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Abstract: Theqemission rates for photons and di-leptons from
a quark-gluon plasma are related to the thermal expectation
value of an electromagnetic current-current correlation
function. This correlation function posseses an invariant tensor
decomposition with structure functions entirely analogous to Wy
and w2 of deep inelastic scattering of leptons from hadronic
targets. The thermal scaling properties of the appropriate
structure functions for thermal emission are derived. The
thermal structure functions may be computed in a weak coupling
expansion at high plasma temperature. The rates for thermal
emission are estimated, and for di-leptons, using conservative
estimates of the plasma temperature, the thermal emission
process is argued to dominate over the Drell-Yan process for
di-lepton masses 600 Mev < M < 1-2 Gev We argue that higher
temperatures are entirely possible within the context of the
inside-outside cascade model of matter formation, perhaps
temperatures as high as 500-800 Mev. If these high temperatures
are achieved, the maximum di-lepton masses arising from thermal
emission are argued to be 5 Gev. Pre-equilibrium emission might
dominate over Drell-Yan emission at somewhat higher masses.
Signals for thermal emission are presented as the relative
magnitude of invariant thermal structure functions, thermal
scaling relations, and transverse momenta of thermal di- lepton
pairs which increases with and is proportional to the di—legﬁon
pair mass. The transverse mass spectra is shown to be
- MI6

high temperature plasma. The spectra is power law, not

_ dMgdyqul,
and upon integrating over transverse momentum M ', for a

exponential. The dependence of the spectra of thermal emission
upon the existence of a first phase transition is studied, and
the possibility that the spectra might change its slope as a
function of M, or have a sharp break is pointed out. We argue
that if there is a first order phase transition, as beam energy
or nuclear baryon number is raised through the threshold for
production of a plasma, the rate for photon or di-lepton
emission might dramatically increase. In the case of a [irst

order phase transition, in addition to the power law spectrum of



transverse mass, there is an additional contribution of e Mi/T

where T is the phase transition temperature.



Section 1: Introduction

The emission of di-leptons and photons from a quark-gluon
plasma has been studied by several authors€1-5) These
electromagnetically interacting particles have small cross
sections for interaction with the plasma, and, for plasmas of
the size which might be produced in ultra-relativistic heavy ion
collisions, probe the entire volume of the plasma with little
interaction after their initial formation. Hadrons interact
strongly with the plasma and do not probe the entire volume.
These hadrons either suffer their last interactions on the cool
surface of the plasma, or are emitted in bulk when an expandiing
plasma becomes cool enough that its constituents decouple, that
is, when for the entire future lifetime of the plasma, a typical
constituent will no longer interact with other constituents.

The study of a quark-gluon plasma 1is perhaps most
interesting when it is very hot and dense, and photons and di-
leptons are most copiously produced from a plasma when it is hot
and dense and may penetrate a plasma of finite extent. Photons
and di-leptons therefore provide excellent probes, but the
relation of hadrons which are emitted ffom cool regions of the
plasma tc the plasma when it is hot and dense is very much
obscured by final state interactions.

The analysis of the production of photons and di-leptons
from the plasma is difficult for several reasons. Perhaps the
most important reason is that plasmas which might be produced in
ultra-relativistic nuclear ccllisions are not extremely hot.
Most estimates of the temperatures which might be achieved are T
~ 200-300 Mev§6-9) and we shall see that the largest
temperatures which might be reasonably expected in somewhnat
extreme models, although not outside of the context of the
inside-outside cascade model of hadronic interactions is T -
500-800 Mev. Such temperatures are not extremely large compared
to A, the scale factor of QCD, and the QCD coupling strength ag
is not very small. If the temperature were extremely large, then

the production rates and differential cross sections for the



preoduction of di-leptons and photons would be computable in
believable weak coupling expansions.

The situation here is however not so hopeless as might at
first seem to be the case. We shall show in this paper that the
"~ cross sections for di-lepton and photon production are related
to thermal expectation values of electromagnetic current
correlation functions. These thermal expectaticon values yield
structure functions which are entirely analogous to the
structure functions for deep inelastic scattering from hadronic
targets. For a plasma of a fixed temperature, we shall show
that these structure functions satisfy scaling relations similar
to those appropriate for deep inelastic scattering. At very
high temperatures, these thermal structure functions may be
reliably computed 1n weak coupling expansions. At lower
temperatures, these structure functions may be measured, and the
guark-gluon content of the plasma may be prebed in a non-
perturbative regime. The structure functions at these lower
temperatures might be computed by lattice Monte-Carlo methods in
the not too distant future. This might yield predictions on how
possible phase transitions to an un-confined chiral symmetric
plasma might be reflected in the structure functions.

Another uncertainty in the computation of di-lepton and
photon emission is the lack of detailed knowledge about the
space-time evolution of the hadronic matter distribution
produced in ultra-relativistic heavy ion collisions. There has
been much recent progress from crude pictures of the collisions

(1) to the more refined inside-

(8-9)

outside cascade hydrodynamical picture.

using the Fermi-Landau picture
In the central
region, Bjorken's description combines hydrodynamics and
measured properties of the final state distribution of hadrons
to allow for a quantitafive description of the space-time
evolution of hadronic matter produced in a heavy-ion
collisiongs_g) The matter is described for times ranging from
early times of 17 ~ 1/5 - 1 Fermi to late times t ~ 10 Fermis.
{We shall see that in our analysis, the earliest times for which

an inside-cutside cascade might be valid, using conventional



wisdom about hadronic interactions is t ~ 1/40 Fm, in contrast
to 1 ~ 1 Fm assumed in most computations.) Even in the
fragmentation region, a coherent gquantitative space-time picture

(%)

is emerging, a piecture which may allow for a global analysis
of the space time history of matter produced in ultra-
relativistic nuclear collisions.

Probes such as di-leptons and photons should test and refine
these space-time descriptions. We shall show that the emission
pattern of these probes does in fact reflect very general
characteristics of the space-time evolution of matter produced
in heavy ion collisions. In the very circumstance of a first
order phase transition, these distributions may even determine
the temperature of the transition.

Finally there is the problem of backgrounds due to processes
which may not be ascribed to emission from a quark-gluon plasma.
For very massive di-leptons, and very high p, photons or di-
leptons, there are backgrounds due te hard incoherent scattering
processes. For example, there will be high mass Drell-Yan pailrs
and direct photons. These processes take place very early in
the collision as the nuclei pass through one another, and befoere
the quarks and gluons which generate these hard photons and di-
leptons have thermalized. Since these emissions arise from hard
scattering, their spectra are characterized by power law fall-
off, and compared to thermal emissions which are weighted by
exponentials at very high energy, should dominate the spectra of
vary hard di-leptons and photons. As the photons and di-
leptons become softer, the plasma emission process may
eventually become dominant. For not too soft photons and di-
leptons, the emissions may arise from pre-equilibrium quarks and
gluons, that is, quarks and gluons wnich have scattered off of
one another only a few times and have not yet achieved a thermal
distribution. For very soft photons and di-leptons, backgrounds
from hadronic decays become important. These hadronic decays
take place at times long after the plasma has disintegrated.

For example, there are backgrounds for di-leptons arising from o

decays, and from mis-identified p's arising from = meson decays.



For photons the situation is even more dismal since there should
be a huge background from =9 + 2v.

A cruecial factor in sorting out the various contributions to
the production of di-leptons and photons will be the A
dependences of production rates. These A dependences may be
extracted from very general considerations if a space-time
picture for ultra-relativistic nuclear collisions is known.
flsoc, we shall see that for a range of di-lepton pair masses, a
window may open where the dominant number of di-leptons arise
from emission from a plasma. We shall argue that such a window
may exist for masses mp { M < m g,y in agreement with the
conclusion of Shuryak§1) Qur conclusion does not however rely on
perturbative estimates, computations whose validity 1is
questionable at the temperatures accesible for heavy 1ion
collisions, but on very general properties of the thermal
history of the quark-gluon plasma. Although our arguments are
not absolutely convincing, they are very suggestive.

In the second section of this paper, we begin our analysis
of di-lepton and photon production by proving that the rates for
these processes are determined from the thermal expectation
value of the electromagnetic current correlation functionsz) This
proof is completely analogous to the proof that the total cross
section for producing hadrons from di-lepton annihilation is
given by the vacuum expectation value of the electromagnetic
current correlation function. The process is reversed for a
plasma since hadrons annihilate in all possible ways to produce
di-leptons or photons. Another difference is that a time-like
vector, the four velocity of the plasma, characterizes the
thermal expectation value. The situation is analogous to that
of deep inelastic scattering where'the expectation value of Lihe
current correlation function is computed between hadron states.
The four momentum of the hadron enters the expectation value in
much the same way that the four velocity enters the thermal
expectation value. In precise analogy to deep inelastic
scattering, two invariant structure functions appear which
reflect the distribution of guarks and gluons inside the plasma.



These distributions are evaluated for time-like photon momentum,
unlike the case for deep inelastic scattering.

In the third section, the structure functions which
characterize photon and di-lepton emission from a plasma at
fixed temperature and four velocity are analyzed. For photon
momentum large both compared to the plasma temperature and to A,
the scaling properties of the structure functions are studied.
For such hard photons, the structure functions approximately
scale, up to an exponential suppresion factor of e~BE where E is
the photon energy. This expression is appropriate for a plasma
at rest. We show that for hard photon or di-lepton emission,
one of the structure functions should vanish if a very high
temperature plasma is produced. In general two structure
functions contribute to +the emission. Finally, for the
perturbative scaling kinematic region, p,, M >> T >> A, we study
the lowest order and first order corrections to the structure
functions.

In the fourth section, the effects of the plasma space-time
history are studied. We show that large fransverse mass photons
have rapidities which are the same as the rapidities of the
plasma from which they are emitted. In the scaling region, we
argue that the structure functions are approximately scaling
funections of the ratio of photon mass to transverse mass. In
the perturbative scaling regime, the distribution of di-leptons
and photons is a power law in the transverse mass. The
dependence on the ratio of mass to transverse mass is trivial.
The power of the transverse mass is shown to measure tne sound
velocity of the hadronic matter from which it is emitted. Using
a thermal history representation of the photon and di-lepton
emission rate first derived by Shuryak, we argue con very general
grounds that there should exist a region of di-lepton and photon
transverse masses Where thermal enission from the plasma
dominates. This range of transverse masses is m, ¢ M, < my/J,
the region originally suggested by Shuryak, although the upper
limit might very well be at 5 Gev in our computations. We also

estimate the rate of photon and di-lepton emissions by



perturbative methods. This estimate should give the correct
order of magnitude of the emission rate. We find six orders of
magnitude uncertainty in the absolute magnitude of this rate.
The primary source of this uncertainty in this estimation is not
the uncertainties of highér order corrections in ag, which we
estimate to be less than an order of magnitude, but
uncertainties in the formaticn time of hadronic matter in an
ultra-relativistie nuclear collision, and uncertainties in the
multiplicities produced in the collisions, two gquantities which
may eventually be determined by other means, and uncertainties
in the sound velocity of a guark-gluon plasma.

In the fifth section, experimental consequences of our
considerations are explored . We discuss how the dependence
upon transverse mass of the cross section for photon and di-
lepton production might depend upon a first order phase
transition. We argue that the average transverse momentum of
photons and dileptons preocduced from a plasma might be propor-
tional tc the mass of the di-lepton pair, and that this should
help discriminate against backgrounds from conventional Drell-
Yan processes. We argue that the power law falloff in M, of the
thermal photons and di-leptons is in general different from that
of Drell-Yan pairs, and for large mass palrs, we determine the
power. We argue that a detailed resolution of the two invariant
structure functions which characterize thermzsl photon and di-
lepton emission may be useful to resolve against Drell-Yan
pairs, and we argue that a test of whether high encugh
temperatures are achieved so that perturbative computations are
valid is that one of the structure functions vanishes. We also
argue that the dependence of the total rate of thermal photon
and di-lepton production upon nuclear baryon number A is a
sensitive probe of the dynamical parameters which characterize

the matter formation in an ultra-relativistic nuclear collision.

Section 2: The Current Correlation Function and the Rates

for Photon and Di-lepton Emission
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In this section, the rate for di-lepton and photon emission
from a quark-glucon plasma at a fixed temperature T and four
velocity u¥ is related to the Fourier transform of the thermal
expectation value of the electromagnetic current correlation

(2)

funection evaluated for real times,
WHY = f d¥x e —1a7X <Ju(x)Jv(0)> (1)

where in this expression, no factors of the electromagnetic
charge e are to be included in the electromagnetic current.

To derive such a relation, consider di-lepton emission. 1In
Fig. 1, a general graph for the rate/volume is represented. An
initial state consists of N quarks and gluons and the final
state consists of M guarks and gluons together with a di-lepton
pair. There is a constraint of energy-momentum and charge
conservation between the initial and final states. The
rate/volume, R/V is

R/V = el f ___@_ ceen d3pN d3p"|
(21)32E4 (2n)32Ey (2n)32E]
d3py d3p4 a3p2

- . n

(2x)32Ey (2n)32Eq (2n)32E;

(2n)% 6(E§=1 p; - 2?21 pl -p4-D2) <p1, -+ pyl Ju(0)
Ip1', ="+ PM'> <p1'y - pM'l JV(O) Ipqs=* DM
1/7(ePBh51) et 1/(eBBNZ1)

{1+ 1/(eBE%$1) Poeeee {01 i.1/(eBEé¢1) }

a(pq)yrv(pp) 1/7q4 v{p2)yVu(py) (2)

where

a = P1+P2 {(3)
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The electromagnetic current operator is J¥ in this equation.

Notice that the phase space integrals for the quarks and
gluons in this expression are weighted by Bose-Einstein or
Fermi-Dirac distributions for those quarks and gluons which are
in the initial state. These factors are the probabilities of
finding quarks and gluons in the plasma. In the final state,
the di-leptons receive no such factors since we are assuming
that the volumes of the plasmas which we consider are small
enough that electromagnetically interacting particles are
emitted with 1little rescattering. These particles never
thermalize and their phase space factors are typical of the
vacuum. The phase space factors for the final state quarks and
gluons are somewhat complicated. For fermions, there is a Pauli
blocking factor since the emitted fermion must scatter into a
media where the states are occupied with a distribution given by
the Fermi-Dirac distribution function. For bosons, there is
constructive interference between the emitted particle and those
particles already present in the plasma.

This expression simplifies somewhat when the final state

spins of the di-lepton pair are summed over. Using the identity

Ispins O ¥M vV ¥ yV u = -4{(p D, + m?)g,, -P¥ DY

o4 Y )

"

~4L*V(pq,02) (4)

The expression of Eqn. 2 becomes

d3p1 d352
(2n)32E¢ (2n)32E,

]
R/V = -let LUV (p1,P2) ! Wy (a) (%)

The structure function WYV 1is given from Egn. 2 as

d3py d3py d3p1

ASTRY - — et ;
(a) d (21r)32E1 (21r)32EN (2?1)32}511

d3pﬁ
(27)32Ey

N
(2n)b 6(2i=1 Py - E¥=1 Pi -p1~D2)
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<pi,-+- Pyl J¥(O)IpY, «---pip

<pi'yeccepml JV(O) Hpg, et PM>

1/(eBEI¢1) “e e 1/(eBEN¢1)
! 1
{1 = 1/(eBE‘I¢1) } oeree [ 01 % 1/(88EM11) ) (6)

We now shall show that WHEY is given by Egqnr. 1 as the thermal
expectation value of an electromagnetic current correlation
function. To see this recall that a thermal expectation value
is given as '

< 0> =Tr e -8Bl 0o ;s Tr ¢ -BH (7)

To procede, we shall insert states to evaluate the trace
over states and insert intermediate states between the
current operators in Egn. 1. Notice that

0(x) = e 1P'X 0(0) e ~iP*x (8)

where P is the momentum operatcr. 1If we have states of momentum
P and P', then

(2m)% §M(P-PT-q) <P| 0(0) |P'> =
rodlx e -ia°x <Py 0o(x) |P'> . (9)

The integration over x in Egqn. 1 is to insure that when
intermediate states are introduced between J¥ and JV then the
momentum of the intermediate state plus that of the di-lepton
pair equals that of the initial state, that is, the state
introduced to perform the trace.

The states which we shall introduce to perform the trace and

to sum over intermediate states are the asymptotic states cf the
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S—matrix. These states are identified as multi-particle states
of non-interacting particles. For a thermal ensemble, the
individuval particles of fixed momentum have an occupation number
which ranges from n = O, *-- = for bosons and n = 0, 1 for
fermions. There are alsc color and spin degenaracy factors
wnich we shall suppress, and which must of course appear in any
computation. These degeneracy labels may be thought of as
labeling different particles. The sum over states for the
current correlation function will of course have Lo conserve any
conserved guantum numbers asscociated with these labels. The
expression for the current correlation function of Egn. 1
becomes

~gH

Wuv = s {dp] [dp'] z[n] E{n'] < {P)n} 1| e Ju(0) 1 {p'yn'}

< {p',n'} 1 Iv(0) | {p,n} > (2n)¥ s(z p - £ p' -q)/

stdpl zrny < {pyn} | o BH

| {p,n} > (10)
The notaticn [dp] refers to the product of momentum integrals
corresponding to the initial state momenta, and I[p] refers to
the sum over occupation numbers for this state. The primed sums
and integrals refer to the final state. The notation {p,n}
refers to the set of momentum and occupation numbers which
specify a state.

To proceed further, we use properties of the current
operator as it operates on these states. The single particles
which contribute to the scattering matrix representation of Fig.
1 correspond to only a small subset of the single particles
which contribute to Egn. 10. The current operator acts only on
this subset in Equ. 10, The current annihilates single
particles which correspond to the initial state in a scattering
process, and creates single particles which correspond to the
final state of the scattering process., The 1in scattering
particle must have occupation number greater than zero in the

initial state. For the out particle, the occupation number in
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the initial state must be zero for fermions and is arbitrary for
bosons. For bosons, there is a factor of the occupation number
n when the current operator changes the occupation number.

These operations on the initial state result in different
Boltzmann factors of e B2, for those particles which are
operated upon, between the numerator and denominator of Egqn. 10.
Those particles which are not operated upon give identical
factors which cancel between numerator and denominator, and
nowhere affect the expression for Wuv, We therefore ignore their
contribution to the integrals, and the integrations which appear
in Eqn. 10 are now replaced by only those integrations which
correspond to the in and out scattering particles, that is, the
particles which appear in Fig. 1 and give a contribution to Eqn.
6. The in particles have momentum {p} and the out particles
have momentum {p'}. ( The problem with Egn. 10 before this
reduction was that it involved all the allowed momentum of all
the particles in nature.)

The incoming fermions may only contribute to the thermal
expectation wvalue if the occupation number is 1 in the
numerator, and 0 or 1 in the denominator of Egn. 10. The result
of summing over these occupation numbers is to produce a factor
of

p;n = e_BE/(1+e_8E) = 1/(eBE+1) (11)
Since the sum over occupation numbers has been performed, the
integration of in particle momenta only involves trivial phase
space factors and the thermal Fermi-Dirac factor of Egn. 11.

For out scattering fermions, the occupation number in the
initial state must be zero. The numerator and denominator
factors combine to give

pgut - 171+ BBy -1 o 1/(eBBiny (12)

This is the final state thermal distribution function which

takes into account the effects of Pauli blocking.
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For bosons in the initial state, the occupation number must
be at least 1. For oceccupaticn number n, the annihilation caused
by the current operator produces a factor of n.  The boson
distribution function becomes

in % -ngkE / e—nBE

ot = 1% ne " = 1/(efFn) (13)

For out bosons, the sum is unconstrained and there is a factor
of n+1, so that

pgut = zzzo(n+1)e_nBE / z:=0 e"BE _ 4 . 1/(eBE~1) (1)
This is precisely the phase space factor of Egn. 6.

We have shown that the rate/volume for di-lepton pair
production is given by Eqn. 5, where WMV is the Fourier
transform of the electromagnetic current. correlation functlon.
This correlation function is evaluated for real values of its
time argument as prescribed by Eqrn. 8. Since the differential
rate may be studied for arbitrary values of the di-lepton
momenta, quite a large amount of information may be extracted
about the structure of Wuv if the experimental di-lepton
distributions are known. In particular, the full tensor
structure of WHY may be determined.

The overall rate per unit volume per unit phase space is
given by Eqn. 5 as

d(R/V) - 1 Y 1 (ll) ' _ LUV t
d”qd3pd3p' - EpEp! © ?5;76 ° (p+p'-q) (p,p")
1/q4 W, (@) (15)

The final state lepton momentum are p and p' in this expression.
The total yield is given by

d(R/V) 1 d(R/V)
- 1 : (16)
dM2dyd2q 2 4d4q

and the rate for this process is easily inferred from the
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standard computation for the imaginary part of the vacuunm

polarization tensor for QED. In this expression, Ehe
/2 1 q®+q

1
mass is M = {-q2} and the rapidity y = 5 1n o 7 The
q+~-q

result is

d(R/V) _ 1 _e? nv y
szdydqu_ 2 (2.")E Im 5" "(q) 1/q wuv(Q)
= —““ﬁz— (1~2m2/q2)(1+4m2/q2)1/2 o(1+4m2/q2) WP (q)
2h4q3g2 u

(17)
For momentum transfers large compared to the masses of
individual di-leptons, this expression becomes

d(R/V) _ _ a?
dM2dyd2q,  24mn3q?

w“p(q) (18)

The stucture function w““(q) is analogous to the structure
function w““(q) of deep inelastic scattering except that here
the virtual photon has a timelike momentum where in deep
inelastic scattering the momentum is spacelike. Also in analogy
to deep inelastic scattering, there is another timelike vector
in the problem. 1In deep inelastic scattering, this vector is
the four momentum of the struck proton. For the plasma, the
additional vector is the four velocity of the quark-gluon

plasma,
uHv = ('Y"Y%), u2 = —1 (19)

For the analysis above, it was impliecitly assumed that the
plasma was at rest, and

ur = (1,3) (20)

The results above are of course easily generalized, since
under a simultaneous Lorentz boost of the fluid velocity and
romentum which characterize the di-lepton emission, the number

of di-leptons ewitted per unit four volume, or per unit four
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momentum, should be invariant. A corollary of this is that
w”“(q) must be a covariant function of u¥ and qV.
Since w““(q) is transverse and symmetric, as well as being a

whV

Lorentz covariant function of u and q, must have the

functional form
uv _ 2 uv _u_v 2
W (q) = (q"g""-q"q ) A(q",u-q,{m},T,A)

v (8" (u-q)%=(u'q +q"u”)u-q+utu’q?) B(qZ,u-q, {m},T,4A)
(21)
The quantities A and B are the analogs of the structure
functions Wq and Wy of deep inelastic scattering. We have
explicitly inserted all dimensionful parameters which
characterize these structure functions. The parameter A is the
scale factor of QCD., The notation {m} refers to the set of
quark masses which parameterize QCD in the kinematic range of
physical interest. The scaling properties of these structure
functions appropriate for large values of the photon momentum
are discussed in the next section. An essential difference
between these structure functions and that of deep inelastic
scattering 1s the timelike photon momentum. Because the
momentum is time like, near resonances associated with heavy
guarks, a perturbative QCD analysis will break down. Since the
scaling regime is a kinematic regime where these masses are
unimportant, there should be kinematic regimes not near these
resonances where the scaling analysis is valid. Also, in a
plasma, long distance interactions are cut-off by the Debye
screening length for the virtual gluons and by the plasmon mass
fer the real propagating gluons, and hence a perturbative
analysis for large photon momentum and temperatures should be
valid, although the scaling properties of A and B might be
violated. Since there are no resonances in the plasma, but
guark masses induce scaling violations, the situation is again
analogous to that of deep inelastic scattering where higher
twist effects are generated by gquark masses and these terms may

induce scaling violations.,
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Section 3: The Properties of A and B

In the analysis of this section we shall study the
properties of the structure functions A and B in the kinematic

region
gu-q >> 1 (22)
B2q2 >> 1 (23)

We shall also assume that {(u-q)2 and g2 are both large compared
to ASCD . This is a surprisingly good approximation to describe
the emission of most photons and di-leptons from the plasma. We
shall show this in the next section.

To analyze this kinematic 1imit, we shall study the
properties of Feynman diagrams which characterize the
electromagnetlc current correlation function., These diagrams
will first be studied to low orders in perturbation theory. The
results gleaned from this analysis will then be generalized to
all orders in perturbation theory. We shall show that there is
a scaling kinematic limit for these structure functions which we
shall call thermal scaling. The thermal scaling behaviour for
the structure functions 1is

: (u-q)2 q2
oPU"d A(—a 81 (24)

A(q2,u-q,B,A) =
In this exxpression, any dependence upon quark masses 1is
ignored. Corrections for the effects of finite quark masses, in
particular the charm and strange quark masses, should generate
small computable corrections to an approximation where the up,
down and strange quark masses are set to zero. DNotice that the
scaling variable (u-q)2/g2 is not the Bjorken variable x which
in this context would be (u-q)/qz. We shall argue that the
scaling variable which we present is correct by an analysis of

soft emissions in the plasma.
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To a fair approximation, we might expect that the deviations
from perfect scaling as a function of q, which are implicit in
the q2/A2 dependence of the structure function might be ignored,
since these deviations are logarithmie. This issue is in fact
quite subtle since these logarithms might exponentiate. We
shall analyze this issue in detail. This dependence may be
abstracted from the renormalization group analysis of the
structure function, in combinaticn with analysis which properly
treats the emission of soft particles in a systematic weak
coupling expansion. We shall present such an analysis in this
section. The pa dependence may be more dramatic. We shall be
interested in temperatures where BA is not necessarily ga << 1.
In this low temperature domain, the gA dependences of A and B
are entirely non-trivial. In the high teumperature limit, BA <K
1, these structure functions may be computed in a weak coupling
analysis.

Bu-q reflects the thermal
nature of the emission process. This factor is Jjust the

The exponential pre~factor of e

Boltzmann factor for the probability that a state of energy u-q
appears in a thermal ensemble with temperature T. In the rest
frame of the plasma, this factor is just e=9%/T  The factor of
u'q makes this Boltzmann factor Lorentz covariant, and
generalizes the result to an arbitrary fluid with flow four
velocity u.

We begin analyzing these structure functions in perturbation
theory. The lowest order Feynman graph which contributes to the
electiromagnetic current-current correlation function is shcwn in

Fig. 2. 1ts contributicn is

d3p d3p' '
TRV BE gE
w(o) = N, s —w(zﬂﬁzE 1/(e"+1) (2”32—;. 1/ (e +1)
(2n) 6 (H) (pep'~=q) tr(g-m)yH(B'+m)yV (25)

This expression is appropriate for the plasma at rest. The
result for a moving plasma 1is extracted wusing Lorentsz

covariance. For large q, the dominant contribution to this
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integral is for p ~ p' ~ q, and the quark masses m may be
ignored. Also,

1
17(eBE41) 1/(e®® 41) - e-BE o=BE' ~ o=8q° o ¢-Bu'q (26)

Since q is independent of the variables of integration, the
Boltzmanrn factors may be pulled outside the integral in the

thermal scaling limit. We find

WEY) - BUT9 f a3ps(an)32e a3p'/(2x)32E"

(2r)# s (%) (papr-q) trgyrptyV

_ oBu*qg Hv
= € Im II(O)(q”vac

1]

ef% 9 1q2guv-quav} In 1 gyl ,. (27)
We have removed a power of e? from 1 in this definition of 1.
This result shows that to lowest order in perturbation theory,
the strucutre function B vanishes, and up to a Boltzmann
suppression factor, the thermal emission rate is governed by the
vacuum polarization arising from quarks. This result clearly
scales, since for q2 >> m2, where m is a quark mass, Im  is a
constant, and the structure function A has no dependence on
Agcp The dependence upon (u-q)2/q2 also dissappears.

The result of Egn. 27 may be generalized to all orders in
perturbation theory for a large class of Feynman diagrams. If
we consider those diagrams where there are no quarks or gluons
in the final scattering state in the plasma, then we shall show
that for suen graphs, up to corrections due to soft particles,

W'V (q) = eButa {q2gPv-g¥q¥} Im 1{g?) (28)

where @ is the vacuum polarization structure function. There
are logarithmic violations of scaling implicit in this structure

function since it is a function of only q2/A2. There is no
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dependence on (urq)2/q2 or upon B in the structure function A.
The structure function B vanishes.

To establish the result of Egn. (28), consider the general
Feynman graph of the type which we consider as shown in Fig. 3.
The only difference between this graph and a contribution to the
imaginary part of a contribution to the vacuum polarization
tensor is the presence of Bose-Einstein or Fermi-Dirac factors

in the phase space integrals of the initial state particles,

a3p d3p 1
(20)32E (22)32E  (eBEx1)

(29)

Insofar as the momentum which flows through these initial state
lines is large, these Bose-Einstein or Fermi-Dirac factors may
be replaced by e~BE, 1f this is done for each initial state
factor, then

_ _ . PR -8g®° .
o~BE1,-BE2 ., -BEyN | -BTiEj _ -Bq% _ .BU‘Q (30)

There may of course be contributions from the kegion of phase
space where some of the initial state particles are soft. The
energy of such soft particles will be small compared to any
typical energy which contributes to Eqn. 30, and we conclude
that the product of exponentials arising from hard particles in
the initial state still gives an overall factor of eBu'q. The
soft particles in the initial state give soft particle
corrections to lower order contributions to the imaginary part
of the wvacuum polarization tensor.

To make this breakup into soft and hard initial state
particles a little more mathematically precise, we shall break
the Bose-Einstein and Fermi-Dirac factors into two pieces. To
do this we first note that to get an overall factor of eﬁu'q in
front of the Feynman amplitude squared, we must multiply each

_BE

phase space integral by a factor of e The phase space factor

therefore becomes

d3p 1 a3p eBE
(27)32E (eBEx1) i (27)32E  (eBEiq)

(31)
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The phase space factor on the right hand side of this equation
may be written as sum of two terms, the first corresponding to
vacuum phase space factors which we identify with a hard
particle and which gives a contribution to the vacuum
peolarization tensor, and a contribution which is kinematically
limited so that E (T and is identified as a soft particle. To
see this use

ebBh 1
— = 1 = 2
(eBE£1) N (eBE+ 1) (32)

Although we shall refer to this decompostion as a hard or
soft particle decomposition, we shall of course allow for
integration over low energies in the phase space factors of
particles which we have identified as hard. The technical
definition we are employing here of hard and of soft is only to
identify those particles which are necesszarily soft since they
are kinematically limited to energies of E < T by the presence
of a thermal distribution function.

The soft particles prevent the sum of 21} diagrams shown in
Fig. 3 from being precisely identified with the imaginary
part of the wvacuum polarization tensor. We note here that these
soft absorptions will not change the tensor structure of a hard
process. The initial state integrations over the phase
space of hard particles may, however, be affected by the soft
absorptions., Since these integrations are responsible for

generating the tensor structure of whY

W

y the tensor structure of
has contributions from both structure functions, For a very
high temperature plasma, where only hard scatterings ccntribute
to W“v, only the structure functicn A is non-vanishing. A
measure of the relative strength of A and B is therefore a
measure of the temperature achieved by a plasma, since B is only
non-zero by virtue of soft processes whose strength diminishes
for a high temperature guark-gluon plasma. Insofar as hard
processes dominate over soft corrections, B is small. For
Drell-Yan emissions from the plasma, the structure functions A

and B are of comparable magnitude.
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The final state emission of particles also affects the
relationship between wHY and contributions to the imaginary part
of 1"V, & typical contribution to W*Y with N particles in the
initial state and M particles in the final state is shown in
Fig. 1. The thermal distribution functions which weight this

process may be manipulated as

N 1 M 1 gu+q _N 1

My o e Do {1 F =] = e ni_ {1 3 —5—}

i=1 (eBEli1) j=1 (eBEJt1) i=1 (eBE1¢1)
M 1
M, —— (33)
J'1(eBEJ¢1)

Notice that as a result of extracting Boltzman factor of eBu.q,
the final state thermal distribution factors have been converted
into initial state distribvuticn factors and vice versa. A
consequence of this result is that the final state particle
emissions are all soft.

Equation 33 may be argued to follow very generally from the
principle of detailed balence. The probability that the plasma
makes transition from one state to another with energy loss E
is the same as the probability of making the transition from
the lower energy state to the higher up to a Boltzmann factor
e~E/T,  The emission from a plasma of a di-lepton pair of energy
E is related by precisely the same factor to the absorption of
a di-lepton pair. When this Boltzmann factor is extracted, the
absorption process has a non-trivial zero temperature limit
since the zero temperature limit corresponds to lepton pair
annihilation in the wvacuum.

The reader must keep in mind that this breakup into hard and
soft particles is merely a mathematical artifice having no
direct physical meaning. To dllustrate this recall what
nappened in the lowest order diagram. There each incoming
fermion line was multiplied by the Fermi-Dirac distribution, and
the incoming lines would normally have energies limited by E ¢
T. After the essential temperature dependence of eau°q was
extracted, we obtained a contribution where the initial fermion

energies were no longer suppressed by the thermal distributions.
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By requiring that the fermions be allowed to produce a hard
virtual photon, the fermions must become hard. The point of
this is that even for the soft particles which are limited by
thermal distributicn functions, the soft particles may sometimes
give energetic particles which may be important in sone
processes. On the other hand, the hard particles, that is,
those with no thermal distributions, may also yield low energy
particles.

We therefore conclude that in each order of perturbation
theory,

WV Busq

= e {a“-q¥q"} Im nVac(qz/A“) + soft corrections

(34)

The index 1 for this result refers to the fact that this result
is only wvalid for individual contributions to Ww*Y which may be
associated with distinect Feynman graphs. Since the soft
emissions may affect these different contributions in different
ways, that is the sof{ emissions may in general depend upon i,
we c¢annot a priori conclude that the summation over i will yield
anything simple such as a factorized form with Im 5§ as one
factor and another factor arising from soft emissions.

To understand the effect of soft particles on the structure

of photon and di-lepton emission from a quark-gluon plasma, we
shall study the effect of such particles upon the lowest order
hard scattering process, shown in Fig. 4 In this process, a
nnnnn lr memA Aamd 1 Airawnly Al Tadbrs 00 maraAdintAas o At Aarn oA AT T aAambEan
ual i Ll allLi=~yuwal i Jdliklititllitave L a Pl Ul L LT uviuil
pair, combined with the absorption or emission of a soft gluon.

We shall be interested in general properties of the photon
and di-lepton emission amplitude, and we shall study its

behaviour in perturbation theory. After derivihg the lowest
order correction to the quark-antiquark annihilation
contributicn to di-lepton and photon production, we shall
establish the validity a weak coupling treatment. The general
structure we abstract is valid to all orders in perturbation
thoery.
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Before treating this soft particle effect, we address the
the problem of the effects of virtual particle contributions to
w"Y and the effect of hard particles in the initial state. As
was proven above, the effect of such particles is given by
Feynman graph contributions to the imaginary part of the vacuum
polarization tensor, and each such Feynaman graph may be
corrected by soft particles, and the magnitude of the soft
contribution may depend upon the hard'process considered. Since
the hard contribution to WM"Y is a contribution to the thermal
expectation value of the Fourier transform of a current-current
correlation function, it may be computed in renormalization
group improved perturbation theory. This is an expansion in ag
evaluated at q2/A? The only place that q2 appears in these hard
scattering processes is in this ratio since the contributions to
ii are infrared finite. (There may be some problems with this
result for q2 = 0, corresponding to real photon emission. For
real photon emission from the plasma, infra-red singularities
may develop which may negate a simple perturbative analysis.
This issue should be the subject of further study, but for the
purposes of our present analysis, we shall consider di-lepton
pair production where q2 is large compared to A? Even for di-
lepton production there may be problems with perturbation
expansions as thresholds are passed for the production of new
flavors of massive guarks. This is a problem well known for the
computation of R in ete-~ annihilationg10) If there are strong
rescnance peaks in the emission spectrum of produced di-leptons,
which there may not be if a deconfined gquark-gluon plasma is
formed, then upon smearing the di-lepton spectra with smearing
width large compared to A, the smeared di-lepton pfoduction
spectra may be perturbatively computed.)

The effect of soft gluons is therefore entirely associated
with soft emissions or absorptions in the final or initial state
of the scattering process which produces a massive di-lepton
pair. This situation is different than that for corrections to
the vertex function, Fig. 5a, evaluated for zero temperature.

In these corrections, virtual processes such as those shown in
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Fig. 5b may have infrared divergences in them which cancel
those assocliated with soft emissions, Fig. 5¢. The difference
between the analysis presented here and that appropriate for the
vertex function at T = 0 is that the computation of W involves
an integral over the vertex function, and the infrared
divergences which are associated with virtual processes make no
contribution to the resulting integral expression for W. This
result is not too surprising since the infrared divergences
which plague the vertex function eventually appear as
exponentiated powers of logarithms of ratios of kinematic
invariants which characterize the vertex function. For the
virtual contributions to W which we consider, there is no
possible dimensionless ratio except qa/hz, and this dependence
may be computed in renormalization group improved perturbation
theory. In the «case of the vertex function, a naive
perturbative analysis fails because of these logarithms,
although a weak coupling analysis involving the summation of
infinite claszsses of graphs appears valid.

The lowest order soft gluon absorptiocns and emissions which
correct the basic quark-antiquark annihilation graph are shown
in Fig. 4. The result of these soft processes is that a scalar
prefactor multiplies the basic hard scattering quark-antiquark
annihilation process. This scalar prefactor does not change the
tensor structure of the hard scattering process. We expect this
factorization into a scalar prefactor times a hard scattering
process to happen in each order perturbation theory.

The amplitude squared for di-lepton production, M"Y becomes

BY _ p pv
M = K Mpo g (35)

where Mﬁgrd is the basic quark-antiquark annihilation graph.
For QCD, the factor K is

(36)

] a3k 2 pH p'y o
K = — -
3%/ (21)320  (oBW_1) { k-p k-p? }

When the quantity in square brackets is expanded, the only
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term which remains in the relativistic limit where q2 > m2

is

5 d3k 2 pep!
3

K = -2
“s (27) 320 (eBw-—‘l) kKep k-p! (37)

Since the maximum gluon momentum allowed in this integral is k -~
T, the expansion parameter in this soft gluon computation is ag
evaluated at T . This is different than the expansion parameter
for hard processes where ag is evaluated at q2 of the emitted
photon or di-lepton.

The integral of Egn. 37 is infrared divergent in the linmit
of zero gluon mass. The gluons which are emitted in the plasma
have an effective mass appropriate for small momentum. At low
momentum, the gluons propagate as a real time plasma

oscillation. The dispersion relation for this propagation is
we = k24M2 (38)

where M is the plasmon mass. In weak coupling, appropriate at
very high temperature, this mass is
2 .
2 8 Np 2
2
This plasmon mass cuts-off the integral for small values of the
gluon momentum,

Elementary analysis of Egn. 37 shows that the integral is of

the form

K = K(cosg,ag(T/A)) (40)
where

cospg = H.p? (42)
is the cosine of the angle between p and p'. For weak coupling,

1,2 ~ly2 .
K ~ as/ since a factor of ag arises from the plasma
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oscillation cutting off a potentially linearly divergent
integral. Since K is small for weak coupling, we are Jjustified
in our weak coupling treatment. This is so since the plasmon
provides an infrared cutoff for soft gluon emission, and after
accounting for this mass generation the effects of soft gluon
emission may be consistently treated 1in a perturbative
expansion. Presuumably at some order in a weak coupling
analysis, perturbation theory must break down, as is Kknown to be
the case for computing equlibrium thermal properties of the
plasma.

To infer the effect of soft gluon emission upon the guark-
antiquark annihilation graph for di-lepton production, we must
take the phase space integral over quark momentum, constrained
to give a total momentum corresponding to the di-lepton total
momentun, welghted with Fermi-Dirac thermal distribution
functions. This integral is of the form

3 3pt
(2j)§2E (2:)22E| (20)% 6 (papr-a) e pyVpry”
F(cose,T/r) (42)

WY -

The integrals over p' and over the angle between P and g is
easily carried out through the four momentum conserving delta
function. The result is

2
+ q /2
Wev = 19 dp tr py"(d-p)y” F( T/A) (43)
2alq) a= P Y N e @)
where
q%+]q|
- 2 (44)

Due to lack of Lorentz invariance of the integrand of Egn. U2,
L gains contributions to both of its structure functions, 4
and B. Since the variable p may be scaled {o obtain a function
of ratios of qO/IQI, we see that WMVscales as a function of
(u-q)z/q2 and not as a function of Bjorken x.

The thermal scaling result of Eqn. 24 is now established.
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As a side issue, we have shown that for a high temperature
plasma, the thermal structure function B vanishes, but is in
gencral non-zero for a finite temperature plasma. Since the

only dependence upon the absolute scale of the photon or di-
2

lepton four momentum enters through the dependence of q2/A 1

this dependeance may be extracted by renormalization group
methods. Perhaps there are some thermal analogs of the
Altaralli-Parisi equations that would be wuseful for this
analysis. It is also amusing that since these structure
functions contain an adjustable parameter, T, the structure
functions themselves may be computed for sufficiently high

plasma temperature.
Section 4: Space-time History

The structure function WYY for the production of di-lepton
pairs and photons has beer shown to be of the form

v { 2. uv v} Bu-q A((U'Q)z q2 T}
= - e —
q g gq q2 ’Aa,A
TRY 2 TRV TR uov_2 Bu-q (u'q)2 C]2 T
+ {g (U'Q) -{u q +gq"u )U_'q+l,l u q } e B(""""‘az—,p,x) (45)

This is the structure appropriate for a plasma at a fixed four
velocity u" and fixed temperature T. In a realistic situation
such as might occur in an ultra-relativistic nuclear collision,
a system has a thermal and velocity history which involves
emissions at many different four velocities and temperatures.
We shall show in this section that these emissions strongly
correlate photon or di-lepton mass with temperature, and plasma
four velocity with photon or di-lepton four velocity. In the
limit that the photon or di-lepton mass approaches «, the
thermal emission functions have a delta function correlation
between photon or di-lepton four velocity and plasma four
velocity. Within the context of the Bjorken hydrodynamical
model o¢of ultra-relativistic nucleus collisionssa)_ a delta

function correlation between plasma temperature and the
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transverse mass of a photon or di-lepton arises in the limit that
the plasma sound veloecity approaches zero.

To understand the correlation between the velccity of large
transverse mass photons or di-lepton pairs and the plasma
velocity, a classical argument is useful. Suppose a large mass
object is emitted from a moving system. If the system is at a
finite temperature, then there will be some uncertainty in the
large mass particle's energy which is of the order of the
temperature. Since the mass of the particle is assumed to be
large, the corresponding uncertainty in the particle's velocity
is ave - %—, wnich approaches zero for masses large compared to
the temperature. The large mass object is therefore emitted
with a small velocity in the rest frame of the fluid. In a
frame where the fluid is moving, the velocity of the emitted
massive object is the same as that of the fluid.

This may be seen explieitly from the structure of Eqn., U45.
Let the fluid velocity be along the z-axis so that

u¥ = (coshoe,0,,sinhoe) (46)

The photon momentum may be written as

q"¥ = (M coshY,§, ,M sinh¥) (47)
o 2,1/2
where M, = [-ac+a(}- The Boltzmann factor becomes
it h(o-Y)
. - = cosh(g~
efU'd - o7 T | (48)

For large values of the transverse mass compared t{o the
temperature, this Beltzmann factor is approximately

T 2 25T
Bu'q e*—Ml/i e_M.L(O-Y) /2T . e—Ml/T { £l }1/2

e . M s§(o-Y) (49)

The rapidity of the photon or di-lepton pair becomes correlated
by a s-function to the rapidity of the fluid.

As a result of this §~function correlation, the tensors
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which multiply the structure functions in Eqn. 45 may be.
expressed in terms of the photon momentum q* and qﬁ. To do this
we use the identity that

ut = (g¥-ql)/M, (50)

Here, qf is the vector entirely transverse to the direction of
fluid flow. A little algebra shows that Egn. 45 is replaced by

, 2
172 - q
= (ZE ste-ny T {aPgV-q¥a¥) (A - (1 + 5 )B)
i M.L
y 2 2 2
+ [e"%a; -(a¥q"+q¥q})al+ala}a“} B/M] | (51)

The two tensors which appear here are the only two symmetric
conserved tensors which may be formed from the vectors q and q,.
To proceed further, we must integrate the thermal emission
structure function over the space time history of the thermal
system which we consider. This integration generates a quantity
which we shall call q"" which is the di-lepton or photon
structure function appropriate for a plasma whose thermal
history was not pure, that is, had experiencsd many temperatures
and fluid velocities. o'V is the gquantity whiech 1is
experimentally measured 1in an ultra-relativistic nuclear

collision. The structure of g*Y is

2 2
2 M, M Y 2
o' = {a%""-a%a"} 0,5 5) + {g"a - (ala"+a¥a))al*a e, q?}
M2 w2
1 (EL ﬂ_) (52)
we 92'yer,z

1

We have identified —q2 = M2 in this expression.

The coefficients Q4 and f, are given as integrals over the
space~time thermal history of A and B as

2
q 2¢T,1/2 M /T
a = fdfx {& - (1 + EI-%)B} {”%f} e 177 §(0-Y) (53)

and
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2nT 1/2 M, /T
Wl ooe !

a, = f a%x B { 6(0-1) (54)
In these integrals, the dependence of A and B upon T, and the
dependence of T and ©, the fluid rapidity, upon space-time
coordinates is the non-trivial part of the integral.

Tco proced further towards the computation of 91 and @, some
dynamical assumptions must be made. The assumptions which we
shall make are quite general, although perhaps not as general as
might be necessary to describe ultra-relativistic neavy ion
collisions., We shall try to carefully outline our assumptions.
Many of the conclusions which we draw on the general structure
of 91 and 2 should of course be tested and refined as better
computations of A and B become available, as the equation of
state of hadronic matter becomes better known, and as more
refined hydrcedynamical computations become available. We
believe that the analysis which we present reveals the
gualitative structure of &"’, and is an accurate semi-
gquantitative computation, perhaps as accurate a semi-
gquantitative computation as present theoretical knowledge
warrants.

To begin our analysis of ultra-relativistic nuclear
collisions, wWwe change variable to the Landau variables, most
recently employed in this problem by Shuryak and by Bjorkengq’s)
These variables are a proper time

- (12.22)HR (55)
where t is the time and z is along the collision axis. The
transverse spatial cocordinates will be denoted as x,. The space-
time rapidity y, which should not be confused with the photon or
di-lepton rapidity Y, is given by

t-+2

y:%lnm (56)

The integration measure for these variables 1s
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dl‘sx = '|:d1fdyd2}(’L (57)

In the inside-outside cascade model of matter production
applied to ultra-relativistic heavy ion collisions, the space-
time rapidity becomes highly correlated with the flow rapidity

of the plasma. In the central region,
y = ¥ (58)

That y = Y is not implausible may be seen by considering a gas
of free streaming particles with velocities oriented along the =z
axis. For such particles, v = z/t and Eqn. 58 follows
immediately. For the inside-outside cascade model, particles
are initially formed as free streaming particles, and since the
transverse momentum of produced particles is mostly smaller than
typical longitudinal momentum for high energy interactions, Eqn.
58 should be true for the initial conditions of the fluid. The
finite nuclear size smears out this relation somewhat since the
origin of the cascade is at different points within the nuclei.
This effect is most pronounced in the fragmentation region where
generally the effects oflfinite nuclear size are important. The
relativistic hydrodynamic eguations preserve Egqn. 58 in the
central region, and also approximately preserve this equation in
the fragmentation region.

We therefore conclude that the space-~time rapidity, the
photon and di-lepton rapidity, and the plasma rapidity are all
equal. (We have assumed in this analysis that the plasma flow
velocity is along the collision axis, an approximation which
should be excellent. This might have some small variation due
to statistical fluctuations in the plasma production process.)

When we evaluate Q4 and g, according to Egns. 53 and 54,
the general structure of the integrals which we must evaluate
are

ME uZ
§(0-Y) X(M_E’;\’g’

{

1/2
n = f ’[d‘[dyd2}(l {ZSZT} / e M-L/T ) (59)
1

A
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We first integrate out the space-time rapidity, y. Since Y = y,
this integration is trivial. Since the range of temperatures
accessed in a heavy ion collision may have some dependence upon
y, after performing the integration, there may be some
dependence of the range of allowed temperatures and the
temperatures upon Y. In general

T = T(1,Y¥,x,) , - (60)

after performing the y integration.

The dependence of T upon X, 1is expected to be weak for head
on collisions of heavy nuclei. Following Bjorken, we shall
assume that the temperature is independent of transverse
coordinate. This should be a fair approximation, and
corrections to it are straightforward to compute.

After these simplifications, Eqn. 59 becomes

2 T(t,Y)

172 _ T M
2 {2'II'T} / e Ml./ ;F; -

n = #R™ 5 1d=
M,

) (61)

x {

Z'Z
Mo ra

where R is the nuclear radius. In the central region, T should
only be weakly dependent upon Y, since it may only acquire this
dependence through deviations from scaling in the inelastic
production of particles. These deviations are expected to be
small at high energies. We shall nevertheless allow for such a
weak dependence in our analysis.

The dependence upon proper time 1 may be eliminated in favor
of a dependence upon temperature in Egn. 61. This integral
over thermal history has simple properties, and will allow for
an analytic estimate of Eqn. 61 under reasonable assumptions
about the properties of the matter produced in a nuclear
cocllision. We first recall that the solution to the
hydrodynamic equations for a fluid with sound velocity vg is

o2
T =73 {—}'8 (62)
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This solution is also valid if the sound velocity is a slowly
varying function of temperature. This should be the case in a
high temperature quark-gluon plasma, since the sound velocity is

vE = 3 -« ag(T/8) + 0(ad’?) (63)

The variation of vg with respect to temperature is order ag
and should be small when ag is small. This is consistent with
the Monte-Carlo results that indicate that to a very good
approximation the plasma has a Stefan-Boltzmann dependence of
the energy density upon temperature. The validity of our
assumption that the sound velocity is a slowly varying function
of temperature is perhaps less firm in the ordinary hadron phase
of matter. In many crude models, this is assumed, but a better
computation which does not require this restriction might be
necessary. Also, at the phase boundary between ordinary
hadronic matter and the gquark-gluon plasma, the sound velocity
is rapidly varying. If the plasma is expanding slowly enough
that thermal equilibrium is maintained, then the sound velocity
vanishes when a mixed plasma, ordinary hadron gas is produced.
This 1s true because the mixed phase is at a fixed pressure and
vg = %%. The rapid variation at a phase transition may be taken
into account by breaking the time history into three pieces.
Two are associated with time evolution before and after the
phase transition where we approximate the sound velocity as
slowly varying, and a third contribution where there is a mixed
phase and the sound velocity is taken to be zero. We shall
discuss this possibility later. We shall first concentrate on
that portion of the thermal history where the sound velocity is
approximately constant.

The time t an be expressed as a function of T as
T. —~
T = Ti {—'[Tl}vg (64)

where vg is allowed to be a slowly varying function of T. The

differential proper time element in this approximation is
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: 1
T —
dt = tj dT/T 1/V§ {Tl}vg (65)

The integral for n given by Egn. 61 becomes

1 3,2 2

2 2,7/ R%:878/V5 LI T-{z/v§+1/2} M, /T (Mf M2 T

n = T77 e XAy =y
ML/ Vg Te M27 A27 A

(66)

To proceed further, we recognize that the quantity
. -0 -B/x

lim X e = Cla,B) 8(x=-B/a) (67)

o+

For the integral at hand, this should be a good approximation
since vg < 1/3 makes for a very large power cof the temperature.
In order that this approximation be valid, it is necessary for y
to be a not too rapidly varying function of temperature. In the
plasma phase at high teuwperature, x is a constant in lowest
order in perturbation theory. This is true because in lowest
order, x is essentially the imaginary part of the wvacuum
polarization tensor evaluated for zer¢ mass quarks. In higher
orders, the corrections to x are logarithmic, and the slow
variation hypothesis seems valid. At very low temperatures
below the phase transition t{emperature, y might be more rapidly
varying, but at these temperature the sound velocity approaches
zero and the integrand becomes more close to a delta function.
Even for small temperatures, use of the representation of Eqgn.
67 as a representation for a delta function might be valid. 1In
order for this &-function relation to be valéd, the variation of
¥y Wwith respect to T should be less than TE"’VS and this should be
easy to satisfy. The truth of this conjecture should be
verified in reasonable models of ordinary hadronic matter. The
behaviour near a phase transition is more complicated, and as
discussed above, this region will be treated specizlly.

To understand in what sense Eqn. 67 is valid for finite but

large values of the coefficient «, consider an integral of the



-37-

form
Xf’ _ _
I(a,8) = f  dx F(x) x~% ¢™B/X (68)
Xi
If F is slowly varying compared to x % e B/% then the integral

may be evaluated by stationary phase. This is true if the

stationary phase point is within the limits of integration. We
shall assume that this is the case, and comment on the validity
of this assumption for photon and di-lepton emission in the next

paragraph. The stationary phase point is at
X = B/« (69)

so that the requirement that the stationary phase point be within

the limits of integraticn is that
xj < B/a < xp . (69)

If this condition is satisfied, then

/X

I(a,8) - F(B/a) s dx x™ ¢ e B/ L F(8/a) 8% rla=1)  (70)

so that we may effectively take

T gTB/X T 1) s(x-8/a). (71)

X
Using this result in Egn. 66, we first recognize that the
mass of emitted di-lepton pairs is related to the temperature of

emission by

M, - {2/vE+1/2} T (72)
For temperatures in the range of 100 Mev < T < 300 Mev as might
be easily produced in ultra-relativistic heavy ion collisions,
and for a sound velocity corresponding to an ideal relativistic
gas, this mass range is 650 Mev < Ml < 2 Gev. If temperatures
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as high as T -~ 500-800 Mev were achieved, as we shall soon see
is indeed possible within the context of an inside-~outside
cascade model of hadronic interactions, then the maximum tran-
sverse masses which might be allowed are 5 Gev. Since the sound
velocity squared might deviate significantly from its asymptotic
value by a factor of two at temperatures as low as T ~ 300 Mev,
a safe upper mass to look for thermal emissions is perhaps M, -~
5 Gev, as 1is alsc the case for the higher temperature range.
Also pre-eqguilibrium emissions of di-leptons and photons may be
important for somewhat higher temperatures. The mass range of
my < M, < mw/J is perhaps the most interesting range to study
since in this range, the temperature was probably at some value
which corresponds to some phase change, or at least rapid
variation in the properies of the quark-gluon plasma.

As a consequence of the sharply peaked thermal emission
spectrum, we see that a transverse mass may be asscciated with a
temperature T. This transverse mass miraculously turns out to
be very large compared to the temperature T, in fact, for not
unreasonable sound velocities is an order of magnitude larger.
This fact a postiori justifies our thermal scaling limit, M >>
T. In particular, the approximation which forced the di-lepton
or photon rapidity to be identified with the plasma rapidity
appears to be justified. The use of perturbative QCD to
evaluate the q2 dependence c¢f the structure functions A and B
may be difficult to Jjustify for the lowest transverse mass
photons and di-leptons, although the situation is much improved
at the largest mass of thermally emitted particles.

The reguirement that the fransverse di-lepton and photon
masses be in a range where the integral may be approximated by
stationary phase deserves further comment. The upper limit on
the thermal history of the plasma arose because we expected that
only below a certain temperature would a2 plasma exist in thermal
equilibrium. Above this temperature, we do however expect that
there will exist a non-thermal distribution of weakly
interacting energetic quarks and gluons. At the earliest time,

these interactions produce a Drell-Yan distribution. 1In the



-39~

intermecdiate times between Drell-Yan pair production and thermal
emission, the pre-equilibrium plasma should emit photons and di-
leptons. The transverse mass of these particles should be
typically 1larger than those produced from the thermal
distribution, and the pre-equilibrium plasma should dominate the
production of these particles over the tail of the thermal
distribution associated with the thermal plasma. Put another
way, computing the spectrum of di-lepton and photon production
for transverse masses outside the range where the stationary
phase approximation is valid should be incorrect. There is
probably some continuation of the thermal emission integral,
which may be approximated by stationary phase, and the dominant
contribution for very large transverse mass di-leptons and
photons arises from a pre-equilibrium plasma, not as the
exponentially falling tail of the distribution produced by a
plasma at lower temperature in thermal equlibrium. The integral
we have given for the photon and di-lepton emission rates
includes only the thermal emission piece, but this piece,
corresponding to the pre-equilibrium plasma, may contribute at
higher transverse masses. It is this larger uncomputed term
which we expect to dominate at higher transverse masses and to
produce a power law distribution, not an exponential.

For very large mass photon and di-lepton pairs, an
exponential spectrum of di-leptons and photons has been computed
in some previous works§2-3) We shall soon see that our
computation gives a power distribution. The exponential
distribution arises for transverse masses outside the range of
values of temperatures appropriate for computing the thermal
distribution. We suspect that this computation is inceorrect. A
more plausible scenario is in our opinicn one where the thermal
distribution interpolates smocothly on to a Drell-Yan
distribution. Both of these distributions are characterized by
power laws, and we expect some smooth matching of these power
laws, not an intermediate region characterized by exponential
falloff.

For very low transverse mass di-leptons and photons the
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situation is also complicated. Below the lowest possible
temperature where the matter of interest is in thermal
equilibrium, there will undoubtedly be some post equilibrium
interactions which generate photons and di-leptons. However,
for very small transverse masses, these interactions perhaps are
not so lmportant for generating particles, and the tail of the
distributions associated with thermal emissions might begin to
dominate, yielding to another range of transverse masses that
can be associated with thermal production from the plasma.

There are however large backgrounds associated with ordinary
hadronic decays. A careful tratment of this region would
nevertheless be extremely useful since by the arguments of
Kapusta, the structure in this kinematic region might, if
backgrounds can be understood, probe the nature of chiral
symmetry breaking€11)

Inserting Eqns. 70-72 in Egn. 66 for n gives

2
/2 2 _2/v
(2%) Y 5 _ 2
n = wR2 r(2/vi-1/2) L 3 mpe/ Vs
2 .,2 ’s
ML M™ T
x(ﬁg,xg;x) It - Ml/{2/vg+1/2} (73

Since we have assumed that the sound veloeity is slowly varying,
our result remains valid for a weakly temperature dependent
sound velocity. The temperature at which the sound velocity is
to be evaluated is the same as that temperature for which y is
evaluated.

For a very high temperature plasma, x is a constant

independent of T, ¥,, or M. In this case, the structure
function 2, also vanishes. The structure funct%on Q4 in Eqn.
52 for oYY is a pure power of M,, that is MIE/VS - MIG. This
power law dependence might be valid for the highest temperatures
experimentally accesible. An added test of this structure is
scaling behaviour of this result, which for a high temperature
plasma is independence of M for fixed M, .

For lower transverse mass di-lepton pairs, the situation is

more complicated, although approximate power law behaviour is
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expected. 1Insofar as the dependence upon M2/A2 is computable,
the behaviour of the structure functions as a function of the
two remaining kinematic variables are probed by varying M and
M.

It is useful to gain some idea of the magnitudes of various
parameters which characterize this equation, and particularly,
the dependence of these parameters upon the baryon number A of
the colliding nuclei. In all of our considerations, we shall
study head on collisions between nuclei of equal A. To perform
this parameterization, it is useful to have some estimate of the
initial time of the formation of the plasma, and the initial
temperature.

The initial energy density 1is produced by the
materialization of particles after the two nuclei eollide. 1In
the convential inside-outside cascade model of this process, the
matter materializes at some fixed time 1¢ which is usually taken
to be 1 Fm/c. If this time is 1 Fm/c, then the JACEE cosmic ray
experimental measurements of the multiplicities of inelastically
produced particles in nucleus-nucleus collisions suggest that in
the central region of Uranium-Uranium collisions at center of
mass egergies ECM - z?g_?gg, energy densities of p ~ 5-10
Gev/Fm~ are obtained. For an ideal Stefan-Boltzmann gas of

two flavors of massless gquarks and of gluons
p ~ 12 T (74)

The temperature corresponding to this range of energy density is
240 Mev < T < 280 Mev.

The largest source of uncertainty in these estimates is the
formation time 1p. We can ask how the estimates of the energy
density vary if this formation time is varied, and the measured
final state multiplicity remains fixed. The energy density
produced in these collisions may be estimated as

dN 1 <Py

g~ 37;[{_2 ——T_f‘_ ) (75)
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where % is the multiplicity density at the time the matter is
formed, <p,> 1s the average transverse momentum at this
(8)

formation +time, and ¢ 1is the formation time. In the

hydrodynamic evolution of the system, is invariant under

dN
dy
expansion so long as the expansion is isentropie. This should
be a fair approximation, and in any case replacing %g at
formation by the observed multiplicity density should be a good
approximation.

The only remaining quantity that might vary as the formation
time 1y varies is <p,>. 1In most analysis of varying formation
time,'the average transverse momentum is taken to be independent
of formation time with a magnitude typical of the final state of
pp interactions. This is however not the most reasonable
assumption. The uncertainty principle requires that the typical
energy of particles when they are formed is of the order of the
inverse formation time. For formation time rfr << 15 -~ 1 Fm/c,
this formation <p,> >> 200 Mev.

With these considerations in mind, the variation of
formation energy density with formation time may be inferred,

p = 1797 oo (76)

The parameters pg is 5-10 Gev/Fm> for U-U collisions at about
100 Gev and the parameter ty is taken as 1 Fm/c. Notice that
under our dynamical assumptions about the matter formation, the
energy density scales as the inverse square of the matter
formation time and not just the inverse of the formation time,
as has been usually quoted in the literatureg14)
Reasonable estimates of the range of possible values for the
value 1y in pp collisions are probably 1/5 Fm/c < 14 < 1 Fm/c.
These estimates are gleaned from knowledge of hadron-hadron
interactions. For nucleus-nucleus collisions the situation might
be much different, a situation which we shall comment upon in
the following paragraphs. If z¢ for nucleus-nucleus collisions
is chosen in this range, the corresponding range of energy
densities at formation is 5 Gev/Fm3 < p < 250 Gev/Fmg. The
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corresponding temperature range is 240 Mev < T < 500 Mev,
Clearly, to more reliably estimate the energy densities in these
collisions, a better determination of the formation time is
required. Data on hadron-nucleus collisions are requiredS15_17)
Even more data on hadron-nucleus collisions may not be
sufficient to determine the formation time appropriate for
nucleus-nucleus collisions. The formation time might depend
upon particle multiplicity, as is the case in string models of
hadronic collisious§18) The point of such analysis is that the
matter formation time depends upon the magnitude of the electric
field strength which passes through the flux tube. Larger
electric field strengths give more rapid pair formation, and a
smaller formation time 1r. Since the multiplicity is also
proportional to the electric field strength, multiplicities and
formation times are correlated. Since nuclear collisions induce
high multiplicities, it 1s possible that the formation time
depends upon A. We might parameterize this time dependence as

1f = 1p A 8 (77)

where 1p is the formation time in pp interactions. Possible
choices for 1t are probably 1/5 Fm/c < 1p < 1 Fm/c. A
reasonable guess for a range of possible values of § is 0 < § <
1/3. The possible values of formation times associated with
this A dependence might be 1/40 Fm/c < ¢ < 1 Fm/c. Such a
small value of the formation time as 1/40 Fm/c¢ would give
gigantic temperatures, perhaps as high as 1 Gev. This
temperature is so high that the thermalization of matter
produced within such a shert formation time would be doubtful.
A perhaps more reasonable guess for the range of parameters
appropriate for nucleus-nucleus collisions is that for formation
times that do not vary with A, 1/3 Fm/c < ¢ < 1 Fm/¢c. For
formation times that vary with A, take Tp in this same range,
but allow for a ¢ as large as 1/3, so that 1/20 < 1¢ < 1 Fm/c,
corresponding to temperatures in the range of 240 Mev < T < 800

Mev. This wide range of possible temperatures is, in the
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authors' opinion, not ruled out by the existing data on hadron-
hadron ccllisions, and is a quite reasonable, although not ultra-
conservative guess. Since transparency in nucleus-nucleus
collisions sets in at a center of mass energy ECM/A = 2R/rf,
these uncertainties in the formation time translate into an
uncertainty in the energy where the fragmentation regions of the
two nuclei separate of 15 Gev < ECM/A < 300 Gev.

The A dependence of the allowed energy densities in nucleus-
nucleus collisions may be estimated if the A dependence of the
multiplicity density %% is known. We shall crudely parameterize
this dependence as

dN 2 .\

= ~ 2wR° A

= (78)

where R is measured in Fermis. This result is designed to match
on to the pp data at ISR energies. The coefficient of 2 in
front of this expression may have some weak dependence upon the
center of mass energy and might be as much as a factor of two
higher for nuclei withn ECM/A ~ 100 Gev. This weak dependence
will not affect the crude order of magnitude estimates which we
are attempting, that is, the uncertainty in this number is much
smaller than other uncertainties in the problem. Reasonable
values of A which seem consistent with the JACEE cosmic ray
experimental data are 1/3 < A < 2/3.

Combining all these factors together, we obtain an estimate
for the energy density produced in the central region of A-A

collisions for Eny 2 15 Gev of

o ~ b Al+25{%§}2 Gev/Fm> (79)
where the range of allowed parameters are

/3 < 1p < 1 Fm/c (80)

1/3 < a < 2/3 & (81)
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0 < § < 1/3 (82)

We have taken <p,> -~ 1/1y ~ .2 Gev. This value is somewhat
smaller than the range of .3-.4 appropriate to pp collisions.
Using Eqn. 74 to reexpress this as a temperature gives

1,72
Ax/u+a/2{;9} /
P

T ~ .13 Gev (83)

Before proceeding further, we must assume that the formation
time t¢ = 14 the initial time for which the system becomes
thermally equilibriated. This assumption is perhaps at its
worst if the formation time is small, corresponding to formation
at very high energy density, and the crude treatment we present
here should surely be corrected for non-equilibrium effects to
obtain proper quantitative estimates of the phofton and di-lepton
enission rates. _

We may now estimate the strength of the coefficient 24 which
contributes to the structure function a"! We first observe that
for very high temperatures, the analog of the gquantity yx which
generates 24 is
a

- 4
vl (84)

x = A - (1 +

The coefficient A is given by the imaginary part of the vacuum
polarization bubble for two flavors and three colors of massless
quarks,
NeN
et Y | (85)

2%

The quantity Q4 becomes finally

. 3.ux10'3
St

10 , §+31/2 1 Gev g 4
Ry * » = A {———1}

2 P
7R Ty . M Fm (87)

1
The guantities R and 15 in this expression are to be
evaluated in units of Fermis, and the transverse mass is to be

evaluated in units of Gev. If we choose to evaluate Q4 in units
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of Gev_u and still measure R and 15 in units of Feramis, Eqn. 87
becomes

WRZTg

o, = ﬁ;‘l [ — ] % A¢5+3)\/2 {'I gev}B Gev-n (88)
L
The factor of nRzrg is present since this is the Lorentz
invariant four volume in which the plasma would form if the
formation time was 1g5. The next factors reflect our ignorance of
the expected multiplicities in ultra-relativistic nuclear
collisions, and-our ignorance of the formation times in hadronic
collisions in general. For Uranium, the most conservative
estimate is that the formation time Tp in pp collisicns is 1
Fm/c, that there is no A dependence in the formation time, that
is, 8 = 0, and that the multiplicity gg—is approximately A
times that of a pp collision, A = 1/3. Under these assumptions
{;9}A§+3A/2 15 for Uranium. Under the most liberal reasonable
assumptions, we take p ~ /3 Fm for pp colli?%ons, we assume
the multiplicity for nuclear collisions is A time that for pp
collisions, X = 2/3, and we assume that the formation scales as

-173 :
A / relative to the foramtion time for pp collisions, § = 1/3.

{%9}A6+31/2 - 4 x 10”. There is

Under these assumptions
therefore three orders of magnitude uncertainty in the rate of
emission of photon and di-lepton pairs arising from reasconable
uncertainties in the underlying dynamics which generates a quark-
gluon plasma!

The intrinsic inaccuracies in the QCD evaluation of the
structure function A which contributes to 24 is perhaps at most
order of magnitude in the range of interest for computing this
rate, and 1is much smaller than the intrinsic inaccuracy
associated with our ignorance of the time scales and
multiplicities of nueclear collisions. The wuncertainties
associated with the sound velocity are, however, another matter;
This uncertainty controls the power of M, and A which appear in
the expression for 2. If the sound velocity was vg ~ 1/6
instead of 1/3, the power fall off in the transverse mass would

be the MI12 rather than MI6. Assuming the formation temperature
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T;i is the same as that of the low end of the temperature
estimates, Ty ~ .2 Gev, and a formation time of 1 Fm/e,
corresponding to conservative choices of the inside-cutside
cascade model, there is an increase in the coeficients of Egs.
87-88 of a factor of 30. If the temperature is Tj ~ .8 Gev,
corresponding to the most optimistic temperature estimates, the
coeficient increases by a factor of 4x103

With such large uncertainties in the absclute normalization
of the di-lepton emission rate, 1t is difficult to conclude
anythning firm about the absolute value of the emission rate.
These crude considerations indicate a factor of about 103
uncertainty arising from lack of knowledge of the parameters
which characterize the formation of matfer in ultra-relativistic
nuclear c¢ollisions, and a factor of about 103 uncertainty since
the plasma might not be at high encugh temperature to have vg =
1/3. Probably a more careful computation of the estimated errors
in this analysis might reduce this uncertainty to a factor of
103—104, by making more conservative estimates of the
uncertainty in the sound velocity of the quark-glucn plasma, and
using less liberal estimates of the uncertainties in the
formation dynamies, but significantly less uncertainty than this
is probably unwarranted by our present knowledge.

Experimental measurements of the photon and di-lepton
emission spectrum for various wvalues of A will do much to remove
the uncertainties in the total rate as predicted by Egn. 87.
This may be correlated with measurements of the total
multiplicity which determine x. The value of § and Tp May be
partially determined by the width of the fragmentation region.
The theory of di-lepton and photon production is subject to a
set of consistency conditions, which can verify the production
of a plasna.

The total number of di-leptons emitted per unit M2,y and q,
fer di-lepton transverse masses large compared to the lepton
mass is determined by Eqn. 18. Since when q"¥ is computed, W"V
is integrated over the space-time history of the plasma, this

converts a rate per unit four volume into an absolute rate.
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Egqn. 18 becomes

dN ~

Q H
—_— oz B g 8
dM2dyd2q, o4x3g2 " (89)

We now have an expression for the total rate of di-lepton
pair emission. This result should be valid in all kinematic
regions if account is taken of the variation of %? in the
fragmentation region. As our estimates now stand, they are most
applicable to the central region, but are easily generalized.

We find that

an a2 1% (29%+M?) (50)
dM2dyd2q, 843 (24 3M2M2 %]

Here, q, is determined by Egns. §7-88 and @, is zero for the
perturbative evaluation. The general expressions for Q4 and 25
may be determined using Egns. 51,52 and 73.

To get a crude idea of the magnitude of the total di-lepton
emission rate, we use Egn. 88 and Eqn. 90 to obtain

dil - -
5 = - 1_6)(10 7 _‘E}_ A6+3?\/2+2/3 {1 Sev}ﬁ Gev u (91)
dMedyd<q, p 1
Ir this expression, we have used R = 1.1 A1/3 Fm.

The corresponding rate for di-lepton emission due to the
Drell-Yan process may be extracted from data on pp and pA
collisions. For the basic Drell-Yan process, we expect that the
basic rate will scale as Au/3 fer head-on nuclear collisions.
This may not be the case for di-lepton masses below 3 Gev. The
rate there is about a factor of 25 larger than that predicted by
the basic Drell-Yan mechanism in pp collisions, and perhaps this
is some precursor of thermal emission in this reactionf19) In paA
collisions, the rates in this mass region scale by a smaller
power of A than is true for the basic Drell-Yan process
appropriate at higher masses. For the large values of A
appropriate to nucleus-nucleus collisions, this enhancement of

the emission rate might be somewhat suppressed relative to the
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basic Drell-~Yan rate as a consequence of its slower growth with

A.
The basic Drell-~Yan process may be parameterized as
dn - 3 -
s = §.4x10 8 44/3 g-bay 14 (92)
dMedyd=q, M
-1(20) . . . - ,
where b = 1.2 Gev. This result is valid for collisions with

impact parameter b < 2 Fermi. The impact parameter b = 2 Fermi
is the maximum allowed impact parameter for pp collisions, so
that Eqn. 92 is appropriate for pp collisions when A = 1., This
scaling behaviour with A is only appropriate for M > 3 Gev
although for nucleus-nucleus collisons it might be valid for
somewhat smaller masses. At masses 1less than 3 Gev,
conventional hadron decays might enhance this effect by an order
of magnitude.

For q, = 0, making the conservative estimates for the thermal
emission rates, 6§ = 0, » = 1/3 and 1p = 1 Fm, the thermal emission
emission given by Eqn. 91 dominates over the Drell-Yan emission
rate out to a mass of about .8 Gev. For less conservative
estimates, the maximum mass may be the maximum allowed by our
approximate treament of the thermal history integral, which for
T -~ 200-300 Mev is M, < 1-2 Gev. Since there are many orders of
magnitude uncertainty in our computation of the rate, it is
encouraging that the most conservative estimates give a rate
that is comparable to the Drell-Yan rate in this transverse mass
range. For less conservative assumptions, corresponding to
temperatures 500 Mev < T < 800 Mev when the matter is formed,
the maximum mass is M, < 3-5 Gev.

The rates for Drell-Yan and thermal emission may also be

compared after integration over q,. The thermal rate is

au
o = 2.4x107T 10 g 843024273 (1 Cevi b o -2 (93)
dMedy Tp M

compared to the Drell-Yan rate of

dN

S 07T AW3 (LSewyH g2 (o)
dM=dy

M



-50-

For the conservative set of parameters listed above, the thermal
emission rate is a factor of 3-5 smaller than that of the Drell-
Yan process. For this conservative assumption, the ratio of the
thermal to Dréll—Yan di-leptons is somewhat larger for smaller
A. These statements are true for all values of the masses for
which Egn. 93 is valid, that is M < 1-2 Gev for the
conservative assumptions. Since the thermal emission rate gets
larger as less conservative assumptions are employed, we
conclude that it is likely that the thermal emission process
dominates over the Drell-Yan process for masses M < 6Ty, where
T; is the maximum temperature at which the plasma produced in a
heavy ion collision comes into thermal equilibrium. Under the
liberal assumption that temperatures as high as 800 Mev might be
produced, the appropriate mass range is M < 5 Gev. Given the
large uncertainties in our computations it is encouraging that
the thermal rate is so close to the Drell-Yan rate under the
most conservative assumptions about matter formation. Even
though the thermal rate is a little smaller than the Drell-Yan
rate with the conservative assumptions, the closeness of the
rates, the uncertainties in the computation, and the arguments
presented in the next paragraph seem to suggest that thermal
emission may dominate over Drell-Yan emission for small di-
lepton pair masses.

A final argument concerning the relative magnitudes of the
thermal, pre-equilibrium, and Drell-Yan rates may be mede in a
model independent way if we assume that the emission amplitudes
are sharply peaked and that masses may be correlated in a 1-1
way with times in the space-time history of the plasma. For the
thermal process, this was the case and a 1-1 correspondence
between mass, temperature, and time arises. It is a plausible
conjecture that this 1-1 correspondence persists into the
pre-equilibrium and Drell-Yan region, and that, particular
transverse masses are directly correlated with particular times

in the space-time history of the plasma.
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Section 5: Experimental Consequences

In this section we shall list the experimental consequences
of our considerations. In particular, we shall explore the
consequences of first order phase transitions for the emission
probabilities as a function of di-lepton mass. We shall also
point out distinctive features of the dependence of the thermal
emission rate upon q, and upon nuclear baryon number A.

1) The Appropriate Ranges of M, and q,:

The thermal emission of photons and di-lepton pairs was
argued to dominate over the Drell-Yan process for transverse
masses M, < 6 T if the plasma achieved high enough temperatures
that it could be treated as an ideal gas of quarks and gluons.
If the temperature is somewhat lower, this upper limit may be
somewhat higher, since the upper limit is M, < 1/v§ and the scound
velocity of the quark-gluon plasma is expected to approach 1/3
from below. The appropriate maximum mass for thermal emission
may be M, < 1-3 Gev for low temperatures appropriate to
conservative assumptions about the matter formation in ultra-
relativistic collisions, and might be as high as 5 Gev for less
conservative assumptions. There 1is also probably a pre-
equilibrium region appropriate for higher values of the mass, of
undetermined maximum mass.

The overall rate 1is sensitive to the A dependences
associated with the formation time of hadrons and total particle
multiplicities. Since the particle multiplicities will be
measured independently, the measurement of the A dependence of
the thermal emission rate determines the dependence of the
formation time of hadronic matter upon A. Since this ecan be
compared to independent measurements of this formation time by
studies of the width of the fragmentation in AA collisions, the
thermal emission measurements provide a crucial consistency
condition.

The q, dependence of the di-lepton and photon emission rate
arises, at least for very high temperatures only through the

variable M, . The average value of ¢, depends upon M for a high



~52-

temperature plasma as

%> = M° (95)

For lower temperatures, we expect that there should still be a
strong correlation between q, and M. This is in strong contrast
to the lack of dependence of q, on M at fixed energy which seems
to be true of the Drell-Yan data.

2) Scaling for a High Temperature Plasma

Perhaps the most remarkable conclusion of our results for
the high temperature quark-gluon plasma, where perturbation
theory may be a useful semiw-quantitative guide, is that the
photon and di-lepton emission masses depend only upon M, . The
result scales, thereforsz, and data at different M and differeant
energies should fall on appreximately the same curve as a
function of M, .

This M, dependence leads to the dependence of q, upon M
deseribed above. Such a high q, enhancement arises because in a
thermal system, if enough energy is generated to produce a high
mass di-lepton pair, then the energy will in general have a
large contribution from transverse momentum.

3) Structure Functions

We have argued that there should be two invariant structure
functions which characterize the di-lepton and photon emission
amplitudes. It would be wuseful to have experimental
measurements of both of these structure functions. For a high
temperature plasma, one of the structure functions vanishes.

The dependences of these structure functions upon M, M, and
y can be directly related to the thermal structure functions for
a plasma at a fixed temperature T at a fixed flow rapidity y.
These thermal structure functions satisfy therwal scaling
relations, and are entirely analogous to the structure functions
for finding gquarks and gluons inside hadrons in deep inelastic
scattering.

4) The Behaviour at Low Transverse Mass Values

At low values of the transverse mass, the plasma is probed
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at low temperatures. At such low temperatures, the existence of
phase transitions might show up in the distribution of photons
and di-leptons as a function of transverse mass. We shall
investigate the cosequences of a first order phase transition.
Many of our conclusions are valid for a second order phase
transition or approximate phase transition which might arise

if the first order phase transition of Yang-Mills theory in the
absence of guarks is somwhat washed due to the introduction of
quarks.

If there is a first order phase transition, then either the
transition passes through a mixed phase and there is loeal
thermal equilibrium through and beyond the phase transition, or
there 1is supercooling and the plasma may go out of local thermal
equilibrium as it passes through the phase transition. In this
latter case, there might be a breakup of the system into
droplets of burning quark-gluon plsama, or there might be
explosive burning or detonation within the supercooled plasma.
In either of these possibilities, below the phase transition
temperature, there seems to be no simple hydrodynamic
description of the subsequent time evolution of the system. One
night expect, however, a quite dramatic change in the properties
of the the plasma at some well defined range of temperatures,
and this might show up in the spectrum of photons and di-leptons
as a function of transverse mass.

If the system successfully negotiates a first order phase
transition in local thermal egulibrium, then the ordinary
hadronic matter produced as a result of the transition should
continue to evolve hydrodynamically. We expect a rapid change
in the distribution of photons and di-leptons at some fairly
well defined range of transverse masses, and a thermal
distribution below this range. The structure of the transition
region depends upon whether the sound velocity of ordinary
hadornic matter, Vi is less than or greater than that of the
quark-gluon plasma, vq. Ir Vi > vq, then the hadronic matter and
quark-gluon pilasma will both emit power law distributions of
photons and di-leptons in some overlapping region of M,. In this
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case, the widith of the overlap region is
2 2

Ay - { o2 - et Ter
h d (96)

where TPT is the phase transition temperature. If vq > v then

’
there is no region of overlap where the stationary phase "
approximation to the integral over the thermal history of the
plasma leads to power law distributions in transverse mass.
There is a gap, but the gap is filled in by non-power law
emissions which are generated by corrections to the stationary
phase approximation to the thermal history. The width of this
region is also given by Egn. 96. In the case where the sound
velocities are equal, there is some transition region whose
width 1s given by the intrinsic width in the stationary phase
approximation to the thermal history integrals., This width is
/2

aM

3
L~ vzf{2]

Tpy (97)
Above and below these transition regions the slopes of the M,
distributions are 1in general different, if the sound velocities
are different, then the transverse mass distributions change
slope.

In addition to the rapid change described above, the plasma
will pass through a mixed phase of ordinary hadronic matter and
a quark-gluon plasma. This will take place over a finite time
interval at a fixed temperature. In addition to the power law
distribution in transverse mass, we expect an exponential
distribution in transverse mass with a slope which is the phase
transition temperature. Whether such an exponential may be
extracted from the data in preference to a power law seems
doubtful.

The effect of a mixed phase might be most interesting as the
beam energy or baryon number of the colliding nuclei is raised.
from values which are barely sufficient to make a plasma to
values where a plasma with temperature significantly higher than

the phase transition temperature are achieved. As the mixed
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phase is barely formed, a weak exponential behaviour first
appears. The high transverse mass power law tail associated
with a high temperature quark-gluon plasma is not present. As
more and more of the mixed phase is produced, the exponential
distribution increases its strength, but still with no high
transverse mass power law tail. Finally, a high mass power law
tail develops when enough thermal energy is made available to
produce a high temperature plasma. This suggests that the
overall rate for di-lepton and photon emission might change
dramatically as the beam energy and nuclear baryon are varied

pa
corresponding to temperatures of 200-300 Mev. The
ht

. also be very noticable at tranverse momentum
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Figure Captions:

Figure 1: N particles in a quark-gluon plasma annihilating
to form M particles in the plasma plus a di-lepton pair.
Figure 2: Tnhne lowest order contribution to di-lepton pair
production.
Figure 3: A general Feynman graph where N particles in the
plasma annihilate to form only a di-lepton pair.
Figure 4: A soft gluon correction to the quark-antiquark
annihilation graph.
Figure 5: The vertex function at zero temperature.
a) The full vertex function.
b) Virtual corrections to the lowest order
contribution to the vertex function.
c) A soft emission.
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