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INTRODUCTION TO GAUGE THEORIES OF THE STRONG,

WEAK, AND ELECTROMAGNETIC INTERACTIONS

Chris Quigg

*
Fermi National Accelerator Laboratory
P.0. Box 500, Batavia, Illinois 60510

PROLOGUE

Arthur Wightman (1968) wrote in the thirteenth edition of the
Encyclopaedia Brittanica that "Running through the theoretical
speculation since World War II has been the idea that the observed
particles are not really elementary but merely the states of some
underlying single dynamical system. Such speculations had not led
very far by the 1960s." The past dozen vears have seen a revolution
in the prevailing view of elementary particle physics, We now
believe that a fundamental description of subnuclear physics must be
based upon the idea that strongly-interacting particles' (hadrons)
are composed of guarks. Together with leptons, such as the electron
and neutrino, quarks seem to be the elementary particles--at least at
the present limits of resolution. It also appears that all of the
fundamental interactions of the quarks and leptons are conseguences
of various gauge symmetries and may be attributed to the exchange of
vector bosons.

The experimental support for this new point of view is multi-
farious and impressive, if largely circumstantial. It derives from
the taxonomy of hadrons, the evidence for pointlike constituents
within hadrons, the discovery of the quasiatomic spectra of the heavy
mesons ¥ /J and T, the successful prediction of charm, and the success
of the Weinberg-Salam model with its implication of neutral weak
currents, According to optimists, a grand synthesis of the strong,

*
Operated by Universities Research Association Inc. under contract
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C. QUIGG

weak, and electromagnetic interactions is already at hand. A number
of experiments are being mounted to search for the proton instability
implied by specific "grand unified” theories. Already the first
steps are being taken toward a super unification that incorporates
gravitation.

These lectures are intended to provide an elementary intro-
duction to the main ideas and consequences of gauge theories of the
fundamental interactions. By elementary I mean that no great
facility with the subtleties of field theory will be presupposed.
Most of the important concepts and many of the experimental applica-
tions of gauge theories require no more than the ability to compute
simple ("tree-graph") Feynman diagrams. Such computations will be
stressed, at least in the Problems, because I believe one cannot
possess the subject matter without them. On the other hand, higher-
order corrections and the renormalization program will be mentioned
only in passing.

In addition to keeping the mathematical level as low-brow as
possible, I have tried to emphasize the basic concepts and to keep
the organization and logic of the enterprise in plain view. The
assumptions leading to the theories of current interest will also be
set out in detail. From this approach it is hoped that there will
emerge an appreciation of what has been accomplished in present-day
theories and a recognition of their shortcomings; a feeling for what
is elegant and what is artificial. In the end, of course, we wish to
apply these theories not only to experments past, but also to
experiments future. Undoubtedly the assiduous student will begin to
develop an understanding of the great guestions that lie before us
and an instinct for incisive experimental thrusts!

The plan of these notes is as follows. Chapter 1 is devoted to
a brief evocative review of current beliefs and prejudices that form
the context for the discussion to follow. The idea of Gauge
Invariance is introduced in Chapter 2, and the connection between
conservation laws and symmetries of the Lagrangian is recalled. Non-
Abelian gauge field theories are constructed in Chapter 3, by analogy
with the familiar case of electromagnetism. The Yang-Mills theory
based upon isospin symmetry is constructed explicitly, and the
generalization is made to other yauge groups. Chapter 4 is concerned
with spontaneous symmetry breaking and the phenomena that occur in
the presence or absence of local gauge symmetries. The existence of
massless scalar fields (Goldstone particles) and their metamorphosis
by means of the Higgs mechanism are illustrated by simple examples.
The Weinberg-Salam model is presented in Chapter 5, and a brief
résumé of applications to experiment is given. Quantum Chromody-
namics, the gauge theory of colored quarks and gluons, is developed
in Chapter 6, Asymptotic freedom is derived schematically, and a few
simple applications of perturbative QCD are exhibited. Details of
the conjectured confinement mechanism are omitted. The strategy of
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"grand unified" theories of the strong, weak, and electromagnetic
interactions is laid out in Chapter 7. Some properties and conse-
quences of the minimal unifying group SU(5) are presented, and the
gauge hierarchy problem is introduced in passing. The final chapter
contains an essay on the current outlook: aspirations, unanswered
questions, and bold scenarios.

Many of the topics addressed here are treated in far greater
depth and detail in excellent summer school lectures or review
articles, as well as the original literature. References will be
made to these at appropriate points. It is my hope that, in addition
to providing a self-contained introduction to gauge theories, these

notes will make this wvaluable literature more accessible to the
beginner,

l. ARTICLES OF FAITH

Today, many theorists are expressing in forceful terms their
optimism that a grand synthesis of natural phenomena is at hand. To
these visionaries, a unified description of the strong, weak, and
electromagnetic interactions no longer seems a distant dream.
Indeed there are those who argue that the unification has already

been accomplished in principle, and that only gravitation remains to
be incorporated.

What are the reasons for this unbounded confidence? Three
important ingredients are the success of the gquark model of hadrons,
the remarkable triumphs of gauge theories of the weak and electro-
magnetic interactions, and the nonobservation of free guarks.

The quark model has long been known to provide a systematic
basis for hadron spectroscopy. More recently we have come to
appreciate the quark-parton picture as a quantitative phenomenology
of deeply-inelastic lepton-hadron scattering. In the realm of
electron-positron annihilations, the successful predictions of the
pointlike character and the magnitude of the cross secticon for
inclusive hadron production and of hadron jets at high c.m. energies
have been impressive. PFinally, the interpretation of high trans-
verse momentum phenomena in hadron-hadron collisions in terms of
hard scattering of pointlike constituents is extremely seductive.

The initial triumph of unified theories of the weak and electro-
magnetic interactions is aesthetic, 1In place of the serviceable low-
energy phenomenclogy of the Fermi theory we now have an acceptable
field theory which is renormalizable and unitary. The gauge theory
solution to the unitarity problems of the Fermi theory is not
unique—one can imagine Nature resorting to brute force techniques to
enforce unitarity—and 1t has its price, which is the introduction of
several new particles. The minimal {and therefore most appealing)



C. QUIGG

set of hypothetical particles is composed of the intermediate vector
bosons W, W, and 2", and a neutral Higgs scalar H, none of which
has been cbserved. However, we do have some circumstantial evidence.
The neutral current interactions mediated by 2° have been found to
occur with approximately the strength of the more classical charged
current interactions. Their properties match in great detail the
predictions of the Weinberg-Salam model.

We have come to terms with the nonobservation of free quarks by
postulating that they are perpetually confined within hadrons. No
thoroughly convincing mechanism of quark confinement has yet been
devised, but it is widely held that quantum chromodynamics {or QCD),
a gauge theory of colored quarks and gluons, will provide the
solution. Because QCD is an asymptotically free theory, it would
answer as well the old question, "How can quarks behave as free when
they are bound up in hadrons?" Lastly, the success of the QCD-
inspired quarkonium description of the J/{ and T families of heavy
mesons adds to the appeal of this confinement scheme.

Let us next briefly survey the fundamental constituents and
elementary interactions as we now know them. The purpose of this
section is to recapitulate very telegraphically what we think we know
and why we believe what we believe.

A. LeEtons

The leptons experience the weak and electromagnetic (not to
mention gravitational) interactions, but not the strong interac-
tions. All are spin-% objects that are pointlike, which is to say
structurelegss, at the currens limits of resolutiop. The electron
{511 keV/c“), muon (106 MeV/c”) and tau (1782 MeV/c”) are_all firmly
established, as are the elsctron's neutrino (< 60 eV/c™) an% the
nuon's neutrino (< 650 keV/c” ). The tau's neutrino (< 250 MeV/c") is
presumed to exist, although this has not been demonstrated directly.
It is still a logical possibility, though not an appealing one, that
V= V.. Provided that v_exists as a distinct, sequential lepton,
a grea% deal is known abodt its interactions from the study of 1-
decays. Specifically, it is known to couple left-handedly to T with
strength no less than 1/7 of the universal Fermi coupling. We shall
assume that the T - Vv_ coupling is indeed of universal strength.
{One may hope that fﬁis will be confirmeq_lan due course by a
measurement of the T lifetime; T(T) = 3 x 10 sec., 1is expected.)
Then the leptonic charged weak current can be described in terms of
the weak-isospin doublets

'preliminary evidence against the Ve - Vo identity has been
pPresented by Hulth (1980).
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where the subscript L denotes a left-handed, or V-A, structure. In
other words, the charged current has the form? veY (1 - Ts)e, etc.
This structure leads as well to a correct descriptlodlof the leptonic

neutral weak current.

Notwithstanding this orderly pattern, many questions arise.
Why are there three doublets of leptons? Will more be found? What
is the pattern of lepton masses? Is lepton number conserved abso-
lutely? Are the neutrinos exactly massless? Is the separate
conservation of electron-number, muon-number, and tau-number an
exact or only approximate statement? Do neutrinc oscillations cccur
in nature?

Several recent experiments and many theoretical speculations
bear on the last three points. 2 measurement of the end of the B-
spectrum in tritium decay at the Institute for Theoretical and
Experimental Physics in Moscow (Lyubimov, et al., 1980)vields a
nonzero value for t mass of the electron's antineutrino:
M(V) = (34.3 % 4) eV/c”. This very interesting suggestion, which
would carry important implications of a cosmological nature, re-
quires independent confirmation. Other observations, including a
measurement of V_-induced disintegration of the deuteron at the
Savannah River Reactor (Reines, et al., 1980), have been adduced as
evidence for neutrino oscillations, which would imply a mass differ-
ence among neutrinos and violation of electron-number conservation.
All existing evidence requires an imaginative interpretation, so the
case for neutrino oscillations ({like that for a neutrino mass)
remains unproved. But this is obvicusly an area to be watched with
interest.

B. guarks3

Quarks experience all of the known interactions: strong, weak
and electromagnetic, and gravitational. Like the leptons, they are
spin-% particles which are pointlike at the current limit of resolu-
tion. Quarks were proposed as a means for understanding the basis of
the SU(3) classification of the strongly-interacting particles

“The Dirac algebra conventions are those of Bjorken and Drell (1964,
1965) , except that uu = 2m.

dror comprehensive reviews, see Lipkin (1973), Rosner {1974, 1980},
Dalitz (1977), Hendry and Lichtenberg (1978), Greenberg (1978},
Close (1979).
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(hadrons). Ordinary mesons (those known tco exist before November,

1974) occur only in SU({3) singlets and octets. The pseudoscalars
include

+

T (957) - singlet 7T (140)
n {549) octet .
ktROK°K ™ (497)
Baryons occur only in octets, such as
P: N {940}

A (1115)
it ®°, 5T (1192)
°, =" (1315)

[1] =
[1]

and decimets, such as

AT, At 8%, A (1232)
v+, ¥, v (1385
l r Yl r Yl ( )
* *—
59, = (1530)
Q (1672) .
No higher representations are indicated. This is a much more

restrictive statement than the mere fact that SU{3} is a gocod
classification symmetry, and it requires explanation. '

The spectroscopy of "ordinary" particles can be summarized by
the hypothesis (Gell-Mann, 1964; Zweig, 1964a, b, 1965) that there
exists a fundamental triplet of quarks (up, down, strange), as shown
in Fiq. 1, and that mesons are composed of gg:

*
383 = 1@38 ‘

while baryons are composed of ggq:

I®3®3 = 18838010 :
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Fig. l: Weight diagram for the fundamental (3) representation of
suU(3).

These rules exhaust the representations seen prominently in Nature.
It remains, of course, to understand why only these combinations of
quarks and antiquarks are seen, or to discover under what circum-

stances more complicated configurations such as {(gggq or qgggg or 6q)
might arise,

Since free quarks have not been isolated,“ the properties of

quarks are known rather indirectly but, we will argue, convincingly.
Let us now discuss these in turn.

Quarks have baryon number 1/3; antiquarks have baryon number

—1/3. This is evident from the fact that three quarks make up a
baryon.

The guarks also carry fractional electric charge. The Gell-
Mann-Nishijima formula for displaced charge multiplets,

I3 + %(B + 8) '

implies quark charges

*A recent review is that of Jones (1977)}. Some evidence fcr frac~

tionally charged bulk matter has been presented by LaRue, et al.
(1877, 1979, 1980).
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e = 2/3 ’

u = e = -1/3 .

€a s

The same assignments follow directly from examination of the baryon
decimet:

At = uuo
+ -
A = uud 2 = 5885
A° = uad
& = a4add

A number of other tests of these assignments have been carried out.
We recall three such tests.

Within the quark model, the leptonic decays of vector mesons,
v° - 2+2_, proceed by the annihilation of a quark and antiquark into
a2 virtual photon which disintegrates into the lepton pair, as shown
in Figure 2. Apart from kinematical factors, the (reduced} rate for
leptonic decay is proportional to the square of the quark charge--the
strength of the <ygqg coupling—-and the probability for gquark and
antiqugrk to meet, which is given in a nonrelativistic description by

\!J(O)I + the sgquare of the wavefunction at zero quark-antiguark
separation.

T s gty = r(V°+2+2")va2 = K-eq2°l¢(0112 .

We assume that to first approximation the wavefunctions are the same
for the light vector mesons p{(770), w(784), ¢(1018). It is then
straightforward to compute the square of the effective quark charge
for the three cases:

2
°© . Lluw-dd 2 | Az, 4)]" -2,
p- = ﬁ[uu ad] + ey = [75(34-3)] 5 ;
o 1, =, == 2 12 _1)]? 1
vl o= gplurad] > e = 75(5‘“3‘) =1 7
o _ = 2 _ 1
¢ = g8 -+ eq = 3 .

We therefore expect the reduced leptonic decay rates to be in the
ratio

—~

F(po) H ;(wo) : f(¢) t1 9 212 .
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q e
J—
__—‘-1

q r e’

V

Fig. 2: Quark-model description of the decay of a neutral vector
meson into a lepton pair.

q |

Fig. 3: The Drell-Yan process in 7N -+ A R anything.
Experimentally, the ratio is®
(8.7 £ 2.9) ¢+ 1 : (2.8 + 0.8) ’

which is in reasonable agreement, considering the crudeness of our
approximations.

A second test has been made in the production of lepton pairs in
pion-nucleon collisions. We regard this reaction as the annihi-
lation of an antiquark from the pion with a quark from the nucleon,
as illustrated in Fig. 3. The papductiqp of high-mass muon pairs has
been studied in collisions of 7 and m on Carbon

*See Particle Data Group (1980) for the decay rates and primary
references.
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1 {ud)
12 Uﬂflaeu2=18x-§
C (18u + 18d) .
2 _ 1
+ _ Oﬁlsed --leg
T (ud}
We therefore expect that
- + -
O'(TTC-)-UU 4+ eual a
= r

c(n+c > p+u' + ...)

and this expectation has been confirmed by experiment as reviewed by
Pilcher (1979).

A third test is provided by deeply-inelastic lepton-nucleon
scattering. Taking out overall coupling strengths, the cross sec-
tion (N » L' + anything) measures a "structure function" which is
characteristic of the target.

(i) The reaction VT +_ U + anything corresponds to the ele-
mentary process vd -+ U u. Thus, the structure function Fz(VT)
counts the number of d-quarks in the target T.

{ii) The reaction.‘3@;+ u+ + anything proceeds via the ele-
mentary interaction vu + U d. Hence the structure function
Fz(vT) counts the number of u-guarks in the target.

(iii) The reaction eT * e + anything is characterized by the
elementary interaction eq * eq. The structure function F_(eT)
therefore counts the number of up-quarks in the tafget,
weighted by e, = 4/9,, plus the number of down-quarks in the
target, weighted by eq = 1/9.

Consequently for an isoscalar target such as deuterium we expect
2 2
Fz(eD) 3eu + 3ed 5
F,(D) + F,(UD) 6 18 ’

® See the lectures by Perkins (1980), and the book by Feynman (1972).
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which is again in close agreement with experiment.7

We also know that the gquarks have spin-%. Clearly if baryons,
which are fermions, are to be made of three identical constituents,
the constituents must be fermions rather than bosons. In addition,
the observed hadron spectrum corresponds to the objects which can be
fgrmed (according to our earlier rules for flavor properties) from
J =% quarks. It is straightforward to work out the level struc-
ture in the meson sector:

— pC -+ - ++ 4=+
(qq) g J = 0 ’ l i 0 ' l Fi l r 2 r .. -
\/_v\_/
L=0 L=1

This corresponds to the observed ordering of leve%é. Combinations gf
. . . . e += P
spin, parity, and charge conjugation such as J =0 , 0 , 1,
which cannot be formed from spin-% quark-antiquark pairs, are not
found in Nature. The analysis of baryon multiplets is similar but
more tedious. Again the observed spectrum conforms to the quark
model pattern.

In addition to this successful classification scheme, there are
some dynamical tests of the quark spin. Consider the cross sections
for absorption of 1longitudinal or transverse virtual photons in
deeply-inelastic electron scattering. Working in the Breit frame of
the struck quark, it is easy to see that a spinless quark can only
absorb a longitudinal (helicity = 0) photon, since angular momentum
conservation forbids the absorption of a transverse (helicity % 1)
photon, as may be seen in Fig. 4. Similarly, a spin-% quark can
absorb a transverse photon, but not a longitudinal photon (see
problem 1}. If quarks have spin-%, we therefore expect that

a (¢] = .
LongitudinaI/ Transverse 0

This is in schematic agreement with experiment (Perkins, 1980}. A
related test comes from the analysis of the angular distribution of
hadron jets produced in electron-positron annihilations, which is
observed to be identical to the production angular distribution of

"These predictions are shared by the Han-Nambu (1965) model of
integrally-charged gquarks, and it is notoriously difficult to draw
distinctions (Lipkin, 1979; Chanowitz, 1975). Properties of the
N(549) and n'(958) strongly favor the fractional charge assignment
{Chanowitz, 1980Q).

11
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Fig. 4: (a) Absorption of a longitudi
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Qutgoing

— e i —

—-—a—n_,:-——

o)

nal photon by a spinless par-

ton is allowed by angular momentum conservation. (b) Absorption of

a transverse photon is forbidden.

+

ete” + phT, This implies (see problem 2) that the elementary

process e e = dq corresponds to the pair production of spin-%

objects.

Quarks have still ancther property, known as color. A&t first

sight, the Pauli Pri$$iple seems not
function for the A . This is a
isospin = 3/2, and angular momentum

to be respected in the wave-
uuu state with spin = 3/2,
zero, which is a symmetric

wavefunction of threes identical fermions. Unless we are prepared to
forge the Pauli Principle or the quark model, it is necessary to
invoke a new, hidden degree of freedom which permits the wavefunction

to be antisymmetrized (Greenberg, 1964)

. In order that a three-quark

wavefunction can be antisymmetrized, it is necessary that each quark
flavor come in at least three distinguishable colors. If there were
more than three quark colors, the unpleasant possibility of distin-
guishable (colored) species of proton would have to be faced,

contrary to observation.

While the introduction of color

would at first appear to be

unnatural and artificial, subsequent observations have given strong

support to the color hypothesis.a

A number of observables are

sensitive to the number of distinct species of quarks. As we have

seen in Problem 2, the inclusive cross

section for electron—positron

annihilation inte hadrons is described by the process e e -+ g4,
where the guark and antiquark materialize with unit probability into

the observed hadron jets. The ratio

®For a recent review, see Greenberg and Nelson (1$77).
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_ gte'e” + hadrons)

R .
olete” + utuT)

is then simply given by

guark
species

At c.m. energies between about 1.5 and 3.6 GeV, up, down, and srange
quarks are kinematically accessible., In the absence of hadronic
color we would therefore expect

Experiment decisively favors the color-triplet hypothesis, as shown
in Figure 5.

A similar count of the number of distinguishable quarks of each
flavor is provided by the branching ratios for decay of the tau-
lepteon. Within the quark model, T decays may be described as shown
in Fig. 6, namely by the decay of T into v_ plus a virtual
intermediate boson (W ). The intermediate boson Ehen disintegrates
into all kinematically Cabibbo accessible fermion~antifermion pairs:
(e ve), (L v}, (mig. The universality of charged-current weak
interactions 'implies equal rates for each of these decays. Thus in
the absence of color, we expect

5 ) 'ttt + e vva) 1
o  T{t > all) T3

If quarks come in three colors, (Gﬁe) is augmented to 3(3&8), and we
have

13
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Fig. 5: The ratio R = o{e+e_ + hadrons)/o(e+e— -+ u+u_) [from
Spinetti, 1979].
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Fig, 6: Semileptonic decays (weigh§ 1), and Cabibbo favored (weight

cos” 6 ) and suppressed (weight sin GC) nonleptonic decays of the
T-lepton.




GAUGE THEORIES

The experimental branching ratio (Particle Data Group, 1980) is

B = {17.44 *0.85)%
exp

in accord with the color hypothesis.3

Finally let us notice that the gquark model prediction for the
decay W * YY, the znnihilation of gquark and antiguark into two
photeons, is sensitive to the pumber of distinct cuark loops that may
contribute. This decay rate s also decisively in accord with the
hypathesis that the light gquarks uv,d,s are color triplets,

Just as there are several doublets of leptons, different quark
flavors have made themselves known to us through the strong interac-
tions. Ordinary matter (protons, neutrons, pions) signals the
existence of the up and down quarks. The strange particles (hyper-
ons, Kaons) were discovered in the associated production reactions

™ -+ KY '

which implied the existence of a new additive quantum number dubbed
strangeness, which is borne by the strange quark. Similarly, the
quantum number called charm might well have been discovered through
the cobservation of associated charmed-particle production in the
reaction

although it was in fact discovered by more indirect means.

The observation of hadrons with various internal guantum num-
bers (isospin, strangeness, charm,...}) led to the use of
sU(2,3,4,...) as symmetries of the strong interaction. These inter-
nal symmetries serve both for the classification of hadrons [cf.
SU(3) and the evolution of the quark model ] and for dynamical
relations among strong interaction matrix elements. Given the very
different masses of the nonstrange and strange particles (and hence
of the nonstrange and strange quarks) it has been difficult to
understand how SU(3) symmetry could arise dynamically. Furthermore,
beth SU(2) of isospin and SU(3) are excellent but not exact strong

’a refined estimate for the leptonic branching ratio is 17.75%
(Gilman and Miller, 1978; Kawamoto and Sanda, 1978).
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interaction symmetries. Isospin invariance holds within a few
percent and SU{(3) is reliazble within 10-20%,

How can this symmetry breaking be understood? The traditional
view has been that SU(2), or isospin, violations are electromagnetic
in orjgin. For example, the neutron-proton mass difference of l.23
MeV/c™ ("wrong" sign!} and the 1 - 1° mass difference of 4.60 MeV/c
are of a size to be consistent with an origin as electromagnetic
perturbations. Similarly, deviations from exact SU(3) symmetry have
been accounted for by mass differences, which are interpreted in
terms of a "medium-strong" interaction’ that transforms as a member
of an SU(3) octet (specifically as ks).

But how do these mass splittings actually arise, and why do
various gquark flavors exist? Within the streng interactions,
flavors do not appear to have any essential role, but only to
contribute to a richness. In contrast, if we look to the weak
interactions, the importance of being a flavor is more readily
apparent. Because of the family patterns that are implied by the
charged-current weak isospin doublets

flavors appear to have specific roles to play. Aas we shall see
shortly, the charmed gquark was needed and had a function to fulfill
in the weak interactions in advance of its discovery. On the other
hand, charm and other new flavors seem merely to be tolerated by the
strong interactions.

An evolving contemporary view’ is that flavors are not funda-
mental from the point of view of the strong interactions. The
elementary strong interactions are then "tasteless,” and are sensi-
tive only to the color charge of the constituents. According to this
view, the breaking of flavor SU(N) symmetry is then ascribed to quark
mass differences

m <m_,<m <m <m < ...
u d s ‘e b

1This view is expounded in the reprint volume by Gell-Mann and
Ne'eman {1964).

2Some representative discussion of the problem of guark masses may be
found in Weinberg (1977) and Langacker and Pagels (1979).
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and guark masses are thought to arise from the spontaneous symmetry
breaking of the weak interactions.

This mode of thinking is at the moment not a complete expla-
nation. We do not know why so many "fundamental™ fermions should
exist, or why the pattern of masses and mixing angles is what is
seen. It is hoped that the further unification of elementary forces
will provide at least partial answers to these and related questions.

C. The Fundamental Interactions

We now believe that the elementary interactions of the quarks
and leptons can be understood as conseqguences of gauge invariances of
the fundamental Lagrangian. These ideas will be derived in a logical
sequence in the succeeding chapters. For the moment, let us simply
recall some basic aspects of the familiar gauge theories and their
consegquences.

To review gauge theories of the weak and electromagnetic inter-
actions, we consider the Weinberg (1967)-Salam (1968) theory of
leptons in a world with two lepton "generations," represented by the
weak isospin doublets

The electromagnetic current is given schematically by

em _ = -
JO = EYGG U'YUIJ ’

and the charged weak current, indicated by the weak isospin doublets,
is

Je' = z Ui Ta¥g ¥y ¥y '
i

where the composite spinors wi represent

17
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and the Pauli isospin matrices are

In more explicit form, the charge-raising current is (see Problem 3)
3l = Ty - ve + VL - vou -
8] e'd 5 r'o 5

In such models the weak neutral current contains a piece which
completes the weak isovector:

(3)  _ = _
a3 =y 2 T, 131500 - YUy

i
= %[veYU(l =Ygl ~ eVl - Ygle
+ \’u*rg(l =YgV - WY, - TS)M] .

In addition, the symmetry breaking entailed in weak-electromagnetic
unification contributes to the weak neutral current a piece propor-
tional to Jem, with strength governed by a weak mixing angle BW.
Thus, the neutral current is

0y _ (3 _ _..2 e
JU = J0 sin SWJO

i

BV Yg(l - Y5) V, + LeY (1l - Ygle
+ REyg(l + Ygle + (e > ) .

with
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. 2 . 2
L= sin BW -% R = gin 9W .

Notice that the electronic and muonic sectors remain disconnected,
as required by the separate conservation of electron and muon number.
We say that the leptonic neutral current is flavor conserving or
diagonal in flavors.

What of the hadronic current? According to Cabibbo's picture of
weak—-interaction universality, the hadronic charged current is re-
presented by the weak-isospin doublet

u
r
de L
where
de = 4 cos BC + s sin ec

and € , is the Cabibbo angle (see Problem 4). 1In other words, the
chargé-raising weak current is

+ — — .
Jc(I ) = UY (L - Yg)decos O, + uy (L - Yg)sesin 8. -

We may ask why the hadron sector has an "extra," unused quark, that
is why does the orthogonal combination

S = S cos GC— d sin BC

not appear in the weak current., In a similar vein, why are quarks
and leptons not more symmetrical?

To investigate these guestions further, let wus form the
Weinberg-Salam neutral current within the Cabibbo framework. It is

19
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O o 503 gyn? g oo
c o) Wo

- - 2
= k{:UYU(l - Y5)u - dyo(l - Ys)d cos GC
- Sy (1 = yg)s sin® 8, - Sy (1 - vg)d sin Becos 6
- ETO[]. - TSJS sin eccos eC }
s 2 2 — 1 - l—
- sin ew{-j uy,u - 3 dygd -3 s-yds} .

Unlike the leptonic neutral current, the hadronic neutral current
contains flavor-changing (d-+> s} terms. This is experimentally
unacceptab]_‘_e_because of the stringent upper limit on tlle _decay rate
for X' + 7 v and the small rate observed for K. + pu . It was
shown by Glashow, Iliopoulos, and Maiani (1970) trﬁat lepton-hadron
symmetry could be restored and the flavor changing neutral currents
eliminated by the addition of a second weak-isospin doublet

C

6 /L

involving the charmed gquark (Bjorken and Glashow, 1964). The
hadronic neutral current now assumes the diagonal form

(0 -~ — -
JO ) 2 !s{u-yc(l - Y5iu cyO(l - Yglc - dyo(l - Yg)d
"EY (l—y)s} -sin26 en .
v 5 wo

The discovery (Aubert, et al., 1974; Augustin, et al., 1974) of the
family of (cc) bound states known as psions and the observation
{Goldhaber, et al., 1976; Peruzzi, et al., 1976) of charmed particles
which decay according to the (c, s )L pattern constitute a striking
confirmation of the GIM hypothesis.

Gauge theories also show considerable promise as descriptions
of the strong interactions. Currently it is believed that guantum
chromodynamics or QCD, a non~Abelian gauge theory of coclored quarks
interacting by means of massless, cclored vector gluens, is the
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fundamental, underlying field theory of the strong interactions.
The three quark colors are regarded as the generators of an SU({3)
color group, which is not to be ¢onfused with the flavor SU(3) of up,
down, and strange guarks. The strong interactions among quarks are
then mediated by an SU(3)C octet of colored gluons.

We =shall argue that only color singlet objects may exist in
isolation. Color confinement, as it is called, then provides an
explanation of quark confinement: free guarks and free gluons will
not be found. The arguments we have given in favor of color-triplet
assignments for the familiar quarks do not imply that yet-to-be-
discovered gquarks must lie in the fundamental representation of
5U(3) .. Further guidance may come from specific grand unified
theories. According to this view of the strong interactions, color
is what distinguishes quarks from leptons. Since color plays the
role of the {nonabelian) charge of the strong interactions and gluons
are colered, they will interact among themselves by gluon exchange.
We shall find in Chapter 6 that the strong coupling "constant"
becomes small at very short distances., This property, which is known
as asymptotic freedom may help to explain why quarks cannot be
separated but behave within hadrons as if they are free particles.

Before leaving this introductory section, let us review the
experimental evidence for the existence of gluons. It is basically
of two kinds. First, from energy-momentum sum rules in lepton-
nucleon scattering, we find that only about half of the momentum of a
proton is carried by constituents which interact weakly or electro—
magnetically (i.e. by the quarks). Something else, electrically
neutral and inert with respect to the weak interactions, must carry
the rest. This role can be played by the gluons. Second, at c.m.
energies exceeding 17 GeV, a fraction of electron-positron annihila~
tions into hadrons+d§splgg a three-jet structure instead of the
Familiar two-jet {e e -+ qq) structure (Mark-J Collaboration, 1979:
PLUTO Collaboration, 1979; TASSO Collaboration, 1979; JADE Collabo-
ritipn, 1979), This 1is interpreted as evidence for the process
e e ~ gg + gluon, in which the gluon is radiated from an outgoing
quark leading to the spatial configuration depicted in Fig. 7.

With these concepts and aspirations as background, we now turn
to the basic ideas that underlie gauge theories. The first of these
is the notion of gauge invariance,
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Nal

>q

9 |

Figl 7: Three—-jet structure of the final state in the reaction
e e *+ ggg.

2, THE IDEA OF GAUGE INVARIANCE

The concept of gauge invariance,3 which {unlike Lorentz invari-
ance) is a dynamical symmetry, arcse from attempts by Hermann Weyl
(1921) to unify gravity and electromagnetism through the use of a
space-time dependent change of scale. Weyl's terminclogy, Eichin-

varianz (Eich = gauge or standard) has survived although his initial

attempts were unsuccessful,.

Consider the change in a function f as we move from a point x

to xu + dxu. In a space with uniform scale, it is simply s

X + x  + dx
3] H

£ > o+ (3uf)dxu )

But if in addition the scale, or unit of measure, changes from 1 at
X tol+ §ad at %, + @x, the value of the function at x + &=

becomes
u AV
( f + (Buf)dx ) ( 1+ Svdx )

= £+ (£s + auf)dx“ + Oax)? )
T¢ leading order in dxu, the increment in the function f is

(3 + 8 )f
H W

3The history of gauge invariance has been reviewed by Yang (1975,
1977) .
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eyl sought to identify £ with the vector potential of electro-
magnetism and thus t incorporate electromagnetism into a
geometrical theory.

Let us see why this is incorrect. Recall from elementary
quantumr mechanics that the classical four-momentum p,, goes over to
the quantum-mechanical operator —-iHd . For a charged particle, the
replacement is H

p —
u

Qlm

A . o
y + 1}{(8“ (1e/ﬁcmu) .

We can therefore carry out Weyl's program if we identify

s = «~(ie/Hc)A
u 1 '

so that instead of investigating invariance of the laws of physics
under a change of scale, we require invariance under a change of
phase:

_ le K ~ Cie U
( 1 o Audx ) exp { Wic Audx } .

Following work by Fock (1927) and London (1¢x7), Weyl began in 1929
to study invariance under this phase change, but retained the
terminology, "gauge invariance.”

A. Gauge Invariance in Classical Electrodynamics

The physical appeal of gauge invariance stems from the old
observation” (Noether's Theorem) that to every continuous symmetzry
of the Lagrangian there corresponds a conservation law. This
connection is reviewed in Problem 5. Let us first review the
consequences of gauge invariance in classical electrodynamics.

Maxwell's equation for magnetic charge,
VeB = 0
invites us to write

uB__-——VXé- ’

“a very readable and worthwhile discussion appears in Hill (1951).
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where A is the vector potential. This identification ensures that B
will be divergenceless, by virtue of the identity

Ve (V x A = 0 .
If we add an arbitrary gradient to the vector potential
A > A+VA :
the magnetic field is unchanged, because
B = Vx@A+ V) = Vxa .

In similar fashion, the curl equation for the electric field

oB
b R
V"E“'Eat ’
which can be rewritten as
+ = — =
VxI|E c 5t 0 '
invites the identification
E + ;_f@? = Vv
T oe at ’

where V is known as the scalar potential. In order that the electric
field remain invariant under the shift

A -+ A+ VA '
L] Lt
we must also require that
1 3A
v » Vv e ot .
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All of this can be expressed compactly in covariant notation.
The electromagnetic field—~strength tensor

0 -El —E2 —E3

El (] B3 —B2
FHV = BvAu - aUAV =

E2 -B3 0 Bl

E3 B2 -Bl 0

built up from A = (V, é}, is unchanged by the "gauge transfor-
mation® H

A A + .
p TRt 8o

The fact that many different 4-vector potentials describe the same
physics is a manifestation of the gauge invariance of c¢lassical
electromagnetism.

The remaining Maxwell equations,

VeE = 4mp = -VeA- VvV
and
Taup - Mg, Llp oo 4T, 1w 1oog
ey fe [ aJYN C A C um [0 b
I
2
Vx(Vxd) = VA+V(V. A) ’

(where A= nyﬁt) correspond, in covariant form, to

aMF
Ly

L

My y _ ol
3,(8"a ) - 373 A,

—41J .
™y

Two consequences are immediately apparent. First, the electro-
magnetic current JV is conserved:
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(=%
<
o
]

u _ v
(-1/4m) { (3 A“) (s Av)}
= 0

where the d'Alembertian is (J = aHa . Second, the wave equation in
Leorentz gauge (BUA = 0) and in ﬁﬁe absence of sources (J\J = Q)
becomes H

I:IAV = {0 ’

which has the form of a Klein-Gordon equation for a massless par—
ticle.

We see in these familiar results a relationship between ?auge
invariance, current conservation, and massless vector fields.® Let
us now attempt to understand these connections more precisely.

B. Phase Invariance in Quantum Mechanics

Suppose we knew the Schrodinger equation, but not the laws of
electrodynamics. Would it be possible to derive (i.e. guess)
Maxwell's equations from a gauge principle? The answer is yes! Let
us trace the steps in the argument in detail,

A gquantum-mechanical state iz described by a complex
Schridinger wavefunction Y(x). Quantum-mechanical cbservables in-
volve inner products of the form

*
<O> = j})ﬂw
which are unchanged under a global phase rotation
v+ ety :

In other words, the absolute phase of the wavefunction carnot be
observed and is a matter of convention.

*For more on the connection between global gauge invariance and
current conservation, see Bjorken and Drell (1965), c. 11; Hill
(1231); Abers and Lee (1973), §1; and Wigner (1967).
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This raises the guestion: c¢an we choose one phase convention in

St. Croix and another in Batavia? Differently stated, can gquantum
mechanics be made invariant under local phase rotations

Oix) > et ¥y 2

We shall see that this can be accomplished, but at the price of
intreducing an interacting field that we will construct to be
electromagnetic field.

The equations of motion always involve derivatives of . But
under gauge transformations these transform as

B by > eia(X}[Bu\}j(x) + i(BUa(x))\p(x)] ,

which involves more than a mere phase change. The additional
gradient~of~phase term spoils local phase invariance. Local gauge
invariance may be attained, however, by the introduction of the
electromagnetic field AU'

Consider local phase rotations of the form

Py » X8Ry

where g is the electric charge of the particle specified by Y,
accompanied by the local gauge transformation

A (x) > A (x) + 3 O{x
p( ) u( ) " {x)
If the gradient BU is replaced by the gauge-covariant derivative

@D
K

d, - igA
w9y !
it is easily wverified that under local phase rotations

@u@(}:} - eiqe(x) @U’JJ(XJ

*
Consequently quantities such as ¢ Qbuw are invariant under local
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gauge (phase) transformations. Moreover, the form of the coupling
(@ {) between the electromagnetic field and matter is suggested (if
not"uniquely dictated) by local gauge invariance.

This example has shown the possibility of using local gauge

invariance as a dynamical principle. With it as background, a more
systematic treatment is now in order.

C. Phase Invariance in Field Theory

The basic object in field theories is the Lagrangian density
& (o(x}, 3u¢(x)), from which is constructed the classical action

Action = fdtL(t) = fd4xf(¢(X). Bpmxn .

=]
The equations of motion of the fields follow from Hamilton's prin-
ciple
t

2
§ dtL(t}) = 0 '
t

1

subject to the constraint that variations in the fields vanish at the
endpoints. Satisfaction of Hamilton's principle is guaranteed by
the Euler-Lagrange equations

& . oF
8¢ u 6(3u¢) :

As an example, consider the Lagrangian for a free scalar field
2 2,12
e = x[la91? - ol ] .

from which the Euler-Lagrange equations lead to the Klein-Gordon
equation

(0O + m2)¢ = 0 .

A global gauge transformation on these fields,
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o(x) * elqefb(X) '
3u¢ (x) -~ eiqetauct)(x} ) ;
leads to infinitesimal variations

&9 ig(d€) ¢ '

6(8u¢) ig(49) 3U¢ .

The statement of global gauge invariance is that such transfor—
mations leave the Lagrangian unchanged:

§&F = 0

By explicit computation we have

X% R4 §Ly * | 8%
S & 8¢ + e 8(3 &) + =Eb4 4+ 6(8¢ }
(LN 6(3u¢J a¢* 803 ¢, y M

il

§F . s %
(8p 5(3U¢) ) ig(d8)¢ + 503 ¢) iq(89)9 ¢— (0 + ¢ )

52
1669 [ L —— ] ,
SRR 5 (3, ¥

where the last step makes use of the egquations of motion. Evidently
we may identify the quantity in square brackets as a conserved

current {density),
o 8 F _ § & *
R Fyrw Rd e ’
u 6(3u¢ )

which satisfies

For the specific case of the massive scalar field theory, the
conserved current

29
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M o= igy dH

is immediately recognizable as the electromagnetic current.

What are the consequences of local gauge invariance? The fields
transform as

ox) + 200X gy .

Terms in the Lagrangian that depend only upon the fields are left
invariant, just as before. There are no consequences beyond those of
global gauge invariance. However, as we saw in our discussion of the
Schrodinger equation, gradient terms transform as

2,00x) - eiqe(x){audn(x)] +iqlaue(x)]e1q9""¢cx) ,

which necessitate the introduction of a gauge-covariant derivative

Qumx) z (Bu- lun(x))fb(x)
» 2O g ,
U
provided that
Au(x) > Au(x) + Bue(x) .

Again the regquirement of local gauge invariance prescribes the form
of the interaction between radiation and matter.

This time, let us look explicitly at the Dirac equation. The

original Lagrangian

L4 = 'vF(iy“au - my

free

is replaced by
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R

ﬁ(iyugp -muy

$(iy“au - my + q"uSY“Auw

u
= gfree + J A“ ’

where the (conserved) electromagnetic current has the familiar form

We learned in our review of gauge invariance in classical electro-
dynamics that

is a locally gauge invariant quantity. A possible kinetic energy
term is therefore -%Fu F*Y, where the choice of normalization guar-
antees the correct, which is to say Maxwellian, equations of motion.
Assembling all the pieces we therefore have

- 9] - L Hv
S?QED “efree *J Au ‘FUUF

A photon mass term would have the form

2
£, = -hm AuAu ,

which obviously viclates local gauge invariance because

u U, oM u
AYA A 8oy (A + ATA .
" + (A" + ) { " Bue) # U

Thus we find that local gauge invariance has led us to z massless
photon. (We shall see in Chapter 4 how this conclusion may be evaded
by the non-perturbative effects of spontaneous symmetry breaking.)
The fascinating history of measurements of the photon mass is
admirably reviewed in many places, including Goldhaber and Nieto
(1971, 1976), Kobzarev and Okun (1968), and Jackson (1876). The best
limit on the photon mass comes from the Picneer 10 measurements of
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the magnetic field of Jupiter (Davis, et al., 1975). The upper limit
at 90% confidence level is

1

M < 4.5 x 10 GeV/cz .

'y

which corresponds to a modified Coulomb potential of the form

exp (—r/ro)

v o — r

with r > 4.4 x 105 km. Subsequent space probes may be expected to
improve this limit further.

D. Surmmary

We have now seen how global phase invariance leads to the
existence of a conserved charge. The stronger requirement of local
phase invariance requires the introduction of a massless gauge field

and restricts the possible interactions of radiation with matter.
gﬁe theory of electromagnetism (Quantum ElectroDynamics) is there-
fore the gauge theory of the group of phase transformations which is
the abelian group U(l). We shall next investigate the generalization
of these ideas to non-Abelian groups. The resulting theories are
known as non-Abelian gauge theories, or Yang-Mills theories.
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3. NON-ABELIAN GAUGE THECRIES

In this chapter we undertake the extension of our ideas about
local gauge invariance to gauge groups more complicated than the
group of phase rotations.® We shall find that it is possible to
enforce local gauge invariance by following essentially the same
strategy as succeeded for electrodynamics. The principal difference
(apart from algebraic complexity) will be the existence of
interactions among the gauge bosons, which is a consequence of the
non-aAbelian nature of the gauge symmetry. As before, we proceed by
example, developing the SU(2)-isospin gauge theory put forward by
Yang and Mills (1354) and by Shaw (1955).

A. Motivation

The charge-independence of nuclear forces and many subsequent
observations support the notion of isospin conservation in the
strong interactions. What is meant by isospin conservation is that
the laws of physics should be invariant under rotations in isospin
space. Thus the neutron and proton must appear symmetrically. With
electromagnetism "switched off," the difference between them is
purely conventional, and so are their names. The ground-state of §$
would imply the existence of two kinds of nucleons, just as the A
demonstrated the need for three colors of quark.

The Lagrangian for free nucleons,

]
™
-~

=f . u. =f i M _
QO p( au m)p+n(1Y al-l m)n
- ‘Eitiv“au - my .

with the composite spinor

leads to the Dirac equation. The free Lagrangian S?O has a global
invariance under isospin rotations

®An excellent introduction, at a somewhat higher technical level, is
given by Abers and Lee (1973). The problem of building gauge
theories upon arbitrary gauge groups is addressed by Gell-Mann and
Glashow (1961).
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y exp[%ﬁ°§]¢ ,

where I= (Tl, T 13) are the usual isospin (Pauli) matrices and
a = (u r O, 0 ) 15 an arbitrary glcbal gauge parameter. The in-
varlance o% the Lagrangian under global isospin rotations (8% = 0)
implies the existence of a conserved isospin current density

J = Ut .
2y dJuTullJ

In analogy with electromagnetism we are led to ask whether we
can reguire that the freedom to name the two nucleon states be
available independently at every space-time point. Can we, in other
words, turn the global 50(2) invariance of the free field theory into
local SU(2) invariance?

B. Construction

The construction of the theory proceeds just as in the Abelian
case. If under a local gauge transformation the field transforms as

Pix) + P(x) = G(x)P(x) ;
with

G(x) = exp[% Te {i'(x)] '

then the gradient transforms as

3V > GE W + (36 .

To ensure the local gauge invariance of the theory, we first con-
struct a gauge—covariant derivative

P = 13 - igB
u u~ 9y '

where
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1 0
e )
0 1
serves as a reminder that the operators are 2 x 2 matrices in isospin
space. The object Bu is the 2 x 2 matrix defined by

B = s b ’
" L,

where the three gauge fields are b = (bl, b2, b3), and g is the
strong-interaction coupling constant.

The point of introducing the gauge fields and the gauge-
covariant derivative is to obtain a generalization of the gradient
which transforms as

y LT =
Quw > @uv G(@uw)

Requiring this to be so will show us how B must behave under gauge
transformations. By explicit computation &e have

@ul‘p' = auwu - igBl:l\pl

G(auw) + (BHG)w - lgBu(Gw}
= G - 1igG(B P
= (Buw) 19G( UW)

which may be solved to yield the condition
-igB'Gy = ~igG(B 1) - (3 G
gutp g(uw} (UJIIJ '

which must hold for arbitrary values of the nucleon field V. Regard-
ing the transformation cond%?ion as an operator equation and

multiplying on the right by ¢ ~, we obtain

B' = ¢Gt -2 (360q
K u g H

1

i -1 ~1
= G[B -~ G G .
( b9 ‘9, ))
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While this transformation law may appear formidable at first
sight, it has a very simple interpretation. Recall that in the case
of electromagnetism the local gauge transformation was the phase
rotation

_ . igb(x)
GEM = e

A transcription of the general transformation law is therefore

~1 i -1
A' = GA G - = G)G
H U q (au )
i .,
= A - — = A + ’
TR 1Q(Bu6) u aue

just as before. For the case of isospin gauge symmetry the meaning
of the transformation condition is that B, is transformed by an
isospin rotation plus a gradient term. H

To this point in our construction of the gauge theory we have a
Lagrangian given by

¥ = ﬁ(i’yu@u-m)d)
= - H
€, - dhB Y
= ¥ -9y« HH
deo 2 Eﬁ vy EW '

namely a free Dirac Lagrangian plus an interaction term which couples
isovector gauge fields to the (conserved) isospin current of the
nucleans. To proceed further, we must construct a field-strength
tensor and hence a Rinetic energy term for the gauge fields,

In the case of electromagnetism we had

1
F = == '
1 iq [gur 2

- i - + i A
avAu lquAp Buﬂm 1un_v

i)

BUA

T BuAv - 1q[Av, Au] .
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The commutator of the two vector potentials vanishes for electro-
magnetism (because it 1is a theory based upon an Abelian gauge
symmetry), and we recover the familiar classical definition.

For the SU(2)--and indeed general--gauge theory, we similarly
define

1 ,

m
{

]

8UBu - aqu - ig[Bv, Bu] .

Because the gauge symmetry is non-Abelian, the commutator of gauge
fields does not vanish in general. It is easy to verify that F v S°
defined is a locally gauge-invariant form and that H

£ = -k trace FHVF

™ {isospin) HY

is an acceptable kinetic energy term. As in the Abelian case, no
mass term of the form

~n’trace BHB

{isospin) H

is compatible with local gauge invariance.

The final step in the construction of the gauge theory is to
determine from the F__F term in the Lagrangian the interactions
among gauge bosons. ﬁgi the moment it will be sufficient to do this
in a rather schematic fashion. In QED, only bilinear combinations of
the gauge field occur in S?Y. Thus we have only

QED:
~~~~~~~~ Photon Propagator

Fig. 8

This reflects the well-known fact that sourceless QED is a free
(noninteracting) field theory, In the SU(2) gauge theory, in

contrast, trilinear and quadrilinear terms also appear in &?Y . We
therefore have "
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Su(2):
LLRRRRRARRL Gauge Field Propagator

- 3-Gauge-Boson
Vertex

4-Gauge-Boson :
Vertex %

Fig. 9.

The presence of the interaction terms, or vertices, is a signal that
sourceless Yang-Mills is a nonlinear ({interacting) field theory.
The gauge fields carry isospin and hence couple among themselves.
The nonlinearity [Bv, B ] arises from the non-Abelian nature of the
gauge group. H

C. Conclusions

Several examples have shown how gauge principles may be used to
guide the construction of theories. Global gauge invariance implies
the existence of a conserved current. Local gauge invariance
produces massless vector gauge bosons, prescribes (or at least
restricts) the form of the interactions of gauge bosons with sources,
and generates interactions among the gauge bosons, if the symmetry is
non-Abelian (see Problem 6).

It is appealing to try to make use of observed symmetries of
nature as gauge symmetries. This is indeed the course we shall
folleow in our later applications. However, the example of the Yang-
Mills theory shows that success-—in terms of agreement with experi-
mental reality-—-is not assured in advance. Long-~range forces
between nucleons, mediated by massless vector quanta, are not ob-
served. Therefore the Yang-Mills theory, based on the idea of
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isospin invariance (or flavor symmetry) as the strong—-interaction
gauge symmetry cannct be correct, as a specific theory of strong
interactions. We could of course reinterpret the theory just
constructed as a theory of weak interactions, based on the "weak-
isospin" symmetry apparent {d'Espagnat and Prentki, 1962; Salam,
1962) in nuclear beta-decay. This interpretation too would founder
on the prediction of massless gauge fields. Before returning to
specific applications to the fundamental interactions we shall have
to understand how to evade the prediction of massless gauge bosons
while preserving the local gauge invariance of the Lagrangian. This
is the subject of the next chapter.
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4. SPONTANEOUS SYMMETRY BREAKING'

In this chapter, we distinguish among various types of symme-
tries: Poincaré invariance vs. internal symmetries, continuous vs.
discrete symmetries, and exact vs. approximate symmetries. Among
approximate symmetries, several different realizations are possible.
The Lagrangian may have an imperfect (or explicitly broken) symme-
try, or the Lagrangian may be symmetric but have a physical vacuum
which does not respect the symmetry. In the 1latter case, the
symmetry of the Lagrangian is said to be spontaneously broken.

Our concern here will be the conditions under which a symmetry
is spontaneously broken and the consequences of spontaneous symmetry
breaking. We shall find that if a theocry has an exact, continuocus
symmetry which is not a symmetry of the physical vacuum, one or more
massless particles, known as Goldstone bosons, must occur. If the
spontaneously-broken symmetry is a local gauge symmetry, a miracu-
lous interplay between the would-be Goldstone boscn and the normally
massless gauge bosons endows the gauge bosons with mass. The Higgs
mechanism, by which this interplay occurs, is central to the current
understanding of the intermediate bosons of the weak interactions.

A. The Idea of Spontaneously-broken Symmetries

The physical world manifests a number of apparently exact
conservation laws which we believe reflect the operation of exact
symmetries of nature. These include the conservation of energy and
momentum, of angular momentum, and of electric charge. Among the so-
called internal symmetries not explicitly related to Poincaré
invariance are many useful approximate symmetries, such as isospin
invariance, conservation of strangeness and charm, SU(3) invariance,
etc. It is usual to treat these approximate symmetries by writing
the Lagrangian as

£z = s?symmetric * 6$?symmetry breaking

This form is particularly useful if 8 & is small, in some sense,
compared to ¥ ., so that the symmetry-breaking may be treated as a
perturbation. "A familiar example is

¢ = gstrong * '@EM '

7A comprehensive review of the material in this chapter is given by
Bernstein (1574). See also hbers and Lee {19%74). Dynamical mecha-
nisms for spontaneous symnatry breaking were f£irst discussed by
Nambu and Jona-Lasinio {1961} and by Schwinger (1962a, b).
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in which the strong-interaction Lagrangian is isospin invariant and
responsibility for isospin violations is ascribed to the electro-
m ti H .
agnetic term S?EM
We saw by example in Chapter 2 how continucus symmetries of the
Lagrangian lead to exact conservation laws. Approximate conser—
vation laws may arise if the Lagrazngian is imperfectly symmetric. It
may also happen that the Lagrangian is exactly invariant under some
symmetry, but the physical vacuum is not. This leads to exact
conservation laws, but conceals the symmetry of the theory.

To see how this second situation may come about, let us consider
a Lagrangian for a real scalar field ¢ which take the general form

? %(au(b)(aucb) - V{¢) .

How does the nature of the vacuum (and therefore of the particle
spectrum} depend upon the effective potential V(¢)? Suppose that the
potential is an even function of &,

Vi{g)y = V{(-¢) .

Then the Lagrangian is invariant under the parity transformation

b > -0 .

To enumerate the possibilities, let us consider a potential of the
form

vie) = EuZe? + x[A[e? -

The positive coefficient of the ¢4 term is chosen to ensure stability
against large oscillations.

Two cases may now be distinguished. Case 1: u2 > 0, corres-—
ponds to “"ordinary" symmetry. With this choice, V(¢} has a unique
minimum at ¢ = 0, as shown in Fig. 10a, which corresponds to the
vacuum state. The particle content of the theory is best examined in
the Hamiltonian formalism. It is straightforward to make the
transcription; more so in a single space dimension. We write
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&V &V

¥

Fig. 10: (a) Ordinary effective potential with a unique minimum at

x = 0. (b) Potential with a degenerate vacuum, corresponding to the

case of spontaneously broken symmetry.

L =fdx.‘2’(x, £) =f_:dx[%(%$)2"%(%$)2—v] .

and regard ¢{x, t) as a canonical coordinate at each position x. It
is convenient to divide space into cells of length £ labelled by X,
with

£ = X, - X, .
1 i-1

Then we define

qi = ¢(x1v t)

and identify the conjugate variable as

> v
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p, = dq,/dt

In this notation, the Lagrangian becomes

2 [X|q;
1.2 _ 1 - 2 _u 2 _ T
b= 82{21’1 L2 4T Gy 2 9 7 }'
i

and the Hamiltonian loocks like

_ 1 2. 1 _ 2
H = Ezgzpi * 2 (Q; - aq;.,) +V(qi’} '

This discrete form shows field theory to be a very large collection
of Schrodinger equations.® The minimum energy configuration is the
one for which q; = 9;., and V(q,} = 0 for all coordinates g,. The
particle spectrum can %e deduced by considering small oscillations
around the vacuum q; = 0 (¢ = 0), for which

which 2corrasponds to the Hamiltonian of a free particle with
{mass)™ = u=.

Case 2: “2 <0, is the situation referred to as spontaneously-
broken symmetry. The potential

4
1 2 2
vy = - Zlul%e +J—)‘-}Q— .

shown in Figq. 10(b), has minima at

/.2
¢ = = 'I_%l = ty '

which correspond to two degenerate lowest~energy states. We may
choose either of these (say, ¢ = v) to be the vacuum. The parity
transformation

b+ -0

8This formulation is developed at some length by Bjorken (1979).
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igs then a symmetry of the Lagrangian, but not of the vacuum state.

Define a shifted field

so that the vacuum corresponds to ¢' = 0. 1In terms of the shifted

field the effective potential is

2
. 2] ,2 .1 .,3 1,4
Vo) =-u[¢> too ¢ +'4-l|43\—|:| ’
4v

and the Hamiltonian appropriate to small oscillations is

4
. 12 2 2
H“Ez{zpi Hay IT’IT} -
i

This form , fepresents the oscillations of states with
{mass)” = —2W~ > 0, which do not manifest the symmetry of the origi-
nal Lagrangian in any way.

This simple example has illustrated two important points.
Pirst, spontaneous symmetry breaking occurs when an exact symmetry
of the Lagrangian is not respected by the vacuum. Second, spon-
taneous symmetry breaking is totally different in character from
explicit symmetry breaking, in which the Lagrangian itself does not
respect the symmetry.

B. Spontaneous Breaking of Continucus Symmetries

To make the leap to spontaneous breaking of continuous symme-
tries, let us consider the simple case of a Lagrangian for two scalar
fields ¢l and ¢2:

= u K Z 2
£ = % [(3 P Buby) + @70y <au¢2>J i ACT R T

which is invariant under [U({l) or 0(2)] rotations

¢i 5 ( cos 6 sin 8 ) ( ¢ >
¢é ) -5in B cos B ¢2 '
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As we have done before, we consider the effective potential
2 2

2 M 2 k| 2

v{oT) = 2 0"+ {(¢7)

where ¢2 = ¢§ + ¢§, and distinguish two cases.

Case 1: pz > 0 (ordinary symmetry). The vacuum occurs at

¢, = ¢2 =@, and for small oscillations the Lagrangian takes the

- v 24 2 W - u?.?
Lo =k [(a 6 (3.0 - Wy ] *+ x [(3 020 @, - w0, :I '

We recognize this %mmed}ately as the Lagrangian for two scalar
particles of (mass)™ = W", which is to say a degenerate multiplet
{doublet), in accord with our simplest expactations.

Case 2: u2 < 0 (spontaneously broken symmetry). In this case,
the absolute minimum of V occurs for

2
0%+ 0,0 = WP/ = v ,

which corresponds to a continuum of distinct vacuum states with
identical energy. The degeneracy is a consequence of the 0(2)
symnetry of the potential. Let us choose as the physical vacuum
state the configuration

b =V o, 9, = 0 .

(This can always be achieved by a suitable choice of coordinates.)
Expanding about the vacuum configuration by defining

¢z

1
[laa
[E}
=
b
|
o
-

we obtain the Lagrangian for small oscillations
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1 u u T

oo = 3 [:(3 n)(Bun) + (3 E)(BUE,)] +—4—l)\_|
+ p2n2 + Qe 52 + ... .

There are two particles in the spectrum. Th n—pargicle, which
corresponds to radial oscillations, has (mass)” = -2y~ > 0, while
the £-particle, which corresponds to angular oscillations, is mass-
less. The masslessness of £ is a consequence of the 0(2)-invariance
of the Lagrangian, which means that there is no restoring force
against angular oscillations. In contrast, the mass of the n-
particle is a consequence of trying to displace the 1 against the
restoring force of the potential.

This splitting of the spectrum is an example of Goldstone's
Theorem (Goldstone, 1961; Goldstone, et al., 1962; Gilbert, 1964},
according to which if a theory has an exact continuous symmetry of
the Lagrangian which is not a symmetry of the vacuum, a massless
particle must occur (see Problem 7).

C. The Higgs Mechanism

We next consider Lagrangians with spontaneously broken sym-
metries which also possess local gauge invariance. There will emerge
a miraculous interplay between the massless gauge fields (such as
made the Yang-Mills theory an unacceptable description of nucleons)
and the massless scalar Goldstone particles (which are also uncommon
in particle physics). The simplest exampleg of the Higgs phenomencn
is provided by the Abelian Higgs model, a U(l)-invariant scalar field
theory with an Abelian gauge field that describes the electrody-
namics of charged scalars (Higgs, 1%64a, 1967). The Lagrangian is

2
1 * *
¢ = @%@ -S54

M 2 oL gy
LR Bk N

where

)
L

- 1 A
Bu iq "

F Lig ., 2] .
uv ig Tt v

%See the interesting review article by Linde (13979). Compare Problem
g.
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and
¢ = ¢l + i¢2
The Lagrangian is invariant under U(l) transformations
o+ o = &% :
and under the local gauge transformations

Au(x) > AL(X) AU(X) + Bua(x) .

As usual, we have two cases, depending upon the parameters of the
potential,

Case 1: 112 >0 (ordinary symmetry) leads to ordinary QED of
charged scalars, with

1 massless photon
* . 2 _ 2
2 scalars (¢7) with (mass)” = n

Case 2: uz < 0 (spontaneously broken symmetry) requires a
closer analysis. We must shift the fields to rewrite & in terms of
displacements from the physical vacuum at |¢| = v. Let

o = &¥Vw 4

n

v +n+ iE

Then the Lagrangian appropriate for the study of small oscillations
is
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foo = WA +HEYD G L - S
+u%n? +o0- 52
2 2
- ava (3Y0) + I LS _

The n field has a (mass)2 = -2u2 > 0, as expected. The gauge field
A appears to have acquired a mass, but is mixed up in the penulti-
mite term with the seemingly massless {-field.

To see what is really going on, it is convenient to write the
(&, Ah) pieces as

2.2

q-v u_ _1.p -4
> (A qVBE)(Au qvaug) ,

a form which pleads for a gauge transformation correspeonding to

v - Y
AU - Au = A“ v aug(x)
I L B Y0 BRI

Knowing that X is locally gauge invariant, we may return to the
definition to compute

u4 1 _uv
& - 1 : .
s.0. s " dF Ty

g2v2 VR RS 11 22
+ 5 ALA + 3 {0 n)(Bun) + un

The particle spectrum is now manifest:

» an n-field with (mass)2 = —2u2 > 0;

. . . 2 2
« 2 massive vector field A', with (mass)2 =g v >0

s no b-field.

Thanks to our choice of gauge, the E-particle has disappeared
entirely! Where did it go? The gauge transformation
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1
A L I - =
TR AT v 8k

shows that what formerly was the E-field is reponsible for the
longitudinal components of the Aﬁ field. Before spontaneous symme-
try breaking we had
+
2 scalars (¢7)

+ 2 helicity states of Aﬂ

4 particle states .
After spontaneocus symmetry breaking, we are left with

1 scalar (n)
+ 3 helicity states of AL
4 particle states .
It is commonly said that the massless photon "ate" the massless
Goldstone boson to become a massive vector boson. The remaining
massive scalar (n) is known as the Higgs boson. The gauge in which

this became transparent is known as the unitary gauge (U-gauge),
because only physical fields appear in the Lagrangian.

D. Spontaneous Breakdown of a Non-Abelian Gauge Symmetry

To appreoach the additional complications that attend the spon-
tanecus breakdown of a non-Abelian gauge symmetry we choose as a
useful prototype an SU({2) gauge theory and study scalar fields that
make up the triplet representation:

ol
¢ .
4,

fo

We shall construct a theory which is invariant under the gauge
transformation

49
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£ > % = explizedy :

The exponential factor is a 3 x 3 matrix. The operator T, generates

isospin rotations about the i-axis, and satisfies the usual 8uU(2)
algebra

[Ti, Tj] = 1€ijka .

It has the explicit form

T = -leijk .

As usual the covariant derivative takes the form

= Y3, ~ igTe A
Eﬁu au igT &
_ 2
= Gmnau - gERmnAu ,
and the Lagrangian is
= u, * * 1 uv
€ = H@Y (D) - Vgt - RE o E :

When ¢ = 0 is a minimum of the effective potential V, we have an
ordinary, nﬁsospin conserving, gauge-invariant Yang-Mills field
theory. Of more interest to us at the moment is the spontaneopsly
broken case, in which we choose the value ofi that minimizes V(S)“. 5’)

ds
(o
b =10 .
v

We shift the fields and expand about the minimum configuration:
/0
= i
b= e { v 63Ty # 52T2)} 0 ‘

v + 1

K
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As in the Abelian Higgs model, we make use of gauge invariance and
transform to U-gauge, by letting

$ > ' = exp {'% €Ty *52T2’}$

o
= 0 .
v + n

In the new gauge, the Lagrangian for small oscillations is

. 1 . 22 1 Ty
Loy = 2(3m(3un) +un s E
+ v [AlAlu + aZa%H ] +
> u " .

In this form the Lagrangian reveals that

*» £ and £, have disappeared entirely, i.e. they have been
"gatiged away;"

+» N has become a massive Higgs scalar with (mass)2 = —2u2 > 0;

*» the vector bosons corresponding . to tBe2 (broken symmetry)

generators Tl and T, acquire (mass)” = -g"u /A > 0

* the Lagrangian ({and the wvacuum) remain invariant under T3,

and the corresponding gauge boson AU remains massless.

Again let us summarize what has happened to the theory. 1In the
case of ordinary symmetry, we had

2y

3 massive scalars [(mass)2 = 1

3 massless vector gauge bosons
__ (%2 helicity states)

9 degrees of freedom .

After spontaneous symmetry breaking, the particle spectrum consists
of

51
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. 2 2
1 Higgs scalar [(mass)® = -2p° >0 ]
1 nmassless gauge boson {x2 helicity states)
2 massive gauge bosons (x3 helicity states)
9 degrees of freedom .

In the absence of the local gauge symmetry, spontaneous symmetry
breaking would have led to one massive scalar plus two Goldstone
bosons.,
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5. THE WEINBERG-SALAM MODEL FOR LEPTONS

The examples of the preceding chapter have shown how spontane-
ous symmetry breaking can endow the gauge bosons with mass. This
suggests a means for constructing a theory of the weak interactions
which is based upon local gauge invariance. As usual, the choice of
a gauge group is inspired by experiment but there is no guarantee
that the theory will have acceptable consequences. In this instance,
the first and in many ways simplest gauge theory of the weak and
electromagnetic interactions, the Weinberg (1967)-Salam (1968)
theory, gives an apparently successful account of all known data. It
is this theory that we now construct.’

A. SBtructure of the Theory

We first consider only the electron and its neutrino, which form
a left-handed "weak-isecspin" doublet

AV
L =
=]

L

-

where

<
|

L = ;5(1 ‘Ys)\) T

and

1]
I

L 5(1 - v)e .
Since the neutrino is apparently massless,

vR = k(1 + Ys)v = 0 ’

'For more exXtensive accounts, see Abers and Lee (1%73), Bég ang
Sirlin (1974), Fradkin and Tyutin (1974), Taylor (1976). Some
history of gauge models of the weak and electromagnetic interactions
is reviewed by Coleman {1979), Hung and Quigg {1980), Glashow {1980),
Salam (1980}, and Weinberg (1980). Many technical issues are treated
in the 1975 Les Houches Lecture Notes (Balian and Zinn-Justin, 1976}.
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80 we designate only one right-handed singlet,

R = eR = k(1 + Ys)e .

This completes a description of the weak charged currents. To
incorporate electromagnetism, we define a "weak hypercharge” Y.
Requiring that the Gell-Mann-Nishijima relation

Q = I+ My
be satisfied leads to the assignments
Y = -1 -,

Y = -2 .

By construction, the weak isospin projection I3 and the weak hyper-
charge Y are commiting observables,

[I3, Y] =0 .

We now take the group of transformations generated by I and ¥ to
be the gauge group SU(2) & U(l) of our theory. To construct the
theory, we introduce gauge bosons

al, a2, a2 for sU(®)
H H Hu

B for U((l) .
!
The Lagrangian is written as
g = -Q’ + _S{,,
gauge leptons d
where
i _ipv UV
= 3 F - %f f
'Tgauge “Fu\) v !
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the field-strength tensors are

i i i .k
F = - AT+ .., AA
HV SUAu au v ggljk AVAR T

and

and

—=. M _ ig’
leptons Riy (au B Y) R

wad |

+EiY“(a“—ig—'BY~-jﬁL-A“)L .

The coupling constant for the U(l) gauge symmetry is chosen as q'/2,
the factor of % being chosen to simplify later expressions, and the
coupling constant for the SU(2) gauge group is called g.

This is not a satisfactory th(iory.2 fcn:3 tw% reasons. It containg
four massless weak gauge bosons (A~, A®, A", B"), whereas nature has
only one, the photon. In addition, the local SU(2)., invariance
forbids an electron mass term. How can the theory be modified so
there will be only one conserved guantity (the electric charge), and
one massless gauge boson (the photon), and the electron will acquire
a mass?

To accomplish these things, we introduce a complex doublet of

{Higgs) scalars
¢+
¢=(¢°> '

which transforms like an SU(2) doublet and must therefore have

Ve add to the Lagrangian a piece

% - (@“MT(QUM - Vol

Higgs
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where as usual

2
violer = 2 oTe + 1L (4702

We are also free to add an interaction term which involves Yukawa
couplings of the scalars to the fermions,

- % - .
inter - Ge[R¢ L + L¢r] '

which is symmetric under SU(2) &® U(l) and has an admissible Lorentz
structure.

Now let us imagine that L? < 0 and consider the consequences of
spontaneous symmetry breaking. We choose

¢
<¢ >0 = ( ) ’
v

which breaks both SU(Z) and U{l},, but preserves an invariance under
the U(1) symmetry generated %ﬁf the electric c¢harge operator.
Recall tha% a {(would-be) Goldstone boson is associated with every
generator of the gauge group that does not leave the vacuum invari-
ant., The vacuum is left invariant by a generator @ if

ion ®

For an infinitesimal transformation, the left-hand side is
(1 + ic%) <>

Thus the conditicon for % to leave the vacuum invariant is
$§<¢>O = 0

For the generators of SU(2) & U{l), we find
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weo = (00 ) - 0] e

but

It
(=2

Q<¢>D = %(TB + Y)<¢>o

This is promising! Three of the original four generators are broken,
but the linear combination corresponding to electric charge is not.
The photon will therefore remain massless.

Next, we expanhd the Lagrangian about the minimum of V by writing

""iE,'_T 0
L AU

-

v + 7
and transforming at once to U-gauge:
ig‘cl 0
¢+¢f =  @Xp 2v ¢ = ( ) ‘
v o+
TesA =+ Tep!
m.ﬂ-t]_l L V1 '
B > B
1 i '
R + R

iEet
L+ L' = exp ;v = L .
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[Had we followed the usual procedure literally, we would have
replaced the generator T, in the shifted field ¢ by the combination
K = %(T, - Y} orthogonal to Q, which is strictly spesaking the third
broken generator. However, since = K + Q and Q leaves the vacuum
invariant, the effect is the same.]

We now may enumerate the consequences of spontanecus symmetry
breaking. The Yukawa term in the Lagrangian becomes

, = - e + + oaa.
inter GeV{eReL eLeR]
= -G Vge + ... ’
e
so the electron has acquired a mass
m = .
e GeV

The Higygs term in the Lagrangian is

_ " _ 22

2

v 3 2
+ = B - gA
2 (g p -9 u)

+ 92[(Aﬁ)2-+(Ai)2] ] Foaa. .

2 2 ,
We see at once that the N-field has acquired a (mass)™ = -2 > 0; it
is the physical Higgs boson. If we define

ST
W, o= ,

the term proportional to 92v2 is recognizable as a mass term for the
charged vector bosons:

2v2 [ + 2 _ 2]
+ | W .
AL A
Thus the masses of the charged intermediate bosons are

Mw = [gv|/2 .
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Finally, defining the orthogonal combinations

3
'B. - g
. ) g u g u
H A7+ g0
and
g + g'

A = ’

I B2+ 12

we find that the neutral intermediate boson z° has acquired a mass

2 ¥

M = g +q v/2

02
/ g
1+ gz MW

and that the A field remains a massless gauge boson corresponding to
the surviving exp {iQS(x)} symmetry. We have achieved, at least
schematically, the desired particle content—-plus a massive Higgs
scalar we didn't request.

Do the interactions also correspond to those in nature? The
interactions among the W-boscns and leptons are of the form

_ = Mo ot L T
Ly = 7%["1,* °L¥ *oeny "L”u:l ’

which is consistent with the familiar low-energy phenomenology pro—
vided we identify

Similarly, the neutral-boson couplings to leptons are given by
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- % ng + g'2zﬁ3LYuvL

z 2,2
- —_ 2_
" (_(_g__z_i_)eLYueL _ g eRTueR) .

* T,

Therefore we may indeed identify A

as the photon, provided that we
set H

¥

g2 + g.2

It is convenient to introduce a weak mixing angle BW and to
parametrize

g' = g tan GW p
so that
o] = e/sin GW > e ’
g' = e/cos ew > e '
and
g2 + g'2 = g/cosew .

With these definitions, the connections between the SU(Z)L ® u(l)
gauge fields and the electroweak gauge fields are

= o + i
BU Au cos & Zp sin GW .
A3 = A sin€_ - % cos B H
H M W M W

or
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_ \ _ .3
Zu = Bu sin Gw Au cos BW ’
A = B cos 8._+ A3 sin 8 ’
U ! W H W

justifying the designation of 8_ as a weak mixing angle. Taken
together, the coupling constant ggentifications lead to

2 _ 2 2 .2
M, = g /4¥§CF = e /4/5GF51n By

. 2
ﬂc:/fiGFs in GW

(37.4 Gev/c?) /sin® ©

)

W r

and

=
i}

Mé/cos2 BW .

]

Notice that the dimensionless Yukawa coupling that endowed the
electron with a mass is small:

G = 23/4me/GF = 3 x 10°° ,

as well as arbitrary. The leptonic weak interactions are summarized
by the Feynman rules for vertices given in Figure 11 {(Fujikawa, et
al,, 1972).

B. Properties of the Gauge Bosons®

Within the Weinberg-Salam theory, there are definite predic-
tions for the intermediate boson masses in terms of 9.. which may in
principle be fixed in neutral current measurements. What can be said
about the decays of the intermgdiate bosons? Let us begin by
studying the leptonic decays of W .

In the W rest frame, the outgoing lepton momenta are

’A convenient summary appears in Quigg (1977). See Eung and Quigy
(1980) for the evolution of the intermediate boson idea.
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e
‘:::>yﬁuﬂuﬂufhf\f’lx)\ -le e!)s\ e
e
% |
2. /5
+ (;F:hn\w by I__ e
::::>k\r\/~aﬂaﬁv VVA l( JEE‘ ) ]y)f ( )%3 )
e
v
2.1
z5 ul (GF MZ)/ZI_/y (-5 )
A Vo Vo' )y
17
¢ I
2 /2
-i /G M
o I F'Z -
e Cy+C e,
>MZ>~ fa‘( Jz“) A Loveenrs
e c, =4 sin_2 Bw -1,
Ch = |

Fig. 11: Feynman rules for gauge boson interactions with leptons
in the Weinberg-Salam model.
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— (sin 0, 0, cos 9, 1)

Ko
1}

q = fg {(-sin 6, 0, -cos &, 1) '

where the electron mass has been neglected, and the polarization of
the decaying W is eu = (g, 0). The matrix element for the decay is

k
G

2
. _ = H - R
it = ufe, PIY (1 YS)V(\), q)Eu (75‘ ) '

so that
2

G ’ *
L47|2 = —5;3 tr { £(1 - Ys)q(l + y5)z )72 }

2
_GY
il —f};ﬂ $2 tr {(1 +Y5)z¢ﬂ*¢}

Gy
ol

* *
. 8{(€~q)(€ e p) - (E0€ )(p=q)
Kluvex

* . *
+ (e« p)(e «g) + it qkeup\)} -

The decay rate cannot depend upon €, so we first choose

*
e = (0,0,1,0 = ¢ '
for which
4GFM:J
2 .2
%AVI = “7§'“ sin” 6 .
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and the partial decay rate

For, the value of the weak an

Pw =+ e )

ap &= =

dr GFMSV
2

ds 6

23 MeV
39

W

C. QUIGG

le currently favored by experiments,?
g P

sin2 eW = (.2, we predict Mo = 84 GeV/c” and T(W > ev) = 250 MeV.

It is similarly straightforward to compute the decay angular
distributions of intermediate bosons with transverse polarizations.
The results are summarized in the Table:

helicity

dl' /&
3
G
-Egﬂ— (1 - cos 6)2
znYz

3
CPy 2
—5 sin” ©
161%/2

Sy

5 {1 + cos 8)2
32152

These angular dependences are easily understood in terms of angular

momentum conservation:

3 .
Recent summaries,

extensive

references to earlier work,

include Abbott and Barnett (1978), Hung and Sakurai (1979); and Kim,

et al. (1980Q).
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Fig. 12.

= (0 is forbidden, but 8 = T is OK. The situaticn is reversed for

8
at

Fig. 13.

O = 0 is allowed, but § = 7 is not. The positron tends to follow the
direction of the W ©polarization, while the electron avoids the
direction of the W polarization. This is an example of C-violation
in the weak interactions.

The leptcnic decay rates of the neutral intermediate boson can
be computed almost by transcription. We find
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G
F(zo > -3 - FrZ - 11.4 MeV
v 122 3 ’

. 3
sin GW cos BW

rz° + ee) T(z° + vo) x [(Zsin2 ew)2 + (1 - 2sin® ew)z:l )

Thus, for sin2 6. = 0.2 we expect M, = 94 GeV/cz, F(zo > VW) = 180
[} W= 7
MeV, and I'(Z~ > ee) = 90 MeV,

Extension of these calculations to other leptons and to non-
leptonic decays can be made effortlessly after we have incorporated
quarks and other lepton generations into the theory. The results are
described in many places, and we merely refer to them.

C. Neutral Current Interactions

As a prelude to a very brief review of neutral current inter-
actions, let us incorporate additional leptons into the Weinberg-
Salam model. This is done merely by cloning the existing structure.
We add further weak iscspin doublets

M/ T/
and right-handed singlets

LIR TR .en

with the same weak hypercharge assignments as

[By omitting right-handed neutrinos, we are continuing to regard the
neutrinos as massless.] In addition, we include Yukawa interaction
terms

+ —
Qinter = —Gi[Ri(b Li + Li¢Ri] ,
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with i = e, 4, T... This done, we obtain the fame Feynman rules for
the interactions of y, v, 1, v, ... with Y. W, and 27 as we did for

e and y_, and obtain mags termd for the charged leptons just as for
the electron.

The leptonic neutral current interactions for which experiments
may be contemplated are measurements of the cross sections for the
neutrino-scattering reactions shown in Fig. 14 (see Problem S),

Y,

e-—--i-

v, e—=el
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€ e

Fig. 14. Neutrino-electron scattering reactions in the Weinberg-
Salam model.

together with the observation of Y- z° interference in the reaction
e'e -y p illustrated in Fig. 15. The cross sections for neutrino-
electron scattering ('t Hooft, 1971} are shown in Figure 16 as
functions of the weak mixing angle. Existing measurements are all
consistent with the value

sin? 6. = 0.23% 0.05 ,

which is in agreement with what is known from semileptonic processes.,

. . . . + - - .
Fig. 15. Contributions to the reaction e e - p+u in the Weinberg-

Salam model.

“Details of the computations may bes found in the lecture notes by
Quigg (1976) and the monograph by Taylor (1976} .
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5

-4
10

CJ'x(IGeV/Ey),cm2

Fig. 16. Cross sections for neutrino-electron scattering in the
Weinberg-Salam model.

D. Incorporating Hadrons

Extension of the Weinberg-Salam model to the hadronic sector is
accomplished through the medium of the quark model. The necessity of
enlarging the spectrum of quarks beyond u, d, and s has already been
noted in Chapter 1, where the motivation for the Glashow-Iliopoulos-
Maiani (1970} mechanism was reviewed. Rather than repeat here the
arithmetic presented there, we shall simply read off from the
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structure of the Weinberg-Salam model of leptons the Feynman rules
for the G-I-M scheme based on

u (o}
g . uR dR CR SR .
8 /L B/ L
with
de = d cos eC + 5 sin ec ’
and
se = 5 COS BC - d sin BC .

This construction yields the observed universality between leptonic
and hadronic charged-current interactions, results in flavor-conser-
ving neutral currents, and has an agreeable symmetry with the lepton

sector based upon
ve vu
ep Mg .
L

The Feynman rules for interactions between gauge bosons and quarks
are presented in Figure 17.

The flavor-conserving neutral current property is easily
generalized to the case of many quark generations. This is of more
than academic interest because of the observation of the fifth quark
{b-gquark} in the T family of meson resonances, not to mention the
existence of the charged lepton T(1782). Suppose that there are n
left~handed gquark doublets

u c \ ( t ) - ’
a* s/, A

L
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EYA(I—YS )dG

o]

2 |
—i {GF MZ )/2

N AN A\

- _ . 2
C,, =T, —4e_. sin Qw

Fig. 17: Feynman rules for gauge boson interactions with guarks in
the Weinberg-Salam model.

where the primes represent mixing among the charge-1/3 quarks. We
write all of the quarks in terms of a composite (2n-component} spinor

71
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t
c
u
voo= -
d
5
b
and express the charged current as
EARS I Yy, (1 ~ yo) € ¥ ,
A A 5

where the (2n X 2n) matrix & is of the form

and U is the unitary, (n x n) matrix that describes quark mixing.
The weak isospin contribution to the neutral current is

a3, Yy (1 -y ) { & ﬁ*]l?
A T s ! ’
but since
I 1}
(6. oty - ( ) ,
0 -I

the neutral current will be flavor diagonal.

As was the case for the leptons, fermion mass generation by the

Higgs mechanism is both possible (which is a virtue) and completely
ad hoc {(which is not). Let us show this explicitly for the two~
generation case. We assign
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as SU(2)  doublets with weak hypercharge Y = 1/3, and

d

u R

C

R’ R’ 5y

as SU[2)L singlets with Y(u, ¢} = 4/3, ¥Y{d, s) = -2/3. The Higgs
doublet

transforms as an 807(2) doublet with Y = 1, while the charge-

conjugate dcublet
o)
_ ¢
¢ = -
-¢

is an SU(2) doublet with ¥ = -1, The most general gauge-invariant
Higgs boson~fermion interaction is

S?inter = Gl{Ll¢uR + h.c.] + G2[Ll¢dR + h.e.]
+64 (L ¢sp + h.c.] + G, {Lyde, + hoc.]
+G5[L2¢dR + h.c.] + G6[L2¢sR + h.c.]

The other conceivable terms, L Eb and f'$u , vanish identically.
Replacing g by its vacuum expectation value

0
<¢>o = . ’

we obtain mass terms. The Yukawa couplings G,...G. must be chosen so
that u, d, s, ¢ are mass eigenstates with the correct nasses:
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Gl = mu/v R G2 = my cOs ec/v ’
G3 = mg sin GC/V . G4 = mc/v .
G5 = -G2 tan BC . G6 = G3 cot BC .

We are evidently at liberty to do this. Clearly any symmetry
principle which relates the G, may lead to connections between the
quark masses and the Cabibbo emixing) angle.

E. The Higgs Boson

With the G, adjusted to reproduce the fermion mass spectrum, we
may read off the Feynman rule for Higgs boson-fermion interactions:

. i
- /
T Y Ik

Fig. 18.

The amplitude for Higgs decay into a fermion-antifermion pair is then
simply

. o s k— ,
il = 1m(GF/5) u(pl)v(pz) '

where (neglecting the fermion masses)

Py = (0, 0, 1, 1) .

I

Pz %MH(OI Ur "11 l)

Vie then have
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L#]? = Gszff'tr(ﬁlpz)

2.2
4GFm MH

= — ,

which implies an isotropic decay angular distribution

2
QE _ lr./f(l i _ Gmeblﬂ

il 64N2MH 1617

and a total decay rate
2
Cpl ety

M= £ = -

The dominant decay of a light (M < ZMW) Higgs boson is therefore
. . . H . . . .

intc pairs of the most massive fermion which is kinematically
accessible.’

Nothing in the Weinberg-Salam theory specifies the mass of the
Higgs boson, and nothing we have done depends in any direct way upon
the value of this parameter. However the couplings of the Higgs
scalar to gauge hoscns are determined by the Higgs mass, as in the
case of

2
S~ _ -7 -\ =GFMH
PPN 4 2/2

Fig. 19.

SThe properties of a light Higgs boson are elaborated by Ellis, et
al. (1976), and by Gaillard (1978).



C. QUIGG

Because of this, the overall consistency of the theory may imply some
restrictions upon the Higgs mass.® The manner in which this comes
about may be seen most simply by examining the behavior of the theory
at high energies (Lee, et al., 1977a, b; Picus and Mathur, 1873).

To begin, let us recall the familiar unitarity argument for the
breakdown of the four-fermion theory. In the V-A theory with no
intermediate bosons, the cross section for the reaction Vpe + uve is
given by

2
2 2 2
G_ 5 [ {m - m) }
. R "I
O(v“e > uue) = - 1 =
2
. SF°
—;& .

The angular distribution is isotropic,

st (m2 - m2)
dg L[l___u_e_]

aq 4112
which is to say that the scattering is purely s-wave.

Partial-wave unitarity constrains the modulus of the s-wave
amplitude to be

where the partial-wave expansion is

Wi

% [« 4]
_ dg _ 1 E
£(6) = ( 2 a ) = = (2T + l)PJ(cos B)UQG
J=0

®a lower bound on M, is derived by requiring that radiative correc-
tions be controlled: Linde (1976); Weinberg (1976). An alternative
approach to the heavy Higgs alternative has been pioneered by Veltman
{1977a, b, 1980). Upper bounds on fermion masses are also implied.
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and the explicit factor of two is te undo the spin average. This

constraint is equivalent to the familiar restriction

o < 4n/ng

for s-wave scattering. For this process,
2 2
G.s (m - m)
M =L 1__L__...ef...
o w2 s

w2 '

n

which implies the unitarity constraint

This means that the four-fermion theory can make sense only if
s <  W2/6, ,
which is to say that
YS < 617 GeV
or
pCM < 309 GeV/c .

In gange theories, the asymptotic growth of partial-wave ampli-
tudes is regulated, and all amplitudes are at worst in logarithmic

violation of partial-wave unitarity in lowest order. When the
calculable higher-order corrections are applied, the amplitudes
become properly finite. There is one possibly exceptional case:

interactions in which the Higgs boson plays an important role. In
gauge boson—ga&ge boson scattering, high-energy amplitudes are pro-
porticnal to MH' For example,

77
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Fs

G

1
./”O(HH‘* HH) o~ iy
S0

N

ki

For an elastic s-wave amplitude, the partial-wave unitarity restric-
tion is

|u’{(| < 2 r
O

which is respected by the lowest-order amplitude only if

W< B2 (g g5 peysc?)? :

¥

A systematic analysis of all channels (W+W—, ZOZO, HZO, HH} leads to
a refined "bound,"

Mfl < Bgf % (1 Tev/cl)? .
F

The meaning of this condition is that if MH << 1 TeV/cz, the weak
interactions remain weak at all energies (except near gauge boson
masses) in . the sense that tree diagrams are reliable; if
MH > 1 TeV/c , partial-wave amplitudes for gauge boson scattering
become large {i.e. weak interactions become strong). In the latter
case, gauge boson interactions in the TeV regime may resemble
hadronic interactions in the GeV regime.

F. Open Questions

In spite of (or because of) the spectacular phenomenological
success of the Weinberg-Salam model, many questions present them-
selves. We close this chapter with a brief list.

* Is the Weinberg—-Salam theory correct? 1Is it complete?

¢ Will the intermediate bosons be found with the expected
properties?

* Will a Higgs boson be found? What are its properties?
* Are weak and electromagnetic interactions truly described by

a gauge theory, or do we merely have the low-energy phenomenology
characteristic of the Weinberg-Salam theory?
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» What is the origin of fermion masses?

» What is the origin of generations?

How does the mixing of quark flavors arise?

vihat is the mechanism of CP violation?

s Are the neutrinos massless?

What (if any)} is the pattern of lepton mixing, and how does it
arise?

79
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6. QUANTUM CEROMODYNAMICS’

Having learned that local gauge invariance provides the key to
understanding the weak and electromagnetic interactions, we turn our
attention once again to the strong interactions. The work of Yang
and Mills and of many others in the early 1960s showed that it is
unlikely that a flavor symmetry (like isospin or SU(3)) will be the
basis of a successful gauge theory. Furthermore, at what we cur-
rently perceive to be the constituent level of quarks and leptons,
flavor has been seen to be an attribute of the weak interactions—-
rather than the strong. The property that distinguishes guarks from
leptons is color, so it is natural to attempt to construct a theory
based upon local color gauge symmetry.

The choice of a gauge group is guided by two empirical facts:
* the familiar gquarks {u, 4, s, c, b} are color triplets, but
« the known hadrons are color singlets.
An obvious candidate for the color gauge group is SU(3)C, where the
subscript C for color is toc differentiate this symmetry from the
approximate flavor SU(3) symmetry of the ordinary hadrons. This will
be seen to be a felicitous choice.
The gauge bosons that will emerge in the theory are called

gluons, because of their role in binding gquarks together within
hadrons. The ccuplings

q

Fig. 20.

’A recent review has been given by Marciano and Pagels (1978).
Various threads in the QCD tapestry are to be found in the papers by
Bardeen, et al. (1973), Fritzsch, et al. (1973), Gross and Wilczek
(1973b), and Weinberg (1573). See also the workshop proceedings
edited by Frazer and Henyey (1979) and by Mahantappa and Randa
{1980) .
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can exist for aluons that belong to the

&*
193 = 198

representations of SU(B)C. Color-singlet gluons would also couple
to

1

Fic. 21.

and would give rise to long-range forces between hadrons--the rock on
which the yang—Mills theory foundered~~so we choose to exclude them
from the theory.

If the quark colors are designated as red (R), blue (B), and
green {G), the gluons may be represented conveniently as

RB RG BR GR BG GB
RR - BB RR + BB - 2CG
V2 Ve *

The last two are color-preserving forms which are orthegonal to the
color-singlet combination

The elementary interactions will be of the form

Red gquark + RB gluon =+ Blue gquark .
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etc.

A. Stability of Color Singlets

We wish to verify, or at least make it plausible, that the
colorless (singlet) state is the configuration of lowest energy.
This would account for the common occurrence of color singlet
hadrons. To give a complete demonstration, it would be necessary to
give a complete solution to the problem of hadron structure. Since
this is beyond our means, we must be satisfied to examine the
relative strengths of one-gluon-exchange interactions among quarks
(Feynman, 1977). This style of investigation is referred to as a
"maximally attractive channel” (MAC) analysis.

Consider first the scattering of two green quarks. This is

mediated by a single diagram, namely by the exchange of a
(RR + BB — 2GG) /6 gluon:

G

Fig. 22.

The interaction strength is proportional to
-2 -2 _ 2
(73) . (7?) = 73 ’

which is repulsive. As in electrostatics, like {(color) charges
repel.

The scattering of a blue gquark and a green guark involves two
interactions: a direct term
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Fig. 23.

with strength

and an exchange term

G

Fig. 24.

with strength

which is again repulsive.

83
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States symmetric and antisymmetric under color interchange may
be classified as

5

BG * GB
3 =

A

What are the interaction energies in this basis? The direct term
contributes (S + A)(-1/3), while the exchange term contributes
(S — A)(1). Thus a symmetric configuration corresponds to an inter-
action strength

ﬁs = 1-1/3 = 2/3 i

consistent with our result for GG scattering, and an antisymmetric
combination corresponds to

€A = -1 -1/3 = -~ 4/3 .

These results are SU(3),.~invariant; they continue to hold under
changes of labels R, B, and G.

To build up baryons, we sum over two-body quark-quark inter-
actions. There are three possible three-quark configurations in
color space.

* The totally symmetric color 10 (CITIJ) configuration, with
interaction strength

& = 3¢

10 + 3& = 3 & = + 2 ’

direct S{exchange) s

which is repulsive.

* The totally antisymmetric color singlet Eﬂ configuration,
with interaction strength

g = = - = -
1 73£direct * 3€A(exchange) 3 éﬁA 4 '

which is attractive.
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* The color 8 ( E}] ) state of mixed symmetry, with inter~
action strength

& = 36

8 &

direct + 8 (exchange) * éaA(exchange)

= 3(-1/3y +1 -1 = -1

which is less attractive.

0Of the three-quark states, it is the color-singlet configuration
which is maximally attractive.

FPor a general configuration of n_ quarks with ng symmetric and

n. antisymmetric pairs, we readily ve?ify that

n
_ - _ i q
& = (ns nA) 3 ( ) B

With this result in hand, it is easy to investigate the interaction
energy of more complicated configurations. Should a quark be bound
to a {(color singlet) proton? The proton-quark composite has a total

energy
4
() -
2 ;

which is the same as the energy of a quark and proton in isolation:

< | ] = (1~ 3) -
||

W

& [j + &(00) = ~4+0 = -4 .

Thus there is no indication of appreciable binding. A similar
examination of 5, 6,...-quark states reveals no energetic advantage
to these configurations either. Thus, within the context of the one-
gluon-exchange description, we have made it plausible that color
singlet three-~quark states are the most deeply bound multiquark
states.

Let us now turn our attention to guark-antiquark states. As an
example of a colored meson, consider a (color B) RG state, for which
the direct interaction

85
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Fig. 25,
cccurs with strength

- (#)-0l#)

where the explicit minus sign is characteristic of an antiparticle

vertex in a wvector theory. The color 8 gg state is therefore
expected to be unbound.

I
+
i

_The analysis of colorless mesons is somewhat more involved. For
a {GG) state, there are three interactions possible:

* the color preserving

@]

RR+BB-2GG
'y

@]

Fig. 26

which contributes
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the GG * RR transition

Fig. 27.

which contributes

&

ii

and the GG + BB transition

Fig. 28.

which contributes

{1) (=) (1)

-1

2l

0]

Coi

0]
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énlll = {1) (~) (1) = -1 .
The total encryy nf the color singlet state
RR + BB + GG
V3
is given symbolically by
& = 3 1 |G§> x - (|R§> + |B§> + |GE>)
1 * /3 V3 ‘

where the factors represent {(from right to left) a projection on the
final color-singlet state, a projection on an initial GG state, and

the effect of all the possible initial configurations. We recover
simply

& = &, .+ ..+ &... = -8/3 .

an attractive interaction.

The rather pedestrian analysis of this section has indicated
that the color singlet qgqg and qg states are likely to be the most
stable confiqurations. This is pleasantly in accord with our
knowledge of the properties of baryons and mesons, and lends support
to our choice of SU(3)C as the gauge group for the strong interac-
tions among quarks.

B. The QCD Lagrangian

With these preliminaries behind us, we may now formulate the
gauge theory of color triplet gquarks interacting by means of vector
gluons which belong to the octet representation of 8U({3) .. The
Lagrangian will have the standard Yang-Mills form, namely

L = 562 GPHV & T (i M B 0B
GWG o, iy 92'“ ng )q&s

where (g, §) = 1, 2, 3 (or R, B, G) are color indices for the quark
fields and a =1, 2, ..., 8 is the glucn color label, The field
strength tensor is given by
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a _ __l.. -
GW = T5 [@u’ 2]

where B® is the color gauge field (the gluon field) analogous to the
isospinTgauge field b, in the original Yang-Mills theory. The gauge-
covariant derivative is a 3 x 3 matrix in color space,

- _ ig aga ,
@, = 13, -3\

and A\? are the eight 3 x 3 matrix representations of the SU(B)C
octet.

These generators of SU(3) rotations are conventionally labeled

1 2 3
R B &
R , 0 1 0 0 -i 0
A=E(1 0 o) ,A2=(1 0 o),
1
G0 0 0 0 0 )
1 0 0 0 0 1
A3=<o -1 o) ,;\4=(0 0 o),
4] 0 0 ' 1 0 0
0 0 -i 0 0 0
,\5=(0 1} o) ,A6=(o 0 1),
i 0 0 0 1 i
0 0 0 1 0 0
A, = 6 0 -i A, = =] 0o 1 o
7 r g V6 .
0 i ) V0 0 -2

In flavor SU{3), with (1, 2, 3) = (u, 4, s}, the matrices ll, A, A

2’ 3
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correspond to the isospin generators Tl’ 12, T3. The A-matrices have
the following properties:

* tr (Ka) = 0;
e tr (}\a;\b} = 26ab;
. [)\a, ;\b] - Zifabclc'

The structure constants which are completely antisymmetric in
the indices a, b, c are most easily evaluated as

fabc - _; tr (lc[ka, }b]) .
41

The field-strength tensor can be written in terms of the structure
constants as

a abc

_ a a b_c
GW = a\pu - BUB\, - gf BBy .

The guark-gluon interaction term contained within-ﬁiYu95u¢ is

inter glmlaYuBﬁw !
in matrix notation with
Ve
Yy = wa .
Vo

This corresponds to the Feynman rule for the guark-gluon vertex
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B

o
o 5 Aug

Fig. 29.

Thus the force between two quarks is proportional to

25 kaB Y$

for the transitiona + y + B + 8. This expresses in formal terms the
heuristic discussion of the previous section, with the identi-
fications

RB = (A] + ir,)/2 '

etc.

We shall assume provisionally that the local color gauge symme-
try is exact. The infinite-range forces mediated by massless gluons
give rise to scme hope that quarks (and gluons) may be permanently
confined. Should free gquarks be found, we mright later wish to
consider the possibility that the symmetry is broken either spon-
taneously or explicitly (De Rijula, et al., 1978; Okun and Shifman,
1979).

C. Consequences of an Interacting Field Theorv of Quarks and Gluons

Before proceeding to a specific study of the predictions of QCD,
let us give a qualitative discussion of the implications of an
interacting field theory of quarks and gluons. A convenient setting
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for this discussion is the deep-inelastic scattering of leptons from
a nucleon targeer in which a virtual photon (or intermediate boson)
of (mass)” = -0 asg%yzes the target structure on a length scale
characterized by 1/Q .

According to the parton model (Feynran, 1972}, which ignores
interactions apong the quarks within a proton, the picture is rather
simple. As Q increases, the resclution becomes finer, and we are
able to probe the elementary guark constituents of the proton, as
shown in Figure 30. Once @~ is large enough for the quark to be

Q%:0.1 GeV?

Proton

microscope

Q™ =1 GeV

Quarks

Q" =10 GeV

2 2

I00 GeV

OO

Fig. 30. Parton-model view of the proton.

View in virtual-photon




GAUGE THEORIES

Fig. 31.

)

ot
(')

i
o
1))
(44)
<

2 2

Q™ =50 GeV

02 =100 GeV2

@ @D (

Interacting-field~theory view of the proton.
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resolved, no finer structure is seen. The quarks are,structureless,
have no size, and introduce no length scale. When @ ejceeds a few
Gevs, all fixed mass scales become irrelevant and the Q -dependence
of structure functions can be determined by dimensional analysis.

In an intgracting field theory, a richer picture is to be
expected. As Q" increases beyond the magnitude required to resolve
quarks, the quarks are found to have an apparent structure, which
arises from the interactions mediated by gluons. This is indicated
in Figure 31. The fluctuations shown there lead to scaling viola-
tions _in deep-inelastic scattering. The structure functions
F{x, Q°) measure the distribution of quarks in a fast-moving proton
as a function of momentum fraction

* 7 pquark/Pproton

As Q2 grows, the structure functions undergo a characteristic evolu-
tion. For large x {0.3 < x < 1), it becomes increasingly likely that
a quark with momentum fraction x will be caught in mid-dissociation
into components with X + X, = X:

02

Fig. 32.

For small values of x << 1, the population of quarks and antiguarks
will be enhanced by processes such as
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Fig. 33.

We therefore expect, in any interacting field theory, that as Q2
increases the structure function will fall at large values of x and
rise at small values of x, as shown in Figure 34. It remains for a
guantitative analysis to show whether these effects are calculable
in a given field theory (specifically in QCD). Furthermore, it is
cbserved experimentally {(Perkins, 1980) that effects of the kind we
have discussed are small, which 1is to say that Bjorken (1967)
scaling (by which is meant Q“-independent structure functions) is an
excellent approximation. Can this be explained?

0.8 7 I | T
06 1
1
< |
=~ 04 4
T 1
0.2 .

] 1 |
07 02 04 06 08 |
X

Fig. 34. Evolution of the proton structure function in an inter-
acting field theory: (a) low, (b) medium, (c) high 0.
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D. Charge Renormalization in QED and QCD

In interacting field theories, observables such as scattering
amplitudes may be sensitive to higher-order corrections, in addition
to Born diagrams. The modifications to lowest-order contributicons
are in general dependent upon kinematic variables. A convenient way
of representing these modifications is by introducing a so—called
"running coupling constant,” i.e. an effective coupling that depends
upon the kinematic circumstances.

For example, in Quantum Electrodynamics {QED) the corrections
to Coulomb's law introduced by the vacuum polarization diagram of
Fig. 35 may be represented by the substitution

a(qz) 2
2, _ 2 o 0

o =+ o) = a(qo) 1+ 3T log > .
qO

Summation of higher-order corrections {(retaining only the leading

logarithms) shows this expression to be the first term in a power-~
series expansion of

2
o(q’)
2
a’y = 5 :
afa,) o?
1 - 37 log ;5
(o]

which is more conveniently written as

Q2 |

Fig. 35. Lowest—order contribution to the charge renormalization
in QED.

8See, for example, the discussion in Bjorken and Drell (1964), c. 8.
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2

1 = 1 _ L log Q. .
2 2} 37 2
al{Q ) a(qo 9,

Thus, given the value of the coupling constant at some arbitrarily
selected momenium transfer gq_, one has a prediction for its evolution
to arbitrary Q. This is sketched in Figure 36.

At shorter distances (or larger values of Qz), the effective
charge becomes larger. This phenomenon is a familiar one in classi-
cal electrodynamics. A test charge in a dielectric medium will
polarize the medium as indicated in Figure 37. At any distance
(larger than the molecular scale} from the test charge, the effective
charge will by Gauss's law be smaller in magnitude than the test
charge because of the opposite charge attracted by the test charge.
Only at very short distances is the effective charge equal to the
full magnitude of the test charge. Thus the QED vacuum is seen to
behave as a polarizable medium.

In non-Abelian gauge thecries such as QCD there are both close
similarities to QED and also crucial differences. Coulomb's law for
gluon exchange is modified by quark-antiquark vacuum polarization
loops of Fig. 38 which modify the effective coupling in a way that
can be read off from the QED calculation. For each quark flavor, the
loop contribution is given by

1/a (Q2)

log (Qz/qoz)

Fig. 36. Evolution of the running coupling constant in QED.
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8
&
=

QY00
0 &
G D C D
=9

A

Q
@
>,
S,
&0

EDEDH D

Fig. 37. Polarization of a dielectric medium by a test charge.

Q2

Fig. 38. Fermion-loop contribution to the charge renormalization
in QCD.

ab

a b
gmor e (2] L g 22
= %“QED“

Thus the contributien of quark loops to the evolution of the strong
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coupling constant is

)

a2(q2
2 S0 2,2
) | nelog (Q°/q7) ,

guarks

4

2
a (@) - alq

o 61

where ng is the number of quark flavors.,

There are in addition gluon loops to be considered. The Feynman
rules for gluon self-interactions are gauge dependent and so there-
fore 1is the diagram-by-diagram analysis of the contribution frem
gluon loops. A useful grouping is to separate the physically
realizable intermediate states composed of "transverse" gluons (gT)

|

Fig. 39.

which give a contribution

)

2
o) 2,2
a5 log (Q7/q)

az(
s g

that differs from the quark loop contributions only by spin factors.
The remaining locps, which correspond to virtual states that are not
physically realizable because they include "Coulomb gluons” (gc)

Fig. 440.
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yield a contribution that is twelve times larger, and opposite in
sign,

2 2

- 3d {q))

S 2 2
- log (Q /qo ) .

Taken together, the net contribution of the gluon loops is nega-
tive—characteristic of antiscreening.

I know of no simple quantitative argument which explains how
this comes about. The possibility of antiscreening can be understood
in qualitative terms, as shown in Figure 41. Suppose our "test
charge™ is a blue guark at the origin, and the probe we employ to
measure its charge is a RB gluon. It may happen that before the
probe reaches the origin, the blue quark radiates a virtual BG gluon
and thus fluctuates intoc a green quark--to which the probe is blind.
Rather than being concentrated at the origin, the net coler charge
will thus be distributed throughout the gluon cloud. Therefore only
by inspecting the test charge from long distances will one be able to
measure its full effect. Apparently the first to notice the possi-
bility of an antiscreening term in non-Abelian gauge theories was
Khriplovich (1969).

In QCD, the combined effect of all the guark and gluon loops is
to produce a running coupling constant which in leading legarithmic
approximation is given by

BG

©

a) b)

Fig. 41. (a) RB gluon probe incident on a blue guark may find
(b) the blue charge dispersed as a result of vacuum fluctuations.
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33 - 2n
2, 2 | 2, 2
l/as (Q ) - l/as (qo) + 12% ng (Q /qo) -

So long as the number of gquark flavors does not exceed 16, the
coefficient of the logarithg is positive and the effective coupling
becomes smaller at large Q° or short distances. In other words,
there is net antiscreening. The profound significance of this
circumstance for a calculable theory of the strong interactions was
recognized by Gross and Wilczek (%?73) and Politzer (1973). The
existence of a regime in which a_(Q°) << 1 implies a realm in which
QCD perturbation theory shoulds%e valid, This property of non-
Abelian gauge theories is known as asymptotic freedom.® While it by
no means justifies all the hypotheses of the parton model, it does
make it plaufible that at very short distances (i.e. when examined by
very-high Q" probes) quarks may behave nearly as free particles
within hadrons. As the sketch of the evolution of l/GS(Q ) in Figure
42 shows, the growth of the coupling at large distances indicates the
existence of a domain in which the strong interactions become
formidable, This strong-coupling regime undoubtedly is of key
importance for gquark (or color) confinement.

2
1786 (Q°)

log (Q2/q2)

Fig. 42. Evolution of the running coupling constant in QCD.

‘Raviews of asymptotic freedom include those by Politzer (1974),
Peterman (1979}, and Berestetskii (1976¢). Applications of pertur-
bative QCD are emphasized by Buras (1980), Brodsky {1%79), andé
Fovikov, et 21. (1978).
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E. Perturbative OCD: An Example

The simplest illustration of qu_perturbation theory is the
calculation of the cross section for e e annihilation into hadrons.
In the parton model, this process is represented by the elementary
transition illustrated in Fig. 43, which yields a cross section

2
_  Ama 2 _ 2
Uparton(s) © 3s 3 jz ®q Ofs 4mq ) '
quark
flavors

where the factor of three in the numerator is a consequence of quark

color and the theta-function is a crude representation of threshold
kinematics.

To the extent that ©_ is small, it makes sense to compute the
strong-interaction (QCD) corrections to the parton model in pertur-~
bation theory. The first-order radiative corrections, which are
characterized by the diagrams of Fig. 44, vield (Jost and Luttinger,
1950; Appelquist and Georgi, 1973; Zee, 1973)

o (s)

2
Ul(s) = Uparton(S) (1 + + ﬁ(as) ) .

The strong~interaction corrections are

s Calculable (and free of infrared problems);

+

q q

e” et

Fig. 43. Parton-model description of electron-positron annihila-
tion into hadrons.
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Fig. 44, Lowest-order strong-interaction corrections to electron-
pesitron annihilations inteo hadrons.

* Small, in the asymptotically free region {and the éa{az)
corrections (Chetyrkin, et al., 1979; Dine and Sapirstein, 1979;
Celmaster and Gonsalves, 1980) are not enormous);

» Positive; and

» Decreasing with increasing s.

The effect of these corrections to the parton model is shown sche-

matically in Figure 45, in which the quantity

0(e+e_ + hadrons)

R =
+ - + -
g{lee =+ pu)

is plotted as a function of energy.

Although QCD prescribes the evolution of the strong coupling
constant, it does not specify the magnitEde of uc(qo). We are thus
left to wonder at what value of s (or Q°) will, first-order pertur-
bation theory be trustworthy. The value of & (qo) must be determined
experimentally, and the absence of a Thomsonsiimit in QCD makes this
a nontrivial task. Two estimates, which perhaps represent reason-
able extremes, are shown in the Table.
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B
|

hadrons)

e —»

."---oo-c--o-o-olnoo-a....o-c..--c--a---

...."-.......-'I

N

o(e*
olete—put u7)

—
——
—

R

o
N
W
D

/& (GeV)

Flg4 45, Echematlc behavior of the ratio kR = U{e e - hadrons)/
O(e e * u U ) as a function of energy in the parton model (steps)
and including lowest-order QCD corrections (smooth Surve) The
dotted curve corresponds to a smaller value of o (q ¥

a_(s)

s (GeV?) A B

1 0.30 2.9

5 0.22 0.67
10 3§ [0.2 0.5 |
16 cc 0.19 0.43
100 T 0.15 0.28
1000 PETRA/PEP 0.12 0.20

What do the data az?1 There is as yet not a gocd test of the
OCD corrections to o{(e e < hadrons) because

. U(e+e_ -+ T+T_) is imperfectly subtracted;

+ Systematic errors are Jv15%, which is also the size of the
disagreenent hetween various experiments;

'A recent assessment is given by Barnett, et al. (1980},
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J/_,JJJ-‘ Calorimeter |

2 |
Q Virtual photon beam

Fig. 46. Conceptual experiment to measure the momentum spectrum of
electrons in a beam prepared as monochromatic.

* a_(s) is not well known from other experiments; perhaps it can
best be measured here.

F. Radiative Corrections to Deep-Inelastic Scattering

The evolution with Q2 of deep~inelastic structure functions may
also be analyzed in QCD perturbation theory. To make clear the
logical structure, it is helpful to revert to QED and to consider a
Gedankenexperiment to measure the momentum spectrum of electrons in
a "monochromatic" beam, as shown in Fig. 46. The (perfect) calo~
rimeter measures the energy of the backscattered photon and
therefore determines the energy of the electron. If the momentum of
the prepared beam is defined to be 1, then in zeroth order the
momentum distribution in the beam is

aN
az - Né(z - 1) '
where
z = (measured momentum)/(prepared momentum) .

The virtual dissociation
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Fig. 47.

induces in the beam a component with z < 1., The ensitivity of the
apparatus to these fluctuations is a function of q , as suggested by

uncertainty principle arguments. The fluctuations are calculable in
QED. )

Define the parameter

T = log (Qz/qi) ’
and let

G
27 pe*—e(z)d‘E

represent the probability ¢f finding an electron carrying a fraction
z of the parent electron's momentum. Then if e(z, T) is the number
density of electrons cbserved in (z, z + dz) by a probe with resclv-
ing power characterized by 1, it follows at once that

1
d
d—i(Z. T = %‘%’* fxdy j;dzs(zy-xJe(y, VP (2

+-e

2 f—ze(y, 0P, _(2) :

For an initial distribution

e(yr, T) = N&(y - 1)
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we recover

de _ Na(1)
ar % T T op T Pere® .

By virtue of the same fluctuations, there are also photons in
the beam. Let

O
21 Fyee (20T

be the probability of finding a photon carrying a fraction z of the
parent electron's momentum, and let Y{z, 1) be the number density of
photons observed in (2, z + dz) by a probe with resolving power
characterized by 1. We may imagine a Gedankenexperiment to observe
these photons, as for cxample depicted in Fig. 48. If the source of
the virtual photcn probe is (for example) a nitrogen nucleus, the
Gedankenapparat can be reccgnized as a surrcgate for the development
of electromagnetic showers in the atmosphere, Indeed, the theory of
cascade showers {[Rossi, 1952) has much in common with the present
discussion. The evolution of the photon distribution is given by

dy _oafl1) l_c;ll_z
ar (¥ U = o LY ely, T)PY+E(X/Y) .
i
|
>~ Observer
Z :
o=
e-r

2
Q

Virtual photon beam

Fig. 48. Conceptual experiment to measure the momentum spectrum of
photons in an electron beam prepared as monochromatic.
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Of course, the photons may themselves fluctuate

Fig. 49.

SO we are led to define

4
o> Pew(z)dT

as the probability of finding an electron (or positron) carrying a
fraction z of the momentum of the parent photon.

The evolution of an electron distribution is now given by

o

de T) lgy_
at (x, 1) = T . ¥ [e(y, T)Pe,,e(xx’y) + Yy, T)Peﬂ(x/y) .

The induced positron component will obey an equation identical in
form,

= 1
d -
d—i {x, 1) = aé;) f}; % [e(y, TP o (XY) + YLy, T)Peﬂ(X/y)] ‘

while the photon component evolves according to

1
.o [Ty < ]
ar (xe T} = 5o LY PY+e(X/y) [e(y. ) + ely, 1)

It is convenient to define moments of the distribution func-
tions as
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1 n-1
jr dx x e(x, T} '
0

1 n—1—
-/' dx x e(x, T} .
¢}

The evolution of the moments is then easily computed. It takes a

particularly simple form for the combination Mn(T) - Mn(T), for
which

l —_—
d = _ n-1 | de _ ge
a1 (Mn(T) - Mn(ﬂ) = fo dx x [—-d,r {(x, 1) Hd'_r (x, T}]

Mn(T}

i

M_(T)

= 33 fldx fldl P (x/y)E0 T [e{y ) - el )]
2.n. 0 . y g+ r T Yr T
o 1 X n-1 - X n-1
= In -[0 d(i;)fdy ¥ [e(y, ) — ely, r)](;) P (/Y]

= O -
= ZTI[MH(T) Mn('t)]An '

where
1
A = f dz zn’-lP (z) .
n e+e
0
Writing
An(T) = Mn(T) - Mn(T) '
we have that
_ ool
d log (An("r))/d'r = o A .

If the effective coupling evolves as

a(t) = a(®/[1 + ba(o)T ]

the differential eguation is easily integrated to
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An(T) 01(0)1!%n T at
log (A (0) B 2T f 1+ ba(0) 1
n 0
OL(O)An
= m log (1 + baf{0)D
A
e 1 af{0)
= Zm 199 ( a{T) ) )
We therefore predict that
~A_/27h
A, (t) ) [:a(r) n .
An(O) al(l)
In QED, we have seen before that b = -1/31, so that
3n /2
A (T) ) alt ):] n
&n(U) o (0) '

Thus, we have a prediction for the qz—evolution of the moments
ancd an especially simple prediction for

log [An(r)/An(D)] A
log (A (M7E (] = & :

These specific forms are valid in first-order perturbation theory,
although it is possible to incorporate higher-order corrections by
iteration. The evolution of the moments is completely specified by
the exponents 2  which may be calculated without reference to the
electron and photon distribution functions. To describe the evolu-
tion of individual moments, rather than momrent-by-moment ratios, it
is necessary to know or determine the coupling constant aS(O).

In fact, nothing of the procedure we have followed is specific
to QED, The same method can be adapted to QCD, as was done by
Altarelli and Parisi {1977), by identifying the electron, positron,
and photon distributions as quark, antiguark, and gluon distribu-
tions, and allowing for the possibility of a gluon fluctuating into
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two gluons.

The so-called splitting functions P; +(2), which are to be

computed in perturbation theory, satisfy same cbvious sum rules.
Fermion number conservation,

i —j
dg_ - g9 :I -
fdx [ — (x, T a7 (ke 1) 0
implies that
1
P = 0
fo dz P (2) .

Here the superscript i has been introduced as a flavor index for the
quarks. Momentum conservation,

1 . 1 —-13 )
N\ dg dgq Jale]
dx x {x, T) + (X, ©) + == (%, 1) = 0
fo [ L at Z aT at ‘

i i

imposes two constraints:

1
./; dz z [Pq+q(z) + Pg+q(z{] ’

U
<

and
1
];dz z[zanqﬂJIZJ +Pg<—g(z)] = 0 r

where ne denotes the number of gquark flavors. In addition, momentum
conservétion at the elementary vertices requires a2 number of symme-
try properties to hold for z # 1:

Pq+q(z) = Pg+q(l - z} '
)= = -

qﬂ(z) Pq+g(1 z) ,
P {z) =

P (1 -
g«g gegt = .
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The computation of the splitting functions is described in
detail in the paper by Altarelli and Parisi (1977). The procedure is
straightforward:

* For z ¥ 1, P,es 15 related to the square of an elementary

matrix element.

* The strength of a §(z - 1) term in P..j+ reflecting the
possibility that there be no fluctuation, is fixed by imposing
the integral constraint equations.

The resulting exponents for QCD are

n
. 4 1 1 L
An(q Q= 3 T2 + ni(n + 1} 2 :g 3 } '
j=2
2
4 + + 2
An(g +q) = 3'( EL‘-?SL“*—‘ '
n(n® - 1)
__];h n _+n+ 2
Bplac g = 2_n(n+l)(n+2)] ’
1 2 2
Bple v 9 = 3 -F Y- thTome

n

n
1P
zzj_g] .
2

In any field theory, the splitting functions and hence the
exponents are calculable in perturbation theory. A weak-coupling
theory such as QED can be expected to give relizble results at low
orders in perturbation theory. For the strong interactions, only an
asymptotically free theory (such as QCD) presents any hope that low-
order perturbation theory should be reliable. Of course, the value
of Q" at which first-order results become trustworthy is not speci-
fied a priori. Specific numerical results for the g+g (nonsinglet)

exponents in first-order QCD are: A, = 0 (by fermion number conser-
vation), A, = -1.78, A_ = -2.78, A4 = =3.49, AS = -4,04, AG = -4,50,
A7 = -4.89. (See Proﬁaem 10.)

Professor Perkins has dealt at length in his lectures (Perkins,
1980) with the comparison of QCD and experiment. My remarks will
therefore be quite brief. We have seen that the Q —evolution of the
q9eq (nonsinglet) moments is given by
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An/znb
GS(U)
An(T) = An(U) (0 ] .
s
In QCD, the running coupling constant is
@ 1+ 20 33 - 2
a (T - 12r ¢ ne) T '
which is to say that
b = (33 - 2n.)/12m )

Hence the evolution of the noments becomes

0, (0) (33 - 2n.)T } 6A /(33 - 2ng]

An(T) = An(O} + [ 1+ 12

It has become conventional to write

(233 - 2n.)
2 _ f 2,2
o (g ) = 127 log (u™ /A7) '
so that
{33 - an)
l/as(T) = l/us(O) + Ton T ’
is eguivalent to
2 ~ 12
C{(Q) il T :

s (33 ~ 2nf)log (Qz/A2)

Az.

it

. . . 2
which, it must be remembered, becomes nonsensical for @

At issue are several poinks. The form of the moment-evolution
equation is qualitatively valid. With & < 0 and 33 - 2n.> 0, A is
correctly predicted to decrease with increasing Q7. ThHe guantita-—
tive reliability is more delicate to assess. Numerical f£its
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determine, in principle at least, « (Q2) or Az. However there are a
few ambiguities. These have to do with the self-consistency of
first~order perturbation theory, the importance of nonleading-
logarithmic corrections, and the choice of the effective number of
guark flavers, in addition to the self-consistency of the fitting
procedure itself. The moment-by-moment prediction is a much less
differential tes&, but has the virtue of giving a single number. In
this case, the A“-ambiguity is absent--or at least hidden.

G. Status of QCD

Quantum Chromodynamics incorporates many of the observed sys-
tematics of the strong interactions in an elegant way that is in
accord with currently-held theoretical prejudices. It promises
calculability for the strong interactions in an unspecified asymp-
totically free regime. Some observables, such as

+-.-
¢ (e e -+ hadrons), and
+ Scaling violations in deep-inelastic scattering

hint that the domain of computability is not far away, and may
already be accessible to experiment. Although there are many reasons
for pessimism (which is sometimes known as realism), one may sensibly
imagine a guantitative verificatijon of the perturbative aspects of
QCD within five years.

In the nonperturbative regime, which presumably has to do with
confinement, there are numerous gualitative hints that color con-
finement may emerge. A detailed understanding of the hadron spectrum
appears to require new mathematical inventions. Experimentally, it
is most important to test the confinement hypothesis by searching
for free quarks or for the signatures of unconfined color. It is not
acceptable blithely to ignore the evidence for fractionally charged
matter {(LaRue, Phillips, and Fairbank, 1980}, merely because the
results seem unlikely or because they conflict with QCD orthodoxy.
Sensitive negative searches for quarks continue to be interesting,
and the convincing observation of free guarks would be revoluticnary
{see Lackner and Zweig, 1980).
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7. GRAND UNIFICATION

A. Motivation?®

With Quantum Chromodynamics and the Weinberg-Salam theory "in
hand," what remains to be explained? In fact there are many
chservations which are explained only in part, or not at all, by the
separate gauge theories of the strong and weak and electromagnetic
interactions.

+ The mixing parameter sin2 5} is arBitrary, and there are

three coupling constants: g, Qg sin” @,.. Could this number
EM W

be reduced to two or one?

« Quarks and leptons both are spin-%, "fundamental” consti-
tuents. Are they connected in any way?

» The leptonic and hadronic charged weak currents are identical
in form:

Why this pattern? How many cguark and lepton generations are
there?

* Why is Q(e) + Q(p} = 02 Why is Q(v) - Q(e)

= Q{u) - Q(d)?
tThy is  @{d) = (1/3)Q(e)? vhy is  Q(v)

+ i

Cle) + 30(u)
+ 3Q(d) = 07
e Fermion masses and mixings are arbitrary. {Why) is the

neutrino massless? Higgs couplings are arbitrary.

* The strengths of weaE and electromagnetic interactions become
comparable for s >> Mw .

e It is conceivable that o (Qz) > Q0
o S

M for very large values of

¢ Gravitation is absent.

These observations provide motivations which fall into several cate-
gories, Some argue for a qualitative guark-lepton connection.

2Cogent summaries are given by Harari (1978), Wilczek (197%), and
Gaillard (1980).
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Others inspire a more complete unification of weak and electro-
magnetic interactions, perhaps in the form of an additional gauge
symmetry such as

G D SU(2) . ® u(1) ’

which would fix © . Still others suggest a "Grand Unification" of
weak, electromagnéiic, and strong interactions. The energy at which
as = G sets the scale at which grand unification is realized. This
would automatically complete the unification of weak and electromag-
netic interactions. Finally, it is possible to entertain a " Super
Unification” which would include gravitation as well. Elaboration
of this possibility will be deferred to a later St. Croix school.

One cannot fail to notice that both QCD and the Weinberg~Salam
theory are gauge theories. It is therefore natural to base grand
unification on a simple group G DSU(B)C ® sU{2) ® U(l), in order
that there be a single coupling constant. The mass scale at which
the symmetry is attained caque estimated from the evolution of the
running couplings to be v'107,” GeV. The gauge group G will contain
extra gauge bosons beyond W, 2°, Y, and gluons, which will carry
both flavor and color properties. They are presumably very massive,
because their effects are unfamiliar to us. One may speculate that
all colored gauge bosons will be confined, along with the quarks and
gluons.

Once grand unification is undertaken, there is no reason not to
assign quarks and leptons to the same representation. Baryon and
lepton conservation may be violated because exact conservation would
require a massless, and unobserved, gauge boson. It is therefore

likely that neither baryon number nor lepton number will be conserved
exactly.

B. EU(S)

The minimal example of a grand unified theory is the SU(5) model
introduced by Georgi and Glashow (1974). To analyze the structure of
this model, it is helpful to refer to an SuU(2) & SsU(3) decomposition
of the low~dimensioned representations of SU{(5):
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5U(5)

10

10

F_T__EBD:]:}LLJLL_U_!D

L

(8U(2) , SU(3))

(2, 1} & (1,3)

*
(2, Y & (1, 3 )

2, @ @, 3 e (1, 1

2, 3"y @ 1, 3 @ (1, 1

(1, 8) ® (2, 3) ® (2, 37)
G, U o (1, 1)

The first quark~leptcn generation may be regarded as 15 left-handed
{(two-component) fermions, namely

2 leptons

1 antilepton

6 quarks

(v, e)

B G

uRJ uB' UGr de dB' dG) r

6 antiguarks (G R u s u., a

r’ 9pr &g}

These may be assigned tp SU(5) representations as

| %

left
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and
0 et dy dg dg \
—e+ 0 uR up u.
10 = -ap ~ug 0 Gé —Eé
~dg ~Ug ~ug 0 ug
\ ~de Y Eﬁ ~ug 0 left

Although it would have been pleasing to assign all the particles of
the first generation to a single irreducible representation (as can
be done (Ramond, 1980} in the closely analogous group 50(10)), there
is nothing objectionable about this assignment. ‘The assignments are
guided by the tracelessness of the electric charge operator
(EQi = 0), which is a generator of SU(5).

Constructing a gauge theory by the usual procedure, we en-
counter 24 gauge bosons:

Y 1

w, w, z° 3

gluons 8
x4/3 3x2=6
yt1/3 3x2=6

where the vy and z® acquire their ultimate identities only after the
SU({2) @ U{l) symmetry is broken down to U{l) (see Buras, et al.,
1978). The fermion-gauge boson couplings presént in the Lagrangian
include those which occur in SU{B)C ® sU{2) ® U(l):

9,3, 21 TyMve ,

fermion
species

U(l)
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pugp '} 7T M
su(2) 928y ° z Yy 9, ¢ 2 AN I
quarks leptons
a =, a
SU(3)C gaGu jg qy A g ’
quarks

together with the couplings of the new leptoguark bosons:

-

if = u -
g«;xu( dirY et €14k jLY “kL * ‘“"Lfr i, * h‘c')
H -+ M
gSY“( d, 1 vL + eljk jLY L + eLY uiL + h.c.) ’

where (ijk) are color-triplet indices (RBG} and qC denotes a charge-
conjugate quark spinor. The coupling constants g «-+9gg are all to be
related at the unification mass by the group structure.

The new vertices in the theory, summarized in Fig. 50, mediate
transitions such as proton decay, which proceeds via three elemen-
tary processes that change baryon number and lepton number by -1 and
fermion Qumber b% —4. These are shown in Fig. 51. The intermediate
bosons W, W, %z acquire masses according to the usual spontaneous
symmetry breaking procedure. The leptoguark bosons X and Y must be
endowed with enormous masses by means of a similar scheme, for the
theory to survive the existing bounds (Reines and Schultz, 1980) on
the proton lifetime,

T(p) > 2 x 10°% x I'(p » 1 + X)/T(p + all) .

The necessary symmetry breaking can be achieved in two steps.
First, a real 24 (of scalar fields} is introduced to break SU(5) down
to SU(3)C® SU(2) @ U{l). At this step the X and Y leptoquark bosons
acquire mass. Next, a complex S, (of scalar fields) is employed to
break SU(3)C® 5U(2) ® U{l) down to SU(3) o & U{l) This is the
straightforward extension of the symmetry breaklng in the Weinberg-
Salam theory, in which a complex scalar SU(2) doublat breaks
SU(2) ® U{l) down to U{ly) The spontaneous symmetry breaking
gives rise to many phy51calﬁglggs scalars. From the 24, after twelve
of their fellows have become the longitudinal compcnent of massive ¥
and Y vector bosons, there remain massive scalars with guantum
numbers specified by
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Fig. 50. UNew fermion-fermion transitions which appear in the grand
unified theory SU(5}.



GAUGE TEEORIES

17-0
> d
u — u +
- T
d
L
Y’3 _
d Ve
U L ':l- ,”.o
u u
ylrs
d et

Fig. 51. Some mechanisms for proton decay in SU(5).
(1, 8) & (1, 1) & (3, L) F

which may be hoped to have masses comparable with those of X and Y.
From the complex 5, only three fields are eaten by W , W , and 2°.
There remain as physical particles the normal (1, 1) Higgs scalar,
still with unknown mass, plus

*
(L, 3) & (1, 3 ) ;
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/3

+ .
a color triplet h"l . These leptoquark Higgs bosons can mediate
p;g}gn decay, by transitions analogous to those that are mediated by
Y . It is therefore necessary to arrange locally gauge-invariant

interactions+fﬁ?ng the 5 and 24 fields which will yield enormous
masses for h™ .

The minimal SU({5) theory has numerous attractive features.
¢+ It containg SU(B)C ® SU(2) ® U(Ll).
» The charged currents are V - A,

* The neutrino is automatically massless. (A virtue for the
moment; otherwise see S0(10}.)

+ Charge is quantized.

¢ Masses of leptoguark bosons can be madiglarge,zbut below the

= . = - -
Planck mass MP = VVC/GNewton 1.22 x 10 GeV/c

* The weak mixing angle, sin2 BW = 0.20, in approximate agree-
ment with experiment.

* Proton decay is possible, and may lead to an understanding of
the apparent baryon excess in the universe {Sakharov, 1967;
Yogshimura, 1978; Toussaint, et al., 1979).

SU({5) provides an existence proof for grand unified theories,
and seerns to show that 2 unification ci the strong, weak, and

electromagnetic interactions can meaningfully be achieved with-
cut gravitation.

There are as well a number of problems to be faced.
+ Each family or generation is reducible.
¢ Why do generations repeat? How many are there?

* Why are there v12 orders of magnitude between the mass scales

at which the two symmetry breakings occur? Is it possible to
maintain the result

MW/Mx <<< 1

beyond lowest-~order perturbation theory?

* Gravity is omitted.
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* No insight is gained into the nature of fermion masses or
mixing angles. CP-violation in the weak interactions does not
arise gracefully.

At a minimum, grand unification reminds us that we do not
understand baryon and lepton number conservation. It therefore
becomes an experimental imperative to probe the soft spots in search
of neutrino masses, violations of lepton number, and evidence for
proton instability. For my part, I attach little significance to
specific numerical predictions of grand-unified theories. fTo the
extent that they set inviting targets for experiment, they are
undoubtedly of inspiraticnal value. But the path between grand-
unifying gauge group and experimental tests is often long, winding,
and slippery!
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8. OMNE IGNOTUM PRO MAGNIFICO

I began these lectures by remarking upon the widespread belief
that a grand synthesis of physical law is at hand. Our subseguent
discussions have demonstrated the power of gauge principles as
sources of the fundamental interactions. Gauge theories are renor-
malizable, may be asymptotically free, and have been known to agree
with experiment. But how are we to choose a gauge group?

The minimal strategy of grand unified theories, as we have seen
in Chapter 7, is to find a simple gauge group which contains the
"well-established"” color and flavor groups SU(3)Ci® SU(2)L<8 U(l).,.
This is not a unigue guiding principle. It nevertheless seems go
nany of my colleagues that the only interactions in Nature are those
we know plus those required to complete the grand (or later, super)
unification. By extensions of this reasoning, many conclude that a
vast desert awaits us; that no interesting new phenomena will occur
between the mass of the intermediate bosons of the weak interactions
and the mass of the leptoqguark bosons. History does not encourage
such a bleak view, but it is fair to argue that our illustrious
predecessors who erronecusly thought the end was in sight did not
have local gauge invariance beside them, to guide them,

I labor under different delusions: that there will be new
surprises, new phenomena, and that everything we don't know will turn
out to be wonderful. Although the grounds for this simple faith are
largely neurcochemical, it may have some basis in physics. Within the
framework of gauge theories (for we know nothing else}, who is to say
that we have already noticed all the gauge symmetries relevant at
moderate energies? Without experimental searches or a comprehensive
understanding of the physical origin of gauge invariance, this is
merely attractively economical speculation. That the known running
coupling constants should meet in a single point is likewise the

simplest, but not the only, possibility. I expect pleasant sur-
prises!

In addition to the interaction problem, there is the problem of
the fundamental fermions. We do not understand generations, masses,
rixing angles, or CP-violation. The elementary Higgs boson reali-
zation, which we have discussed, has an unappealing arbitrariness
and proliferation of parameters. Dynamical symmetry breaking
schemes promise succor to those who would believe ours to be the only
possible world. The right such schemes has not yet emerged. An
alternative approach is to impute structure to the quarks and
leptons, and to seek simple patterns at the next level of fundamental
constituents. Still another is to hope that the inclusion of gravity
will prove so restrictive as to compel the existence of the universe
as we find it--no more, and no less.

Within the conventicnal framework, there remains the issue of
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color confinement, and of the hadron spectrum. It is my feeling that
new mathematical inventions and perhaps new physical imagery will be
required before a theoretical solution is in hand. On the experi~
mental side, much remains to be learned about the hadronization of
quarks and gluons, and about the hadron spectrum itself, The
Tevatron and the new pp colliders will have much to say in answer to
questions that we can now pose only vaguely.

I hope these lectures have communicated not only a few facts,
but also a feeling that there is much to be done that is significant
and exciting, that there are many opportunities to contribute to this
numinous intellectual adventure in which we all share.
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Problem 1. Analyze the absorption of a wvirtual photon by a
spin-1/2 quark in the Breit frame (brick-wall frame) of the quark.
Kinematics:

incident:

o Q
(2'2)

(a) BShow that the squared matrix element for the absorption of a
longitudinal photon vanishes.

(b} Compute the sguare of the matrix element for absorption of a
photon with helicity = +1, i.e. a transverse photon.

(¢) How would your result for a longitudinal photon differ if the
incident quark and photon were not precisely (anti)collinear?

Problem 2.
. . . fs (0]
(a) Compute the differential cross section Eﬁ and the total
{integrated) cross section

- 9] . + - + -
g = fdﬂgﬁ for the reaction e e > u U .

Work in the c.m. frame, and in the high-energy limit (where
lepton masses may be neglected). Assume the colliding beams
are unpolarized and sum over the polarizations of the
produced muons.
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(b L?OE up the evidence for gq jets in the reaction
e e -»hadrons. [G. J, Hanson, et al., Phys. Rev. Lett. 35,
1609 (1975).] Now compute _the differential cross section
dg/dQ for the reaction e e 4y y , assuming the initial beams
are transversely polarized. See also R.F. Schwitters,
et al., Phys. Rev. Lett. 35, (1975).

Refer to Bjorken and Drell or a similar textbook for help
with the computation.

Problem 3.

Assume that the charged weak current has the left-handed form
discussed in class, and that the interaction Hamiltonian is of the
"current-current® form,

Jﬂ% Ny JJ+ + J*J .

(a) Enumerate the kinds of interactions (i.e., terms in the
Hamiltonian) that may occur in a world composed of the
electron and muon generations

&/ W/,

{b) List the leptonic processes which are consistent with the
known selection rules but do not occur in:%%. Example:
v ey e.
H M

Problem 4.
Now consider the interactions of a single lepton doublet

Ve

€ /L
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with a single quark doublet
u
dL

{a} In the limit of large incident energy, and neglecting the
electron mass, calculate the differential cross section

do
cn

an

and integrated cross section
o=] &, do/an
for the reactions
(i) v +d+e +u
.. - +
(ii) ve +u-+e + 4 .
Assume that the guarks have a common mass, mQ.

(b) Discuss the difference in the c¢ross sections for (i) and
(ii), and provide a physical explanation for it.

Problem 5.

Use the requirement that the Lagrangian be invariant under a
continuous symmetry to deduce the conserved quantity corresponding
to a transformation. Show that invariance under

{i) translations in time
(ii) translations in space implies conservation
(iii) spatial rotations
(1) energy
of (ii) momentum

(iii) angular momentum

reference: E.L. Hill, Rev. Mod. Phys. 23, 253 (1953).
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Problem 6. Derive the Yang-Mills Lagrangian for a secalar field
theory in which the three real scalar fields correspond to the
triplet representation of SU(2). The basic Lagrangian is

1 2 2.2

with
¢+
¢ =1 % .
b_
Problem 7.

Analyze the spontaneous breakdown of a global SU(2) symmetry.
Consider the case of three real scalar fields ¢l,¢2,¢3, which
comprise an SU(2) triplet, denoted

The Lagrangian density is
1
= = 8 . — .
2( u?i.) {Bp?i.) vie ?i) '

~ where as usual

2
M e+ A2
v=t-00+Zon? .

o e

Assume the potential has a minimum at

0
‘:9}'0 = 0 .
v

Then show that (1} the Lagrangian remains invariant under T.; (2)

The particles associated with Tl and T2 become masSsless
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(Goldstone) particles; (3) The particle associated with T3
acquires a mass = v-2p2,

Problem 8. The Ginzburg-Landau Theory of Superconductivity
provides a phenomenological understanding of the Meissner effect:
the observation that an external magnetic field does not penetrate
the superconductor. Ginzburg and Landau introduce an "order
parameter” |, such that |$|® is related to the density of
superconducting electrons. 1In the absence of an impressed field,
expand the Free Energy of the superconductor as

= 2 4
Super(o) - Gnormalto) * G]¢[ + B]Ul 4

where  and B are phenomenological parameters.

{2a) Minimize G u er(0) with respect to the order parameter and
discuss tﬁep circumstances ugder which spontaneous symmetry
breaking occurs. Compute |¥ |?, the value at which G {0)
. .. 0 super
is minimized.

{b} In the presence of an external field He' a gauge-invariant
expression for the free energy is

H

- e .1 PTYEy U L ¥
(1) =G (0) + + 5 U+ (~ipV - AU .

2
e
G

super = e super 8

[The effective charge e* turns out to be 2e, because lwlz
represents the density of Cooper pairs.] Derive the field
eguations that follow from minimizing G (H ) with respect
to U and A, Show that in the weak—fielgugSErogimation (Vg
¢*¢b) the photon acquires a mass within the superconductor.

Problem 9.

_ Compute the differential and total cross sections for v e and
vee elastic scattering in the Weinberg-Salam model. Work §n the
limit of large r M_. The computation is done most gracefully by
Fierz reordering one of the graphs.
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Problem 10 . Using the Altarelli-Parisi approach and working to
lowest order in perturbation theory, show that in a theory of

colored quarks interacting by means of scalar gluons  the
non-singlet critical exponent is

NS _ _a R
An T 4w CZ(R)[l ni{n+l}) ] :

where CZ(R) = (Nz-l)/ZN for SU(N)C. Predict the slopes of
(i) MS/M3

(ii) MG/M4 .
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