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ABSTRACT 

We calculate the contribution to emittance growth rates due to 

Coulomb scattering of particles within relativistic beams such as those 

found in colliders and accumulator rings. We allow for the variation of 

lattice parameters around the ring, which is the case for typical 

strong-focussing lattices presently being studied. We find that the 

emittance growth corresponds to the tendency of the beam rest-frame 

momentum-space to relax to a spherical shape. Finally we apply our 

results to the antiproton accumulator and energy doubler lattices 

currently being studied at Fermilab. 
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I. INTRODUCTION 

In anticipation of the existence of intense stored relativistic 

antiproton and proton beams in colliders and accumulator rings, there is 

a need to understand fully the effects of intrabeam scattering. ltlis is 

already a rather well-understood subject. lhe most definitive published 

work appears to be that of Piwinski,' which treats the couplings of the 

various degrees of freedom in the phase-space. However, it does not 

include the most general situation encountered in a strong-focussing 

lattice. This generaliaation was considered subsequently by Sacherer 

and M&l, and a computer code which embodies those modifications does 

exist at CERN. After this work "as completed, we were informed by 

Piwinski that he also worked out the general formulae in 1979. 

Meanwhile we also worked out these results using somewhat different 

techniques. Throughout these derivations we set K=c:l. Our approach, 

which we believe to be reasonably simple and easy to apply, provides 

some insights into the nature of the old results and how the addition of 

a strong-focussing lattice affects them. lhe main conclusions are as 

follo"s: 

1. In general the total 6-dimensional beam emittance will grow. 

For bunched beams the growth rate is given by the simple formula 

+ = n2c42 M tV (&)I ( fil.h,,n2,-nJ>, (1.i) 
*r 

"here o is the fine structure constant, M is the particle mass, 

N is the number of particles in the bunch (for an unbunched beam 

N is the number of particles in the beam), log is a Coulomb 
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logarithm which we take to be 20 throughout these calculations, 

Y is the Lorents contraction factor, P is the total 

6-dimensional rms invariant phase volume (for an unbunched beam 

replace P with P/A), and H(X,,X2,X3) is a "shape factor" which 

has the following properties: 

a. H is dimensionless 

b. H is homogeneous, i.e. 

/4 kiyix&=t h3-l = H (“‘,7L& I$ (L2-l 

therefore it depends upon only two independent variables. 

c. H has a l-dimensional integral representation; it is 

essentially the integral introduced by Piwinski.' 

2. In the rest frame of the beam, in general the beam 

momentum-space (assuming Gaussian distributions) will be 

ellipsoidal in shape. lhe parameters l//q, l/q, l/K; 

measure the dimensions of the ellipsoid along its principal 

axes. 

3. H>O unless X,=X2:X3 in which case the rest frame distribution is 

spherical. In that case H-0; the small Coulomb scattering3 

leave the distribution - and the total phase volume - 

invariant. In all other cases there is emittance growth, along 

with the tendency for the beam momentum-space to relax to a 

spherical shape. 
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lhe average < > implies an average over positions of the beam around 

the ring. 

It is easy to show that whenever the combination of lattice 

functions $3'-nH~/2Hx does not vanish, the eigenvalues x1,x2,X3 cannot 

be all equal; hence H will not vanish. In general, the condition $:O 

will not be met at almost all points around a strong-focussing lattice; 

hence, the emittanoe will always grow. One can only cut the losses, not 

eliminate them. This is true both below and above the transition 

energy. 

Formulae only sightly more complicated exist for growth rates for 

the individual horizontal, vertical, and longitudinal emittances. mey 

are written down later. 

II. CALCULATION OF FORMULAE 

Following Piwinski, we consider a Gaussian phase-space distribution 

for the beam. We find it convenient to use the canonical phase-space 

distribution 

with 

+ + CLj CJx* J*. ( 3 
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where 6': and 6; are the momentum and coordinate deviations from the 
4 3. 

reference valuesifand !?, and N is the number of particles in the beam. 

For bunched beams, we consider only one bunch in the ring. 

To set our notation the expression for S is 

~o(,,] = sCh) .+ SC”) -I- s (0 
where 

S 
(“1 c, B P tif - 

2. ,B &ye/ z2 
-2y + G/g 

(2.21 

(2.2 b) 
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w 
S - 

J2 Lbu 
3-q 

+ k-J,f 
3ip 

,n&ed berm) 

(L .Aecl L) 

where 8, and 8, are the horizontal and vertical betatron amplitudes, cX 

and ~a the rms beam emittances, and with ox, cfs, and cls being the rms 

beam width, height, and bunched beam length we have 

G2 
fK= - 

P x 

‘Gl = 5 
7- 

(2.2dl 

(2.2e) 

a. 2.q) 



and 
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xp= x--q <d 6 

5’ = 2” (<slcf 

P 
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0.2)1) 

(2.X) 

lhe relativistic "Golden Rule W for the transition rate due to a 2-body 

scattering process p,+p2+p;+p; can be written2 
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(1.3) 3 hhereq is the invariant Coulomb scattering amplitude given by 

with the &momentum transfer 

% tc = (p,‘- p, J4. 

and 

;L =- 

% - 
Q a.4 0. 

0.3b) 

(2 3 c) 

In eq. (2.31, the factor l/2 is what is left over from several factors 

of 2 associated with particles 1 and 2 being identical both before and 

after collision. We have assumed small-angle scattering is dominant and 

omitted the exchange (interference) term in 1 jQ2. 

We will be interested in the rate of change of emittances or other 
33 

functions f($+6p) of momentum deviations. lhe rate equation is given by 
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J -4 f $I> 
-z 

= $-=q3x J’p, A; 
7 -+ 

- Sor,p,l- 5$p;, 

e 
1 

l mf[&+$$/~ -I- f(Q-~$J 

a3 cl ’ 3/ Cd 
f’ l T 32 J $,‘+& pgd . Ca 4) . 7 

2’ Cad2 
But note that 

d -fc,,f)- f(p) > = ($y)- fC,D ~~~~~ 

so that we can rewrite eq. (2.4) 

Y p’/spY-p,- p,) 
W-l)” 

d;,’ 
-3y 

0 
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We are interested in the behavior of small momentum fluctuations 

about some mean value. In the last integral write the h-vectors 

and expand f to second order 

AlSO the momenta 5, and s2 may be expanded about the central value 
-t p (we 

will often ignore the bar): 

To second order in all small quantitites, we get 

me factors S can be simpli.ed as well. Note that 
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z(xj=A,j A;Aj . c?. 131 

mus, we can rewrite eq. (2.6) as follows 

fi) 
. 6 ( 

(2. w 

where we have introduced the Q-Vector 

which, with 

A L P ( 1 = =L p/- '92 P 
[cf eqs. 2.9~2.101, has the Properties 

A+,)+ 0 

2 
A s- Ml 2Lo 

(IIt IW 

(2) w 

0. )4-J) 
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me x and 5 integrations can be donzimmediately, leaving 

with 

E 
r 
f a 

4-h bun&d becm 

$ar (rnbun chl Leans , OJbi 
where we must do the integrals 

I+= s d3p’ J3& p- dY~:+p+~$ @l7$ 
‘d, d’z’ $’ 

Ifi* z= 5 51’ “‘p; pqv J (4) 
GJ76;i 

1,’ ?-IA/ 
$q7~-/7,-~J 

% y 
lhe Lorentz tensor structure of the integrals allows for a reasonably 

effortless evalution. lhe integrals depend upon the two q-vectors W 1-I 

and A . 
P 

In the center-of-mass system (ems) of the collision shown in 

Fig. 1 we have 
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zlo = 0 

A0 =8 
LI l 

-=o 

mus, 

I p= &m2) 
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0. IBC) . 

CLl8.J) 

&=~5+ + wpu’y ~-&4gJ,)fQf) 
IA”1 

ca.l9b) 
and we need only to obtain I, X, I. Using non-relativistic kinematics in 

the cm, we get 

where p is just the magnitude of the Z&momenta in the cm. Using 

3 I 
d p, = hy,‘E,/dE,‘d(c~~e], c3e yt 
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(a. 20 

j7 1m I”, -liM cl (C6Sb) 
i 

’ 
Y p Cl-- cd4 

and finally 

Now 2 

- casa 

=33 - 
cKcosb-- :: -2 

- me) 

has no logarithm. Approximate it by zero. This means 

Finally, 

C2#2 3) 

- - d3y,’ SC.2 E, ‘_ 
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--rrM - 
P- 

Y 

- fi” *!n 

l 

me minimum 8 cocurs at maximum impact parameter bmax. (Debye length? 

Beam Size?); from the old argument 

Or, 

kin = 
ao( 
bi%3,~P 

ti 2Mo( . c 

b p 
2 

,[247,, 

mar 

We define the Coulomb logarithm 

It is a rather large number and we ignore the variation with lA21. We 

further note that if one wants to go beyond the leading log 

approximation, one needs to keep the exchange term in the elastic 

scattering amplitudes((. lhus, we have in any frame 
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0.2941 iF = s,?& A- b+J 

zpti = ~s,,+M/,vJ, - Qv 
W2 -$i 1 TM, )9 - 

2’A 1 0 29b) , 
Next, we must evaluate I,, and I TV in the laboratory frame. But first 

note that to the requisite order in small quantities, 

5L 
3 

P f 

<2,30] 

where 3 is the mean particle velocity in the laboratory frame. 

Therefore, 

(2.31) 

To evaluate IA21 in the laboratory frame, we have 

In”1 f lr-4 . 
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However, A* )d = d,\hl - x- $ = 0 
0 

h+s 

A 5 
0 

ZiG 34 w -e L, . 
ng 

and therefore 

Tnus, we arrive at 

Now we change variables as follows: 
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lhis accounts for the longitudinal Lorentz contraction associated with 

the Lorentz boost to the beam rest frame and helps establish 

correspondence with the Piwinski calculation.' Now write 

with 

and 

A I 
8 = -ap% . (as 3dc) 

w L B 1 Y z- 5 c 
4 
0 

i 

dL ; 
“2” 0 ( 
2$- O 
3 O ( 0 

e+ej /+j (2.37) 

b) 
Llj (a*37s) 

-+ 
0 

+>=t *y 0 
x ) 

0 

I 

0 

0 

I 

0 

0 qg37~: 

0” (ii” bw&J~ 
0 > 
o 0 (t&34-l 
cl 1 (1.37d 
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where 

These matrices are all 

growth rates. 

Defining a kernel KiJ as 

WVVYW~) 

one finally gets the diffusion equation 

With 

iv 
Jp,” 

=p $ fi 
i WPy 

CQjjl 
z 

’ >rx 39 

@ 37) 

_% _ JpxJ I’* 
‘62 

\I 3pr “r* 
J2J / @4 
ay,L F 



-2o- FERMILAB-Pub-82/47-THY 

Again the powers of y reflect the effect of the Lorentz boost into the 

rest frame of the beam, where the dynamics is simplest. 

To further simplify the integral we perform the following steps: 

(1) Write 

Odd,+ 4 

1 

nh e 

~$fY-L = q-$- 

0 

(2) Treat Lij temporarily as a general matrix and write 

2 

-Ge,& 9 

4 
e 

-- 
1; ci? 42) 
J 

(3) Do the Gaussian integration 

(4) Carry out the differentiation with the help of the identity 

l%us, we are ied to the basic formula for K,, 
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lhe diffusion coefficients K ij depend only upon the shape of the 

momentum distribution as expressed by the tensor L 
ij' 

111.~ GROWTH RATES 

Let us now consider various choices for the function f. An 

interesting one is energy. lhe original equation, the "Golden Rule," 

d < p +m >=O shows directly that x P ; leading to the traceless condition for 

K. Tnis expresses the fact that kinetic energy is conserved by the 

Coulomb scattering process. However, in a strong-focussing lattice 

there is exchange of kinetic and potential energy, and thus this does 

not lead to an invariant of the motion. 

Our main concern will be the emittance growths themselves. Since 

sY+= + p 4p& JG + fecms ;, 
4 Jd/o cd ;o m2 5, (3.1) 

where a=h,v,l and 
(a) 

the oij depend only upon lattice parameters and y, 

evidently 

LEA sc4)) = ~~'q~~~~~j + 4em5 L 
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= Erd -4 -2 pn. n s 
L. 

= EC . 

It follows that the emittance growth rate is 

(3.2) 

(3.3) 

We may now (1) rescale longitudinal momenta by the factor y, (ii) 
(a) (a) 

replace the matrix Aij by Lij d <6p 6P ' , and finally, (iii) evaluate x 1 j 

in terms of the kernel 

factors y neatly cancel. We then find 

lhe brackets <**a> indicate that this must be averaged around the ring. 

A simpler expression exists for the total growth rate, obtained by 

summation over a=h,v, 
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+ ‘= c -J- = ~LaMbJ -I 
9. *-cf 

O” A-n -2 
17 3 J&zijp 

’ c lr (l-t& T r(/- Ix;) c 95’. 
(3.5) 

+ L cycl;c. Tetmth+aLns > . 

As mentioned in the introduction, whenever $*O the eigenvalues 5 

cannot be all equal. This happens at almost all points around a 

strong-focussing lattice; thus the emittance will always grow. However, 

in many instances we have A,>X2=X3. In such cases, we can analytically 

evaluate (see Appendix) & 

+ two cyclic permutations 
3 

c f-2 bp2-Q $A :r b .-I . c3.71 
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For the case X,>X2>A3, we can express the integrals in H 

of elliptic integrals of the first and second kinds4 

F(yk)= -+L 
olFizz 5 

E(W,k)= rd=cJ, 

where in our case 

Y- 
z m:,;, JT 

‘h, (7p-q 1 

I < = 1, (“)I- -ig 

in terms 

(3.84 

(3.w 

(3.94 

C3.9b3 
a 

lhrough somewhat lengthy manipulations we arrive at 

OD & k 
~ (~,*xj%,+ajy+$ T 

=(n;n2,&qiiL E(y-jj 
+j& c 3 hykwyg] Kyp “G 

a- 3 
i- 

( 3. Jq 
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t~:;3)~(~kH(Ykj 
(3. loo 

‘g[yk] j c~+“3~(TLt-‘z’ 

(y “&K$$ 

(3JQ,) 
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These expressions are useful if one wants to evaluate H(X,,X2,X3 ) 

without going to the computer , since many tables of elliptic integrals 

are available (e.g. see Ref. 4). We find that eq. (3.1&z) is not as 

useful as eqs. (3.10a and b) because in eq. (3.1oC) the elliptic 

integrals must be known to high enough accuracy for certain careful 

cancellations to occur and give the correct result. 

IV. APPLICATIONS 

Now that we have expressions for l/-r and /TV, we can apply these 

results to accelerator rings, including those with varying lattice 

parameters such as the antiproton accumulator (;A) and the energy doubler 

(ED) at Fermilab. 

A. Antiproton Accumulator 

Two lattices denoted EA Lattice 1 and 2 which have been suggested 

for Fermilab's PA (shown in Fig. 2) are given in Tables I and II. ?he 

PA has a radius of 75.45m. As usual we take 

/ 
P r- x aoc, . c4.v 

'me set of M lattice parameter values shown are symmetrically repeated 

around the ring. 
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For the antiprotons in the ;A we take ySl.53, corresponding to an 

energy of 8 Gev. If we take an average of the M parameter values for !A 

Lattice 1 we get the following: 

P 
f a3m 

x 

iB z = xh 

y, = 4m 
- 

P 

/ c 
x - 

-0.03 

-7 -0.2, 

fiJ@ 24) 

(9 w 

M23 1 

(54 a) 

(Y: 2e) 

Also, we typically take 

E,= E * 
= O,$fa xK?i 

G-q = /, a Y 1o-4 

c43 I .4 

l4* 341 

giving 

1 zc + urren = 0. 041 flnyer 

iy.; / C 
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g = 6.31 w9 
5?- 

(y.4q, 

@Yb) 

04,) - c 

(sl40 . 

($6) 

For both the accumulator and the energy doubler, typically lhz<<l/rx 

and I/T 
II 

so that we are mainly interested in understanding the ratio 

'c /T of horizontal and longitudinal 
x P 

intrabeam scattering diffusion 

times. Also, for both the accumulator and the energy doubler, a useful 

approximation is obtained by expanding eq. (3.4) and neglecting 8,/~~ 

and 8s/es relative to 
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After tedious manipulations of eq. (3.4) we are led to 

+= TTLd%v(jq 1 

x i 

dat2 

dir - 
+ &‘ec” 

E+- Yx I 

0 r” hi G- ~acn+bl 

> 
t -a3+ca= i-b% + c 1 3/z cl 5) , 0 

I -= 
2; 

s-~~MAJ&$ 
$7 



where m=1(2) for an unbunched (bunched) beam and 

a= 

-d”i 
F”x t $ /f2 + d @ w 

x 6i” 
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b=l@g$+$p$ ~~~~ @.&) 

c s fx F d”2-‘- * m62 , @&) 
-q F* ( E,px %2 > 

mus, we obtain 

< 

In eq. (4.71, we see the tendency for l/r= to be negative and several 

orders of magnitude less than l/r, and l/~ 
1 

. As long as dropping BX/eX 

and B~/E~ relative to the quantities in eqs. (4.4c-e) is justified, we 

have 
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1 

2; 
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(4. ai) 
whenever 

A- .) id + /Brpjl 
T 

. @KG 
Eq% ,K 

We numerically evaluate eq. (3.4) for l/r,, l/~,, l/~ 
II 

for each of 

the M lattice locations shown in Table I for EA Lattice 1. For an 

unbunched beam we have 

3 

where C is the ring circumference, so that from eq. (3.4) we have 

J?2~2mcaO~'- /I,' / (- l(6.25 x10'8) 
- 

* Lbun4eJ 
where I is measured in amperes and 

is the classical proton radius. Recall that throughout these 

-18 
/.YxD 133 (!I./3 1 

calculations we take the Coulomb log-20. Also, for Ed, es, o 
II' 

and I we 

use the values given in eqs. (4.3~~2). ?h e results are given in Table 

III. A summary of the averaged diffusion rates is given in Tables IV 
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and V for EA Lattices 1 and 2, respectively. In Figs. 3a-h, we plot 

( "? Lvg and (l/~,),,~ vs. emittance and cr,, for i;A Lattices 1 and 2, 

with I=O.O41A and yz9.53. 

B. Energy Doubler 

Fermilab's main ring energy doubler (ED) has far too many lattice 

parameter values to present in a table here; M:567 for the energy 

doubler whose radius is 1 km. The average lattice parameter values are 

as follows: 

- 

P x = 73tn 

P & = 7% 

7,: = a3m 
-. - 
P x - 

4 6 

-/ r, = -O.Ql 

Ts! hk) 

(fr.W 1 

ww 

cf’* /r/d) 

Also, typically for a bunched beam we have 
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&= E *= 4.3 17 r/o’ ?* 

-4 
y= 10 W&J) 

6s =-MS Lcll “3+i = s,Ljnl 

(y. w 

giving 

P Y 

-s- 

= 1.75 xlo10 
Wbci) 

?/ -2 = /m 4 ,oio (9 4 > 
et 

YZTZ = a. 39 XI0 13 

5 px 
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‘4 
‘= 2.0 Y /o . cs’. /k) 

L 

mus, the quantities in eqs. (4.16a-b) are considerably smaller than 

those in eqs. (4.16o-e), so that our approximations leading to eq. (4.9) 

are justified. 

We now numerically 

567 lattice locations 

have 

evaluate eq. (3.4) for l/r,, l/~s, l/-r 
P 

for the 

and compute the averages. 3 For a bunched beam we 

/ 

f b 1, d= O$33$3M3 Ex E+ ci 5 ) (Y.17) 
unC e 

and use the values for y, N, and us, given in eqs. (4.15). We summarize 

the averaged diffusion rates for the energy doubler in Table VI. In 

Figs. 4=-d, we plot l/-r 
P 

and l/~~ vs. emittance and o 
rl' 

using the 

average lattice parameters given in eqs. (4.14a-d) and the same y, N, 

and Us given above. 

V. DISCUSSION and SUMMARY 

In this paper we have extended existing published calculations on 

intrabeam scattering to include the case of strong-focussing lattices. 

We have found that whenever the lattice function r$knc-8;n/28 
x 

is 

nonvanishing, the overall 6-dimensional emittance grows. Ihe formula 

for this growth rate, eq. (3.61, is found to be especially simple. We 
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have also obtained approximate analytic formulae for various limiting 

situations. In particular, whenever y2/o ' 
rl dominates the other terms in 

L Ccf.eq.(Z.37)1, it is useful to Write t/'t : l/Tx+l/Tz+l/T =1/T and 
P 1 

express l/-r 
P 

in terms of elliptic integrals. 

Tne results of this work have been applied to both preliminary 

designs for the Fermilab antiproton accumulator ring and to the energy 

doubler and are presented in various tables and graphs. We find that 

for reasonable parameter choices the emittance growth rates are not 

rapid enough to be a severe design constraint. 
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APPENDIX 

We want to evaluate analytically the integral H[cf.eq.(3.7)] for 

the case x,>X2=X3. write I 

2 7 dx T? /Ad 
)3 = 2 <7+-n-J \ - / (3,+x$ = (3&-- -I2 

. \ It-1 ( 

0 
But remember that H (x1,x2,x3) is homogeneous, so that in eqs. (1.2) 

and (Al) we can set 

and write 

O” cl3 -2 
r (I+$F (E +?;I2 - 

@Yl 

0 

Then let 

r) 

7L= 6 Jan”0 

d7\ = a 6 -i&/1 B se2 B CL 

Wci) 

@Sb) 

so that 
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- - 

- 

Letting 

cos38 r;n=B 
C/-E] s;r)%--J %L 

4(I-cf- ’ J, vZII-vZl 
f 

(it 1 k 
XJ- c et- (r-Qv’J 3/3’ 

0 

I 

v=GT 

Sin + 

Sir-l 9, 7 dx 

(cr 7a) 

> 

we have 

# 

/i 
y$X O 

= F +f corp(5,,,L-,d<~)~;~~~J 
f5 i 

0 4 + 
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= j&-k-y-- I)b24- (2) 
b 

c 
jb (w- ik(s+ %i CQS t- 6 4cw~J Q 

Xl-r-24 - S&J==t - L 
l&G- 

, 

Using eq. (A31 we get finally 
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2) James D. Bjorken and Sidney D. Drell: Relativistic Quantum 

Mechanics, p. 113 (McGraw-Hill, New York, 1964). 

3) Note that in evaluating l/r,, to establish the connection to 

conventional units simply replace cx2/M2 by c& where c=3x108m/sec. 

4) Paul F. Byrd and Morris D. Friedman: Handbook of Elliptic 

Integrals for Engineers and tiientists (Springer-Verlag, New York, 

1971). 
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M - 

1 

i 
4 

2 

i 

9 
10 
11 
12 
13 
14 
15 
16 
17 
19 
19 
23 
21 
22 
23 
24 

8 (M) 
x 

8 (MI 
L- 

rl,o 

16.06408 16.06449 8.38079 
21.23496 15.68017 9.05335 
23.59398 14.95611 9.40920 
26.48412 14.30821 9.79566 
42.39209 12.78990 11.43442 
35.12411 20.70422 9.71488 
31.29110 23.50540 9.05213 
22.71608 30.64482 7.10634 
21.58421 30.51809 6.41445 
18.57151 29.84594 4.27707 
18.37995 29.76338 4.11672 
16.94134 23.53499 2.52800 
16.76557 27.89769 1.86809 
17.07768 27.27316 1.69537 
19.51782 23.69816 1.14443 
25.86528 17.52494 .32141 
26.50414 17.05877 .27418 
35.00226 12.50054 -.00018 
35.82623 12.19578 -.00019 
34.08160 12.81345 -.00019 
18.52780 20.76027 -.00015 
16.81931 21.55618 -.00014 
11.00240 18.00078 -.00014 

8.74872 8.75124 8.38079 

TABLE I 
(FA LATTICE 1) 

M denotes lattice location. 

a (M) 
x 

n'(M) 
x 

-.91442 
-3.82147 
-4.04191 
-3.04559 
-;.;;;;;1 

6: 19931 
.59576 
.53611 
.32821 
.31031 

10241 
Loo197 
-.62588 
-.7684g 

-1.05255 
-1.07700 
-1.36105 
-1.38550 

4.15174 
2.98566 

-72711 
0.00000 
0.00000 

0.00000 
1.18619 
1.18619 

.71863 

.71863 
-2.20918 
-2.20918 

-.69190 
-.69190 
-.53449 
-.53449 
-. 37709 
-. 37709 
-.31482 
-.31482 
-.15742 
-. 15742 
-.00001 
-.00001 

.00002 

.00002 
0.00000 
0.00000 
0.00000 



M - 

1 
2 
3 
4 

2 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 

:: 
33 
34 

;'6 

;;: 
39 

8 (M) 
x 

% (Ml 
A...- 

11,(M) a (M) 
x 

7.51071 7.55360 -02120 0.00000 
16.03401 16.02850 .02120 -1.06528 
15.53793 19.17085 .02007 l.goo64 
13.68349 24.17460 .01807 1.74984 
16.76594 23.99550 .01766 -4.58600 
27.44113 14.41993 .02098 -5.92108 
31.26892 11.15060 .02152 .76807 
29.92010 9.79484 .01996 .72286 
27.83752 7.99675 .08378 .64540 
21.66828 8.03922 .63055 -32034 
19.42273 9.41216 .64624 3.79226 

3.14183 29.95906 .55938 1.21g87 
2.15912 30.19702 .59697 .0982-f 

25.97882 1.88764 1.49889 -3.33891 
26.11610 2.61163 1.45152 3.16693 

7.13551 24.09558 .42778 1.41897 
6.38438 25.88834 .27920 -.33727 

12.79658 12.57896 -.44220 -1.11011 
21.13383 7.18600 -.67070 -1.63914 
22.84421 6.59317 -.66453 -1.72776 
22.84815 6.58917 -.63626 1.71935 
18.91308 8.15721 -.50112 1.50824 

8.81615 18.37091 .59492 -72561 
8.12362 19.83055 .78498 .63765 
8.12377 19.81626 .98524 -.63799 
9.93691 16.38485 1.60328 -.a4916 

21.15170 7.19325 4.48961 -1.63202 
22.85453 6.59882 4.88089 -1.72000 
23.22550 6.48369 4.98959 -.42352 
23.66890 6.38794 5.23803 -.449x2 
28.76809 a.75719 8.04362 - .67884 
31.30352 11.16025 9.36221 -.76783 
27.46905 14.42967 9.12488 5.92904 
16.77984 24.00716 7.68304 4.59183 
13.68958 24.18218 7.86105 -1.74848 
15.54252 19.17523 8.73017 -1.89903 
16.03626 16.03021 9.22419 1.06761 

7.49431 7.53979 9.22419 -.ooooo 
7.51071 7.55360 .02120 .ooooo 
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TABLE II 
(EA LATTICE 2) 

.ooooo 

.ooooo 
-.00393 
-.00393 

.00326 

.00326 
-.00173 
-.00173 

.08559 

.08559 
-.02674 
-.02674 

.12271 

. 12271 
-.24735 
-.24735 
-. 16284 
-.16284 

.01214 

.01214 

.11084 

.11084 

.37414 

.3741,4 

.50692 

.50692 

.77023 

.77023 

.48906 

.48906 

.75236 
-75236 

-1.41913 
-1.41913 

1.71086 
1.71086 

.ooooo 

.ooooo 

.ooooo 

M denotes lattice location. 
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!! 

1 
2 

z 
5 
6 

li 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 

TABLE III 
(Diffusion Rates for jjA Lattice 1) 

l-(hrs-'1 

'L 

I(hrs -') L(hrs -1) 
T x T z 

0.920 0.252 -0.00267 
0.857 0.235 -0.00275 
0.842 0.231 -0.00273 
0.823 0.226 -0.00271 
0.731 0.202 -0.00261 
0.683 0.188 -0.00314 
0.683 0.188 -0.00322 
0.695 0.191 -0.00316 
0.708 0.194 -0.00310 
0.758 0.126 -0.00311 
0.762 0.127 -0.00309 
0.801 0.0692 -0.00314 
0.810 0.0701 -0.00312 
0.812 0.0703 -0.00313 
0.818 0.0709 -0.00320 
0.828 0.0187 -0.00320 
0.828 0.0187 -0.00318 
0.825 -0.00287 -0.00287 
0.823 -0.00281 -0.00284 
0.827 -0.00293 -0.002go 
0.874 -0.00322 -0.00325 
0.889 -0.00315 -0.00321 
1.060 -0.00269 -0.00282 
1.270 0.347 -0.002og 

3 = E= I 0.42x10-%1 

% 
2 1.2x10-4 

I = 0.041 A 

y = 9.53 

: 0.830 hrs -1 

aw 

(') : 0.117 hrs-' 
x avg 

: -0.00297 hi-s -1 
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TABLE IV 

FERMILAB-Pub-82/47-THY 

(Averaged Diffusion Rates in hrs-' for i;A Lattice 1) 

I = 0.041A y = 9.53 

UT / cy.“g 1 Q”, 
1.8x10-~ 

I 

0.10x10 
-4 

0.50x10 
-4 

0.90x10 
-4 

1.20x10 
-4 

1.80x10-~ 

2.80~10 
-4 

(Ex : EZ = 0.21x10-6m) 

0.789 
I 

0.4950 

(Ed = es = 0.42~lO-~m) 

151.0 0.149 

5.56 0.137 

1.58 0.125 

0.830 0.117 

0.325 0.102 

0.110 0.0834 

1 IO F-- z avg 

I -0.01150 

-0.00390 

-0.00357 

-0.00322 

-0.00297 

-0.00250 

-0.00'89 

1.8x10 
-4 

I 

0.182 

I 

0.0371 -0.00092g 

(eX q E= : 0.65x10-6m) 
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TABLE V 
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(Averaged Diffusion Rates in hrs-' for f;A Lattice 2) 

I 2 0.041 y = 9.53 

1 
% j( 1 1 

r 
P av.5 0 

7- 
x avg 

1.8~10 -4 

0. lox1o-4 

0.50x10-4 

o.9ox1o-4 

1.20x10 
-4 

1.80~10 
-4 

2.80~10 
-4 

1.8~10 
-4 

(EX 2 EZ = 0.21x10-6m) ’ 

1.08 0.420 -0.00923 

(Ex : Ez = 0.42x10-%) 

186.0 0.124 

6.96 0.115 

2.01 0.106 

1.07 0.0987 

0.431 0.0865 

0.151 0.0706 

(Em = Ed : 0.65x10-%) 

0.237 I 0.0313 

L 
0 T z avg 

-0.00289 

-0.00266 

-0.00243 

-0.00227 

-0.00'96 

-0.00154 

-0.000716 
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TABLE VI 
(Averaged Diffusion Rates in hrs -' for the Energy Doubler) 

0.1x10-3 
0.2x10-3 

0.492 

0.3x10-3 
0.0904 

0.4x10-3 
0.0316 

0.5x10-3 
0.0147 

0.6x10-~ 
0.00803 

0.7x10-3 
0.00487 

0.8x10-~ 
0.00318 

0.9x10-3 
0.00219 

1.0x10-3 
0.00157 
0.00117 

0.1x10 
0.2x10 
0.3x10-3 
0.4x10:; 
0.5x10 
0.6x10-~ 
0.7x10-3 
0.8x10-~ 
0.9x10~3 
1.ox1o-3 

(EX = EZ : 0.104x10-8In 

(I $ avg 

0.489 -0.0000579 
0.306 -0.0000403 
0.220 -0.0000302 
0.171 -0.0000239 
0.140 -0.0000197 
0.118 -0.0000166 
0.102 -0.0000143 
0.0899 -0.0000126 
0.0803 -0.0000112 
0.0726 -0.0000100 

t 
0 T x avg 

(C, = EZ = 0.2085~lO-~m 

0. ‘98 0.1050 -0.0000120 
0.0389 0.0713 -0.00000906 
0.0141 0.0529 -0.00000710 
0.00667 0.0418 -0.00000578 
0.00369 0.0344 -0.00000485 
0.00226 0.0293 -0.00000415 
0.0014g 0.0254 -0.00000362 
0.00103 0.0225 -0.00000320 
0.000744 0.0201 -0.00000287 
0.00055F 0.0182 -0.0000025g 

1 ( 1 Y-- z avg 
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TABLE VI (Continued) 

1 0 1 
r 

P 0 -r avg x avg 

0.0767 0.0218 -0.00000238 
0.0161 0.0160 -0.00000194 
0.00606 0.0124 -0.00000160 
0.00294 0.00998 -0.00000134 
0.00165 0.00835 -0.00000115 
0.00103 0.00716 -0.00000100 
0.000680 0.00626 -0.000000886 
0.000475 0.00556 -0.000000791 
0.000345 0.00500 -0.000000714 
0.000259 0.00454 -0.000000649 

1 (1 -r aw 
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FIGURE CAPTIONS 

FIG. 1: Scattering between two beam particles in their 

center-of-mass system. 

PIG. 2: Fermilab antiproton accumulator. 

FIG. %[bl: (l,T ) 
P 

avg C(l/~~)~~~l vs. url for f;A Lattice 1 with 
I=O.O4lA and y-9.53. 

FIG. 3cCdl: (l/r 1 
1 

avg[wTx)a"gl vs. u,, for SA Lattice 2 with I=O.O4lA 

and yz9.53. 

FIG. 3eCfl: (11-r javg [(l/r ) 
P 

x avg ]VS. E x z for ;A Lattice 1 with , 
I=0.04lA and yz9.53. 

FIG. 3Xh1: (l/T javg [(l/T ) 
1 x avg 1 VS. EX z for EA Lattice 2 with 

I 
I=0.041A and yz9.53. 

FIG. 4a[bl: l/r cmxl YS. 

,=I:", 

Un for averaged energy doubler lattice with 

us=o.4n, y=103. 

FIG. &Ed]: 11~ 
1 

[l/~~l VS. sX z for averaged energy doubler lattice , 
11 with N=lO , us=0.4m y=103. 
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