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PREFACE

In 1967 an excellent paper by V. N. Popov and 1.. D, Faddeev
appeared as a Kiev Report No, ITP 67-36. We regret that this
remarkable paper has not been available to a wider audience, We
have undertaken the task of making their work more accesible to the
English reading audience.

Due to recent developments in both dual resonance models and
vhe intense theoretical activity in constructing a renormalizable
theory of weak interactions we believe that this work is not only
"timely' but merits thoughtful consideration for those theorists
involved in constructing theories which possess gauge symmetries.

The present text is based on an informal translation of the original
Russian version that Professor M. T. Veltman arranged in Paris
in 1968. We have also consulted Dr. Yu, K. Pilipenko for clarification
of some passages. None of them are responsible for any errors.

Caveat emptor'

The reader is also referred to Faddeev's article ""The Feynman
Integral for Singular Lagrangians'' in Teoreticheskaya i Matematicheskaya
Fizika, Vol. 1, No. 1, p. 3 (1969) [English translation: Theoretical
and Mathematical Physics, Vol. 1, p. 1 (1970), Copyright by
Consultants Bureaul, which was written after the present paper,

Finally we thank Professor L.. D. Faddeev for permitting this
venture.

May 1972 David Gordon and Benjamin W. ILee
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ABSTRACT

A method is developed for the manifestly convariant quantization
of gauge-invariant fields by means of a functional integration., It is
shown that for the fields with non-Abelian gauge groups (the Yang-
Mills and gravitational fields) fictitious particles appear naturally in
the diagram technigue, which are not present in the initial Lagrangian.
An appearance of these particles restores the transversality of
scattering amplitudes and the unitarity of the S-matrix.

Reported at the Seminar in Institute for Theoretical Physics,

Kiev, Ukrainian 35R,
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I. INTRODUCTION

It is well known that certain difficulties are involved in the quanti-
zation of gauge-invariant fields, and that they are due to the singular
nature of the Lagrangian concerned. There are many artificial tricks
invented in order to circumvent this difficulty in the case of quantum
electrodynamics; one of the best known is Fermi's method which
makes use of an indefinite metric,

But this technique does not work in the case of a non-abelian
gauge group. It seems that Feynman was the first to observe this in
trying to develop a diagrammatic perturbation theory for the gravitational
and the Yang-Mills fields. 2 He noted, for instance, that diagrams
with closed locps depend anon-trivially on the longitudinal parts of
Green's functions (in internal lines), and the scattering amplitudes
obtained were neither unitary nor transverse,

In order to get rid of these difficulties Feynman proposed some
modified rules of computing one-loop diagrams; similar and more
detailed descriptions of these Feynman rules were given by de Witt, 3
As far as we are aware, however, these rules have not been generalized
for artibrary diagrams.

In this work we are going to analyze a quantization method which
permits the possibility of such a generalization (cf. de Witt, Ref. 3).

The method is based on a redefinition of the Feynman path integral.
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When developed in perturbation series, this integral gives a relativistic
invariant diagram technique, which in turn leads to scattering amplitudes
fulfilling the unitarity condition. The stiriking feature of this technique
is the presence of some new diagrams which restore unitarity and which
have no analogue in the case where no gauge fields are involved.
In the case of Yang-Mills fields we shall alsoc show the
connection of our formalism with the Hamiltonian one; such a connection
was also developed by Schwinger. 4 It is this possibility of passing
to the Hamiltonian formalism which assures the unitarity of the S-matrix,
At the end we will try to employ the formalism to the theory of gravitation.
Throughout this work we use & v to denote the Minkowski tensor,
in which the only non-vanishing elements are given by: 6 =-% =

00 11

—622 = —633 =41, Vector indices everywhere, with the exception of

Section V, do not recognize any distinction between contravariant and
covariant indices. Repeated Greek indices imply summation over the

pseudo-Euclidean metric; repeated Latin indices imply summation

2 2 2 2 2
. kT =k k - - :
over 1, 2, and 3, For example WS ko k1 kz k3

2
3,8, 2500 " 3yA, -0, - J,48, Kk k1+k +k3
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II. QUANTIZATION BY PATIH INTEGRAL

. .5 :
Following Feynman, we write  an element of the S-matrix, up to

an infinite normalization factor, as a functional intepgral:

cntoty= | arpfisTal] TTdBG -
%

where S[ B] :f_%x)dx is the action functional, and the integration is
performed over all fields which converge to the in (out) states for

Xg ~ + ©, Elements of the S-matrix can be expressed by Green's

functions which can be written alsc in the form of the functional

integrals over all the fields B(x) vanishing at infinity, the integrand

being a product B{Xi) ... Blx ) with a weighting factor exp {is[ B1}.
The Lagrangian as a rule is always the Sum_g%_g;+ e_% where

%is a quadratic form,gis a sum of higher powers of the field B,

and ¢ is some small parameter. After developing such an integral

in a series.in powers of ¢, we obtain the perturbation series, for which

there is a Feynman diagram corresponding to each term. The vertices

of a diagram are produced by perturbing term _9{, whereas_% gives

the form of the propagator corresponding to a line in a diagram, The

propagaior is the inverse of the matrix of the quadratic form _g;.

For gaugeless fields the form_%ﬂis non-degenerate, and the propagator

is uniquely defined,

When there are gauge fields, the form _Qgis degenerate and the



-7 NAL-THY-57

propagator is not uniquely defined. In quantum electrodynamics,
however, this ambiguity does not affect the physical results of the
theory. F‘eynman2 was the first to remark that this is not true in the
case of non-abelian gauge fields (Yang-Mills fields, gravitation}. The
trouble is that there are diagrams with closed loops, which do affect
unitarity, and which depend non-trivially on the choice of the propagator.

In what follows we proceed with some formal considerations which
give an explanation of these difficulties, and give a prescription for
circumventing them.

In gauge-invariant theories the action functional should not be
changed after replacing B(x), by BQ(X), where BQ(X) is a result of applying
the element €2 of the gauge group to the field B(x). In other words the
action is constant on the orbits of the gauge group, which are formed
by all Bﬂ(x) for fixed B and £ ranging over the group G. Hence the
integral is proportional to the ''volume of an orbit" ]J d Q(x)
where the integration is performed over all the elements of the group G.
[t seems natural to extract this infinite factor before proceeding to
develop a perturbation series,

There are different possibilities for giving a recipe for such an
extraction. The idea of one of them is to pass from integrating over
all possibile fields to the integral over a "hypersurface' in the manifold

of all fields, which intersect any orbit only once. This means that if

the equation of our hypersurface is f{ B] = 0, then the equation
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£2

f[B™"] = 0has only one solution in f2{(x) for any B(x).

We define a functional Af[ Blfrom the condition,

A-‘:[B]S U % (;[Bﬂ(x\] )CLQ(X) = const., (1.2)

by integrating the "infinite-dimensional" & -function X]T& ¢ [ B%] )
over the group G, Below we shall give a few examples of computing

such an integral. Note that the functional Af[B] is gauge-invariant,
£2
e a,[B

Now put under the integral (1, 1) the left-hand side of (1. 2)

] = Af[B] .

which does not depend on B. In the resulting integral over the variables
£
B and €2 perform the substitution B —B. The new expression obtained

for Eq. (1.1)is a product of the orbit volume Ed 2{x) and the integral

Jwii STE1] 4, (@) TN 8(F 18001 dBOY. s,

It is this redefined Feynman functional integrat (1. 3) that we propose to
utilize in developing a perturbation theory for gauge-invariant fields.

We define the generating functional of Green's functions:

Z£[n]= SMP §; sie] + hcngum}A;[B]y%(fta])dﬁ_ »

The Green's functions themselves are logarithmic variational derivatives

of this functional:

‘“'1(?(”'“))(”‘\: > QM&EgD{])
Yt:-.o.

-

L) SN )
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The notations Zf, l’f show that these expressions depend on the choice of

a hypersurface f[B] = 0.

"orbit volume'.

There is also another possibility of extracting the
Let ASIB] be some term noninvariant with respect to G, and such that
the quadratic form _ggcorreSponding to the action 5 + AS shall be

nondegenerate. Defining a gauge-invariant functional ¢ [B] by the

definition
‘«P[B] wa?{ L'/_\S[E_Ql } Uiﬂ(ﬂ: const.. (4,3

then, in the same way as before, we shall express the integral (1. 1)

as a product of an orbit volume Xﬂd (x) and the factor

JMF{L.(S"’ AS)I‘@[B]UAB(X). (1.6)

Both prodecures described leave great freedom in choosing the
hypersurface f[B] = 0 or an addition to the action, which amounts to
the choice of a particular gauge.

In quantum electrodynamics one of the variants of the first procedure
leads to the perturbation theory with purely transverse photon Green's
functions (Landau gauge), whereas proceeding as in second case
mentioned, we arrive at the perturbation theory with non-transverse
Green's functions (in particular, the Feynman gauge}, but in both cases

the factors Af[B] and ¢ [B] do not depend on B(x).

On the contrary, in the case of a non-abelian gauge group (Yang-
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Mills fields, gravitation) these factors depend non-trivially on B(x)
and give rise to some new diagrams for Green's functions. We shall
also remark that the computation of ¢ [B] in higher orders of perturbation
theory is much more difficult than that of A[B].

S0 our main idea is te extract from the integral (1. 1) the factor
which is proportional to the orbit volume. This can be done in different
ways and leads to the integrals of the type (4.3} or (4. 6) where the
factors AlB]lor ¢ [B] appear, which depend on B in the case of a
non-abelian gauge fields, The following will illustrate this procedure

on concrete examples,
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{II. QUANTUM ELECTRODYNAMICS

This section has a methodological character., Here we show how
all known resulis of quantum electrodynamics can be obtained by
means of the general scheme of part I,

It is well known that the Lagrangian of electrodynamics:

T - / ’+ | A - z
i(x):’\x/(Lﬁf-fW\* EA) _T'f (dvﬁf.{' d/_&A»,r = (2, 1)
= cfu + ,f T
whereII = EA ¢, is invariant with respect to the abelian gauge group:

Lecix) o —cel) AL,
Ky —>A (Y43, Cx), YxIy—> ¢ "hm’) Yx)»e ’\]b(x)-
Aﬁﬂ P M~ J J 2 2)

The first recipe of Sec. I is to choose a hypersurface f = 0,
There are two well known special cases: the Lorentz gauge and the

Coulomb (radiation) gauge:

?L[A‘_].——.zﬁ,qﬂw ) -FR[A]E cl,ivA=c>)

which gives us the equations of the "hyperplanes’’ in the manifold of

all fields A(x). The corresponding integrals of the type (1. 2)

J ];I S (Ef* A,»\-(x) -dc (X))dCL)() for the lLorentz gauge,

and

. -~
S [ S (A.i\l Axy— A C(x‘)dCé‘) for the Coulomb gauge,

A



~{12- NAL-THY-57

where A and l:j mean the Laplace and d'Alembert operators respectively,
do not depend on A(x), hence we can put without loss of generality
A=A =1,
L R
In order to proceed to relativistic perturbation theory it is useful

to find a generating functional of the form (1. 4) for the non-perturbed

,Za[ﬂz KMP{{ S+ Lj(ﬁﬁb + TP?L-*r n, Aﬁ}&xix U S(IJ,AAJA/“AH

Here ;;" n, n are the sources of the fields u, 5, AH. This functional
€3
can be computed by means of a translation
——— — _ (0
Y — Y+ ' - + A
/\’/ -2 ’L{J+,¥/u ) /\P «P ,LPO ) A/“ A/u' M

5 A9
W

)

that does not affect 6(8 A ), i.e. =0, and is equal to
l_L.

M

o= T
Ap {-Ljn(x) G- IMY) + 3 n/gx)c{zvu-y) Ws)clxdy} (2.3)

where

- , -
G )= (1“34JMP{LPX\ (F =) a\P

and ﬂ T(x) - (‘).T[). jWP { . )ka (&2} L £ )_(- hl‘%“?'i"kf’kv)dk,
M (

2.4)
From (2. 3) and (2, 4) the Wick theorem follows, and hence, all usual
diagrammatic techniques with well known expressions for the electron
lines and vertices and purely transverse photon Green's functions

{Landau gauge),
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In the second procedure we have to choose the additional term

AS. Choosing it to be ‘ 2
AS =7 2@ j [3,«-*4«“ (*ﬂ X,
we see the corresponding factor ¢ [A] (cf. 1.5) does not depend on A
and therefore we can put ¢ = 1. Hence we come once more to the
diagrammatic techniques with the transverse photon Green's functions
of the form
(,k?_ cie \J-l (_ R,L S/*V S ( ﬁ—i) /{Q/A 4{Q.,,> {in k-space),
which for the special case B = 1 is equal to the Feynman function:
: -1
S (RM+i€)

Both frameworks of perturbation theory obtained are well known
and lead to the same results for physical quantities.

Exact relations among Green's functions of electrodynamics can
be obtained by a change of variables in the functional integrals. As an
illustration of this we shall derive the Ward identity6 and the relations

between Green's functions in different gauges:

Gty = <Y Y iy) ), =
= N [ gy e [ S TTTS6A) a4k,

(2.5}

where

N= [ aep [ IS YT SGa A AMYAY
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A rotation of the spinor field into: -
Yooy s apficant ) Ny = (- “"“} Yix)
in the numerator of (2. 5) gives rise to the factor:
,QI)LP{LE YC(X) "C(.‘;}) - ICLZ)D,* /j)& d'i ] k 2
where ;L“'-'- q Xﬂﬁf/ . Differentiating with respect to ¢ (z) and putting
afterwards ¢ = 0 we obtain
G-9ILSt=2Y- S(y-2)] = <V )Y (y) Ip 1,(&)){_
from which the Ward identity follows:
-1 - | ™ '
G Py =G (g = (P TL (£ %) p-g)

connecting the Green's function G(p) and the irreducible vertex part

-t

r/; (f’) i ) ,P - C& 3 . It is clear that this identity is valid in any
gauge of the photon Green's function, because in the derivation the
change of variables was made only on the spinor fields,

Let us look at the transition from the Coulomb gauge to the Lorentz

gauge for the electron Green's function:

G tx=y Y= {0 YY)V *

2,6)

Ng = [aep fiSYT S (dn A )dAdYAY,

In order to accomplish the transition we put under the integral signs

in the numerator and in the denominator of (2.6) the expression
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gTj %(I:]C - :’)* A/.J ic(x), which does not depend on A, Then we perform

a transformation of the type (2. 2} which does not affect the action S.
Under this transformation the arguments of the delta functlons
change as %(DC *"b’y.ﬂju] —% S gﬂ #) S(dth\"? S(JIVA + AC)
In the factor MP%L'E[C Ry~ C(‘:OSJ kwhich emerges in the numerator we can
put for c( ) a solution of thej;quation ACO() + A.’V Z= 0 ,i.e.,
Cx) = ;ﬁ— _( -Z 1 ivAEY L e = J’qb; (x-2> A ('2.)1.1/
where

. (x) == §(%)2; (4T\X-F)7
When this substitution is made the integrals over c{x) in the numerator

and denominator cancel each other. The formula that results is:
v ";( Labh [Cﬁ -2 )= @y~ )]A'l%)ati\\'
Gte-yy= <Y Y ) anp e [ (x-2) = 423 | Ar()ay,

It expresses the Green's function in Coulomb gauge as a power series
of Green's functions < ’\l/ (%Y ,L‘J(y ) \ | HR (%R\)> in the Lorentz
R [

.
gauge.
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IV, THE YANG-MILLS FIELDS

1. Yang-Mills field theorie58 are the simplest example of fields
associated with non-abelian gauge groups. 1t is very convenient to

describe Yang-Mills vector fields related to any simple compact

il

0. ) . .
Lie group, G? in terms of matrices B (x) which form a definite
¥
representation of the Lie algebra characterizing the group. It is clear
that such a representation may be defined hy

B o) = i {-:ma

M a=1
where ta. are linearly independent matrices representing the Lie
algebra, are normalized according to the relation Tr (I'A' f’u ) '-" 2 Sa- b
n is the number of group parameters, and bi(x) is a function with

vector index p and isotopic index a. As is known one may represent

the latter index to denote a matrix element of B (x) by means of the
<

%
relation, (Bﬂ_ )rib = QL;. (T, )a\: /{,.;U = %_, tabc {V/u)

where ta are the totally anti-symmetric structure constants of the

be
group G,

The gauge transformations are:

_ -
B —»>3%=z080"++3.00
s M

Fd

whereﬂ(’t)is an arbitrary matrix-function with the values in G,

The Lagrangian

L= 5 10w Bv
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where

Fov = o, B -3,8,+ €[B. B,]

{(3.1)

is invariant with respect to such transformations. It is also clear
that i:- fb-r II where [ . is aquadratic form and II is a
sum of trilinear and quartic forms in the fields Bix}.

2. Now we shall proceed with the formalism developed in the
part 1, making use of the first recipe. As in electrodynamics the

most convenient gauges seem to be the Lorentz or Coulomb gauges:
—
= -0 Bl= O‘LLV B’-‘-O.

Both equations are matrix equations and represent really n conditions
(n = dim G) instead of only one condition as in elecirodynamics,

In order to compute the factor ALEB] we shall remark that we
are interested only in its value for the transverse fields ( ?J/“ —B/L =0 } .
For such fields the only solution of the equation 'E/A B;Qz & in Q
will be the identity element of the group G, and so the
entire contribution to the integral (4.2) is given by the neighborhood
of the identity element. Therefore we can put

Q x|+ wlx)

where ufx) is an element of the Lie algebra of the group, and retain in
Naﬂ. %“ only the terms linear in ulx):

Br?)f—ﬁ, B (P;a’ré[u.)%/:l 14,4 )':* Ouw — € [Bﬂjaﬁg&])
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where | is the d'Alembert operator.
The condition (1.2) reads as
A BT S(Aw) du = const,
where

Auw

Formally A[B] is the determinant of the operator A. It is useful
“

i

Dw~6[3ﬂ)9ﬁwj .

to have also another realization of this operator. We introduce

instead of the matrices u(x)the column vector u%(_x Y in such a

way that ({= b(a_'C&) ta_, being the matrices of the adjoined representation
of G. In this new representation the operator A is given by the matrix

(A),, = DS —€ (Ba), 2

Extracting the trivizal infinite factor daf Il weareleadtoa

following expression for ,Q/v\. AL Y_B] :
Lan AL\:B"_\ = fn det (U-! A= Trfw (i-¢ U*"B éﬁﬂ):

Z %;," [J“x;"' d X Te (B},(‘l)“"B/“M(XM))

h=2

X Bﬁlﬁ(xf’xz) et ?}1% J(KM_—X.L

where ﬁ(x) is the Feynman Green's function for the d'Alembert

il

(3.2)

operator \
— . L R -~

B oo = e Japf x| (REwie) " d k.

'On the left-hand side of (3. 2) the trace is understood in the operator

sense, whereas on the right-hand side the trace is taken only in the
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matrix sense,
Analogous computations in the Coulomb gauge give the factor AE [B]

It is given by the expression,
%Aﬁtmaﬂ bo (- €87 B30
jd(_%x f.,ctﬁx“ +r (BL-\ {o, Yo s BL. (xm\) .

L
X 30 DRy 3 O - R, 5.3)

where 08 ( X > is a Green's function for the Laplace operator .

E@y s o {up TRT ] (ke APk == (am iR

¥

and the indices t:. A S run over the values 1, 2, 3.

3. Relativistic invariant perturbation theory for computing the

Green's functions in the Lorentz gauge, viz,

{ B, (xNer By (k) y =
= N0 R0 Bt s S BT 2RI EM

N = [eepfisTrY &, [BITI S (3,.B) 4B,

arigses naturally in the Lorentz gauge when developing the functional

spSTELY A (8] = 4p (ST8Y + fn &, [87 ]

in a power series in the parameter & . The expression A\. [B.]
b L

can be interpreted as an addition to the action, but this addition does
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not have the form flp(x)dx associated with some Lagrangian. The

term of degree Em of this series in a striking way looks like a
contribution of a closed loop along which a scalar particle is propagating
and interacting with a vector field in a tri-linear way. This circumstance
permits a description of the perturbation theory in terms of additional
graphs containing the propagation of a fictitious scalar particle and a vertex
with one vector and two scalar ends. The elements of this diagrammatic
technique are shown in Fig. 1, the corresponding analytic expressions

are given by:

b - e \ ab o =1
Gf“’ (f)= Sﬂb (PL'HI") L(—F Sf“T P»?"‘B J G (P)"—Sab(P* )J

ab e , . abe ‘e o
\//*)V)'P = (£ ta.l:c(?n/ Sf'\f)‘-‘F‘fS/‘*V}) ) \//‘L = _z-tah( P] ﬁ-}

ﬂk’)CCL
/“-\‘;J f‘f

\

= ehtahc_ fcie {S"A(:l gvg" - S/uo' S-\.«‘Jg)
(3.4)

P v b a. 7 b

ma PR
G_ab G'a(f’)
oo d
al O F& , L
vb / ,
o Py —/F/'s i RARCS
/%a‘ F‘ ,\t.
/rg. P Hea. AP
T Y T d i

b ¢ a\ucct ) abeo
Vi v (R By ) Mivpe Bt RV R

Figure 1.
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In order to calculate the contribution of a given diagram we ought
to integrate the product of the expressions for its elements over the

independent momenta and sum over discrete indices, and then multiply
1 — 4 . -E ¢ - "\-) “+ | 5‘
the result by R { (27 ) { ) ¢ (-, where V

is the number of vertices, ,QL the number of internal lines, S -
the number of closed scalar loops, and R is the rank of a symmetry
group of the diagram concerned.
In this way all the effects of the presence of a factor AL[-BJ
can be interpreted as the introduction of a fictifious scalar particle, The
propagation lines of this particle should be taken into consideration
only inside the diagrams so that they form closed loops. Moreover
these scalar particles behave in a way as fermions, The factor (—i)S,
indeed, where 5 is the number of loops is characteristic of fermions.
The last fact becomes less queer if we remark that for A . ['B]
one can rewrite the integral representation, ~ .
AL[B] = const, JMF{ (teR (W€ YB/«; 2’;&-”“j )} dud:
in terms of the anticommuting fields u and . Putting this expression

in the integral (1.3} we are lead to the usual Feynman integral for a

M0 ?%Bf‘t'o )

two field system: The transverse vector field B
and scalar fermion field {u, u).
4. In the second-type approach to Yang-Mills fields it is natrual

to choose an additional term to the action as in electrodynamics, i.e.,
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.
oo “ R ,
A5—4g j“-r (ﬁan/h) A'x

Then after expanding the functional 99['3] MPLJS +AS} in the
powers of & we are lead to a non-transverse Green's function, in
particular, for 8 = 1, the Feynman function. Nevertheless in this
case it is no longer possible to account for all additional diagrams
generated by introducing into our diagrammatic technique just one
new line and one new vertex as was done in the previous case.

5. Sometimes the so-called first order formalism is more useful.
This formalism can be obtained if the Lagrangian (3. 1) is re-expressed

as follows:

_ E
-%-hljwiv“"z(*“[(g B~ 2.8, )+e[Bu R ]:)/W -

Loy=-

and to integrate in the functional integral over the fields B/.;. and av
as if they were independent, extracting, as usual the "orbit volume''.

Then for instance, for the Lorentz gauge we arrive at the integral,

j.vpp{is[s)r—‘] A [B7] U 3 (?ﬂ, B/.L) dB 4 F, (3. 6)

Here the integral over F can be computed exactly, thus leading us to the
formerly investigated formalism. However, if we do not do that, but

vet in the integral (3, 6) expand the expression MP{ ¢ S[BJ F]} AL[B]
in powers of € , we will obtain a new variant of the diagrammatic

perturbation theory with three lines, corresponding to functions (B, B >
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(BJF>) <K F)and one vertex describing tri-linear interaction FBB. The
elements of this diagrammatic technique are given in Fig. 2 and

formulae (3.7); The field B is represented by a single line, whereas

F is represented by a double line;

aL - h '
G\‘ﬂw(ﬂ:' SQB(PI-HO) t (- Sv P +?%?V))

b
a‘* BN (pis) (7§ jnp = P ve)

ab
P'V)f’”(?}z gab[gﬁf gvv“gf.a‘gvf +

R Nt
+ (P 4+ 10) (S/ua’f‘v?f “\'Svf, F/“[’r—%afi)v?u‘_gw'?ﬂff)]

abe |
Vf’mv = e Tane Sf'/* b (3.7)
h
s ;1: ~ b MV&Q:; r
o.l: auL
G Lo Gy, p (P)
T, al
Y O \: f’_‘"k Id e
hd
Gm\p nd ,M :; \\Pam
sV, P T \lfd”/w((’\f"'f )

Figure 2,
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The lines and vertices describing the propagation of the fictitious scalar
particles and their interaction with the vector ones are the same as
in the case of the second-order formalism, because the factor
depends only on B, but not on F.

6. In the first-order formalism discussed above we have three
full one-particle Green's functions which can be expressed in terms of
the corresponding non-perturbed functions (3. 7) and three self-energy

parts, which in second order perturbation theory take the form:

ab -k* 1
L ) 2l A ok M (5 )- s ek

akb

quvjd('k§= Sap JLET [’{Q/A g‘vvﬁkvg}(](ﬁ% (’:,_E.; )"f‘i)

e TTE

ab
Sak € _ z .
Z/w“ M(R)' _T%}FL {(g/ufgwr S Svfxﬂw(%;)*?#)
S,

1 (k% i0) (kakp e K, oS = Ko ko 5, ok, d}

Here ko denotes some fixed 4-momentum, with ’ku >0 ;anda,b,c,d,e

are some renormalization constants (indeed only first derivatives with

ab

&
respect to momentum of Z {(®) , second derivatives of { f')
/“'j) Fo MV, d
and third derivatives of Z ab (f) are uniquely defined),
ab MV
In Z there is also a contribution of an additional
P VT

diagram and only due to its appearance can we assume the function
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ab

E v to be purely transverse, i, e., proportional to
IU&
ra . . .
k 5 - RM ka , by choosing in some special way the constants
a, b, and ¢ such that b = 0, and a = -c.

7. In order to establish a connection with the canonical quantization
method it is useful to start from an integral over B and F in Coulomb
gauge with sources:

Z 1= Jop{iSTRF- et Baean, B )dx
X A 1811 TS (cin )ABdF, (3.8)

Following S‘:(:}'ﬂ«s.finger4 we shall choose for the dynamical variable the
transverse (in three-dimensional sense) components of the field B,

1
and Fio’ i=1,2,3. We also assume the sources present only

correspond to our dynamical variables; this means that

nozvik:alnt' fd gt‘no; =0,

In three-dimensional notations our Lagrangian (3. 5) takes the form
Z(x)=+r{——‘- Fobe >+ F,F, +
Z e 73 4 tQ w D

——-th:t,uégB MMF(ﬁF' +é[ECJF‘n])}

Z

The absence of the sources corresponding to F,

d B i
ik an o permits the

integration in {3.8) over these fields, which is equivalent to changing

in the resulting integral over the remaining variables Bi’ Fio the

matrix ., into
ik

H'uk = D4 B, ~-2, E’ﬁ-, T e EE‘: J Bkl
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and also the S -function into
*
Now, put into the integral (3.8) the factor jn S(A ¢C -3, F )AC(K)
X
d ' ' e
that realy does not depend on Fio and perform a translation F-'L o —_ l-l9+

+3,C » thus inducing the transformations:

Msac—2cFio) — 1T S (2, Fro)
X

TT g(’giﬁo + 6[8,')‘;{;.“]3 —",Erg (Ac"*-é ['_B";Dl'c'] +
A € LR, Fol).

Let < be a solution of the equation:

which can be expressed by a Green's function depending on B (cf, Ref, 4}

#

co = e [ LR [Fa(y), B (4)] ¥y |
ABRFB) e B0, 0. 50T B8] =50,

After performing a translation £ == C + C, the$ -function
appears as, IT S (/_\.c “+ € [BL'/ 3 C]))and we can put ¢ = 0 everywhere
except when equal to the argument of this function. The resulting integral
J U C(ac +€ By ,2,¢7 Y de k)
cancels with A\ R [ Bj .
Hence the integral (3. 8) can be transformed, up to an infinite factor,

to the form

T fanp{ S = e Dne B = e Fedl
>< TI S(?{B{) S’ (?; Ffa Bigt CLF;C) (3.9)
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where

jd'x"{f: 4 ‘fj'a"i%x B H (%’Mﬁ-\)
- He L (ex D+ Jn:l e FL‘: ‘FL: *3.C05 Caa].

The relations obtained look like the usual formulae of quantization

of a classical Hamiltonian system using Feynman method (cf, Ref. 11),
- a -
The transverse variables -FD . (%) and b X (¥ J are playing the
role of canonically conjugate variables, whereas the functional H ['F} b]
that of the Hamiltonian function. Following the general quantization scheme,
-y

we ought to introduce the operators b (¥ ) 'F fulfilling the

transversality conditions:
Fa

3 Fur = oot
as well as the commutation relations

L6550, £ T= ke iy (-3

where —> ' ’ 3

) = e) Swp k z(gcy M._L \A'k
§ { K ks Ks

P
The energy operator H can be obtained by putting the operators ’Z—
A

and 'F instead of the functions b and f into the functional H.
The canonical quantization of Yang-Mills fields given above is
equivalent to the one proposed by Schwinger in Ref, 4.

It is also known that the Feynman and the canonical quantization

proceedure are equivalent, In particular the functional integral (3.9}
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is the generating functional for the Green-Schwinger function. Strictly

speaking, the following relations occur:

(AT (R - E(\g\ oy e) = B  F {‘3§>RE
=g (RO Pl ) wp {ES AT R S (B:B:)ABAFJ
where
Ne= [ {iSe TS (o Far) [(2,B; )ABLF.

The left-hand side is an average over the physical vacuum of the
chronological product of the Heisenberg operators B(x).... F(y). ..

As a closing remark we indicate that the presence of the factor
AR[B] in the primary integral (3, 8) is necessary for casting
it into canonical form,

8. After having established the equivalence of our guantization
with more conventional one in terms of operators, we can define
the unitary S-matrix using well known reduction formulae {cf. Ref. 12),
For the sake of brevity we return to the second-order formalism, so
that the Coulomb-gauge Green's functions are given by the following

expressions:

By e Aoy = e )
X oop{ SIBIY A TBIT S(divEB)AB .

where

Ng = Jorp{csTBT Y £, TR TTS(divE )AE .
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Take now their Fourier fransforms; . Z k P ¥
G, R

4-] d, a“v\

‘ - r 4 4R

GRJ L (P\\"') ?m):“(zw') <‘{"LI. in) —6—:“ (k“\\c ‘lxl dx
b mtt em

which are proportional to g (Z P} due to translational invariance.

In order to obtain the transition amplitudes between an initial state

containing r particles and a final state containing s particlegsr + s = n,

we have to go to the mass shell (i.e., to put p2 = 0 for all the momenta p)
a.‘ LR a-v\,

in the product of G( (P P ) and n factors

R m

of the form € (P U(P) 2';‘ for every particle. Here e, (‘P) is

a unit transverse polarization vector, | F‘_‘ 6“ =2 and . =
-3/2 " - ”1
= (21n) P [?.‘Pb } B(z Po) , where the last sign takes account of the

difference between the in-and outgoing particles; the renormalization

constant ZR is defined by the residuum of the one-particle Green's

ab

function 6— ¢ ) (F) for p2 = 0, More exactly, for p2 = 0 this

function has the asymptotic form

ab ~ ZR 50-5.. L Sey T PPy )
C"S (P % oo ) 7 Ps.m.

up to infrared singularities.

From the practical point of view it is useful to express the matrix
elements of the S-matrix in terms of the Green's functions in the
Lorentz gauge, for which we have developed above a covariant perturbation
theory. As a matter of fact this can be done and the corresponding
formulae have exactly the same form as the ones developed above in

the terms of Coulomb-gauge Green's functions. We need only change

the Coulomb gauge Green's functions to the Lorentz gauge Green's
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ab

functions, and put instead of the factor Z_ the residuum of G L (P?-)

R
for p2 =0,

For a more detailed explanation we consider the connection between
these two types of Green's functions corresponding to different gauges.
We put into the demoninator and numerator of (3. 10) the factor not
depending on B: A Y.E] S Tr S -’J,u 5)- ) 4 &2 and then

perform a translation —> B . In the numerator the following

integral over Q appears

= SL
(B i B2 TS (4ivE T )da,
| 2. Bﬂ.o

from which can be extracted a factor B { et ‘

' -~ '

where ,ﬂo is a gauge transformation changing the field B satisfying

the Lorentz condition }J/,L B}:-‘-’O into a field transverse in the three-
ity

dimensional sense, i.e.,div B = @ . This transformation depends on

L¢3
B, so that B ® is a complicated functional of B. Here are the first

terms of this functional developed in powers of €

B - B - 5 La™ div -B-’; B““ET]T"*----- (3.11)

Here T denotes the three-dimensional transverse part of the correspond-

ing vector. The rest of the integral cancels with ARLBJ and we are lead

to the expression of the form:

N (B 00y o By avp i SEa [BINT 6 (3, 8,)4T
y «

L

that can be used to calculated the Coulomb Green's functions in terms

of the Lorentz Green's functions, When expanding in terms of perturbation
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series we can ascribe the extra vertices to the terms of (3. 11), so
that any Coulomb Green's function is really an infinite series contain-
ing the integrals of Lorentz-gauge Green's functions with any number
of external lines.

In this way the connection between the Green's functions in different
gauges appears to be very complicated. Our scheme becomes much
simpler, however, if we go to the mass-shell: We ought to compare
only the terms having the asymptotic singular behaviour when ‘Pl—) o .
It is ¢lear that the pole for a given p will remain only if the whole effect
of extra vertices reduced to terms of the type of self energy insertions
into a corresponding external line. In the limit ?7"_:, o - the resulting
Lorentz and Coulomb Green's functions will differ by the factor il
where @ is certain constant, and n denotes the number of external

'!

2
lines. By comparing the one-particle functions we obtain G = ZR -z 5
T\
so that 0= "i" . This ends our explainatory remarks concerning
L
the elements of the 5-matrix.
All these considerations have an explicitly invariant character and
therefore apply to any Green's functions. In other words, the expressions
for the elements of S-matrix have the same form in any gauge. In

particular we can make use of the following formula for computing

the S-matrix of the Green's functions:

a, R -
CH2ry o A2 ) D s

- a A oan ' | [_B‘.S}T\E
= Ny 5'()‘;,‘“(\”‘ ’{';n("“)wf[‘“*ﬂsﬂﬂs C
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where

Nag = JMF [i(s+a3)] S [5 148,
for which the relativistic invariant perturbation theory could be
developed as well. It can be shown that the recipe given by Feynman
in (2) for computing one-loop diagrams is equivalent to taking into
account some of the terms appearing in the expansion of the factor
?AS IR}l in powers of € . Inthe general case this expansion
gives rise to the infinite number of extra vertices, whereas in the
formalism of the first type it is sufficient to introduce only one extra
vertex,

As a closing remark: The computation of S-matrix elements in
perturbation theory without taking into account factors of the type
AL[EA or @[B.] would lead to the formally invariant amplitudes,
which would not, however, satisfy the unitarity condition. This fact

was indeed revealed by Feynman in Ref. 2,
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V. THE THEORY OF GRAVITATION

Now we will examine one proposed scheme for gquantizing the
theory of gravitation, Here we limit ourselves only to an outline of
the perturbation theory and compute the analogue of AL LB]

The Lagrangian of the gravitation field,

Lxy= (2yc? ) R (%)
- MV /. « .~ . P _
()T 300 T T Ty Y e D m L T

is invariant with respect to general coordinate transformations which we

write here in an infinitesimal form:

v N, ~ _ o
Sc}#"“"»\‘}”"fj y $XM+ 4™, §x ;.

T A A ;r‘
SE,;:'_%XaA{:AV l/u.)\ uSX AILSX""I- ?ASX
Here S)('\ are arbitrary infintesimal functions.

The coordinate transformation depend on four arbitrary functions,
Therefore in our scheme a hypersurface in the manifold of all possible

fields should be given by four conditions, and we choose the harmonicity

by (FE (},w)
Ry

If for the variables of functional integration we choose ‘::} ﬁ and

L. 1
conditions: 3

\_ ~ we will arrive at an integral of the form

/\L

farpfisTy ﬂga 13178 Gy «-3,3"”’)43&"
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where
MV
dc&c{\—ﬁﬂ_ d(\l-f} )W‘L/«&v
N CT' Wond < ~
The notation A (%} recalls the origin of this factor from the harmonicity
h

conditions.
Cri'
In spite of the fact that the integral over l—;"v in (4.1)
can be taken explicitly we will prefer not to do it and work in the

first-order formalism.

The diagrammatic perturbation technique arises in a natural way

if we put "y a o
” — T =
[———_% ‘}”":SP,—!-&'C\'\ ) |ﬂw ._arcTT,n;_,

and then expand the integral (4.1) in the powers of JC.

At that moment we get two kinds of vertices One of them correspond-

ing to interaction ¥t L‘ (_T £ Tr /M, I‘f and the other
being generated by the factor A th] which we shall now
evaluate,

We must know Ahf%:l only for the harmonic fields. For
such fields

mY
i ) 4 s, Saas ek TR

and the general formula (1. 2) for the factor we are seeking takes the

form: y | \ ) |
A, Ta1{ T8 (FF 977 50 (5x N (5X7) = eonst

Proceeding thereafter as in the case for Yang-Mills fields we obtain



~35- NAL-THY-57

the result:
f D, 1312 4 r e (1= 07 h 2,90 =
:“42 ;"Emf‘v{"u"'dx« 'fn'u’v’;}m .QVIQ[ff(xi-x;_)....

m=zg
Vo
X k57 o, o (A= X) (4.2)

A general term in the expansion (4. 2) describes a fictitious vector

.

particle propagating along a loop with n external lines and interacting

Y ""“’i F f
with the "harmonic’ field l’\, following the coupling rute #€ L’\ ﬁ/ﬂx 27’)( ,

This paper was received
by the Publishing Department

July 5, 1967.
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