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Abstract 1 : In this first paper of a series of two, we present a
comprehensive study of the hydrodynamic evolution of matter produced in
the central region of ultra-relativistic heavy ion collisions and in
high multiplicity fluctuations of pp collisions. We shall begin with a
discussion of the 1limits of the applicability of a perfect fluid
hydrodynamic description of high energy collisions. A simple bag model
equation of state is argued to have qualitative and semi-gquantitative
features expected from 1lattice gauge theory and present theoretical
understanding. We also discuss the boundary conditions for the perfect
fiuid hydrodynamic equations, and what classes of simple events would
correspond to simple initial conditions. The decoupling of matter at
low energy density and methods for computing transverse momentum
distributions of hadrons are analyzed. We finally present the details
of the computer code which we use to numerically solve the hydrodynamic

equations.



Section 1 : Introduction

Many theoretical studies have shown that energy densities are
achieved In ultra-relativistic nuclear collisions and in fluctuations
in pp collisions which may allow for the production of a quark-gluon
(1-6)

plasma. If the time scale which characterizes the expansion of such
matter is long enough, Thermodynamic parameters may be used to
meaningfully characterize the system and the matter may expand
revergsibly with 1ittle entropy production according to the equations of
perfect fluid hydrodynamics. In such circumstances, the equations
which describe this evolution depend only on the condition oI the
matter at gsome fixed time, and upon the equation of state which relates
energy density and pressure. The boundary conditions may be chosen
either as initial conditions, if there is a reliable theoretical
description of the initial conditions, or as the final configuration at
very late times when the matter freezes out and subsequently evolves
free streaming into particle detectors. In the latter case,
experimental data provides much of the information needed to solve the
hydrodynamic equations, since parameters in the hydrodynamic
simulation must be adjusted +to produce the observed particle
multiplicities.

The equation of state of hadronic matter may be computed in
principle in Monte-Carlo numerical Simulation847_16) At present, such
computations provide little more than qualitative and gemi-
guantitative insight. It is fairly well established that hadronic
matter makes a rapid transition between matter with the few degrees of
freedom associated with a hadronic gas to matter associated with the
large number of degrees of freedom of a quark-gluon plasmagﬁ2"16) The
exact nature of this transition is uncertain, in particular whether it
is a first order phase *%ransition, but the rapid change of physical
quantities such as the entropy density, by an order of magnitude in a
narrow ‘temperature interval of order tens of Mevs, ig almost

uncontested.17_19) The

value of +the temperature at which this
transition occurs is not well established, but thecretical speculation

centers on 200 Mev, although the temperature may be as high as 400 Mev



or as low as 100 Mev and still be within the intrinsic uncertainties of
present numerical computations§2o) An equation of state with all of the
properties needed to adequately describe a rapid transition between an
ideal pion gas, a description valid at very low temperatures, and that
of an ideal quark-gluon plasmza, valid for very high temperatures, is
provided by the MIT bag model. In such a model, the transition between
thege ideal gases is discontinuous as a function of temperature. The
transition temperature may be tuned by varying the bag constant, which
for our purposes will be considered to be an adjustable parameter. For
the types of computations which we wish +to perform, *treating the
transition as discontinuous or as smooth will provide only small
corrections, since we shall only be concerned with gross semi-
quantitative and gualitative features of the matter as it evolves after
production. With Dbetter knowledge of the equation of state, and
estimates of viscous coefficients, a precise quantitative comparison

betwzen theory and experiment should eventually be possible.

What we are doing more precisely is approximating the transition
between a quark-gluon plasma, which is an ideal gas at high energy
density, and =a hadronic gas, which is an ideal gas of pions at low
dengity, as a discontinuous sudden change between these +two ideal
2ass8es. For example, the entropy scaled by T3 goes to a constant at
high density which is the number of degrees of freedom of a quark-gluon
plasma. At tewmperatures low compared to the deconfinement temperature,
but large enough so that the massless pion gas approximation is valid,
S/T3 goes to another constant. The ratio of thess constants 1s the
ratio of degrees of freedom of a quark-gluon plasma to those of a pion
gas, which is large. In general we expect a gradual transition between
these +two 1limiting cases with a ©possible discontinuity at the
deconfinement tfemperature. Monte-Carlo studies indicate <that the
change in degrees of freedom between the pion gas and the quark-gluon
plasma ig rapid, and happens in a fairly narrow temperature range. OCur
approximation makes the change in $/T3 discontinuocus, with the entire
change cccurring at the deconfinement temperature. This approximation
is shown in Fig. 1. Without better Monte-Carlo data than exists at

present, it is difficult to have a precise guantitative assessment of



the reliability of our approximation.

We have set many goals in this study of the evolution of matter
produced in high energy hadronic collisions. We would first 1like *to
understand the gualitative and semi-gquantitative features of the matter
as 1t evolves after production. For example, how much time does the
system spend as a quark-gluon plasma, how much time as a mixed phase,
and how much time as hadronic mabtbter before the matter decouples? lIow
does this depend upcn the initial conditions and the baryon number of
the colliding nuclei? Do shock waves form in the matter, and if they
do, how much entropy is produced? Is much collective ftransverse flow
generated by the expansion of the matfter, and how is fthis reflected in
the fransverse momentum of hadrons? These qualitative and quantitative
features of the matter once understood may generate enough insight into
the nature of these collision processes to suggest new signals and more
refined computations of physical observables.

In the preliminary and modest study which we present here, such
qualitative and semi-quantitative features of fluectuations in Dp
collisions and hesad on nucleus-nucleus collisions are studied. We
present full three gpace dimensional simulations of such collisions
allowing for a realistic sgquation of state with a mixed phase and phase
transition. The principle difference between +the results here and
those of previous workers, with the exception of Pratt who considered
in detail spherical expansion is that we allow for a mixed phase£22-26)
{In Pratt's analysis, some attempt was made to treat the Lorentaz
invariant cylindrical expansion characteristic of the central region of
ultra-relativistic nuclear collisions. We differ from Pratt in that we
21low shock discontinuities %o propagate through and rarefy the mixed
phase with arbitrary entropy change. We in fact find that the favored
situation is maximal entropy change across the shock discontinuity.) If
there is not a first order phase transition, this mixed phase 1s simply
the region where the energy density varies quickly but the pressure
does not. We find that it is essential to include such a mixed phase
since the system spends much of its time in this phase. The existence

of such a mixed phase, without extreme gupercoolinmg assumes that the



nucleation rate of the hadronic matter from the quark-gluon plasma is
fast compared to the expansion rate.

Qur results are encouraging. With a modest amount of computing
time, such collisions may be studied for a variety of assumed initial
conditions and parameters which characterize the equation of state. Tt
is easy to imagine that more detailed computations which treat non-zero

impact parameter collisions of nueclei with various baryon numbers A may

be carried out without %too much increased effort. Entropy generation
by viscosity may be included. The fragmentation region might be
studied. Various physical guantities such as flavor ratios, photon and

di-lepton distributions, particle transverse momentum distributions,
Hanburry-Brown-Twiss correlations, and collective wvariables such as
flow and thrust might be determined. Once this ambitious program has
been carried out, an event generator with a few adjustable parameters
may be used for fluctuations in pp collisions and ultra-relativistic
nuclear collisions with hopefully the game reliability as Mente-Carlo
simulations of jet processes which are used in jet experiments at the
pp collider.

The first step in thils ambitious program 1is the hydrodynamic
gimulation which we present here. Qur results should be adequate to
describe the production of pions and nucleons in the central region for
impact parameter zero collisions of equal A nuclei at ultra-

)

high multiplicity spherical or uniform rapidity fluctuations in PP

relativistic energies (boost invariant cylindrical geometry)g'jr and
collisions. Details of our computations are sensitive to unknown
features of these collisions such as the dependence of the central
region multiplicity upon the baryon number A, and the time at which the
matter first Dbegins to flow as an almost perfect fluid, 3. MWany
gualitative and semi-quantitative features such as the expansion time
and the average transverse momentum of hadrons are not so ssnsitive to
these wuncertainties, and may provide signals for the production of a
quark-gluon plasna.

The outline ¢f this series of two papers is the following: 1In the



first paper we shall discuss in detail the hydrodynamic description of
hadronic collision processes as well as its limitations. In the first
section we shall review the hydrodynamics of ultra-relativistic nuclear
collisions and fluctuations in Ppp collisions. We shall discuss the
linits to the validity of a perfect fluid hydrodynamic description. 1In
the second sgection, we discuss in detail the boundary conditions for
the hydrodynamic collisions, and also how experimental data may be used
to infer some features of these conditionsg. In the third section, we
discuss the general features of simple events which may be analyzed by
the techniques which we present. The decoupling of hadronic matter is
discussed in the fourth section, and metheds for extracting the
transverse momentum distributions of hadrons are reviewed. We finally
digcuss the detaliled features of our computer code which simulates

these c¢ollisions in the fifth section.

In the second paper we present the results of our computations. We
discuss +the qualitative features of our results such as the time the
matter gpends in various phases, and the dependence of transverse
momentum upon the equation of state. We further explore A dependences
of the transverse nmomentum for nuclear collisions, and the dependence
of +trangverse momentum distributions upon the mass of +the emitted
particle.

Section 2 The Hydrodynamic ZEguations and Their Approximate
Validity

In this section, we shall discuss the perfect fiuid hydrodynamic
equations. We shall begin with a general discussion which does not
make reference +to the specific initial conditions peculiar +to high
energy collision processes. We Dbegin with the equation for

conservation of energy-momentum,

» THY = 0 (1)
B

an equation which is always +true. There may also be equations for

congervation of various currents such as baryon number,



auJ“ =0 (2)

This latter equation will be irrelevant for our later studies which
revolve around processes in the central region. In this kinematic
domain, +the total baryon number, (baryons minus anti-baryons), 1is
gsmall at very high energies. The smallness is demonstrated by showing
that the energy per unit Dbaryon number is large compared to the
temperature, so that thermal excitations dominate the contributions fto
the stress-—-energy tensor. In the remainder of this paper we shall
study processes at zero baryon number density, and may therefore ignore
the added complications arising from Egq. 2. Such currents must of
course be taken into account when the fragmentation region is studied.

If in addition to conservation of energy-momentum, we require that
the expansion of the matter takes place slowly compared to natural
colligsion times, that is slow enough that the expansion be

irreversible, +then the entropy current is also oonserved(27_28)

3 s¥ =0 (3)

In this circumstance, it may be shown that the stress-energy tensor
must have the form

THY = (e+P)utu” + pg*¥ (4)
where ¢ ig the energy density and P is the pressure measured in a frame

comoving with the fluid. The fluid four velocity vector is u which

satisfies the constraint

us = -1 {(5)

The conservation of energy momentum plus an equation of state which
relates ¢ to P



P = P(e) (7

are sufficient to determine P, ¢ and u from condition specified at some
arbitrary time. Conservation of entropy follows from conservation of
THY  together with standard thermodynamic relation for the entropy.

Note that

ga¥ = qu* (8)

where ¢ i1g the entropy mezsured in a comoving frame.

If we can argue that the systems we consider are described by
perfect fluid hydrodynamics, then the computation of properties of the
matter produced in ultra-relativistic nuclear collisions or i1n high
multiplicity thadron collisions are determined only by conditions
measured at some fixed time and on the equation of state for matter.
In the next section, we shall discuss the boundary conditions. As
discussed above, the general features of the eguation of state which
relates ¢ and P are also known.

We now turn to the question of the validity of the adiabatic, or
isentropic fluid flow assumption. The criteria that the fluid flow be
isentropic is simply that the collision times be fast compared to the
expansion time. If the expansion is not adiabatic, a description of
the fluid flow bhecomes considerably more difficult. New parameters
enter the hydrodynamic equations, the coefficients of shear and bulk
viscosity, and the form of the equations are more involved. The
viscous coefficients are difficult to estimate in QCD, but we shall
soon review what is known of them. If these viscous corrections to the
hydrodynamic equations are sgufficiently large, then the approximation
which reduces the kinetic equations +to 1loecal equations with the
standard form of the viscous corrections +to +the perfect fluid
hydrodynamic equations may itself Dbreak-down, and the correct
hydrodynamic eguations may involve many more parameters. The point is
that for our purposes, the viscous hydrodynamic equations are only

reliable if the corrections arising from non-zero viscosity are small.
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Another reason besides mathematical simplicity for wishing to zpply
hydrodynamics only for perfect fluids is that for a perfect fluid, the
entropy is conserved. Entropy conservation relates particle
multiplicities at early times to that at later times. If the expansion
is isentropic, a window penetrates through the haze of hadronic
interactions which allows us to reconstruct primeval particle

distributions from those obgerved in the final state of the collision.

The stress-—-energy tensor, allowing for the effects of viscous flow
is

MUY Tcl).l\) + ATU\) (9)

where T, is the stress-energy tensor for a perfect fluid, as given by
By 1, and AT is the correction which allows for entropy production,
that is, for viscous flow. By allowing the energy-momentum tensor to
be piece-wise continuous, these perfect fluid hydrodynamic equations do
allow for some entropy production +through the medium of shock
digcontinuities. The most general form for AT may be extracted in an
expansion in powers of gradients of +the energy density and fluid
velocity vector times a characteristic scattering length. This
characteristic scattering 1length is the mean free path for dilute
gayatems such as gases. This procedure for evaluating AT is discussed
in Refs. 30-31, and we shall not repeat the derivation here. The
result is

aTH¥= p{gWv-utuviveu + n{Vuuu+Vvuu-%{guv—uuu“}v-u}
(10}

The derivative operator v is a derivative orthogonal to the direction
of fluid flow

v = aH—uMu-s (11)
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The coefficients of shear and bulk viscosity are n and g. For the zero
baryon number density fluids whieh we consider, the heat conductivity
is mero. This expression is only wvalid to first order in an expansion
where spatial gradients are weak, and 1f they are not, EHg. 10 is
simply 1incorrect. Tor gystems with sharp discontinuities, AT is more
complicated and for practical purposes may not be computable, except in
certain approximations where the sharp variations in the energy density
and fluid velocity are approximated as shock discontinuities, that is,
the fluid is treated as piece-wise slowly varying. Put another way,
when viscous corrections to the hydrodynamic equations become of the
same order as the contribution associated with a perfect fluid, the
framework of conventional viscous fluid hydrodynamics falls apart, and
for practical purposes, we may say that hydrodynamiecs is no longer
applicable for a description of the dynamics. This means only that
perfect fluid dynamics is inapplicable even when supplemented with
vigcous corrections. The full stress-energy tensor is of course
conservad, but the form of this eguation expressed in terms of e, P,
and u is extremely complicated and in general non-local.

The question which we shall attempt to address in the remainder of
this section is to what degree a perfect Tfluld hydrodynamical
description provides a wvalid approximate description of the matter
evolving affter a hadronic collision. To begin this discussion it is
useful to introduce a mean free path for gquarks and gluons in hadronic
matter. This length scale characterizes the surface thickness of the
matter, and the length scale which must be compared to the length scale
of gradients in the matter distribution. If the surface thickness 1is
small compared to the spatial size of the system, and if the mean free
path 1is short compared to the scale gizes over which the matter
digtridbution varieg appreciably, then it is plausible that the perfect
fluid hydrodynamic description is correct. 0f course, it i3 possible
that the naive considerations of mean free paths, which are rigorously
valid for weakly interacting fluids, may be misleading when applied to
hadronic matter where non-perturbative effects may be important. We
shall therefore 1later more carefully formulate +the issue of the

applicability of perfect fluid hydrodynamics in terms of magnitudes of
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viscous coefficients. These coefficients may in principle be computed
using the fluctuation-dissipation theorem and are defined outside the

domain of weak coupling expansions.

The simplest estimate of the mean free paths uses the guark-parton
additive cross-section model of hadronic interactions. The Tbasic
assumption of +this extremely naive picture is that the quark-hadron

cross section is 1/3% that of hadron-~hadron,
ggh ~ % opp ~ 13 mb (12)

This cross sgection will be treated as a constant and independent of the
energy density of the matter through which the quark propagates. This
aggumption is in contradiction with  the properties of quark
interactions at very high energy densities when perturbative QCD may be
used. We are assuming that <the energy densities are sufficiently low
that the effects of the matter do not significantly alter the basic two
body guark interactions. We ghall soon present perturbative QCD
estimates.

The mean free path is

A ~ 1/on (13)

mfp
where n is the number density of hadrons. At ordinary nuclear matter
energy densities, lmfp ~ 5 fm. Assuming that the energy density scales

with T4 as it would for either an jideal gas of pions or a quark-gluon

3/ 4
plasma, then n -~ ¢ / . The mean free free path is therefore
A~ .5 fm, e ~ 1-2 Gev/fm? (14)
A -~ .01 fm, e ~ 200 Gev/fmJ (15)

For either of +these +two energy densities, the mean free path is
extremely small compared to a typical nuclear radius, and effects of

transverse surface area are quite small for nuclei of reasonable size.
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In the last case, even for protons, the surface effects would be small.
Alsc as we shall soon see, in the expansion of matter producsd in high

energy hadronic collisions, the densities typically scale as a power of
1 dn
ndr
, where n is some +typical density such as energy density or entropy

time as measured in the local comoving frame. The expansion rate,

density is therefore of the order of the inverse proper time 1 after
the collision took place. For times which are therefore larger than 2,
viscous corrections are small. Depending wupon the initial energy
density, such times may be gquite short.

The additive quark-parton model can be improved <for thermal
systems Dby requiring +that particle interactions be screened for
momentum transfers less than the temperature, If we approximate the
differential cross section as do/dt - coe_t/K where « -~ 400 Mev, the
mean free path is still .5 fm at e -~ 1-2 Gev/fm3 but is lengthened to

about .05 fm at ¢ ~ 200 Gev/fm3.

At very late times, the matter density eventually becomes so low
that the mean free path becomes wvery large. When the mean free path
becomes so large that in the entire future history of the system, a
particle may be expected to interact on the average less than ounce, we
shall assume that this particle freezes out. At this time the local
densities of particles follow the ftrajectories of free particles and
the hydrodynamic description ends. This freeze out may not occur at a
sharply defined time, and the matter may therefore propagate with mean
free paths comparable to expansion times for some time. If this is the
cage, at this stage of the expansion, viscous effects must play a major
role. We shall use in explicit simulations, a freeze out temperature
T ~ 50 - 150 Mev, Such low temperatures appear to be consistent with
the slow rate of expansion which we observe at late +times in the
explicit hydrodynamic simulations. The main limitation seems to be that
the system freezes out when the mean free path becomes of the order of
the <transverse size of the system which we consider. In a2 massless
pion gas, the mean free path is 10 fm when the temperature is about 100
Mev, and we would probably expect freeze out by this temperature. To

be more precise, requires a cascade computation which we have not
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performed. At such late times and low temperatures, the matter is not
doing much work and a sloppy treatment of freeze out should not alter
the predicted final state distribution of the matter. The number of
pions is also expected to be conserved at temperatures much higher than
this, and the multiplicity distributions are not much altered. Put
another way, at such low temperatures, interactions are so weak that
multiplicity and momentum distributions are not expected to be altered
much in the future of the system. We shall check this assumption in
our later computbtations presented in the second paper of this series.

These additive quark model estimates must surely be modified for
high energy densities where perturbative QCD adegquately describes the
dynamics. At these high energy densities, the quark and gluon cross
sections become small, and approach zerc as g -~ ai /q2, where o ig the
QCD interaction strength and q is some typical energy scale, q -~ T.

The mean free path is
2
x o~ 1/(agT) (16)
At large temperatures, a - 1/1n{T) and A ~ 1ln2T7/T.

Two groups have independently computed the mean free paths of
gquarks and gluons in a quark-gluon plasma, along the lines previously
advocated by Shuryak§31) These different computations differ in the way
that small angle scatterings are treated, where high order
perturbative, and possibly non-perturbative, corrections are required.
Also, the value of the gtrong interaction coupling constant which is
used in this evaluation is somewhat ambiguous since 1t is not precisely
clear at what momentum scale the coupling constant is to be evaluated,
that is, should +he momentum scale be T or 10T. Finally, at the
temperatures for which we shall apply their results, the effects of
higher order perturbative corrections due %o inelastic scattering
should be important. The lowest order computations only evaluate the
effect of elastic scattering, and these higher order corrections should
reduce the mean free path and increase the total cross section. Given

these intrinsic ambiguities, it 1is impossidble te draw any precise
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conclusion. What we shall do is give a range of values which span the
results of Hosoya and Kajantie, and of Danielewicz and Gyulassy and
allow for some uncertainty in un-computed contributions€29—3o)

We find for all values of energy density in the range of ¢ -~ 1-1000
Gev/fm?

rg - 1/20 = 1/2 fn, Ag - 1/5 - 2 fm (17)

The gluon mesan free path is Ag and that of the quark 1is Aq in this
equation. The variation in mean free path as the energy density varies
over this wide interval is at most a factor of 2 in our estimates. The
nean free path may therefore be effectively be regarded as a constant
as the energy density varies over this range. The gluon mean free path
is about a factor of four smaller than that of <{the quark as a
consequence of the larger color charge of the gluon, which forces it to
interact more strongly than the quarks.

For the mean free paths of ZEg. 17, one would expect the surface
effects for quarks to be large for large nuclei only under the most
pessimistic scenario. Under optomistiec scenarios, the corrections even
for hadrons might be small. For gluons, one would not expect large
effects for large nucleil, but might find large effects in hadrons. For
large nuclei, the effects of finite nuclear size should be manageably
small, but for hadron interactions the gsituation is entirely unclear.
For very high multiplicity pp collisions, the ratio of mean free path
to spatial size may however be favorable, and gimilar to the case for a
nucleus—-nucleus c¢ollision. In guch a gituation, even 1f the mean frse
path at the +time of matter formation is not small compared to the
gspatial size of the sgystem, if the initial energy density is suffi-
ciently large, then after some expansion, the system may have large
energy density and be in a large spatial volume. At such a *time,
however, it is difficult %o abstract Tboundary <conditions for
hydrodynamic eguations, and also the usefulness of the hydrodynanmic
description of the evolution of the produced maftter as a basis for
understanding the characteristic features of final distributions and

providing a framework +to calculate the rates of specific signals
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becomes marginal.

To what extent perfect fluid expansion 3is modified by viscous
corrections is resolved by using the condition that the rate of entropy
production due to viscous terms be small compared to the change in the
entropy density due to expansion. This criterium may be formulated
precigely in terms of viscous coefficients, but we shall here formulate
the problem semi-quantitatively and qualitatively in terms of mean
free paths. The change in the entropy density due to expansion is
given by the perfect fluid hydrodynamic equations, for power law
expansion typical of solutions to these equations, as

dS/dT ~ —S/T (18)
The change in the entrepy density due to entropy production 1is
ds/dt ~ (1o/1)s/n (19)

where 1, 1s the collision <Yime. The criterium that perfect fluid

hydrodynamics be valid is therefore simply
ol T << 1 (20)

Since the collision time is roughly independent of energy density,
and therefore of 1, after some time 1, the system always is capable of
expanding to a good approximation as a perfect fluid. This is because
ags a consequence of +the similarity solutions of +the hydrodynamic

equations, at later times the system is expanding more slowly.

The collision times given by BEq. 17 show that for times 1 > 1/5-2
fm, the quarks may expand isentropically, and the gluons for times « >
1/20-1/2 fn. These numbers are nct inconsistent with the assumption
that after matter forms at a time <3 -~ 1/10-1 fm, the matter quickly
thermalizes and expands %o a fair approximation as a perfect fluid. At
the earliest times, there is the greatest entropy production, and as

time evolves, the system behaves more and more as a perfect fluid. To
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resolve this problem more precisely, it would be nice to have a non-

perturbative estimate of the viscous coefficlents.

Perturbative estimates of collision +times have been used *to
egstimate the coefficients of shear and bulk viscosity. Hesoya and
Kajantie find(aj)

r = 0 (21)

_ 553——— 77 (22)
asln ag

The evaluation oI Dani?le?icz and Gyulassy gives a result which is a
30

factor of three larger: The hydreodynamic equations may be used to
estimate the total amount of entropy productiocon

Seinal " Sinitialll * /Tl (23)

a result which is exact to frist order in viscous corrections for 1+1
dimensional hydrodynamic expansion. This equation illustrates the
increasing effects of entropy production at increasingly early proper

times.

At very early times there is entropy production due to a variety of
effzets, and it would be extremely valusble +to have a controlled
theoretical analysis of the pre-equilibrium quark-gluon plasmag32) It
would seem that such an analysis is tractable since at early times the
energy density is high and the effects of interactions are weak. Such
an analysis would be required to rigorously derive the inside-outside
cagcade within QCD. The 1nitial conditions for +the hydrodynamic
equations would follow from knowledge of the initial state nuclear
wavefunctions, about which 1little is presently known. A spectrum of
fluctuations could be derived, and the parameter <14 could be computed.

The magnitude and importance of coherent phenomenon could be deduced.

Another possible place where perfect fluid hydreodynamics might

break down is when the quark-gluon plasma expands through a first order
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phase transition, or if the quark-gluon plasma must be produced from
hadronic matter by undergoing a first order phase +transition. In
either of these possible scenarios, large scale density fluctuations
might be produced, and a global hydrodynamic description might break
down§33“34 The system might break apart into droplets of matter which
might slowly burn, or explosively detonate the plasma. The possibility
that the system might break up into slowly burning droplets has been
proposed by van Hove, and would occur if the plasma spinocidally
decomposed, that is, the system falls apart rapidly with a large volunme
change and consequent large density fluctuationsgﬁs) If the plasma
could supercocl, +then explosive detonation droplets might form. It
these large scale density fluctuations were not too strong, the matter
might recombine in the hadron phase, and a viscous expansion would
gmooth ouft +the density fluctuations. There would be some entropy
preduction, but the final matter distribution might be considerably
smeothed out. If the density fluctuations were too sgevere, the plasma
might break apart into isolated droplets each of which might be treated

hydrodynamically.

Although in exceptional circumstances, large scale density
fluctuation might be expected to occur, we argue that for average
collisions, such Tfluctuations should be smocthed out. In a typical
collision, large scale density fluctuations are seeded when the pion
gas begins to dominate the volume of our expanding system. At this
time, we can describe the system as a pion gas with droplets of plasma
embedded in 1it. If the droplets of plasma are equally spaced, as
should be approximately the case for average collisions, the first
density for which plasma becomes embedded in a pion gas, rather than
pion embedded in plasma, is given by computing the fractional volume

occupied by cliosest packed spheres. The ratio of plasma volume *to
total volume is f =~ (% nR&)/(SR&) ~ 1/2. A%t the time that this occurs

the separation between droplets is twice the droplet size, @ ~ 2Rg. As
the system expands, the separation between the droplets increases.
Assuming that the expansion is 141 dimensional, the separation between
droplets is determined by requiring that the droplets of plasma
uniformly fill all of the volume. If this is the case, as it should be
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if the motion of the plasma droplets is random, the total volume of the
system increases by r/rl/z where 1t,/, is the time at which the closest
packing of plasma droplets occurs. Since T1/2 ~ 2Tq, where 9 is the
time it took for the plasma to lower its density to a small enough
value g0 as to enter the mixed phase, and since the last time the
droplets appear in the system is when the system completes the mixed
phase is 1,, the separation between droplets when they disappear from
the system is & -~ 2Rg (m/2tq)1/3. As we will argue in later
sections, the ratio between /7 is given by the ratio of degrees of
freedom of a hadron gas and that ¢f a quark-gluon plasma, ~ 156. The
separation is therefore d ~ 4Rg.

At this late time, the expansion time for the system is 1. The
typical diffusion length during one expansion time 1s therefore 1lgip -~
(w/tg) 1/ 2% where 14 - A are the scattering time and mean free path
respectively. For a pion gas at a temperature of 200 Mev with a pion
cross section of 20 mb, this mean free path is about 2 fm. Taking the
hadronization time to be 1, > 30 fm, a number which we shall later show
iz at +the low end of wvalues appropriate for Uranium-Uranium nucleus
collisions, we find 1g5¢ ~ 8 fm. If the droplet size at closest
packing is taken to be a fermi, then the diffusion distance is larger
than the separation when +the droplets disappear. In this case, we
expect that any thermal gradients which are generated due to the
density difference between plasma droplet and pion gas will be largely
smoothed out by diffusion. Even if the droplets are as large as two
fermis at formation, diffusion in one expansion +time should be
sufficient to largely smooth out density inhomogeneities.

To make this case firmer, it would however be useful to carry out a
detalled cascade computation. At +the least, there is no reason to
agsume that the system does not expand to a good approximation as a
mixed phase with only small energy density inhomogeneities in average
colligions of large nuclei. The situation is less clear i1f the nuclei
are smaller so that the time for longitudinal and transverse expansion
is shorter, or if the droplets of plasma are large than a few fermis at

formation. For wvery small nuclei, we would in fact expect that if a
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quark—-gluon plasma is formed in a collision, there may typically be a
good deal of spatial inhomogeneity generated by nucleation. A cascade
computation would determine +the extent of such inhomogeneities for

arbitrary size nuclei.

In the analysis which we shall present, we shall assume %that the
quark-gluon plasma smoothly turns into a hadronic gas. This might
occur if the plasma converted to a hadron gas through a mixed phasgse,
and the nucleation time for the formation of hadron matter was short
compared to the expansion time. Also, in the van Hove scenario, if the
droplets formed as matter falls apart gquickly rehomogenize themselves
in a hadronic gas, agaln the scenario we describe applies. Finally, if
the transition from quark-gluon matter is only a rapid transition and
not a true first order phase transition, then the dynamics of the
transition region is well approximated by an equation of state with a
mixed phase region corresponding to the region of rapid transition. In
this latter scenario, 1large scale density fluctuations are not
expected. As our explicit computations indicate, the matter formed in a
high energy collision seems to spend a large amount of time in a mixed
phase, compared to natural hadronic time scales, and in the absence of
gtrong first order phase transitions, which might generate strong

supercooling, the mixed phase scenario is probably appropriate.

Jince as we shall show, the matier takes a long time to get out of
the mixed phase, and because the hydrodynamic expansion is power law,
the matfter expands slowly as a hadronic gas. The freeze out occurs
therefore at a very 1late time and low temperature. In the fourth
section of this paper, we shall describe in detall our algorithm for
decoupling.

Section %: The Initial Conditions

In this section, we shall consider in detail the initial conditions

for perfect fluid hydrodynamic equations which should be appropriate

for high energy collision processes. We begin by sbtudying spherically
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symmetric initial conditions, and their relevance to a class of
fluctuations in high energy pp collisions, We then turn to initial
conditions which are %boost invariant along the collision axis, and
discuss their relevance to both fluctuations in pp collisions and ultra
relativistic nuclear collisions. We begin by reviewing the 1 space 1
time scaling solutions proposed by Bjorkeng4) Then following the
analysis of Baym et. al., we generalize these congiderations to include

the central region of collisions of finite nucleig23)w

e analyze various
possibilities for the initial transverse entropy and velocity profile.
We also relate the initial time of matter to the initial temperature.
We also present methods of extracting some of the parameters which

characterize initial conditions from experimental data.

In some fluctuations in high energy pp collisions, matter may
initially form in a region which 1is spherically symmetric. For
example, in a high energy gluon-gluon collision, the gluons in the
colliding hadrons may underge a central collision and radiate a large
aumber of gluons which are on the average at rest in the center of mass
frame of the two gluons. Such a situation has bheen proposed in the

(35)

Pokorgski-van Hove model.:

In a spherical fluctuation, we shall show that the fluctuation is
in a limited region of rapidity, and determine +the shape of the
distribution. This fluctuaticon is centered on the rapidity of the
'fireball' produced by the gluon collision. In the frame comoving with
thig fireball, particle distributions are spherically symmetric. A
first question we must ask 1s how +the spherical nature of the
fluctuation is reflected in the rapidity distribution. To understand
how this might be done, we make a wmassless pion approximation, and
identify pseudo rapidity with rapidity. In this limit,

y = - 1n tan(e/2) (24)
where © 18 the angle relative to the Dbeam axis. Suppose that the
fluctuation iIis centered at zero rapidity. Then for =a spherical

fluctuation,
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¢ _ g a6 _ah 1 af T (25)

Since by assumption, for spherical expansion the angular distribution
dN
Ta "
a cosh "y fa2ll off centered around the total rapidity of the

is wniform, a spherically gymmetric fluctuation is characterized by
filuctuation. Such a fluctuation is shown in PFig. 2.

Since fluctuations are in general not spherically symmetric, it is
essential to use the predicted rapidity distribution to select those
fluctuations which are in fact spherical. It is also important to note
that the initial radial velocity distribution for the fireball is not
in general zero throughout the matter. Since we expect that the matter
ig initially randomly distributed throughout +the fireball, it 1is
plausible to assume that on the average, the outward initial velocity
will be =zero throughout the matter. There will of course De
fluctuations in these initial conditions, but we shall only study the

generic typlcal fireball.

Jince matter distributions with sharp edges are difficult to use in
numerical simulations, we shall smooth out %the matter distribution at
the gurface of +the initial <fireball. (For any reasonable physical
system, this smoothing length is naturally the mean free path for
particle 1interactions.) We therefore take an initial matter energy
density profile to be a Fermi-Dirac distribution,

1
£ T f0 (rR)/s 26)

e +1

In this equation, the radius of the initial matter distribution is
taken to be R. The surface thickness is §, a parameter which we shall
make gufficiently small so +that the results of our numerical

simulations tend to a uniform limit.

For the hydrodynamic numerical simulation which we shall later use,
it is also not convenient to take the velocity to be zero everywhere.

We shall chocse the initial fluid velocity to be zero inside the
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matter, but <o initially approach v, outside where there is no matter.
We shall later probe the sensitivity of this assumption to arbitrary
choices for vg,. (For a physical system, it is plausible to assume that
the initial velocity in +the diffuse region outside the matter
distribution is of the order of a typical particle transverse velocity
appropriate for average multiplicity pp <collisions.) The specific
choice which we make for the fluid velocity profile is

1
vV = vy {1 NE=ITER } (27)

We have not yet estimated the radius R of fthe fireball arising as a
fluctuation. The uncertainty principle suggests that the initial size
of the matter distribution is - 1/pt where p is the typical transverse
momentum of particles in the initial fireball. This wvalue should also
arise in any scale invariant description of the initial fluctuation
process, that is, 1/pty is the only quantity with the dimensions of a
length. It is necessary 1in this connection to assume that these
fluctuations are rare enough so that overlapping fluctuations are not
important. Also, unless R << 1 fm, finite size effects due to the size
of +the hadrons which constitute the beam, are important. The
propertionality constant which relates R and py 1is difficult ‘o

estimate without a more detailed description of the formation process.

Using the above assumptions about the nature of the region in which
the matter initially forms, and the assumption that the matter expands
according to the laws of perfect fluid hydrodynamics, it is possible to
abstract the correlation between multiplicity and transverse momentum
of pions§36_38) To find this correlation, we must use an eguation of
state. We ghall also need to study decoupling, that is, how the matter
freezes out from a flowing non-viscous fluid into a free streaming
hadron gas.

To make a relation between initial and final distributions of
particles, consider the quantities E/S and E/VE39) The energy per unit
entropy is conserved in perfect fluid hydrodynamic expansion since both
total energy and total entropy are conserved. The energy per unit
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entropy is roughly speaking a measure of temperature, and is computed
by standard techniques. The energy per unit volume 1is determined by
the conserved total energy and by the volume which is an initial

condition.

The theoretical thermodynamical correlation between E/S and E/V is
straight forward to understand. At low temperatures where there is an
ideal pion gas, and high temperatures where there is an ideal quark-
gluon plasma, E/S is 3T/4. At temperatures where the system rapidly
crosses over between a hadronic gas and a quark-gluon plasma, the
temperature and B/s remain approximately constant. At low
temperatures, the energy density changes less rapidly with increasing
temperature than at high temperatures since the degrees of freedom of a
pion gas are less than those of a guark-gluon plasma. At the phase
transition, the energy density changes while the temperature remains
constant. 1In Fig. 3, E/S is plotted vs B/V for a bag model eguation of
state, with a bag constant of B1 . 200 Mev. The flat region where
E/S is constant as E/V changes by an order of magnitude is indicative
either of a rapid crossover or a phase transition between hadron gas
and plasma.

It is experimentally sftraightforward to measure the total energy E

of particles in the initial plasma fireball. This 1is measured in the
rest frame of the fireball and is proportional to %g the transverse

energy per unit rapidity, %% ~ Pt %g . Bince the volume scales as p%3,

the energy density is up to an undetermined numerical constant «
gt & (28)

The energy per degree of freedom is more difficult to extract.

Zxperimentally, the energy per particle, or average transverse
momentum, is measured. The -average energy per particle and the
transverse momentum are related as py = % % , which follows only from

the assumed gpherical symmetry of the matter distribution. To relate
the total number of particles to entropy requires a brief study of

decoupling. As the temperature decreases below the phase transition



-25-

temperature, at some temperature heavy mesons are no longer important
and there is an almost ideal gas of massless pions. For a range of
temperatures where this is *true, the total entropy and total number of
pions are both conserved and are related as S8 ~ 3.7 N. Before this
temperature is reached, pion number changing processes, which involve
four body collisions, have frozen out. This happens much before there
are significant modifications of the equation of state due to finite
pion mass, since the pion number changing processes involve four powers
of Boltzmann factors, e_m/T. With the relation between 5 and N, we may
now find that between py and dN/dy. The phase transition temperature,
and the ratio of energy densities below and above the phase transition,
which is the ratio of degrees of freedom of the pion gas and the quark-
gluon plasma, therefore follow in a model independent way from a plot

of pt vs p% an/dy.

In this analysis, the initial energy stored in thermal fluctuations
reappears in the transverse momentum of piocns. The +thermal energy is
converted into energy of collective radial flow. Since the system is

in isolation, this is required by energy and entropy conservation.

Some features of the hydrodynamic expansion may not be extracted
from the general considerations presented above. For example, 1f the
initial energy density is large, the transverse momentum of large mass
particles is expected to be enhanced by a much greater factor than that
of pions. This follows since the transverse momentum enhancement for
pions arises from collective radial flow of a fluid. Heavy mass
particles with the same outward flow velocity acquire a larger
transverse momentum. It is also difficult to extract the lifetime of
the fireball, or rates for di-lepton and photon emission without a

detailed computation.

Average ultra-relativistic nuclear collisions, and fluctuations in
Pp collisions of high multiplicity, but which are uniform over a wide
rapidity interval, must be treated differently from the case of
spherical fluctuations. Tor head-on nuclear collisions, and probably

for uniform rapidity high multiplicity Ppp collisions, the matter forms
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more or less uniformly over a transverse area which is the geometrical
cross section of the colliding nuclei or hadrons, and the geometry of
the collision is cylindrically symmetric. To gimply analyze this
problem, we first assume uniform matter distribution in the transverse
direction. Following Bjorken, we also assume %that the distributions
are uniform in rapidity. PFluctuations may be found which satisfy this
criterion, and for average ultra-relativistic nuclear collisions
between nuclei of equal A, +this criterion should be approximately
satisfied for rapidities not too far from the central region.

If the particle distributions are wuniform in rapidity, the local
comoving distributions of particles are Lorentz invariant. The fluid
velocity vector u must therefore be a Lorentz form invariant vector

under transformations along the collisions axis, which 1is only a

function of x. Since u2 = -1, u must be of the form

ut = x¥/« - (29)
where

T = {1:2—?;2}1/2 (30)
is the proper time. The space-time rapidity variable is

- f i) )

For +the TLorentz invariant situation we consider here, +the fluid

rapidity © and the space-time rapidity n are equal

n= 0 (%2)

The scalar energy density e, the pressure P and the entropy density o
are Lorentz scalars and are therefore functions only of r.

As 1 becomes smaller, earlier times are probed in the collision.

As discussed in the first section, at too early a time, the perfect
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fluid hydrodynamic description must break down. This happens at some
time which is of the order of a scattering time ., appropriate for the
matter at the time 1. Before this time, entropy producing effects are
important, as is particle production of the matfter which produces the
guark-gluon plasna.

If the initial energy density is sufficiently large, 1t 1s possible
to relate the initial temperature and the formation time 14y, In this
context, formation time is meant as the earliest time when it is a good
approximation to treat the evolution of the matter as a perfect fluid.
To estimate this +time in terms of the temperaturs, we must relate the
collisgsion time fto the temperature. In a scale invariant theory, a good
approximation if the initial energy density is sufficiently large, the

gcattering time 18(40-44)

Tg — K/Ti (33)

where ¢ is an as yet undetermined constant of order one. It should be
noted that this relationship is also typical of uncertainty principle
relationships between the formation time and the typical energy scale
of the matter.

The constant of proportionality may be estimated by a wvariety of
means. Phenomenological analysis of JACEE experimental data, which we
shall soon discuss, and various theoretical estimates suggest that if
the collision +ime is chosen to be a fermi/c, then +the initial
temperature is approximately 250 Mev. We therefore have an approximate
relationship of the form

250 Mev

1y (fermi/c) = T} (34)

The uncertainties in this relationship are probably of order 50%.

The solution to the perfect fluid hydrodynamic equations for the

scale invariant longitudinal expansion 1is especially simple and has

(4)

been discussed by Bjorken. For
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P:%—s (35)

the energy density is

e (43 (36)

T

the temperature is

rony (Y0 (37)

T

and the entropy density is
iy
o= oi {z} (38)

The entropy density may be related to the multiplicity per unit
rapidity. Since the total entropy S is

S - J Tdydzrl a (39)

we have that the entropy per unit rapidity is

a5 = TrR2T g = -nRz-ri as (40)

The entropy rapidity density 1s therefore invariant in time, a Tfeature
which is generally true independent of fthe esquation of state, and which
follows from +the isentropic nature of the perfect fiuid hydrodynamic

equations.

As was argued above for +the case of spherical expansion, the
entropy density and plon multiplicity may be related as
ds _ dN
3y = 37 @y (41)
g0 that the multiplicity distribution may be used *to abstract the
entropy density. 3ince the initial entropy density is related to the
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initial ftemperature as

2
o1 = % 5 Naor ™ (42)

N

where Ngor is the number of degrees of freedom of +the guark-gluon
plasma,

Y07 = {10.5 Nf + 16} ~ 40 (43)

if the number of participating quark flavors is approximated as 2.5.
We have therefore that

_ ~1/3 (1 an \1/3
Tl - -6 'I.'l ( TI-RZ ‘a"'— ] (44)

o

If we assume that T; and 13 are related according to Eq. 34, then we

can determine 1t from experimental data. With « ~ 250 Mev, we have
1 -3/ 2 1 4AN y1/2
T -t [_“_R-é-ﬁ] (45)

This form of the functional relation between multiplicity and
formation time has been observed in string models of high energy
collisions, and is probably more general than its derivation here. IT
we take the results from the JACEE experiment as

dN

Flon -4 (46)

then the relation between time and A becomes(4o"44)

i - 1-2 a6 (47)

For large nuclei such ag Uranium, this formula suggests that +the
formation time might be as small as .3 fm/c, with a temperature as high
as T00-800 Mev. Tor small nuclei, Eg. 47 most surely bfeaks down, as
does a hydrodynamic analysis for average collisions, and 1t probably
saturates at a fixed value of +; ~ 1 fm/c.
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With +this analysis in hand, we now proceed to an analysis of
collisions +taking into account the <transverse matter profile. As was
the case for spherical expansion, we shall take the transverse matter
profiles as given by Egs. 26-27. The only difference is that the
transverse radial ccordinate, not the radial coordinate appears.

If we have a fully three dimensional situation, we would in general
expect the perfect fluid hydrodynamic equations to involve t, z and the
transverse coordinate r. Thig is not the case if the central region
multiplicity density d¥/dy is independent of y, since if we express the
hydrodynamic equations in terms of 11, n, and r with 1 and n as given by
Egs. 30-%1, then the Lorentz covariance of the equations allow scalar
quantities not to depend upon n. This is not the case when dN/dy is not
independent of y, as would happen if we applied +this analysis 1o the
fragmentation region. In this case, the lack of boost invariance of
the assumed multiplicity distribution induces a lack of Tboost
invariance of +the hydrodynamic equations. The Jlongitudinal ©boos?t
invariance togetner with u? = -1 requires that the fluid four velocity
be of the form

u = yplo,r)(t/q, VL(T,T),Z/T) (48)

where yp 18
yp = {1—vf}“1/2 (49)

The Lorentz scalar quantities such as the pressure, energy density, v,
and entropy density are functions only of ¢ and r, with no dependence
upon n. Notice that as was the case for the 1+1 dimensional expansion,

the fluid and space time rapidity are equal,
n= 0 (50)

where the fluid rapidity is defined to be

1 Z
0= 7 1n {i57] (51)
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The perfect fluid hydrodynamic equations for the stress energy
tensor may be written in a simple form. If we use

oC

T {et+P }uPul P (52)

and

01

=
1l

{e+P julul (5%)

the hydrodynamic equations are

E 4 el )+ ) =, (50
and
a1t + % ar {r {TOO+P}V§} + % 19 4 P = 0. (55)

It should be noted that the hydrodynamie equations for spherical
gxpangion are the same as thosge above with the trivial modification
that 2ll terms proportional to 1/t are dropped and everywhere r =+ re.
The initial conditions for the spherical and Lorentz invariant cases
differ only in that the initial time can be taken to be zero for the
spherical expansion, and is finite for the Lorentz invariant case.

Section 4 Decoupling

As the matter expands according to the laws of perfect fluigd
hydrodynamics, at some point it achieves a sufficiently low density
that in the entire future history of the fluid, a typical particle may
be expected +to scatter legs than once. In %the future, it should
therefore be a good approximation +to +treat the particles as free
particles. To analyze this problem, we must follow through the history
of the fluid and determine roughly when the fluid freezes out. We must
alsco determine the entropy preduction at freeze out. Since in our

analysis, freeze out occurs at a late time when the local excitation
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energy is small and when most of the work has been done on particles,
the amount of entropy producticn should be small compared to the total
entropy, and in our analysis, we shall ignore this contribution. We
therefore make the approximation that the system expands as a perfect
fluid until freeze out, which happens instantaneously Finally, we need
an algorithm for determining parficle distributions if the fluid
velocity and density is known immediately prior to freeze out.

As we discussed in the second section, at some time after the
collision which forms the matter, the expansion time becomes large
compared to the collision tine. This wmay be seen from the power law
nature of the expansion, combined with the assumed slow variation of
the collision time. The collision time should be slowly varying until a
phagse transition between guark-gluon plasma and Thadron gas is
initiated.

We can estimate the time at which the plasma begins to become a
hadron gas. We shall first consider the case of Lorentz invariant
gxpangsion. At the initial +time, the temperature is T; -~ K/Ti. The

gystem expands as T = Ti{%l}l/s, go that

T ~ g {56)

If an initial time of 13 ~ 1 fm/c, then 1 is about 2 fm/c at a
tenperature of 200 Mev. If on the other hand the formation time was as
small as .3 fm/c, as it might very well be for ultra-relativistic
Uranium collisions, then the +time is 20 fm/c at the phase transition
temperature. For an initial temperature of 500 Mev, corresponding to
an initial +time of .5 fm/ec, +the +time is about 10 fm/ec at the
transition.

For such large times, we might legitimately worry about whether
transverse rarefaction might disrupt the system. For large nuclei such
as uranium, except for the highest initial temperatures, this is
probably not the case for two reasons. Pirst, 1f the system were to

transverse rarefact with a rarefaction wave with sound velocity typical
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of an ideal gas, v = 3‘1/2 = .6, the rarefaction time is 10 fmn/c. On
the other hand, as +the matter expands it reaches +the «critiecal
temperature at the edge. Then the pressure gradient disappears and this
part of the wave is not accelerated any more. Closer to the collision
axis only the forward edge (that is, the slow part) of the rarefaction
wave reaches the nmatter before it is cooled to mixed phase and the
transverse acceleration ceases. As a result at time 1 = Tg & large
part of the system 1s in the mixed phase which extends radially beyond
the original radius Rp and expands slowly transversally. A shock wave
propagates slowly inwards at +the interface of the mixed phase and
hadron gas and in +the inner parts +the expansion is almost one
dimensional until the time 1 = 1, when longitudinal expansion alone had

diluted the energy density to the energy densit y of the pion gas

£
H’
at the critical temperature.

For spherical expansion, long times are also required hefore the
gyatem begins to convert into hadronic matter. This follows because
the rarefaction must proceed against an expanding fluid into a region
of mixed phase where the sound velocity is zero. As we sghall see in
the next paper, for modest wvalues of the temperature, we find that
extremely long times -~ 2-20 fm/c are required before the system begins
to hadronize.

After +the quark-gluon plasma reaches the phase ‘transition
temperature, it must convert the entropy stored in the plasma into the
entropy of a hadron gas. Since the degrees of freedom of the plasna
are an order of mnmagnitude larger than those of =2 pion gas, this
conversion takes a long time. If the system is only longitudinally
expanding during this time, the ratio of the time at which the plasma
began the phase transition, 9 to that at which it completes the phase
transition, 1, 1is given by the ratios of these degrees of freedom

m/tg - Np1/N, ~ 15 (57)

This time might be anywhere in the range of 3%0-300 fm/c. If the time

is so large as 300 fm/c, the assumption that transverse rarefaction
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may be ignored has surely broken down. Nevertheless, the time it takes
to complete the transition is long both compared to a natural time such
as a fermi, which controls the rate of pion scattering, and long
compared to the +time that it takes the system to reach the phase
transition temperature. The system spends a very long time in a mixed
phase at a temperature close to the phase ftransition temperature. Di-
lepton and photon emission must surely be affected by the long time
spent in a mixed phase. There should be a contribution to the emission

spectrum of di-leptons of the form e"Mt/T

P where My 1is the transverse
mags and Tp is the phase transition femperature. This contribution
might dominate +the emission spectra for moderate wvalues of the
transverse mass. This might be studied at low mass and moderate py
so as to avoid problems with background due to resonance decays and

still have a significant thermal signal.

The situation is also probably quite similar for spherical
expansion. The +time the gystem gpends in a mixed phase is probably
large. The gsystem emsrges from the mixed phase expanding slowly
compared to natural hadronic time scales.

If the system is expanding slowly when it reaches the hadron gas
phase, it probably maintainsg itself in equilibrium with respect to pion
number, and expands to a fair approximation isentropically for some
time after completing the transition. As the system cools, at some
temperature the effects of finite pion mass begin to become important.
Also the densisty of pions 1ig decreasing and interactions begin *to
decrease in magnitude. This effect of low density probably begins to
show up first in the interactions which change pion nunmber. These
interaction involve four pion collisions, and zs the density decreases,
thegse interactions rapidly shut off. The reverse reaction of two picns
goes to four shuts off because the reaction takes a lot of energy and
the tails of the two pion distribution are sampled. We assume that
both 2 » 4 and 4 » 2 pion number changing reactions shut off at the
same time. As this occurs, the pion number becomes frozen at szome
fixed wvalue. We assume that this freezeout occurs at a temperature

which is sufficiently large that the massless pion approximation is
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sgtill wvalid. This seemn t€ %e the case from explicit studies of pion
45

number changing processes. The entropy and particle number are
related as N ~ 3.7 8.

Since this freeze out happens rather late, when the expansion is
gentle and most of the work has been done in expanding the quark-gluon
plasma and converting into a hadron gas, the gubsequent evolution of
the system does not probably much affect distributions of particles.
If we approximate the system as frozen out at this time, and compute
again assuming a freeze out at a later time, we do not expect that
physical quantities will change much. We shall verify this in our
computations.

It is useful nevertheless to be convinced that the freeze out does
not occur until very low energy densities at very late times. To see
this, consider the mean free path for pion scattering

r o~ 1/eo (58)

where ¢ is the pion number density and ¢ is the pion-pion gcattering
gcross section. Since +the pion number density goes as 1/+,
corresponding to a conserved total number of pions, for the Lorentsz
invariant 1 dimensional exXpansion, and ¢ is roughly constant until the
pions are non-relativistic, the mean free path scales as 1. For power
law expansion, the rate of expansion is proportional to 1/r. Thus as
long as the 1 dimensional expansion scenario i1s valid, the pions stay
in local thermal equilibrium until they become non-reiativistic. of
course, once the three dimensional nature of +the expansion is
important, the mean free path grows as 13 and +the saystem rapidly
freezes out. This again should happen only at quite late times, and
again the system is quite cool.

Our conjecture is therefore that the systems which we consider do
not freeze out until very late times when the system has done almost
all +the work it can do to generate particle distributions. The

results we compute for particle distributions should therefore be
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fairly insensitive to the details of freeze out, such as the time the
system freezes out, and the chosen freeze out temperature. With this
in mind, we shall congider results for momentum distributions of pion
for a variety of freeze out temperatures. Most of our resulfts will be
for a freeze out temperature of 140 Mev, a number which is arbitrarily

chosen, but will not much affect our results.

We have still not presented our algorithm for freeze out. This

algorithm 1s essentially that of Cooper and Fryg46)

We repeat their
considerations here. We begin by deriving an expression for the number
of particles passing through the freeze out surface which Iis
parameterized as gu. This is a three dimensional space-time surface
which 1s determined by a freeze out condition such as T(+,8) = Tg. It
can be visualized as a moving spatial surface 3(+) describing the
position of matter which at +the time t has reached the freeze out
temperature. If this condition is reached simultaneously in a certain

gpatial volume, then these regions of space belong to ok.

IT 4N 1is the number of particles passing through the surface
element dok and if f{x,p) is the Wigner distribution functicon which
desecribes the probability that a particle of nmomentum p and energy E =

{]:3’24-1112}1/2 is at the gpace-time coordinate x, then
N = f£{x,p)d%p (F¥dt-daf}-4 429 (59)

In this equation, the particle velocity is 3, the normal %o the surface
is ﬁs. The first term in this equation is the current of particles
with momentum d3p +through the surface element MAgd23 in the time
interval dt when the surface element is in the fixed position. The
volume term d3x = d¥ ‘ngd 23 takes into account the change of the flux
through a3 due to the displacement, dX , of the surface element in the
time interval d4d+t. Thus, spatial volumes where +the decoupling
condition is reached at a given instant, %, may be included in this
volume %Herm. Thig siftuation can take place around the symmetry axis
in cylindrical expansion if +the initial temperature distribution is

flat and 1low enough sco that the decoupling temperature is reached
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before the transverse rarefaction has time to propagate to the axis.

The above relation for dN may be rewritten in the Lorentsz
invariant form as

E dN/d%p = f(x,p) p-do (60)
where the surface element

dow = (d3x, 4t Ag d%8) (61)
transforms under Lorentz transformations as a Lorentz four vector.

The expression for E dN/d3p is therefore Lorentz invariant, as it mus?
be.

The particle distributions after the decoupling are obtained from
Eq. 60 by integrating over the entire freeze out surface gH. We shall
agssume that at freeze out the distribution function f(x,p) is that of
an ideal fluid

g -s(x)un(x)- -1
f(x,p) = 2773 {e Puog } (62)
Here ga(x) = 1/T(x), uv(x) is the filuid four velocity, and g is the
number of degrees of freedom, g = Ngor, for the particles in question.
If the freeze out condition is T{x) = Tgee, then B{x) = 1/T3ec =

constant for the entire integration.

Before going into the details of the calculation of the transverse
momentum distributions, we shall consider the simpler task of computing
the average transverse momentum due %o collective flow as a function of
the particle multiplicity. This computaticn 1isolates only the
contribution to transverse momenftum due to the collective fluid flow of
the system. This should be equal the average total transverse momentum
if the system evolves from a high +temperature %o a low tempesrature, so

that at the low temperature of decoupling thermal motion is very small,
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and the +transverse momentum 1is given entirely in terms of that of
collective fiow. Realistic cases are handled by a more complicated
algorithm which we shall soon discuss.

In the case of longitudinal boest invariance, we can compute the
multiplicity distribution dN/dy in terms of the entropy density dS/dy
which is known from the local valuezs of entropy density and pressure.
2imilarly, if fthe local boost invariance holds, the total transverse
momentum of the particles arising from collective flow in a given
rapidity interval equals the total transverse momentum of the fluid
with flow rapidity equal %o ordinary rapidity in the same interwval.

This transverse momentum can be computed as
Py = [ T Vdo, (63)

where T'M is the transverse p-component of the stress energy tensor,
and the integration igs over that part of the freeze out surface ol

where the flow rapidity is in the considered interval.

In the case of spherical expansion, the average pt is determined
simply by the ratio of total energy (assuming massless particles) and
total entropy. Since the total energy is always conserved, it may be
computed from the initial conditions. On the other hand, eantropy may
be produced during expansion, as Iin the case of formation of shocks,
and should be computed at the freeze out as

s+do (64)
where s¥W = gu¥ 1s the entropy four current.

We will now consider details of the decoupling integrals only for

the e¢ylindrical expansion. The spherical case c¢an be worked out
gimilarly. With the longitudinal Dboost invariance, the freeze out
condition is of the form F(r,r) = constant. The egquation for the
decoupling surface is therefore of +the form 1t = +14(r), and Iis

independent of n. On the other hand, the surface ezlement of any space-
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time surface with cylindrical symmetry may be written as
dov = rdrdy (drdz,xdsdr,fdtdz,0) (65)

In the decoupling integrals for the densities, ZHEgs. 63-64, the

integrands do not depend on the angle ¢ and we get

u'de = 2qre{dr cosh(yy) - dr sinh(yt)) dn (56)
and

gfudo, = dof = 2rrrddn (67)
leading to

dP¢

- = 27 J rtdt {w sinh(yyg)cosh(yy)dr -
v = wal®) (sinn2(yy) + Peosh2(yy))} (63)

for the total transverse momentum due +to c¢collective flow 1in the
interval dn. The transverse rapidity is here yi. The integral for
d5/dn can be similarly expressed. I¥Y should be noted that <pt> =
(dPt/dn)/(S.T d8/dn) holds only in +the situation where +the Dboost
invariance 18 a reasonable approximation, as it probably 1is in the
central region of heavy ion collisions. Otherwise, the total
transverse momentum of particles and of flow do not match in a finite
rapidity interval.

In the above notation, the momentum distribution of +the final
particles has the form

aN mtcosh( n-y)-ptcos( o)

. [ rrde dn —2oz: S S
dydZpy (2n)3 P u/Tdec 1
T = t3(r) e E

(69)

where

p*u = mycosh(yg)cosh(n-y)-preinn(ys)cos(s) (70)
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Egq. 69 is still a three dimensional integral. If the denominator of
the integrand is expanded as a geometrical series, the integrals over ¢
and n can be performed. The resulting series contains products of
modified Bessel functions and converges quite rapidly when Tgae < 140
Mev ~ mg. Such an expansion is therefore useful for the numerical
integration. Including the first term of the series corresponds to
replacing distribution functiong by Boltzmann distributions.

Egq. 69 is useful for computing the +transverse momentum
distribution including the effects of fthermal motion. Included in the
distribution of particles in this equation is this effect. To compute

{pt> we simply integrate over these distributions with weigh pt.

If one wants to study the spectra in the fragmentation region, the
condition v, = 2/t does not hold. Also the parameterization of the
decoupling surface then depends upon n. As a result, the integration
over n must be done numerically. Since we consider here the
hydreodynamics in the boost invariant situation only, we will not go

into details of decoupling in the fragmentation region.

In our analysis, we shall choose surfaces of decoupling
corresponding to ftemperatures in the range T -~ 100-140 Mev. These
temperatures are high enough so that the massless pion gas

approximation is still probably good, but low enough so that most of

the work involved in transverse expansion has been completed. To go %o
lower temperatures, the massless pion gas approximation must be
discarded and a pion chemical potential must be Iintroduced. The pion

chemical potential is needed since pion number is conserved, and if
masses are non-zZero, entropy conservation no longer guarantees pion
number conservation. With such corrections, it is possible to go to
lower temperature than we present here. However, since there is little
work done at such low temperatures, and since the entropy production at
guch a low temperature due to freeze out should be small, our
computations should probably give a good approximation to a more
thorough and complete treatment.
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Section 5 Numerical Methods

The numerical method which we use to integrate the hydrodynamic

equations is a relativistic extension of the flux corrected transport

algorithm proposed by Boris and Bookg47) The extension we employ has in
large part already been developed by the PFrankfurt groupg48-49) For

completeness of this paper, and since in the case of rarefaction of
shocks, the algorithm does not automatically yield unique solutions, we
ghall outline here the method.

Hydrodynamics is governed by a system of non-linear partial
differential equations which can possess discontinuous shock wave
solutions. In such a situation, many types of solution algorithnms,
such as the method of characteristics, which has been used to consider
the expansion of a quark-gluon plasma in the absence of phase
transition, become inapplicable. In our problem, shock waveg occur as
rarefaction shocks when +the matter transversely expands into vacuum.
They are allowed to exist because of the first order phase transition

which is incorporated into the bag model equation of state£26)

When the rarefaction +takes place into wvacuum, there is no
external constraint which would fix the velocity of the shock front or
egquivalently of the matter behind the shock. Instead they can vary
within a certain range in which the conservation of energy and
momentum fluxes can be satisfied§26) From the point of view of the
numerical calculations, 1t is useful to think of the ratio of entropy
fluxes, R = oy/ogvgVg, @8 a parameter which differentiates between
the possible rarefaction shocks. In the actual computations, we must
then be able to ensure the right amount of entropy production across
the shock front in order to have +the desired solution. We shall
return to this question after introducing general features of the FCT

technigue.

The FCT is an algorithm that can be used to improve the shock
handling properties of many of the usual finite difference transport

schemesgjo) To illustrate the method, let us consider a continuity
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equation

dp/ 3t = -3(vp)/ax (71)

where p is a positive definite density and v is a given velocity
field. (In the actual problem of hydrodynamics, v is also defined by
the system of esquations.)

Assume next that a finite difference approximation can be written

in the conserving form

D?+1= o - [Fi41/2 - Fioq/ o] (72)

where the PF's are called +{ransportive fluxes and are functions of o
and v at one or several time levels t" and several spatial grid points
Xi The explicit form of +%these Ifluxes depends on the particular
difference scheme which is used. In general high order schemes provide
accurate solutions when p 1is smoothly varying but produce erroneous
oscillations near steep gradients. These ripples are due to numerical
dispersion {phase error) characteristic to high order methods and can
result in failure of numerical computation. On the other hand, low
order methods do not suffer from these osciilations, but instead from
extensive numerical diffusion which +tends +to smooth out any shock
fronts.

The basic idea of the FCT is to construct the transportive fluxes
F as a weighted average of fluxes FL and FH which are computed
according %o some low order and higher order scheme respectively. The
welighting 1s done, point by point, in such a way that +the higher
order fluxes will be used only to the extent where no dispersive
ripples arise. The procedure to do this is called flux correcting or

flux limiting and is the key point of the method.

In practice the computation proceeds through the following

steps§5o) At the first step, called the convective or transport

n+1

stage, one compubtes a tentative solution using the low order
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fluxes F = P in Eqgq. (72). Then the anti-diffusive fluxes

(73)

are defined in order to cancel the strong diffusion of +the transport
stages. If these fluxes were used as such, the result would be that of
the higher order scheme. In order to however avoid the undegirable

ripples, these anti-diffusive fluxes are corrected or limited +to

¢

Aiil/Z =0

0<¢ 1 (74)

iil/ZAiiI/2 ’ it1/ 2 <

n+1

and the final wvalues of p at the time level ¢ are calculated as

n+1 - n+l [AC C

P - P i+1/ 2 Ai—1/2] (75)

n+1

The criterion for %the flux-correction is such that »p as calculated

from Eq. 75 must not have extrema which are not already present in
B.n+1 This criterion appears to be very efficient in determining the
correct Dbalance between +the low and high order +terms 8o that no
dispersive ripples appear. It also has the important property that
the anti-diffusive stage, Eg. 75, mnmalntains the positivity of »p.
Further, it is seen that the whole scheme conserves the total quantity
associated with the density p, any flux subtracted somewhere is added
somewhere else. Several flux limiters and specific algorithms using

PCT have been developed since its inventiong47’50) The

particular
algorithm which we are wusing is the one introduced by Boris and Book
in Ref. 47 and is called SHASTA. In this early application of PFCT,
the high order scheme is not explicitly stated. Instead, the anti-
diffusive fluxes are defined in such a way that for the uniform
velocity case they cancel the diffusion caused by the low order scheme
at the +transport stage. The algorithm may however be cast 1in the
general format presented above, and doing so the vergsion of SHASTA

which we have used 13 defined in the following way-

The low order fluxes are
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L _ 1 - 2 I 2
Fivi2 =2 L (=992 o = QF o5, (76)
where
_ 1
and
i T i 58X
The quantities 6x and 6% are the grid differences and V?+1/2 are the
centered velocities. The ©positivity of p at the *transport stage
Pi Pi it1/2 i-1/2

is maintained if |e | < 1/2.

The +transport stage of BHASTA can be represented pictorially. In
Fig. 4, the density p 1s shown at different steps in the transport
computation. The *ransport is initliated by representing the density
with straight lines connecting the p values of adjacent grid points,
Fig 4a. The fluid elements defined by the stralight-line sections are
then moved to new positions xi+5tv?+l/2 , Fig. 4b, in such a way that
the area under the curve 1is conserved. Finally, the new values of the
?+1/2, are1 computed by assignin% the part 'Ff the fluid
glement left from X5+ > §x to the cell (xi- 5 8X, x; + 5 §x) leading
to Egs. 78779. Clearly F?+1/2 is the flux through the cell

boundary x5+ 5 §x.

density,

As already mnmentioned, the high order fluxes are not used

explicitly. Instead, the anti-diffusive flux is defined directly as

_ - n+1 = nt+1
Ai+1/2 = nlo i+1 Py ) (80)
2
where n = % 4—-5 ig called the anti-diffusive coefficient. This form



-45-

is obtained by demanding that the diffusion of the transport stage is

completely canceled in the case of comnstant velocity. The
. . . H _ :
corresponding high order flux Fi+1/2 Fi+1/2 + Ai+1/z is a rather

complicated four point formula which we need not be concerned about
since only the quantities A are needed in calculations.

The crucial step of flux correcting is achieved in the SHASTA

algorithm by a simple formula

C :
Afy1/o= 8 max {0, win(aj4,/,8, 18541/ 20, Shiyg/ o]

(81)

where
- n+1 - n+1
bit1/2 = P 344 — P i (82)
and
S = sign{a;, /) (83)

It can be verified that this equation is a realization of the general
flux limiting criterion. It ensures %that the corrected anti-diffusive
fluxes cannot push the final values of the density at x5

n+l _ - n+i C C
P L S Ai+1/2 + Ai-1/2 (84)
n+1

beyond the values p at the neighboring points.

i1

We now turn to a discussion of handling the shocks. Usually the
propagation of shocks is accompanied by entropy production which means
that in the solutions of the ideal fluid flow, the shocks appear as
discontinuities. Physically, the shocks have a finite thickness and
even though the perfect fluid description may be a good approximation
in the smooth regions of flow, viscosity becomes important in the
region of shocks where the velocity gradients are very large. When a

numerical method is applied %o solve ideal fluid equations in which
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shocks arise it musgt either he capable fitting the shock discontinui-
ties or of ©producing enough entropy +to allow the formation of
shocksg52) The standard procedure in the second alternative 1is  the
inclugsion of an artificial viscosity with which shocks can be resolved

reliably in a few grid points.

In the FCT technique, the entropy production is due to the residual
diffusion which is 1left uncancelled because of the flux correction.
It seems %o have the remarkable property of being able to produce the
right amount of entropy within one or two grid points when the strength
of the shock is fixed externally for example by appropriate boundary
conditions. We have tested it for relativistic compression shocks up
to shock velocities, Vghock = 0-95, (corresponding to piston velocity
0.9} when the entropy flux ratio R = 1.34, and it reproduces a sharp

shock front with only transient ripples.

In the case of rarefaction shocks which occur (if allowed by the
equation of state) when matter expands into the vacuum, there is no
external fixing of +the strength of +the shock from the boundary
conditions because the continuous rarefaction wave which Joins the
shock to wvacuum can adjust to any shock strength. What solution is
then produced by a given numerical algorithm (if any) depends on the
diffusive and viscous properties of that algorithm.

In the case of SHASTA, the amount of regidual diffusion can be

controlled by the anti-diffusion coefficient 5 in Eq. 80. To ensure
the condition |eg| < % one usually takes &t/6x < % . Then % e2 << %
for most parts of the fluid flow, and one can disregard the velocity
dependence of n and take n = % . It turns out that even with <the

extra diffusion resulting from  this approximation, the  SHASTA
algerithm produces a rarefaction shock with almest no entropy
production. For +these gsolutions, *the matter behind the shock 1is
supersonic and they can be argued to be unstable by general stability
criteria.(53—54)0n the other handf2;?bsonic shocks are not stationary

in the expansion +to +the vacuum. Thus the desirable solution,

usually referred to as the Jouguet shock, corresponds to a situation
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where the velocity of the outflowing matfer with respect to the shock
front equals the velocity of sound cg. It also corresponds to a

maximum entropy production for a given initial density of matterg26)

We have not tried to implement the condition of sonic velocity
gsince this would 1lead to very complicated procedures for the actual
calculations with different initial conditions. Tnstead we assure
that the code produces enough entropy to be able to find the Jouget
shock. In SHASTA this can be achieved at least in two different ways;

artificial viscosity can be added to the algorithm, or the value of n

can be changed. We have tested Tboth possibilities for a one
dimensional case with constant initial density where we know the shock
part of the Solutiong26) Both procedures give the desired result and

at least in the one dimensional case, equivalent results. The value ¢
needs to be reduced below O.1 to achieve the maximum entropy shock.
For the calculations of spherical and cylindrical expansion we have
used the value 0.08.

Section 6 Summary

In this paper, we have discussed the limits of the validity of a
hydrodynamical description of high energy hadronic collision
processes. We have formulated the hydrodyramical equations for high
energy nucleus-nucleus collisions, and for fluctuations in Pp
collisions. We have outlined the methods required to extract
transverse momentum distributions of hadrons. We also have presented
an explicit method +to treat systems with phase transitions wusing the
flux corrected transport hydrodynamic code of Boris and Book In =
later ©paper, we shall pregsent solutions of +these equations and

explicitly determine transverse momentum distributions.
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Figure Captions:

Figure 1: The entropy per T3 vs T. The unbroken line represents
our approximation, the dashed 1line 1s a guess for a realistic

relationship.

Figure 2: An example of a rapidity fluctuation which might occur
in a pp coliision which wmnight produce high enough energy density to
yield a quark-gluon plasma.
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Figure 3%: E/S vs B/V for the Bag model.

Figure 4: The transport stage of SHASTA. Two fluid elements
(501id walls) and three grid cells (dashed walls) are shown. (2)
Tnitial 1location of fluid elements (b) Location and shape after
transport (c) Determination of new values of p on the grid.
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