
e Fermi National Accelerator Laboratory 
FERMILAB-Pub-79/14-THY 
January 1979 

Vacuum Instability and New Constraints on Fermion Masses 

PHAM QUANG HUNG 
Fermi National Accelerator Laboratory, Batavia, Illinois 60510 

ABSTRACT 

We show that in order for the physical vacuum, in the Weinberg-Salam model 

with one Higgs doublet, to be an absolute minimum (in the one-loop approximation), 

certain requirements on the fermion masses have to be met. Specifically, the 

quantity 4 K { 1 mf ) , where I’ 1 ‘I denotes the sum over fermions, is bounded from 
i i i 

above by approximately 133.5 GeV (sin* Ow = 0.25) or 137.7 GeV (sin2 0 w = 0.2). 

3 Operated by Universities Research Association Inc. under contract with the Energy Research and Development Administration 



I, INTRCDUCTIBM 

It is now commonplace to describe hadronic elastic scat- 

tering as a diffractive shadowing of two spatially extended 

objects. In such a picture one expects a sharply peaked 

angular distribution whose width is reflective of the sizes 

of the particles being scattered, taithout a theory for hadronic 

internal structure, quantitative calculations are not yet possi- 

ble, However, for processes such as nucleus-nucleus elastic 

scattering where the structure of the colliding objects 2,s 

known, detailed calculations can be carried out and compared 

with data. 1 From these analyses one can hope to abstract 

those features which might be relevant to hadron scattering* 

Chou and Yang' proposed an optical model for elastic scattering 

based on these considerations. In this model, the colliding 

hadrons are pictured as two spatially extended Lorentz contracted 

balls of hadronic matter, which propagate through each other. 

During the passage, various inelastic interactions take placec 

and the elastic amplitude is built up as the shadow of these 

inelastic interactions, The elastic amplitude at impact para- 

meter b is given by an eikonal formula: 

The eikonal function -(Q(b))AB is assumed to be proportional 

to the overlap of the average matter ,densities(pA(b)r and 

(PB (b) > of the incident particles: 
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Model-independent analyses’ of neutral-current data as well as the recent 

SLAC polarized electron scattering experiment2 have revealed the remarkable fact 

that the only viable (and by far the simplest) SU(2) x U(1) gauge theory of 

electroweak interactions is the Weinberg-Salam model3 (often referred to as the 

standard model). However, the data only tell us, so far, about the symmetry nature 

of the neutral current and its relative strength to the charged current. These 

striking facts, although in very good agreement with the standard model, are not 

sufficient4 to prove its main ingredient, namely the spontaneously broken 

symmetry nature of gauge theories. Until one actually finds the Higgs boson(s) 

with couplings which are characteristic of spontaneously broken gauge theories 

(SBGT), one must look for indirect effects or requirements that follow from the 

intrinsic nature of SBGT. It is the purpose of this note to point out that one does 

indeed obtain non-trivial constraints on the fermion masses by just looking at the 

vacuum instability of the standard model with one Higgs doublet. 13 

From the pioneering works of Coleman, E. Weinberg and S. Weinberg,5 we 

know that one-loop radiative corrections to the classical (tree) Higgs potential can 

drastically change the vacuum structure of the theory. If spontaneous symmetry 

breaking is to occur, certain relationships between various coupling constants of 

the theory have to be satisfied. These requirements turn into restrictions on the 

Higgs and fermion masses. More specifically, we obtain an upper bound (and under 

a special circumstance, even a lower bound) on the quantity { 1 
i 

mf4 } ‘, where 
i 

” c ‘I stands for the sum over fermions. 
i 

We restrict ourselves to the case of a single scalar doublet in the standard 

model. The zero- and one-loop contributions to the effective Higgs potential V($c) 

are given by5 
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WC) = 

where we have used the following renormalization conditions 

d2V( +,I 
dOc2 I QO = -uR2 (~R2,o) , 

d4V(@c) 

WC4 I 
= A 

$c= 4)’ 
Y 

0) 

(3) 

and where K = (64 t?)-l{ 3(2gbH + giH) + X2/4 - 4 i gz H }, $ “, = 4ct$c. The 
i 

constants gwHy gzH and gfiH stand for the couplings of the Higgs boson to the W’, 

2 bosons and the fermions respectively. They are given, in the standard model, by 

i&J = g*i4, & = g2/(4 set’ ew), where g2/8mW2 = G,/fi We can rewrite Eq. 

(1) as follows 

A. 
‘bc) = -$“R2+c2 ++ oc4 + Kgc41n , (4) 

where Xint = X - 100 K. For the one-loop approximation to be reliable, one needs 

X, g2, gfiH) CC 1, (A, g2, giiH) xln ($c2/<$>2) << 1. Since we are looking 

for an upper bound on the fermion masses, we will not neglect the contributions to 

V(+c) from fermion loops in Eq. (4). 

The local minimum of V( +,) and the physical mass of the Higgs boson are 

defined by 

dV(Q 

d% I 
= 0 Y 

$I =<p 
C 

(51 
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So far we have obtained only a constraint on the Higgs boson mass as 

represented by the inequality (11). To get a condition on fermion masses, we need 

to take a closer look at the effective potential V(+,) as given by Eq. (4). We may 

ask the following question: is the local minimum given by Eq. (7) truly an absolute 

minimum? Under what conditions does that vacuum become unstable? 

To answer the above questions, let us examine V(ec) carefully. From Eq. (4), 

one can see that for K < 0, the effective potential V(@c) is unbounded from below 

for asymptotic values of Qc’ What K< 0 means is 

” g$ ’ t { 3 (2& + &) + x2/4 }* Repeating an argument due to Krive and 

Linde’ who examined a simplified version of the o-model, one can say that for 

k2,h) <<g&j ( K < 0), there is a certain value of Cp,, say @> <@> , for which 

l 2 gf Hln G2/ <@> ) N A/ gfsH or 2 2 

g+nG2/, +-2) = g4/ g4 i 

g /(gf HI << 1, x ln&*/’ <@>2) z x 2/ gi H -cc 1, 
i 

f H << 1, and V;;) < V(+ ). In such a case the one-loop 
i 

approximation is still reliable. One can see that the local minimum at <@> is 

unstable and is not the true vacuum of the theory. The true stable vacuum then 

occurs only at an asymptotically large value of @,, in which case one cannot rely on 

perturbation theory anymore. In Coleman’s termsy8 the local minimum at <$> is 

then a false vacuum. 

Let us assume that the minimum at <@> is actually the true vacuum which we 

live in. We then have the condition K 2 0, which means that 

. (12) 

With mfi = g:i, <@’ 2, rni =&j2/4)<V 2, rn$ =tg2/4 )<P2 sec2 ew, 

<c$>2 = (6GF)-', - we can rewrite the constraint (12) as 
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c 
i 

A2 
(2 + sec4 8 w) + 2 Y (13) 

32GF 

where m .th f is the mass of the 1 f ermion. 
i 

(13) is the basic constraint imposed on 

the fermion masses in the standard model with a single Higgs doublet. 

For the validity of the one-loop approximation, one needs of course X << 1. 

We shall indulge ourselves in letting X < 1 as required for the validity of 

perturbation theory. Armed with this requirement we now distinguish two cases. 

(a) K > 0 

The bound (13) now becomes 

i 1~~01 2 cosec4 8 w(2 + sec4 8 w) + $ Y (14) 

where we have used m* W= ( ITCX / J?!G, ) sin-’ ew, a Ee2/4r. We obtain 

< 133.5 GeV (sin2 ew = 0.25) 

. (15) 

< 137.7 GeV (sin2 8W = 0.2) 

Taking the masses of known quarks to be mu IT 4 MeV, md $7 MeV, mc \r 1.2 GeV, 

ms cr 150 MeV, ?, mb ~4.6 GeV, and also taking into account the masses of e, 1-1 

and -c, one can see that the upperbound (15) is rather insensitive to those ‘light,, 

f ermion masses. Therefore in (141, we can make the following replacement 

1 ” mii jM -f 1 i mzi 1 Leavy, where the term “heavy,, means that i is to 

extend over fermions other than known ones. We will neglect the effects of strong 

interactions on the quark masses. 
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If there are heavy fermions or a large number of lighter ones which obey the 

bounds (151, one can see that the lower bound (11) on the Higgs mass can be 

significantly smaller than the Weinberg-Linde value which is just (3fiG,/16~~) x 

E mW(2 + sec4 8 w) 1 (mH > 5 GeV for sin2 8 w -N 0.25). Furthermore, as pointed out 

by some authors,’ the vacuum at CO> f 0 is a metastable one if rn$ < 8 <$K, for 

then the other minimum is at $c = 0. As Linde lo has shown, if the early Universe 

was in a metastable vacuum then for spontaneous symmetry breaking to occur, the 

Higgs mass has to obey mH > 260 MeV, where the contributions from fermions to 

the effective potential have been neglected. If however heavy fermions do exist, 

we would expect the bound to be much lower than 260 MeV.ll 

(b) K = 0 

This case is interesting in its own right. The contributions from gauge boson, 

Higgs and fermion loops miraculously cancel each other. In this case, we have an 

equality in (13) and, for 0 5 X 2 1, the fermion masses obey 

96.8 GeV 5 2 133.5 GeV (sin20 w = 0.25) , (16) 

106.6 GeV 2 5 137.7 GeV (sin2 8 w = 0.2) , (17) 

where again the contributions from known fermions to both upper and lower bounds 

are negligible. 

The effective potential then takes the following familiar form 

. (18) 

The only minimum occurs at <@+2 = (6ui)lh, and is absolutely stable. The Higgs 

mass is then given by 
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One can see from (19) that there no longer exists any restriction on the Higgs mass 

and it can be arbitrarily small if X and ui are themselves sufficiently small. If the 

Higgs boson is discovered to have an extremely small mass, one is tempted to 

conjecture that the case K = 0 is what happens in nature and one should be ready 

for another generation of heavy fermions with masses in the range of 40-100 GeV. 

Our discussions can be generalized to the case where we have more than one 

Higgs doublet. We suspect that the results presented here will not be much 

affected by the inclusion of many Higgs doublets. We also wish to point out that 

using partial wave unitarity at high energies, Chanowitz, Furman and Hinchliffe 12 

have established upper bounds on quark and lepton masses which are significantly 

higher than the ones presented here. Their bounds are (500/a) GeV and 

(1.0/m TeV for quarks and leptons separately with N being the number of flavor 

doublets. 

The discovery of new flavors of quarks and leptons with high masses would be 

extremely important for our understanding of the nature of spontaneously broken 

gauge theories. One can look for these fermions either by the LEP machine (which 

is still under discussion), or indirectly through radiative corrections to low-energy 

processes such as the ones discussed by Veltman or Chanowitz et al.12 

We would like to thank A. Buras and P. Frampton for reading the manuscript 

and for useful comments. Discussions with members of the Fermilab theory group 

are gratefully acknowledged. 
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3.1 

Comparing this QCD picture with the parton model picture, we 

see that the valence partons which carry the charge and momentum 

are to be identified with the quarks at the ends of the tube8 

while the sea partons are to be identified with the glue 

contained in the tube. The transverse distribution of wee 

partons is not expected to be significantly different from 

that of the rest of the sea. 17 

In this picture, we expect the average matter distribution 

to have a steep central component compared to the charge 

distribution. Each configuration has matter distributed 

throughout the tube, whereas the charge is confined primarily 

to the ends, so tlhat in doing the averages one expects more 

weight to be built up in the center for the matter than for 

F 
the charge distribution, Such an argument depends, of course, on 

how each configuration is weighted, and this can be studied 

in models. One can also study to what extent this argument 

depends on the configurations being tube Hike, 

A toy model can be easily constructed which illustrates 

the above ideas and their consequences, Our meson is modeled 

as a cylinder of vanishing radius a and varying length. The 

charge is located at the ends, and the neutral matter (glue) 

is distributed 

P independent 

matter density 

uniformly throughout the cylinder with a density 

of the length 2R of the cylinder. The average 

is then approximately 

d3RIY(R) /'0(R-r)0(a- IrsinFfl) 

up to a constant, where cots 0 =B*g/RrP and '4' (R) is the 
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wave function describing the amplitude for finding the val- 

I ence quarks separated by a vector Em Since the valence quarks 

carry the charget ,/Y(R)I 2 is the meson form factor; experi- 

mentally the Q2 dependence is that of a monopole, which is 

I’J’(R) I2 = 
-R/R0 

eR,R 
0 

in coordinate space. Using this wave function, the density 

p (PI @an be anal.ytisaP3.y evaluated in the Iimrit of smaab a: 

p(r) 
-r/R; 

= ce 1 1 
2*--- (r/R*) r'Ro 

1221 

where c is a constant. The second term is proportional. 

to the charge distribution; the first term is more singular 

as we expected. The matter distribution is more central 

since many more configurations have their centers overlapping 

than their ends. The comparison between charge and matter 

form factors is given in Fig.4, 

There are obviously a number of important features. left 

out of our toy model, The tube could have a width, and in 

QCD is expected to have one, 18 Also there may be configurations 

where the tube is more spherical than cylindrical, especially 

when the valence quarks are near each other. We have constructed 

simple models to take these effects into account and find 

the effect of including more tihree dimensional configurations 

is to increase the r.m.s. value of the matter distri'bution, 

This could have important consequences especially for baryons 
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since one can imagine many more types of configurations than 

for mesons. Nevertheless it is still possible that the tube 

picture is at least appraximately correct, even for baryons,19 

and could provide a basis for doing more detailed calculations. 

bet us now consider elastic scattering in this ND 

picture- 20 As emphasized, diffraction scattering depends 

on the average overall configurations. Since we have in mind 

a specific picture of which configurations are important we 

obtain some insight into the diffractive process, Now a 

configuration is labeled not only by a size and a shape, but 

also by a density of glue. There will be fluctuations in .' 

this density which give an important contribution to the 
! f ',; 

inelastic diffraction cross section as has been argued 
F previously. 10 What is new in our picture is that there also 

will be comparable contributions due to fluctuations in the 

size and shape. 21 

In this picture, the average eikonal will 

portional to the overlap of the average matter 

which are estimated with the toy model. Since 

distribution has a steep central component, so will the aver- 

age eikonal, If this eikonal were used in the usual formula 

still be pro-. 

distributions, 

the matter 

Eq. (1) 8 then an incorrect elastic scattering amplitude would 

result. It is because of averaging over the fluctuations 

also for the elastic scattering amplitude that a consistent 

picture is possible, The importance of the fluctuations to 

elastic scattering is demonstrated by the large difference 
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between our results and those which ignore such fluctuations. 

It is encouraging to see these large fluctuations can arise 

naturally in this QCD inspired picture of hadron structure. 

A serious test of, those ideas would be to get a consistent 

phenomenological description of both elastic and inelastic 

diffraction data. This we have not yet attempted. 
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FIGURE CAPTIONS 

Fig-l. Eikonal functions deduced from proton-proton elastic 

scattering data at fi=53 GeV (Ref.12). The eurwes 

are labeled by the corresponding total inelastic 

diffractive cross-section. 

Fig.2. a) Proton's matter and charge form factors. The matter 

form factors P2 GH(q ) are obtained from the eikonal 

functions of Fig.1 through Eq.(l?). The experimental 

data on the charge from factor Gi(q*) are from Ref.l4.a(*) 

14,b(O), 14-c(0) and 14.d(&. The dipole parametrization 

Eq.(l9) is also shown. . 

b) Proton's matter and charge distributions.. The matter 

distributions ppH (d are obtained by Fourier trans- 

forming the matter form factor curves of Fig.2.a. The 

charge distribution corresponds to the dipole fit 

Eq. (19) - All distributions are normalized to unity. 

Fig.3. a-b) Two configurations of a meson, as seen in its 

rest frame. The valence quark and antiquark are the 

focii of a flux tube of color fields (gluons)., 

e-d) Transverse picture of a meson-meson collision, as 

seen in the infinite momentum frame. The transverse 

distribution of sea partons is assumed to be propor- 

tional to the corresponding color field density. 

Diffraction scattering is assumed to be due to wee- 

parton interactions. In ease c) the matter overlap 

and correspondingly the wee-parton interaction prob- 

ability is much larger than in case d. The impact 
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parameter of the collision f; is the same in both 
z 

cases. 

Fig.4. Comparison between the mattes and the charge form 

factors of a meson in the toy model described in 

tRe text. 
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Note added: 

A weaker constraint is imposed on fermion masses if, instead of h 2 I, we 

require (X*/256,*) 2 1 or X 2 16~~. This requirement coincides with that of Lee, 

Quigg and Thackerl* who, using partial wave unitarity, found mH* c 8fi/3GF (or 

mH2 < (1.0 TeV)2) with mH* given by Eq. (19). In such a case, the absolute upper 

bound on ( 1 rnz } ’ is now given by 
i i 

< 873 GeV (20) 

instead of the upperbounds found in (15), (16) and (17). Ignoring radiative 

corrections to the Higgs boson mass, one can rewrite the constraint (13), using Eq. 

(1% as 

IIIn-$l’ 4 w < 12rn 4 (2 + sec4 8 W ) i i 
+-&rnA]’ (21) 

The constraint (21) is then plotted in Fig. 1 as a function of the Higgs boson mass 

We wish to thank Prof. J.D. Bjorken for valuable comments and for suggesting 

the idea of a mass plot as depicted in Fig. 1. 

Fig. 1: 

FIGURE CAPTION 

The allowed region (shaded area) of { 1 mf } ieavy as a 

function of mH (1.0 GeV is the absolute ipper’bound on m,) 

for ~20 and for sin* 8 W = 0.2. 


