for the bag constant. Initial time ri and 
temperature Ti are related through Ti = C/Ti where C = 250 MeV-fm/c 22 
?x?lained in I. 

It actually turns out that fcr the flow and the hadronic pt- 
iistributions the values of pi and Ti separately are riot very important 
.*-hen Tj iSTc. The primary quantity is TiTi which is a measure of total 
entropy * or, because of the apprcximate entropy conservation during 
the expansion, of the total multiplicity dN 

fi' Incidentally, riTi fixes 
also the value of t 

Q' which is the essential timescale in the build up 
ccf the transverse flow. Since in most of the cases we consider, ~~ is 
:nuch less than the transverse size of the system, there is little 
transverse expansion before forming a mixed phase, and therefore little 
,iependence in the flov upon .Ti or Tie The value of Ti is on'the other 
:i an d essential from the point of view ;f dileptor! production and 
possible other signals which depend on the whole space-time history of 
the ccllision!18) Xere the discussion of dependence of different 
quantities on initial conditions can always be taken to refer to the 
total multiplicity. 

If the initial energy density is less than cH, the critical energy 
iensity of the hadrcn gas, transverse flow will be weak. All that 
naopens is that longitudinal expansion cools the matter and the pt- 
distribution is essentially the thermal distribution at Tdec with 
<pt>:2.12Tdec. When Ei grows across the phase phase transition regic;n 
from cB = 0.2 Gev/fms to E Q = 3.6 GeV/fms, the rarefaction shock gets 
stronger, the flow velocity of the outcomirig hadrons increases and the 
?t-distribution broadens. Figs. 2a and b shcw the contcur plots of the 
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energy density and the radial velocity for the flow when El= EQ. The 
shock front follows closely the E = CR contour and is clearly seen as a 
jump in radial velocity. As the longitudinal expansion dilutes *he 
energy density the velocity of the shock front increases "') and this 

is seen as a bending of the shock region towards the time axis. 

In Figs. 3a and b the same plots are shown for Ti = 350 MeV. One 
can see how the ordinary rarefaction wave starts from the surface but 
since T Q = 3.0 fm/c, it can not reach the inner parts of the matter 
before turning into the slowly propagating rarefaction shock. As a 

result the transverse flow is not dramatically increased from that in 
Fig. 2 and the growth of <pt> is moderate 1s will be seen soon. This 
is possible because the decoupling time increases and the matter can 
loose a large part of its initial thermal energy as work in the 
longitudinal expansioc. From here on the ordinary rarefaction becomes 
more important and <pt> starts to grow faster with multiplicity. 

To exhibit how the phase transition affects the flew, we show in 
Fig. 4 the flow for the pion gas with the same multiplicity as for the 
flow in Fig. 2. In the pion gas, the transverse expansion is faster 
and a much stronger flow builds up than is the case for a mixed phase. 
This shows up quantitatively in the values cf the average transverse 
momentum which for the pions in these two cases are 495 and 690 Xev 
with and without a phase transition. 

From the flow quantities the pt-distributions for the pions can be 
calculated as explained in I and for the massless pions the results as 
function of multiplicity are shown in Fig. 5. Qualitatively the 
distributions for largest multiplicities differ from thermal 
distributions in the sense that they dc not exhibit expcnential falloff 
as the thermal distributions would do in the shown pt-range. 

The effect of the phase transition on the dependence cf the ?t 
spectra is illustrated in Fig. 6 where the average value of pt is shown 
both with and without phase tralisition as a function cf multiplicity 
for iron-iron collisions with RA = 4.2 fm. The rapid growth ir. the case 



-i l- 

f I: 3 ?:hase transiticn reflects the fact thar ;iith the ?ion degrees of 
'-eeticm available cnly, . high initial temperatures .are needed ;Lo raise 
,-ie nultiplicity. The highest point corresponds ro Temperature Ti = 5r;Q 
:eV :~t i = 1 fm/c. According to the preser:r ideas ,;bout the reasonable 
.3lues cf T:ct this is probably not 3 realistic temperature for the 
:adron phase. We Teturn to this question later -xhen discussing the 
YACEX da~ta!19) The fact that in the ,case of a p’nase transition the 
growth cf <pt> is slowest around 'i = 

E2 shows how effective the 
Tsrefaction shock is in delivering energy into the transverse flow. 
lhen the shock attains its full strength 2t Ei = EQ (the place i3 
,ridicated by E 

'2 in Fig. 6) the growth of ';pt> aimost stops until the 
+inar:r rarefactioc wave in the >iasma has enough time tc fdevelcp. 

Next we consider the effect of the size of the colliding nuclei cn 

Pt>* It turns out that <pt> 3s a function of 1 (GE) 
x dy exhibit3 

,Ipprc,ximate scaling. Qualitatively this can be understood as follcws: 
For large A, a fixed value of 1 ;i ($) implies larger initial 

temperatures than for small A. On the other hand the transverse flow 
i ,y .lops faster and decoupling is reached sooner fcr small RA, SO that 
lcngitudinal expansion has less cf a diluting effect upor, the 
-ransverse momentum distribution. The cancellation of these opposite 
?ff.ects then leads to the aforesaid scalir:g whicn is illustrated i 1: 
~: i P,. :- 

it should be emphasized that in a 3cel:aric where the matter 
.indergoes scaling expansion in the longitudinal direction, this 
txpansion has a crucial effect on the final values cf <pt>. In the CISZ 
ii n 0 tra.r.sverse motion. the final pt-distribution js always the thermal 
?istributiGn at T = Tdec and the role cf the longitudinal motion i3 tc 
:oc,l the matter to this temperature through the Jerk in the expansion.. 
3en with transverse motion taking place Some ?art cf the initial 
'hermal energy is always lost intG the longitudinal work. As a result 
Cpt> is, in general, reduced during the hydrodynamic stage from its 
initial value, which for massless quanta is <pt> = 2.12 'i'i. The effect 
* the longitudinal work in our _i -xplicit calculations is shcwn in Fis. 

3 where the final values cf <pt> 'Ii-e Fiotted together ,riith Ipt> cf the 
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it ial thermal distribution. As explained earlier, there are 
uncertainties in the initial time and consequently in the initial 
.emperature, which would be reflected as an uncertainty in the initial 

-Pt>* Still since we are looking <pt> as a function of multiplicity 
i'hich means fixing Of TiTi3* a factor of two uncertainty in ti would 
:ause a 20 $ uncertainty in Ti, only. 

In the actual nuclear collisions at high but finite energies the 
.ongitudinal work should result as at, energy transfer from central 

.egion to the fragmentation regions (8) and shoul,d be studied through 
the systematics of the A (R ) A and s dependence 

dy 
of the shapes of both 

It and y-distributions. Note that in spherical expansion <Pt> is 

:onserved as a consequence of the symmetry throughout the expansion. In 
.hat situation <pt> directly reflects Ti. Such situaticns might occur 
.ue to fluctuations in the initial conditions. On the other hand the 
)ossible high Ti fluctuations with small or zero velocity 
longitudinal) gradient may not be spherically symmetric. Instead they 

light exhibit Landau type of initial conditions which would still lead 
~0 faster expansion in the longitudinal directi~on. Since, especially 

'or large nuclei, one wculd expect the spherical fluctuations to be 
embedded in longitudinally expanding matter and interacting with it, it 
lay be difficult tc understand large <pt> values from the point cf view 
f hydrodynamics. 

In this study we assume that the density cf heavier particles is 
.ow enough so that their effect on hydrodynamic evolution Of the matter 
:an be neglected This seems reasonabln because they affect only the 
.adron gas stage of the hydrodynamic expansion and because cf the mass 
:uppression one would expect the effect to be less than IO $ to the 
,quation of state. (The fracti on of kaons between Tc and Tdec is of the 
,rder of 30 $ or less and for that part the pressure could be lowered 
.oughlg by 30 $ giving a combined effect of .? x .3 = .l or 10 $). If 
;e further assume that the heavy particles follow the overall flow, we 
.btain the pt-distributions of kaons and nucleons by simply calculating 
the flux of niuU through the decoupling surface as explained in detail 
f: I. ni 9 i=K,N, are the ideal gas densities irith zero chemical 



~:otenTial for the kaons and nucleon3 at the decoupling tenper3tUre zind 

iv i3 the four velocity cf flow. 

The results are shcwn in Fig. $I together with the pt-distribution 

:f massless pions for 3-U collisions with ; (g) = 13.5. The 
::ormalization corresponds to one internal degree of freedom for each 
Garticle species. The spectra differ qualitatively from each other 
showing clearly the strcng boost given by the transverse flow to the 
leavy particles. The dependence of <pt> on the (total) multiplicity is 
:;hown in Fig. 10 for the three particle species exhibiting the stronger 
:rcwth of <pt> for the heavier particles. These features cf the 
: P me I: ‘d e n c e 0 f ?t on the mass of t,he partisle :and tie muitiplicity of 
:vents provide an experimental :-est for the existence of the collective 
L‘low in the final state cf heavy iron collisions. 

Ln our computations, the kaon and nucleon distribut.ions which are 
bused to compute the emission cf t~hese particles thrcugh the decoupling 
surface were taken to be ideal gas distributicn functions with zero 
chemical potential. We might, have allowed for a constant chemical 
potential which would change t,he relati,ve normalization Of the 
presented dist~ributions. It would however ::hailge [ieither t.he shape of 
The distributions nor the average transverse mcmel:tum. Tf, as is 
expected for kaons, the chemical potential fcr st.rangeness is time 
iependent, then this algorithm is not strictly correct. The 
luali tative and semi-quantitative nature of the enhancement of heavy 
oarticles at large pt is quite general, .and we expect that our 
approximate treatment reflects this effect 

We next consider how t.he results depend on the different basic 
;>srameters, which up Tao now have been kept fixed. 

,f _ ,,-) Deccupling temperature Tdec: 

‘<hen ‘Tdec is lowered to 1;30 MeV t.here is a small increase i 10 MeV/C 

‘I r 1ZSSj in <pt> except for the lowest initial energy density Ei = e3 
inere the longitudinal ‘cooling still dominates over the transverse 
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cooling. Compared to the other uncertainties, those coming from The 

mcertainty cf the value of ?dec can be considered unimportant. 

(ii) Critical temperature T,: 

The value of critical temperature affects the pt-distributions in 
two ways, it changes the timescales and contributes to the initial 
energy density (for fixed multiplicity) through the bag constant. Table 
I shows the situation in the case of Ti=CIOOMeV. These values 

correspond to the same initial entropy and essentially the same 3; (s). 
I:The final values of g (differ a little because the details of the flow 

differ and this results in small differences i n entropy >roducticn 

associated with‘the shock wave rarefaction.) 

One can see from these results that <pti is net very sensitive to 
the precise value of T,. In order to get significant increase in /pt> 
the value of T, must be given values which are quite high at least fro: 
the point of view of using the simple bag model equation of state. 3.g. 
T, = 400MeV leads to B = I4 GeV/fmeT, and at such high temperatures 
pions alone would not give a good approximatior of the (degrees of 
freedom of: hadron gas. 

(iii) Initial time Ti and temperature Ti: 

As has been already discussed, the changes cf ri and Ti are not 
important as long as g - TiTz is kept fixed. At the inital time v,=O 

and since T 
Q is now fixed , the differences for different Ti arise from 

the evoluticn of the flow in t:le time interval Sri which one ~0~13 

expect to be of the oreder of 1 Fm or less. This is a short time 
interval frcm the perspective cf the total expansion time. 

(iv) S;;hape of the initial densities: 

If tne initial temperature distribution is not a step function, 
there will be a transverse pressure gradient (except vhere T = T,) and 
the transverse acceleration takes piace also in the matter. This .dill 
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strengthen the flow and shorten the decoupling time. Taking the initial 
Temperature distribution as 

T(r) = To(l-(r/RA)2)K (1) 

de have cosidered three cases with K = 0, l/6 and l/3. Roughly speaking 
for I: = l/6, the production of final state matter would be proportional 
to the number and for I: = l/3 to the square of the number of colliding 
?airs of nucleons at the distance r from the collision axis. For RA = 
5.8 Fm and $ g = 27.5, To = 500, 572, and 630 Mev and the resulting 

values of pt are 630, 657 and Gg7 Mevjc respectively. The effect is 
quite moderate. 

!.J) The effect of initial transverse velocity: 

In all the results which have been discussed above vr = 0.. 
initially. It is clear that <pt> can be arbitrarily enhanced if strong 

initial transverse flow is assumed. In the head cn collisions this, 
ho'lver, does not sound physically justified: one would rather expect 

that with the exception of the outer surface, the produced matter would 
3 e transversally at rest. A calculation with c = l/6, RA = 6.8 Fm, i g 
= 27.5 and initial vr growing linearly from 0 at r = 0 to 0.3 at the 
Jurface gives <pt> = 765 Mev as 'compared to 660 MeV for vr = 3 at T = 
7:. While it is conceivable that the initial flow might be stronger 
'close to the surface but at small and intermediate val-ues of r, it is 
difficult to understand how in head on collisions 7 -3 significant 
collective motion in the transverse direction could be present 
initially. Cslculaticns with different multiplicities shcw that the 

effect grows with multiplicity. The change in numbers is less than 20% 
for the above numbers with rather high multiplicity. 

(vi) The effects due to uncertainties in decoupling: 

Fig. 11 shows the <pt> from three different decoupling calculation. 
in flow decoupling the contribution from the collective motion to <pt> 
iS included, only. As a result it gives smaller values than the 
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-article decoupling. The dependence on increasing initiai temperature 
13, however similar in all cases and the 5'10~ decoupling gives a nice 
'ndependent check cf the calculations. The third curve in the Fig. !: 
zorreaponds to pions with mass. Strictly speaking it is not ccnsiatent 
-0 include the mass in the decoupling calculsticn since the 

:ydrodynamica is calculated with massleas pions. However, the effect cf 
-he mass to the equation of state and the hydrodynamic calculation iS 

small but is not that negligible to <pt> (of the order of 15% to the 
-ight direction from the point of view of JACEE data). Most of this 
iffect is due however to the fact that for massive pions, the 
-elationship between multiplicity and entropy is altered. This effect 

-5 presumably less important if pion number is treated '33 -Jonserved 
-nen the effect of ?ion mass is important. 

In summary, we have shown that there is a strong correlati~on 
setween <pt> and s 

dy which reflects properties oL * the equation of state 
zf hadronic matter. We have shown that these correlations may be 
computed up to a fair number of theoretical uncertainties. These 
incertainties are all at the IO&20% level or less, and hopefully the 
3um of their contributions is equally small. In the future, 
computations may allow a more greciae determination cf these 
Lncertainties, and a hopefully more reliable estimate of the 
:orrelation. Given the stability of our numerical results to such 
changes, we believe that this correlation will survive closer 
:~napection. 

Section 4: Comparison with JACEE Data and Discussicn 

The data taken by the JACEE cosmic ray ccllaboration for pt vs 
iEt/dy is shown in Fig. 12. We have here only included the data fcr 
zucleua-nucleus collisions. In this plot, the energy density <E> at 
y~nitial time ~~ = lfm/c is defined as 

dN <mt> G I&, A;;!3 (2) 

xcording to the formula of Bjorken!') All quantities In this 
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,ela?ionship are experimentally measurable parameters. I n order to 
'cmpare our hydrodynamic results with these ,data, ue have calculated 
'ram the numerical results of <pt> and dN 

z- 
for massless pions wi!'? 

,~ifferent initial conditions an 'initial enera density' at TV = 1 fm/c 
.ccording to the above formula. It should be noted that as compared to 
the hydrcdynamic calculation, this result .always underestimates the 
nitial energy density because it has no reference to the vork during 
ie expansion. Since the data is mainly for light nuclei, we use 

::=4.2 fm. 

At a value of <e> of the order of l-19 Gev/fmj, there is a sharp 
:eni( ;n the pt distribution. This break occurs in I nlot which 
r.volves .a variety of nuclei, and in fact ?rimnrily light nuclei. The 
nterpretation of the lower axis as an energy density is therefore not 
:I a very sound footing. Nevertheless, the occurrence of this break at 

rr ':ilergy density' where one expects a quark-gluon plasma, and the 
above arguments for enhancements in the pt spectrum due to hydrodynamic 
glow make it tempting to interpret this plot as evidence for the 
?xi-ience of a quark-gluon plasma. 

In Ref. 4, it was argued that such a curve might be fit if it was 
Lssumed that the plasma 'was formed as :I result of spherically 'symmetri- 
:llJctuations in a volume of radius i!Pt. Yhile such a model does fit 
-tie data on pt vs <E>, it suffers from lack of evidence that the 
iistribution appears in any sense to correspond to a spheri~ca; 
Sluctuation. Also even for light nuclei, it is not clear why small 
-iclume ( 3s c0mpare.d to the nuclear size) fluctuations would dominate 
:he whole event. 'de shall therefore in this paper, try to analyze tile 
:Aczv - data assuming a boost invariant matter distribution, as is 
expected to be the case fcr typical collisions of ultra-relativistic 
::eavg nuclei. 

yhe result of such an attempted comparison is shown in Fig. 12. As 
3zan be seer. by the plot, the JACEE data rises too sharply to for such 

interpretation. Inclusion of the effects from pion mass iand initial 
Transverse velocity would enhance the calculated curve, but the shape 
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of the curve would be almost unaffected. It is cbviously the steep 
rise of <pt> in a very narrow range of E which is very difficult to 

obtain in scaling hydrodynamics with phase transition. There is some 

possibility that the data might be fit by an ideal ?ion gas, with no 
plasma, as shown in the figure. At the energy densities of interest, 
the use of an ideal pion gas equation of state is probably not valid, 
since the pions most likely strongly interact, and contributions from 

strange particles and resonances are important. 

There are several reasons why such a compnrisor. might not be 
meaningful. First, in the absence cf more detailed data which would 

establish whether or not the matter produced jr. such collisions was 
fluctuation dominated or not, we do not know if fcr these small nuclei, 
we are in fact using a correct space-time model to describe the 
collisions. Also, it has not beer! established that for such small 
nuclei, there is any evidence for hydrodynamic flow. 

Another possibility is that the physics which produces this large 
pt enhancement is not that of a quark-gluon plasma. Fcr example, mini- 
jets may be important. Tc check this possibility, the azimuthal 
angular distribution of matter produced in such processes must be 
studied in detail, and systematic ccmparison cf zcdel computaticns 
which include jets must be made. 

It is tempting tc assume that perhaps the particles which generate 

the Pt enhancement are particles heavier than pions, and therefore 
acquire a larger pt enhancement. Unfcrtunately, the experiment 
measures the distribution of photons tc compute dZt/dg. These pilotcr:s 
should arise primarily from the decay of ncs. If there was another 
substantial source of photons, it might be possible to explain the 
data. 

Another possibility which we do not consider is that the JACXE data 
is incorrect. 

To summarize, using a ccnverltional space-time picture of heavy ion 
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i c. ti in the :cilisions, 'de are unable to explain the observed ,orrelzi 
dN ~4CZS data between pt and _. 
fiY 

Section 5 Conciusicns 

In this paper, we 'nave a~p'ied _ / 5 convenricnai space-time picture cf 
.eavy icn collisions together .dith a hydrodynamic computaticn of the 

:-itter produced in such collisions, to describe the transverse momentum 
-f particles, and to semi-quantitatively determine the lifetime of this 
:atter. Xe have found that the matter probably lives long enough, at 
_?ast r^cr !leavy nuclei, -0 justif:j 8UCtl a treatment. 'de have .~xlso 
: nCYn : i at the transverse somsr:t.Jm distri.:-ticr:s !c i :: f3C TV reflect 
rc?erTizs of the equaticn of state. it is cf 'curse premature ti. 

:Laim that these computations present signals :or 3 quark-gluon plasma 
;ecause there are many unforseen possibilities. 'In the other hand, if 
there is any hope to obtain infcrmation on the equation of state from 
7eavy ion collisions, collective phenomenon must be observed 
.+xperimentally. This makes the systematic study cf the dependence of 
'hr pt spectra on multiplicity and the size cf the colliding r:uclei a 
:ery impcrtant experimental issue. Difference8 ;:I the behaviour of the 
:ectra Sstueen pions and heavier particles .;i~cul~i :ilso :;!ICW up if the 
:cll.zcti-ie flow exists. In order to achieve thi? ::bCV? ;;Cal;, '3 gCCd 
Lnderstanding of background processes is necessary. 

3ur ,zonclusions cn these points leave jome r-cm for cpti~mism, but 
it would be useful tc have further theoretical studies in several ,ai-eas 
to make the conclusions firmer. For example, to understand the 
>cssibilities f-r findina evi;ience Gf collective flCW ( a truly 7+1 

dimensicnal code should be employed to study the correlations betwee:] 
the ,entral region and the fragmentation regiCt:s cr betiieen the 
Transverse momentum and rapidity distributicns. .A *18c an -equation of 
.state ;xhich allows for massive pions i8 needed because8 the issue of 
iecoupiing is not cleariy defined. More realistic equaticns of state 
:j h c ul d b P used t0 further estimate the :uncertainties in these 
zomoutaticns. There should also 38 cascade ,&nalysis. Such an analysis 
-ight ,determine the degree to which the plasma evcluticn 1s fluctuatlcr: 
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.ominated or a smooth hydrodynamic evolution. The effect of density 
luctuations due to phase separation in the mixed phase could be 
determined. 
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Figures : 

Fig. 1 E/S vs E/V for the bag model equation of state with the 
ai-ameters given in Section 3. 

Fig. 2 Curves of (a) constant energy density (GeV/fm3) and (b) 
onstant radial velocity for Ti = Tc = 200MeV and Ei = E Q = 3.0 GeV/fm3. 

he velocity curves near the light cone are an artifact of numerical 
pproximations and have no physical significance. 

Fig. 3 AS Fig, 2 but for Ti = 350 MeV and Ti = 0.71 fm/c cores- 

onding to Ei = 28 GeV/fm! 

Fig. 4 As in Fig. 5 but without phase transition. To achieve the 
ame multiplicity 1% = 4.2 with the pion gas, 

A 0 
the initial 

emperature is Ti = (14.1)'25 T, = 480 Mev. 

Fig. 5 pt distributions for (massless) picns in U-U collisions (RA 
6.8 fm) for different values of multiplicity i (g). 

Fig. 6 Average pt with and without phase transition. In the 
atter case the matter is assumed be produced as hot pion gas. At the 
oint indicated by E = E 

Q' pure plasma state at Tc is reached at tie 

C 

Fig. 7 Average pt as a function of normalized multiplicity 
($j) fo,r U-U (RA=6.8 fm), Fe-Fe (RA=4.2 fm), and O-O (RA=2.8 fm) 
Ilisions. 

Fig. 8 Comparision of average gt at initial time, ie the earliest time 
ith thermal equilibrium, with no transverse flow and at the decoupling 
ime when the flow is fully developed but the matter has cooled down tc 

dec. 

Fig. 3 Comparision cf the shapes o f the pt spectra of (massless) 
lions, kaons, and nucleons in U-U collisions for i (g) = 13.5. For 
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xrmalization, see the text. 

Fig. 10 Average pt for pions, kaons, and nucleons as function of 
;rmalized multiplicity $ ($) in U-U collisions (RA= 6.8 fm). 

Fig. il Comparision of the results for average pt from different 
-coupling algorithms. 

Fig. 12 Comparision of the hydrodynamic results for average pt with 
le data of JACEE(") group. 
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Table I 

Average transverse momentum of pions for different values of 
'itical temperature. 1 dN Multiplicity is fixed to - - = 27.5 and 

= 6.8 Fm. 
A dy 

TC 160 200 300 400 

<Pt> 592 632 917 980 
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