
1. Inrrudrlcti,,” 

However, a “umber of authors [7-91 have recently presented explicit 

calculations of fk non singlet anomaly and have Obtained covariant 

results. The same Situatiu” occurs for the case of gravitational 

anomalies. I” the work by Alvarez-Game and witten 1101 the). are 

presentsd in covariant form, while the gravitational consistency 

c”“ditions W”U,d in,ply that they should have a nun-covariant form. 

I” this paper, we clarify the situation by shuwing that both the 

covariant and the non-covarient anomalies can be correct forms for the 

covarianc divergence of different currents. For the gravitational 

anomalies, the two forms correspond to different energy momentum tensors. 
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‘The: q,hu<c IIIIICLCII.C 101 anomiclics *nd the reht.cd currents is 

.,rdiwd in <l‘!Llil We C”“-itT”Ct the EOVGliant f,,r,,ns lor both the 

ctwrcnts .~nd rhe dnctniillies Ior generul gauge lheories in event 

<iill,~ll~i<l”~l, .s,llll.,:~iilllU ‘The resdts are then ertullded to dclerlnine ,hr 
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‘V!I, ~l/li/ I j I,*<, LI,L. LViU “l,>,,sisfellL” ““L’“u,y LO I-e‘cr tc Il,C cc~“.ll~ia,,t 

Li iYVrgellCe I,, the CIIrrEnt .l,, ohtnined hy varying ihe “BCll”rn functi<,,,al 

Will, respect t,> the external gouge patenCini. The “c<,“Jrin”t” a”onlaly 

i:, rahi.iined by oldiiying Cl,‘2 current by adding to it a local functio,, 

<>I tile gauge p<,t“,,t ia, me resulting CIIrrent j” is dctrrmined so as 

t<r he C”“ilria”l undc~r local gauge transimrmations, W,,j~Ch implies chat 

its ,~w3riant divergence is also covariant. me CUnsiSteilt anonaly has 

flln’hmontirl significn,,ce, since it reflects di~rrctly the gwge 

dcpcndence of t Ihe v.x~uuna functional. The related covariant anuealy, 

u/1 Lilt? “ClWl. hand, is distinguished by its simple gallge transformntion 

,ll~‘z,‘crt i<iS il”li Lhe the c<,“lriilnt Curre”t may haw significance when 

IlkiiCii L<I co”strucl gauge invariant couplings to Other fields. AS shwn 

ill this paper, it ii always pnssiible to COnStrItCf the covarianl funns 

%I, I III, Cllrrlwll .I,,<, ,I[ LlW anoa;*ly irum tile knowlnigr of t,,e c”nsiSte,,t 

,!‘““N’.‘ly. Ili,“tl, Li,C ~arm~aly cancellnti”” cudi tions are Lb SanlE for 

vi ~hi.r form. WC m,Le that our ability to modify the form of the 

“nI”““ly hy Ich~inging the definition Of the local corre”cs is different 

trlllll ii,c ambiguity in the form of tile anomaly arising from c,,e 

.iLl’iiti”n Of luc;,l iunctions of the gauge p”Cr”tial to the “acullm 

I Lllii~Limlill , 3, 

Let us iilusflilte the Situnfi”n hy the ca5e of non-abelian gauge 

illi’>lll.lI ies in two S,lilCI.--ti,“e disensions. The c”nsisCenf anmnaly is 

h’W” t9 bep’ 

DpJP= c +.A,\ ZAP CIJ) 
wt~crc c is a certain constant and a matrix notation has been used fur 

imr,, rile current and tllc gauge potential. The right hand side satisfies 

I/l<, c<>nsislcnry ~onditian ,6, hut is non-covariant. The current J” a150 

trwsf<>rm:4 iitlll-<~ilviiri3lit Iy. WC I,I>W </I rine is new <“lrz~e,,, 

p = Jr +=A@ 0.2) 
115 COYariallt divergence is 

p,Jp= c a,hA t++ +,lChAE+) 

+++,AA]E~~= c @+ , c-1.3) 

where 

FL = +A,-Q,+?, +[Ar, &I 0.4) 

is the s.,ng:-Mills field strength. The right hand side nl (i .3) is now 

CI1”arlil”t. ‘I’IW ‘zI1rTellt Ii” may alsu be ShOW,l Lil be CIn~lliilllt . blit it 

CIillll‘ll lx ill~L~liIIC<i from the “ariatii>n of B “a<:licilll fil,lC,~ i<Will Wil~li 

r(ls,>vct t/, Lllr. i:Jup field Aus sirIce file covnri3nt anrmaly d<lcs li‘,L 

satisfy LhU ,:,>nl;istency canditi”“. Observe thaf fhtl I ineorized righf 

hand side. of (1.3) is twice the right hand side Of (1.1) (this factor 

hecomes I + v/L in Y dimensions and muy he considered a5 a BOiC 

SymmcLry f;lcL,Ir fur the linearized an’maly~. We emphasize the care 

which is ~ncded in interpreting the linearized calrulxtions. 

I,, Iili5 pap” we discuss variaos iispecfs of the gauge SLrUCtUCe of 

anon,a, ic5 and fhci r cllrre”fs. I” Chapter 2 we sllldy ttie gauge drpen- 

Llence of the currents and their anomalies and apply convenrianal methuds 

to Constrllct the covariant CUrrentS and anomalies far fo~~r-dilnensional~ 

gauge ctleorits. I” Chapox 3 we discuss the Str”Ct”re of the consistent 

anomaly in arbitrary eYen space-r,me dimensions and give also the 

explicit expressions for the covarinnt currents and the cwariant 
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,1,1’,1!,.1iies. ‘ILliS is dune by using the cumpact ll”Cllti”” 01 exterior 

diil~rl~lnti~il ir>ms rlllli t,>r tech”iq”es described in Refs. [,I-16]. The 

rlrulied CeiUltS arc CollecLed anti, in part, r‘drrivrci in Appendix A. 

Our resu1ts are generalized co include gravitational anomalies in 

Ciidptcr b. A ch!ory with spinor fields in curved space must be 

iIJrm’ll.itCd 50 tiiaL iL is covariant under gener.cl cimrdinatr transforma- 

L lUl,> ~whicl, we shall call Einstein tmosf<lmiations) 2s well as under 

IIIL’i/l L’ll~+:lltl flallsfOi.mi*t ions. Local hrenti iovari;mcr uf the 

r<>rmcifcd “aI’oIIIII Iu,icLi”ndl is usually assumLh3 am3 the g’““itnLiuonL 

doumalics arc Lclken LO be anomalies uf the Einstein transfarmocions. 

I I, i:li;l,llt.l 5 we Shd, L for~mu,;lte the consistency candi t ions for t,w 

cnmliiwd Einstein ;~nd T.oientz anomalies [ 131 and we shall find the 

I.lrlli i,i Lhese anum;il ies. We also show that the Einsrei” annrmlies can 

iowiiys ,,e trsnsfi>mwcl i”f” Lorrntz anomalies (and vice versa) by adding 

,LiC.ll rorm?Ctio”~ f0 the VaCullm functional. Hence it is always possible 

tU riciinc the YilCUllrn funcrional so that all C’“Vi tatiL’r,.il .?mnalies .are 

i”il<~Cil “iulaiti”ns iii local Lurrnfz invariance .IlOwz. This appears t” 

tbs 4 prcfcrred canmica furm for the gravitational anomalies. ‘The 

tri!;il”,r~,lt oi g~.l”iLJli~>ml anumnl~ies in chilptcrs 4 and 5 rel.ltcs l~heir 

S~rIIcrIIrc tc thiit of gauge anomalies. 

‘TI,r<lIc~:hillit this paper t,,e anomalies will be expressed in terms of 

:‘)l.unct rit in”;lrimrt pi~lyiminls which shall nc’t he Eurihcr specified. 

‘Ihe [XirLicular polynumial appropriate to each situations depends “” 

the spin 01 the pnrticles propagari,ng in the loops of the vacuum 

func:tionaI and can be determined by an explicir perturbation calculation. 

,li dnne in the paper hy Alvarez-Gaumi an* witten I101 for the 

,:ravit:,tionnl anomaly. me C”rrFCt polynomial Cd” also he determined 

,/I r,,,., Iv Ir<im t,,(. ;a,‘:““pri”f’ index thCorc”l. This npprnori1 will he 
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discussid il, ‘I blhsq”e”t paper by Aluarez, singer mrd %uinin,,. , 17, 



x A,” - (Ipq”= (a,n +P,,d )” 

r, G”= jlF,“, Al)4 
0. 1) 

, 
W,,cI.,. t,.’ is LllC intinitcsima, gauge p”“,mcier. The gauge dependence uf 

, I,,, V-II’UIIIII 1 ,111CL iil:ml dcIines the anomaly 

r, Wla] = J dx $$a Tb; P = 1 dx Jr, Ix, (Dp A)* 
(2.2) 

=- 

s 

& Dr Jr- Cx) r\“(X) 

= I dx A”Lx, c;, CA> J 

iTTt-T,T)W[fij= Tn,.,W[A]. (2.3) , 
I:~iII; (2.2) LlliS in,,,,ies 

-8. 
)+““T,G,-f~t c,)= Jd+,nB]“G, . (j.,,, 
Tile ~~nistwlt ~irumaiy must obey this coixsist~t~~y ~ui~~ii~i~~n (2.4). 

‘T//C i’Ll,,sitrtr.,?t~ .mmmiy ill SC dctE,mi /,<,s Lllrl xau,:r I/L~,~~il<lvllii t/t the 

basic ,li,n-.ibc,ian current .IUa. NzJivi.ly, this Currrlll WUlJ be enpc!<:ied 

to tra1151Ilm i-o”.iriailily under g”“g’ tr;inafurmi,tiuns. ‘TIM2 r, irct ,,f 

fh‘! iimm:i, ies can he drtrrnlineli by e,..iLll,,l ini: in tucr “‘,)I” L,,V 

/‘I>Im/I1Itol LOI 81, .I !:“ugc “aridtih,, ,l/,,i ti,c. “ill~i:l~ ill,, *I/lid/ d~,~i,,<.?i 111,. 

($J - 7 5) WKJ / (2.5) 

(2.6) 
and 

Jr, I@+.“(X). @) 

‘The io”ll”ll~~it<>r “‘A)’ lx e”ll,“atEd di rcrLly 
yp7-L s 

AB CB,Al . 

Applying r/lib opCI~‘ILOr to the Y.IC"IIIII luncfion;,, WC Olitdin 

CSB q - T J-B jw3 

= px p q& ) Aa- (rl JrA I q) 

(2.P) 

(-J,ql 

‘TiliS !:i”n hllli~li i.!, e ly Llif fi<%,l):e 11~~,11S1 <~rm;,Liclll ,I,~<I,WI, ie:z ,>I L,lC 
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,"",l-.,bcl*~" current 

[dx17; Jr, ) B; +$A, Jr])& 8pq+jdx(fB c,)n". @Jo) 

The first tern L)” the right hand side of (2.10) gives the usual 

transformation propercy of the current while the second term is 

dicf;,lcd by the COnSiStcnt anomaly. me basic CUrrent Pa Will only be 

covariant if the anomaly vanishes. 

We shall now dem”nsLrate the ex*stence Of a covariant non-abelian 

g(x) =- L. E 
24lr’ 

r*pr~~~r(~,ipA,+iA.ApA.)~,~2.14/ 

where ‘rr is the trace over kmi dtipkts ad ia is tl,e gauge 

cowling matrix. The equation (2.11) for xyp becomes 

px[T?a ~(rA,xrll,3B,‘=-~x~~~~)/I’ 

2,/l“ 8,’ . 

cuireni jua and compute its covarianr divergence. This result bias 

t 

(2. Is- 1 
obtained independently by Para”,ape and G”ldstone IL81 and can also be 

* T” (kA+Wa) F#- 
inferred from SOme work by NiMrli and Seme”oEf[191. I” subsequent 

chapters Ye shall generalize these results to gauge and gravitational 

annma1irs in higher diaensional spare times. 

TO Co”Str”Ct tile covnrianr “““-abelian current we ““St find a 

Local polynomial in the gauge potential, X”,(A). with an anomalous 

gauge tr.msformatir>” property “pposite to that of the basic current 

- A,& A,A, - AL h,A,.A,-;1,~,~,& 
J 

. 

Tra: Jrai- x’,(A) , (LIZ) 

since (2.10 and (2.11) invlY 

Frunl the tlirtle ,“‘ssible terms for the polynomial x” we find the ““ique 
a 

r‘?su,t 

ya = -& &PYf--. 

A, (A& + f&A, - &A,A,) f , (2.1~) 

BY applying a group transformation to (2.16) we can reproduce (2.15). 

we may “0” compute the covariant anomaly ite . by a direct 

e”al”atlo” Of the covariant divergence Of the CUrrent 



-I,- 

&-3$-L = c,-qxpa 

= 32TT’ 
- L- ZPYfh T, jh& qq. (2.17) 

,Jv ,hsL.r”e ti,r,t the cc,variant anom;l,y may ix fnprcascd solely in tern,s 

,,f il prudurt of iield itre”gths its expected by covariance. Th‘! 

I i,w.,rizfd ,<,m, iIf ,l,e 1:011sistellC anmaly (2.14) 2nd of the ro”arial,i 

a”“:l.lly (2. Ii) are the same except that the covariant anomaly is three 

i inws larger. 

F = dA -tAZ 

C3.2) 

F= ; $ dxPdxJ , p9plo-3vAp+lwvl I3,3) 

‘p (6, C, 6, F”-’ ) 9 
“si~ng the ziianc-hi identities for r,,e field sfrength. 

dF=FA-PF, 

one shnws easi Ly LllitL 

d’t’( F”)=o . 

Actlla, ly one Cilll uritc 

P(F”J =d+,-, (AA ? 

c3.4) 

(3.7) 

where the (*n-,)-form is giYen by 
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~z.,,-, (A,F) z/h fi ‘?(A, cm-‘) (3.9) 
J 
0 

with 

c = t do + t’A’ = t F +[t” t) A f . ~3, ruj 

l-he consistent nun-singlet anomaly is obtained as follows. Introduce 

at3 odd (anticommuting) Lie-algebra valued element Y and an 

infinitesimal gauge transfonnntf”” 5 
gp =-lb=- dv-j-,?,vj 

3t== fv-vF 
jV5.d 

vhich satisfies 
3’~ d5+3d cd 

(3.4 

t 
= 0. @/2) 

-Ro”et-stora Cra”sfonDatio”[22]. If we 3is tbc generator of a Becchi, 
introduce 

&=A~t-v C3.13) 

and 3 corresponding field strength 

/$=(d+f)&tz 

we find easily that 

q-=I=. 

<3.14) 

(3, JJ-) 

-14- 

@+f,huzm-, (A+? F) = ‘p c’=“) 
(3. Id) 

=d%-, 6% i=l . 
Let us expand in powers Of u 

WZn-,(AfV, F) = q,-,” + Wtn-T’ + ‘-. +4”-: (3.17) 

where the superscript indicates the power “f ” and the subscript t,,e 

degree “i the iurm. Equation (3.16) implies a set of reloti”ns 

;Iw,,-, “+ d cJz+$ = o ) 

5 %M’ -+ d CJZ+~' -0 

_ - - - (3.18 ) 

&co,~~-~ +d W,Zn-’ =-o 

I 

3cJoZn-’ = 0 

The c”“Siste”t anomaly is given by the integral Of 1.‘2n_2’. 
The 

consistency condition, which can be written as 

C3.17) 

follows from the second Of (2.19), the second term5 integrates to zero. 

One can derive a convenient enp1icir formula for the anomaly (III 

5 c.J In-2 ’ = +-1) &l-t) J J 7’cdg A, $“-‘). @,QD) 
0 



-I 5- 

::,,\,::c I rr,i,li,<>ri,,,i, ill,>:; ‘T, with even ~co”,lailiin~) in,~init,,.si,,,al par;mc,er “, 

TA =D,A =dA+C&A-j 

c F = IF, f’] 

T /\‘4 - 5, A.4 = pl,/l’]J , 

T W [A) = AsI; 

antl justifier tisi. ah~ti ~~~nsfr~~~tion. I I ici dcline t,,c. c:“rrP”t 

(I,-1).iorm (Wl>idl is clu:,, LO ti1c usual <‘IlrCe”t Vector .I”) 

p 7j;-T,+vCAl 

- / b .- 

s-A=8 , .sl=-DBS dB+,jf+,B] (3.27) 

p,/ij. $ = p?,AJJ 
,,,, fhi. cllllcr iild, using (3.23), an‘l again (‘3.24) 

eq”“ls 

Equating (3.29) with (3.30) we obtain 

T&T)=- [B,A]d + J (A.C ) 

=- ,J?@,Tl +Jl”$l, 

1:. ilYe/,. 

/ [ 3.281 

(3.29) 

li,C C<i”illllltiltor 

c3.3o.l 

c3.35) 

I,,~,~,. is dVii,l~il I>” 
(3.31) hecmn,~~ simply 



Now, it is very easy t” soLve (3.38) in genera,. ir’e use file 

rellltiiul. cnpiai,,rd in Appendix A, 

J:d-t?+ed , (3.41) 

sA=a , 

T[B.X)= -S(Mi) 

,par;mcLer ” , insread of 1 

+.x) = c.7’ c~~,-~‘(v, A,+ I 

&cl4 F] = 
s 

c+,,-,+,A, F). 

WllCL~C is ilcrilled by (1.27). (3.1’1). d is ,/,e eRtct~ii,l. iiil,~e,~c,il ii,. 

Li”Il, anti ttie Idd clperaLio”6 : is &;i”eo by 

-lA=o , -eF=B , Xv-=o , c3.62) 

APPlyin&! (3.41) to c4J2m-z 
I 

we fird 

J+,-,’ = d C’ LJ~,,-~ ’ ) + 1 dw,+,’ 
0.43) 

= d (t dmn-z’ )- -e 3+,-, ’ , 

where we hli”C itsed (3.18). NOW. the operaturs ‘2, CInd J anCic”mmute 

za.+3e =o (3.44) 

upon ii>teg”‘lion liver (cumparrified) space-time. the first ferm in c,,e 

right h0”d side of (3.43) “anishes and we obtain fin.,,lv 
n 



,JilL I il,<,S r.c,-,i Iv 

-Jj * Jy = *1 [+ck t /P&4, fy) . (3.4Y) 
0 

/111~ il/ll.,l,~t’, ,,>r ,l,, iIlcI.rlhaI JyuvscLry S11CII as Sil(K) in foul- dintcnsions. 

i remcnlbr~r L ,~,I1 ” is ,,&I), 3rd it Wb>l>lJ sew11 tllrit LilC right kind Siili. 

can he oi>laii~c.d dir~cctIy from (3.48) ~jhtit by Inwking Lth suhl ituiiisn 

3 SDV. G-1 

WC sritrt from 

?‘(F’)=c Tz F3 

i(ll<!. ;,pplying : dirrcfly, 

J+=C x B(FA+AF-; A') 
(3.5-i ) 

= c %I3 @AA+AdA+zA?), 

Wiliih gives 

&+7A+AdA+;A')- p) 

AlILcrn2ci"cly <111e can "SC (3.48) with exacrly the same result 

7;~~=6c ST2 BPjfF-+A'), (3. CJ;1) 

strictly spraking this is nor aliowrd since both TJ and Y are Odd md 

so is the clperaci”li Il. TO be p’eciic we must fiISf rewrite (3.48) a5 

c.x =++t [r(C,A, y-y , (3.a) 
0 

where c is eYeI,. Acftrally (3.56) ro,,uws fr,,m, (,.4X), ani, vice-versa 

NO” we CIl” set WrrecLiy, in (3.5hj. 

~~~~~~~-,)J~“jljdv+~n,~~, A, fy), (jI;p) 
0 

We also knrw that 

v,~l ,J?p,. J = c+-$tf,-tj b(dv, A, 6”-‘), C3.1“i) 

where we ilii”C USed Lile explicit f”nn (3.2”) fnr t,,e imllmliil~. .Addinf 
(3.58) iilld (3.59) we “ht.?<” 

v.&+-& /?jdv+tfA,v],A,~n-zj 

= ~~~-,)~~iIPjL:dAitlA,AJ, G”-‘)= 
0 



=f?L s j’(y F”-‘) . 
@go) 

In going from the first to the second form of this expression we have 

uSed the invariance Of tile symetric polynomial P. The last expression 

(3.60) shows the cavariant form of the anomaly. This result should be 

compared “ifh (3.59) or equivalently 

v.PT= 
i LJ2?+z’ (5 A, FJ 

NOW, it is clearly 

qn-, (A,F )= -q-A, i=*-‘)t- 

where the dots denote higher non linear terms. This implies that 

W2*-&A, F)=-P(v, F”‘‘)+--- . (3.63) 

Therefore the leading (least non linear) term in (3.60, is ” times 

larger than the leadIng term in (3.61,. The relation between n and 

the dimension ” Of space time is 

YCZ = in.. (3./4 ) 

As mentioned in the introduction. this factor can be understood 

diagrammatically as a resu1c Of Bose symetrizali”“. 

ErA = Va,A , “r=2.zp / 

while on the metric tensor &#,(A) 

5 jrv = $9) jr” + a,r*fA” f at3 Q,A 
= q.zv ‘I&T, C40=) 

They satisfy the comnutation relations 

lES, J E& 1 = %F,, r,, j 

(lc, F,ly= F$yF,f- ,,“a,r b L - 
If the connected Yac”“m functional in an external gravitational field 

W[g$ is Dot Einstein invariant 

E, w = H, , 

the anomaly Hi, must satisfy the consistency condition 

5, % 2 -E,zHr, = YF r‘l =J I 
which is the analogue of (2.4). 

It is not difficult to find a solution of the consistency 

condition (4.6) in terms of the form w2n-2 ’ (v. A. F) which gives 

the anomaly in the case of gauge theories. In differential geometry Lhe 

Levf-Civita connection TAUP plays the role of gauge potential and the 

P.iemann tensor R”,$IIo the role of field Strength. If we introduce 



Lilr I-iorms 

(rl, ‘= $,Fdx’, C4.7) 
Liii Kiwru”” tensllr is given by ihe *-f”r”lr 

( “h’s (dl- + l-‘=)+ + P,+P dxvdr+ (4.8) 
with 

77 vAr f=~~l;rp-~~I;l~p+~r~~~F- Iy~J, (k-9) 
,,mler ill, i,rii,,it,ii”l.*L Ci~,,SLL?iIl L~~ir,sfUTil,rlti,~ll the C<~l>ilCctioli trmSfDrms 

a 5 

Ef TV p= ya, qrP I- 2, q‘p 
(4.10) 

-t- a,Y- ly/ - ‘;lba,v- 2A2pP 

‘rhc last three terms have exactly t,,e form of a gaup,e transformatian 

vi,,, iniiniresini.il gauge plrnmete,~ 

A/= - +.Ff , (4. 11 I 

Ef/-=d;r+;r, 

w,ii.ie 
r, f = DA = dA + [I-, A] 

Jr =di3+LF ‘A I 

I” general. for a form of higher degree, ii, s”bstitutes tile vector 

I,” fur ear,, differentla, (one after the othur), for instance 

l,-RyI d?dx'= R,J'dx'- QYAdxq&2Rv~ X2x:, 
14.16) 

77”i = - Rxv 

me effect i,t an Einstein tranifarmnti”” on the Rima”” tr*r”atlire 

*-for,” is give,, by 

EJR =J,Rtr,R, 

10 d space-time of ” dimensions a ~.I -fiirm tins ma;:ima1 

degree and its differential vanishes. Therefore (4.14) beconles 

a!+,, = d(+v) 

and the i”te,:r:i, i.anishes (IGirl, suica,,,e boundary codi tiuns1 
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dz ti3, = d&q= o 
i s 

(4s20) 
alone. For instance, in two dimensions, up to a known ““mrrical factor. 
the Co”SiSfenf gravitational anomaly is 

in the dual description, more familiar to physicists, a v-form 

c‘lrres,mnds to a density a, (4.19, corresponds co 
f-i, oc - 2,,r;,p E’.’ d*x, l4.2’1) 

Qr$W=+.(rQJ), 

and (4.20) corresponds f” 

d&a dx = ~$,(m+x = o. 

[4.2/> which corresponds to the “““-abelian anDImly [see (,.I), 

A*C -c- rG Aa,A,)PdL. (-4,Zf) 

(422) 
5 ( 

In higher dimensions the consistent gravitational anomaly is just as 

The relatiun between Einstein and gauge transformations expressed easily written, Once ch? appropriate invariant polynumial (3.4) is known. 

by (4.L2) and (4.17) shows that one can reduce the problem of finding In a Hiemann space the Riemann tensor (4.8) is anfiy,m,,,etric 

i:msistcnt Einstein anomalies to that of finding consistent gauge 

i,""",alies. Indeed the gauge anomaly, in the form (3.40), immediately 
7&, = -A,, (4.29) 

gives 3 COnSiStrnC Einstein anomaly in the form As a consequence the invariant qmmetric polynomial (2.4) vanishes 

HI = A.c~r,R]=-~~~r~~P(r,R), (AZ?) except ior even ” 

with the same function G[T,Rl. Indeed ‘)1. =lwl I [4,30) 

Er, $,= (c$+r,,)~J=+,J:a, (5”C,p)+T,,kc, t&24) which corresponds to a space-time dimension 

so that 

E, UF-EF H, = 
I, *t 

~F,"d,apTLY-~~Aa,a,5'jCYPtl~,,A,~,(; . C4.2J-) 
v=271-.2=4~-2 C4.31) 

I’iil.lIIY, using (4.111, the right hand side “I (4.25) t,ecomes eqila] CO 
(se‘2 the analogmls argument below. leading f” (6.12) and (6.1,). 

Ill term5 of file energy mOmentl,m “tenSOr” 

- J,, rr”a~,~- ~,Aa,r,v)c,p= Ht,>F-F 2F (4.20 s ( 1 I t. * 
’ 

C4t3t.l 

“,,-;er”e fhllf the consistent gra”iCational annmn1y given by (4.23) 
(4.5) can be written 

doei n,,r depenti explicitly on Ctie metric, but only i>n the cOnneCtion 
(~Wd t tlrougl, if on the metric, even though Lb C”“llCCted YaCU”“, 

flLllcli<,lml wlg"~,, cannot be expressed in terms of the connecti"" 
1 

FvD,0"&-H, =-A~C , 

or 

I.4,331 
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q.19~ = a,c,rp,q. (4,341 

9, or” = ar or”- 0” I;~?Y , 

sy zz 
I- 

s 
CPP r jYY Ax ’ 

ill, ,i,,ernti<>” WlliCh gives P”,,, an arbitrary symmerric i”CremenL ‘l”~,> 

since 

E, = 
i 

(Ef JOY) L dx ~ 
Sjrv 

(4,Xf) 

Tl~ii. <c,l,l,“utiltOr ‘qua16 

- (qfrv $-b dk - f ) (4.371 

-28- 

J c+ f, w dx - i$ H, 
Jjrv 

Eq”dt ing (b.3’)) iId (4.‘0), and ,l”i,>i: (4.32). *,c ohtail, 

‘prv Ef@” -t &fyv) @‘“jdx = 2 c$ HI (4.41) 

E, ypv @“d): = 2 Si I-I, 
i 

01, tile other hand, using (4.5), the commutati,r equals 



5. pe c”“ariilllt Energy Momentum Tensor and ,LS Co”aria”t *“omaly 

IS if possible to find a symetric local YU,’ such that the 

new energy mumentum tensor 

@r*= (y+ yr” 

transforms like a tensor density? This means 

E, (+v g”dx = o 

and therefore we must require 

Et v,.v yr”d, 4su I-I, . 
I 

(5-821 

r,B*X =-SA,C , 

Where 

111 “is4 “f the re,atim (4.23) between G and EI_ , it is clear 

timr *,c can use (3.37) with the Sllbst,t”LiO”S A ~. I’> F + R 

ild taking als” (4. II) and 

B =Bpf]= y-- , 
since the” s + n+ in rhe right hand side of (3.37). The result is 

Lh.<L pu is given by 

-3s 

2q-+x = /-yp Vdfi . o-.0 

In order to make this expressian more explicit we observe that the 

standard expression for the Christaffel connection 

LP= ; r[abj+ - Qrr -+p) 6.) 
implies 

3$-(Q) = ; f’“(&~~, - b-fppr6 -+d / 

(~~Q~,,‘= Eh,“lvldxA. (5.f) 
Subslituting int* (5.6) and integrating by parts the covilriant deriva- 

tives one finds easily the explicit form of yyv in terms of that “f 

x. but WC shall not carry it out. We point Ollf that the argument which 

leads L<, (5.0) is based 0” the idenlificati”” 

Er = d; f Tn 

and on the fact that 
d, 

gives zero when applied to the quantitites 

we are interested in. 

Since he new energy momentum tensor is really a tensor density, 

its ~wariiint divergence will also be COYII~~BLI~. WC ritil work ic wt 

Withouf unnecessary computations if we nbstrve that 

si s,r,+q.)yrYdx z-2 
f wJ’“d~ (c. 10) 

Therefore we can use (5.6) with the substitr,tion 

‘Pry =q-~P+s rp = E; Jr” ~ CL-. /I) 

cl-. 121 



i’ 

\’ + .’ 
‘I = -3-r L iac-. I.1rger tiltlil LllC c<~t~rcsprnx~ing LLnT ill c,,e rig,,, llti,,,, 

side 0, ii.l3). ‘ilk! c”“nriallL furm of tiw anonrniy given hy L,,C right 

hand SiJU <>t (5.11) is ali” cnpressu3 in terms oi tiw i~>ii”~cti<~n rllCII,1., 

the mctri,c does Ll”f occur explicitly, just ils ic dues not in the 

c”nsistent form. 

it remaios ior 11s to pcwe (5.17,. I” ‘2 space-rime dimrnsiuns, 

CL’ + 1) 1orm-, Vil”iS1l, therefore 

.d, I,~~,~,I c,.'i), ti.iLi .d ii.,)), 

B[yp] = &J = d; r+ B/l 
iwe ,lht;lill in LiliS WI)) 

5 -f,,DpyrVdx s-c+“. X+ AlDX , (5. r4) 

,J,.JIX -not: = m 
s 

T’(A,F”-‘) . (s-*/r) 

Cumbining (4.33). (5.14) and (5.15) with the de‘inition (5.1) we abtain 

I ~“l$.arvd, =n. lyA,$“-‘)-d;r* x F.‘dJ I 
‘Chc right ILand side is still not “h”i”usly rovariant but the L”” 

terms can he r:umbincd because, as we shall show below, 

J,r. X z-m Tji,f,R"-') . 

n,v+(q-)rV= -~Jh- P qrv 
=4y 5 M,” , 

UC finally <>brai” the fuily covnriant result 

Jrv q 6’“dy = m. jP(rl,~~-~) . (6.19) 

NOLC thaL, a):ain, the leading (least non linear) term in (5.19, is 

r’.x =df.X=O (520) 

If WC -I,>p,y tc? t1>cse f’Jl”LS ti,e DpC,~atI>r i,, , WliCTi. L/l‘, “e,:Lor :,‘I is 

t3”g’“t co the >-dimcilsiunol space-time inanifuld, we sti,, get ze,~,, 

D=ir(r’.x~~(~rrr).X-jTilr)~Xtr~~~X 

C i,rv-x+xr)+r: i,x 
J \ I a 

o=i,[dr+++U-‘).X +4-.&X 

(r.21) 

(c.22) 

$r*X=ifdr*X+dit~. X 

=-dCf X-i*LdX , (<, 22) 

(57 2 4) 
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Al,-, Cr, R I = 0 

-34- 

(5.2\-) 

6. Einstein h”malies and LorerItz Anomalies are Equivalent 

As explained in the introducti”“, local PJrentz invariance couM 

also be sp”iled by anomalies. I” this case the connected “aC”“m 
vanishes. Apply again i, 

i 

0 = 1; \ 
6 

functiona must be considered as a functiona, 01 the “ielbei” field 

w,,-, = ifrlg$ cdjn-, +,R*$x 
I 

I %-I epa and cannot be assumed to depend on the metric tCilsi>r. Let 11s work 
in tile hclideo”. Under lucnl rOtaLions “I infinitCsi”u* p8r<u”e, CT 

I $r C -ti,R *Y I (5.26) ‘lab = -qR IIW virlhein field rransofrms as 

where we h,we USed Equations analogous t” (3.17) and (3.46). ThiS g‘“es L e era = epb hr , (6.1 

?2*$X = i,ra c , 
while under Einstein tra”sf”rmntio”s we have 

&I22 1 

Combining (5.27, With (5.24) we obtain 

E 

f ‘r* = fL2Aera +3rtX eA4 (6 

I 

2) 
q.)++r.(~X+C) (!z 28) It is easy to see that the full Lie algebra con*ists of (4.3). (4.4) 

together with 

ad finally, using (3.601, we prow (5.17). Observe that occasionally, 

in our derivations, we use results proven earlier ior odd quantities or c LQ, j L% 1 = Lls,e,, t-6,3) 

uperaIcions and apply them t” even quantities “r operations and vice- and 

“(ITSa, This is permissible if proper care is exercised and WC leave if 

L,I Lh render 111 he properly careful so a nut to make sign mistakes. [L,,L, I = I- t*‘,e ’ (6.4) 

If there are ,.<>rentz anomalies 

L,w=K,) 
they mllst Satisfy the consistency c”nditio”s 

Lo K, - L@ 0 1. I % = I $0 0 J ‘I 1 
and 

L, J-i, - E, K, = K 
f.38 ’ 

(6.5) 

0.7) 



D( eb = -ub& = *yab dxr (6.8) 

.i,,d tile field strength is the Riema”” tenSOr referred tc local L~rtilo- 

,l,,mxil crumes 

~Ray-‘%,a=[d~+~a),L = $%&bdXrdxY (6.7) 

,r\,srm‘lrily the c‘xmection (6.8) is denuted by the :etrer i.: ; her.2 we 

dr.,‘iirt irum the uwaI notaLi0” in order to avoid confusion wit,, CllC 

,c<>1113 8, ill ticction 3.). The solution uf tile consislency cunditiun 

(f,.i,) cilll IX W~~LW~ imnledia~ely in terms “f (3.9) and i3.17) 

e,.,R) = eqgq . (6. IO) 

,.,c ,li>LLI again Cilhl, ,~cci,“se of the mtisymmetry of tile mnLri* Rab’ 

-P (R”) =[-I,“P(R”). (4.11) 

,‘,,ck,-ef,,re. in i,,v c.,se i,f the orih”gO”al ~‘“up, the symmetric p”lynoi:,ial 
,’ will ,,.,nisi, II,I,<~SS n is e”en 

n= 2n (6.12) 

iii,iCil corresporrds tc’ a space-time dimension 

1,52~-2 zz 4m-2 _ (6.13) 

when-e T,,H is deiined b] 

r, e 
H l-l 

E-Ae (6. I6 1 

und :, is given by (4.11). The finite version of (6.16) is 

TH -AH 
45 e =e e. 

Similarly, under e finite rotation 

Le =H 
!-I e 

e z-e a 

This sllgg~scs thaf, using the “iell~rin field, one shuuid !I’? t*hle tn 



s&f]= $t G(HC[r,l) ) 
i 

(6.14) 
0 x 

here 

r; = LtH r etH + ktu d etU _ (6.20) 

L” Appendix B we verify that 

EfS = [a,3vCyr[,j =- J$ . (6.2/j 
x 

011 the uther hnnd, ““e can express > in terms of E and CL , instead Of 

c and i we recall the relation between the Levi-Civita and the 

:artan c”“nection 

r= E ocE-‘+ EdE-’ , 

-Iii:. inlplics that~ 

T= ,o-tlu&il-OH+ e(l-t)Ude+t~u 

:,m,giblg the integration variable from t CO 

-r= I-t , 

iti sL!e TilRC 

(k22) 

[6,23) 

c6.24) 

-3X- 

Sl E,r]=&/r,HC~G+] dp, @.2r) 

0 Y 
where 

sH -rH 
(Yr=e ate + eTud e-” (6,26) 

“sing perfrcfly analogous argumenfs as for (6.21) one shows thrill 

L,S=L,S’= K. (6#27) 



Ci’“ilrirllit tli”Cl~g.IlL.<.. Wit,, these res, TiCCi<,,,S, LL is ,n<>t diilliC,,lL to 

Sh”W Cbilt no SLLCb hval quantities exist ,171 (fur the energy nlc’melltllm 

te”S”r o,,e rn!lSL alSo use t,ir fact ibat it is syametr~~j, 
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.\,~k”i~W 1 edgment i 
APW”diX A. $gcbraic structure 

dA = F-A’ , ~F-FA-AF , [A./) 

SF=Fu-vF , 3uz-v', d~=d~?,r, 0.2) 

C,4=o, lF=B , Iv=0 , lB=o [A a31 

JAzg , Juso , JB=o CA4 

and 
g/4+dlf=-uA-Av, 
SF-.JB =AB+BA . 

00 
CA. 6.J 



r/L diiierrn,i~ili,J,, <,,,er-it<,rs satisfy 

Gil= ?t’= -5==o, 

dJ+Jd= lif+~'f=o 

04 ‘II 

CA.81 

,AlC/ 

-ifd+d-P=J . N4.91 

‘rile algebraic nonsistency of a11 t,wse relations (A.,) to (*.g) i* 

not IiilTd to veriry. For instance, to see that 2 = 0, apply 2 c,” .A, 

d(dA)=alIF-A')=dF-dA~+adA 

= FA-AF-(F-A')a +A(f-A2ko (A.101 

5iNni,nrly, ,111 ,: 

d(dF)= +7bAF)= dFA+FdA-dhF+AdF 

= [FF,-AF)~~+F(F-A”~-(FA’)F+~(FA-AF) 

(A. II) 
=o 

NilW ,L,“rly d 0” (A. :I), After n little algebra WC find, using (A.,) and 

(‘1. a,, 

d3,4+d'v =-fdA . @./21 

LCf 11s ;,lar uoriry, in tN4 CBSL:;, ih in,wrtant rc,.,ti,,,, (A.‘), 

,111 A 

R(&=@-A')= LF=B (A. /I) 

a “L/ 

d(PA)=o. (A.14) 

Cain,lari”l: Lli(l SLllll iii (‘1.13) and (A.14, wit,, (A. :,, we see L,,‘3L (n.9) ia 

valid 0” A. Let “5 cheek it on p: 

+F)= .$+AF)=BA+AB (/I. K) 

and 

d(-eF) = dB. 
ThereLore 

@.I61 

(td+&)F= dB+BA +AS =Sf- , (A./T) 

using CA.i,,. 
BecaLlsr ui LiW pruperties "f derivatives an* antideri";,ti"rs ill, 

this EXtendS immediately to p0lynominls in rite "ariahles A. 1'. Y and 
B. 

.Thii Sh<WS c,,i<t <I2 = 0 “” ” as well, provided d and 3 anticommute. 



+, f] z j:t fx I%/-< ] I @.‘I 
0 x 

wl,cre we “SC malrin *l”tatiO” and rlen”tc by E Lk vielhe,,, malrin .&+ . 

ihrn 

E = .zH CB.2) 

.I,xl 
fy :e-y- .p + k’“d y, 13.3) 

\a, ,ihstein tr.11151orm.1l i”” is piveo by (5.9) 

E,=-(;+r, , 

i/l,<, LhC cffec-i ill T,, “11 I’ is given by (4.13) 

7y-z o!A +p, A-j 

WC’ see that (B.4) is valid also on E, if we rake 

yz =-AE 

+= = f”>,E , 

which (l~l-ies with (4.14, 

c.!~ = i,d +dlf 

if Wf trClC ii ii.5 a zero-form. 

N”W, sincc1 s is Fk integral “i a furm “l “,;iximum degree.&-< 

applied to s gives zero. Thercfure , we need unly e”a*“Jte rile effccc 

Of Tfi, It is easy to verify that 

TT;=dAk +Pt I41 , (I?. 10) 

where 

-tu t/-l -t-u 
A,= Ae + e 

Observe timt , from CB.2) and (0.7), 

p” 
H 

=-Ae . 

merciorr 

A,=A , A,70 
and 

‘2/l, /, -tH -=- e at nk”+e-tH/letY t-l 

-tti tu 
-He p- te -y (Al) 

(B.12) 

(2% 13) 



~~=~iI~jr,HC[r;]tH7;$rr,l:. @"-) 

0 x 

Nuv, acci>rdin~: co CR. 101 , 

r,CCTl= 5, w-3 

il we define 
T$' = dAt+[r;,b, . 

‘/I,‘, ci,ilsisrcn<:y <r,mdiliun gives 

CB 4) 

(I?.17 1 

1% tl r,~c,r~J=J~n,r,~yr;ltj~~~t/ulc~i;l)' 
x F x 

p=jh/G 
0 

(~,H+[A,,H],)~$J+~ 22' 
x I I 

= lit 7-k 
iii 

?$[r,] .A,%$~] 
0 

= J f Lu; Ti A,C[r;] =- prr1 * @20) 

0 L x 
ill c<ini,i,si,,,, 

&+d;.s+r,S =~s=-q Wl) 

SC>, (11.15) ):iYcs 



Jo! ‘!! 1:” 

IF! ,AL’t~ll.l / 1 y , in Lwo-dimellsion;ii Nirik<,wski L;paCe-L ime, the aoum~ly 

<‘.3ll be ill~i I Ten in tine ul the foms 

c +Ah (E+ 2 “I “) 

WiliCil Idi ifc.r rc~;pe’ti”ely fro,,, (I. 11 by rile >:,wge “ariat ion df Cl,<. 

Ij!‘.ll 1~1111,~, i,l,l.ii.S 

c 
_+ - 2 

A,Ap&+ 
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