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(2.3)iB-[a ] = H. [a]dt v mass dlag v mass

where [a ] represents the probability amplitudes
for all ~iWI~etates in the mass basis and

Hdiag - m~/2P 0 •••..

Abstract

We review the theory of the Mikheyev-Smirnov­
Wo lfenstei n effect, and exami ne its consequences for
the solar neutrino problem. Using a two-flavor model,
we discuss the solutions in the M 2 -sin2 2e parameter
space for the 37Ci experiment, and describe their
predictions for the 71Ga experiment and for the spec­
trum of electron-neutrinos arriving at earth.

1. Introduction o (2.4)

where G is the Fermi constant for ~-decay and N is
the den~ity of electrons. Including this effect~ we
find that Eq. (2.5) is replaced by

The charged-current diagram generates a difference in
the effective mass of electron neutrinos as compared
with other flavors 4

In this talk we shall briefly review the basic
physics of the MSW (Mikheyev, Smirnov, Wolfenstein)
effect1'2 and the resulting enhancement of oscillations
for neutri nos trave11 i ng through a medi um of constant
density. We then discuss the case of a medium with
varying density, such as the sun, and outline the
conditions for the validity of the principal approxima­
t ions whi ch have been used in theoreti ca1 analyses.

To apply the MSW effect to the solar neutri no
problem,3 we determine those parameters which give the
requisite reduction of the 37Ci signal, especially in
the small mixi ng angl e regime. We then exami ne the
implications such parameters will have for the 71Ga
experiment, and we emphasize the need for new experi­
ments whi ch wi 11 measure the energy spectrum of e1ec­
tron neutrinos arriving at earth.

Transforming to the flavor basis, we have

(2.5)

(2.6)

where J is a matrix with 1 in the (e,e) position and
zeros everywhere else.

To illustrate this formalism, let us consider the
two-flavor case with v and v , where x represents
another family (muon, tau, orxa fourth generation)
but does not correspond to a steri 1e neutri no. The
mixing matrix is

2. The Physics of MSW

The two essentiali ngredi ents of the MSW effect
are2 : (1) the prior existence of neutrino mixing; and
(2) the charged-current scattering of electron neutri­
nos by electrons. Neutrino mixing means that the
flavor eigenstates associated with weak interactions
are linear superpositions of the eigenstates of the
mass matri x, and so "i n vacuo" osci 11 ations can take
place. In the standard electroweak model, all neutri­
nos can scatter from electrons (and also from quarks)
by means of the neutral current (ZO exchange) interac­
tion, but only electron-type neutrinos can scatter from
el~ctrons by means of charged-current interactions
(W -exchange); thi s means that the coherent, forward
scattering amplitude for electron-neutrinos differs
from those for muon- and tau-neutri nos, and hence it
gives rise to a different index of refraction, or
effective mass as the electron neutrino propagates
through matter.

We express the flavor eigenstates in terms of mass
eigenstates through

[V]flavor = W[v]mass

[::1 {:::1 [::]
where c =cose and s =sine and
equation is

d fa (t)l [AlB] [a (t)]
dtL.:<t>J = B,D .:<t>

where

(2.7)

(2.8)

the time development

(2.9)

(2.1)

In the mass eigenstate basis, each neutrino has a given
momentum p, and its energy is

The differential equation governing the time develop­
ment of phase differences between the mass eigenstates
is

(2.10)

(2.2)(p » m)
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With the appropriate choice of electron density, we can
"tune" the effective mass matrix so that

(2.18)

The eigenstates of the matrix will then be equal admix­
tures of \) and \) , and we shall have maximal mixi n9
between thee flavor ~igenstates. The condition for this
can be written as

and since, in the standard electro-weak model, GF. is
positive, Eq. (2.12) requires that the electron neutri­
no be domi nant1y composed of the 1ighter of the two
mass eigenstates, namely m1. 4

Let us now suppose that the neutrino is travelling
through a medium of constant density. We define a
"matter osci 11 at ion 1ength" Lo as2

A = D (2.11)

(2.12)

Thus the smaller the angle a, the narrower the peak;
and so for very small angl es, the peak becomes a
sharp spike. Outside the peak, a tends to zero for
high densities (L IL -+00) and to i!s in vacuo value a
for low densities v(L:/Lo~O).

3. Varying Density: The Sun

In the sun, the density of electrons decreases
steadily from a value of p ~115 at the core to Pe~O
at the edge. 3 ,6. Conseq6ently, for every p/~2
within a wide range, there exists a density somewhere
inside the sun for which enhancement condition (Eqs.
2.11,12,17) is satisfied. In the vicinity of this
density, we expect large oscillation effects to
occur.

For the purposes of thi s di scuss i on, we use an
exponentially falling solar density

(3.3)

(3.4)

(3.2)

(3.1)

R 1 R 7 x 107mc ;::: 10 sun-

0.7 x 10
7

cos2a
Pe

-x/R
Pe(x) = Pcore e c

with

Pcore ~ 115

where we measure p in MeV and 6m2 in (eV)2.

The travel history for a typical neutrino born
in the core can be divided into three parts. Initial­
ly, the neutrino finds itself in a region of high
density for which L »L: the effective mixing angle
is much smaller th"n the in vacuo ang1 e (Eq. 2.16)
and so oscillations are suppressed. The neutrino
then moves into a region of intermediate density for
which L ~L and, since sin22~l, oscillations are
enhanced~ ~inally it passes into a region of low
density where L «L and "in vacuo II oscillations set
in. v 0

Outside the core region (the first 5% of the solar
radius), this provides a good approximation to the
density profil e of the sun. The enhancement condi­
tion is satisfied when

In the adiabatic approximation,7 the eigen­
vectors of the equations of motion change very slowly
during the passage through the sun, and in the slab,S
or sudden approximation changes take place in an
extremely small region. The criterion distinguishing
between these cases comes from a compari son between
the physical size 26X of the region in which enhanced
oscillations can take place and the effective oscil­
lation length L at the actual point of enhancement.
When 26X is m~ch greater than L, the adiabatic
approximation is valid, and when ill is much smaller
than L , the slab (sudden) approximation comes into
play. m

and so the range of applicability for neutrino param­
eters is approximately(2.15)

(2.16)

(2.14)

(2.13)

(2.17)

27'(

N = 6 x 1023
pe e

where p is the density of electrons in units of
Avogadro~s Number:

In vacuo, the neutrino has a mixing angle a (Eq.
2.8) and an oscillation length Lv:

but in the medium it oscillates with modified param­
eters am and Lm where2

Two properties are important in the formula for the
modified mixing angle: first that, no matter how
small the "in vacuo" angle e may be, the "in medio"
angle a will have its maximum value (sin22a =1) when
the rat'l'o of oscillation lengths happens to Watisfy a
relation

Typical values of p on earth are in the range of 2-4,
although it can reIch as high as 13 at the center of
the earth. 5 In the solar core p is of the order of
100. e

which is just the A=D condition (Eq. 2.11, 12) in
another form. In other words, as long as a is not
zero, there is always a density for which the neutri­
no will oscillate with maximal mixing. However, the
osci 11 at ion 1ength becomes much longer than before,
namely (Lv/sin2a).

The second property is that the wi dth of the
sin2 2a curve as a function of (L IL ) is proportion­
al to msin2a: in fact the full wfdtR at half maximum
is given byl
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h -I 1 £E 1 (3.5)
0- Pdx enhancement

The size of the enhancement region within the
sun itself is

For the exponentially falling density distribution of
Eqs. (3.1 and 2), the scale height ho is a constant,

This formula gives the correct qualitative behavior
of the direct computations I shall descri be be low,
but it does not work well in a quantitative sense. A
much better expression, in fact one whose agreement
wi th the computations is remarkable, has been ob­
tained by Haxton9 and by Parke lo using the landau­
Zener formula:

Pslab( t E th) 2(Am
2

sin26 tan26) (3 11)v ~u a ar =cos 2p h .,
e e 0

other (and thus preserve its flavor) grows. A naive
model for this behavior, especially in the case of
small mixing angles8 , is to assume that in.the high
and low density regions of the sun, for WhlCh L Ilo
is either much greater than, or much less than unYty,
the neutrino does not oscillate. Its only oscilla­
t ions take place in the enhancement regi on, whi ch,
given Eq. (3.9), is much smaller than the oscillation
length at enhancement, l. Thus one catches only a
fraction of the wave and ~redicts that

(3.6)h = 1/R ~ 1/7 x 107mo c

and thus for small mixing angles, the enhancement
region is a small fraction of a solar radius:

lax ~ (0.2)(26) R ~ 2(2a) x 7 x 107m (3.7)sun
For the adiabatic approximation to be val id, the

enhancement region must be larger than the effective
oscillation length l at the point of enhancement. This
condition translatesminto a bound on p/am2 :

( lam2) « sin2a tan26
p 2n h

o
(3.8)

pslab(u ~v at Earth)=exp(- ~.Am2 sin2e tan26)
e e 2 2p ho

The essential feature of the adiabatic approximation is
that the eigenvectors of the "Hamiltonian" matrix of
Eqs. (2.9 and 10) change so slowly that, for all prac­
tical purposes, the neutrino remains in the same eigen­
state as it crosses the enhancement region; however,
the meaning of the eigenstate in terms of neutrino
flavor changes. An electron neutrino born in the core
of the sun is dominantly in the IIheavier" of the two
ei genstates, but when the neutri no emerges from the
sun, the heavi er neutri no is the muon one! Thus, by
remaining in the same eigenstate, the neutrino has
changed flavor from electron-type to muon-type.

Several authors 7 have calculated the probabil ity
for v to remain v at earth in the adiabatic approxi-
mati oR: e

(3.12)

Both expressions in Eqs. (3.10 and 11) have the
property that as (P/Am2 ) increases, the probability
for v to remain u steadily "increases from sin26
(the a~iabatic limitf back to one.

4. Calculations for the 37CQ and 71Ga Experiments

We now apply these ideas to the experiment of
Davis and coworkers l1 in which they attempt to
observe the energetic components (principally from 8B
and 7Be) of the solar neutrino spectrum through the
reaction

(4.1)

(3.9)

(3.10)

(4.2)

although we shall comment on the large-angle case.

There are two classes of solution for the 37CQ
experiment:_ one in which Am2 remains in the neighbor­
hood of 10 4 (eV)2 for small mixing angles; and the
other for which the product (Am2 )x (sin2 26) is approx­
imately equal to 10 7'5 (eV)2. Both solutions are

which is sensitive principally to the low energy, but
much more abundant, pp neutrinos. In addition, we
calculate the probability spectrum for v to remain
v at Earth as a function of energy, affd we argue
tAat this spectrum will be an important tool for
distinguishing between different explanations of the
solar neutrino problem. 8 Throughout this discussion
our emphasis will be on small mixing angles,

10-4 ~ sin220 ~ 10-1 (4.3)

Our general approach is to assume that the diminution
of the observed signal (2.1±0.3 SNU) by a factor
between 2 and 4 as compared with the signal (5.9±2.2
SNU) predicted on the basis of the standard solar
model l2 is due to the MSW effect. We then compute
those values of sin2 20 and Am2 in a two-flavor model
that yield the desired reduction, and for each such
set of parameters we predict the rate that should be
observed in. the gall i urn solar neutri no experi ment,

When the adiabatic approximation does break down
we move into the regime of the sudden, or slab
approximation,S the criterion for which is exactly
the reverse of Eq. (3.7) namely

(p/Am2) » sin26 tan2G
2n ho

where (cosep , - sinep ) is the "heavier" eigenvector of
the HamiltoRian (Eqs? 2.9, 10) at the point of birth of
the neutrino. For high density, or for large (p/am2 ).
ep0 approaches zero, and for low dens i ty ep becomes
(nI2+a) where 6 is the in vacuo 'Il'ding an81e. The
typical behavior of the probability P (v ~v at Earth)
for small angles as a function of (p/Am~) eis that it
remains close to unity in the region of 104 -105 and
then falls rapidly to its asymptotic value of sin2e
as p/am2 increases7; at the value of p/am2 corre­
sponding to the point of enhancement it is always
equal to 1/2. The actual probability for v to
remain u cannot remain at sin2a indefin'tely
because, Nt some val ue of p/Am2 (see Eq. 3.7), the
adiabatic approximation begins to break down; how­
ever, the larger the angle e, the longer it is before
the breakdown occurs.

In thi s case the probabil i ty that the neutri no wi 11
make a sudden transition from one eigenstate to the
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implicit in the original work of Mikheyev and Smirnov2 ;
Bethe13 has elaborated upon the first one, and Rosen
and Gelb8 upon the second.

The predictions for the 71Ga experiment are shown
in Table 1, where the circled values correspond to
oscillation parameters, which reduce the 37et signal by
a factor 3. The upper row of circled values corre­
sponds to the first class of solutions» and the numbers
represent the percentage of thl(! standard solar mode1
signa1 that is expected to be seen in the gall i um
experiment. Likewise the lower row of circled figures
in Table 1 corresponds to the second class. From the
table we see that the first solution for 37Ct leads to
the prediction that we should see 100% of the standard
mode1 signal in gall i um» whereas the second sol ut ion
tends to predict a reduced signal for gall ium» the
reduction bei ng as much as a factor of 10 in some
cases.

To understand the differences between the two S7et
solutions, we have computed the probability for" to
remain ".e. at Earth »as a fUflct i on of neutrino enefJ.gy ,
P(v ~v ;t). For a given (small) value of sin220» there
areetwS possible values of ~2» which yield a reduction
of 1/3 in the 37Ct signal; one corresponds to the first
solution and the other to the second one. As empha­
sized by Bethe,13 the first solution has the property
that low energy neutrinos remain as electron neutrinos
while high energy ones are almost totally converted to
brand X. The division between /ll ow" and "high ll energy
lies somewhere in the vicinity of 5 to 7 MeV depending
on the value of sin2 2e. Since the pp neutrinos respon­
sible for most of the 11Ga signal are /l10w/l energy»
they will always» in the upper solution, yield 100% of
the standard solar model signal.

By contrast» the second solution has the property
that neutrinos of all energies are converted to brand
X» but the conversion is much stronger for low energies
than for high ones. In this case the pp neutrinos can
suffer a strong conversion to muon- or tau-neutrinos,
and the gallium signal will correspondingly be reduced,
as shown in Table 1.

An important implication of this analysis is the
need to measure the spectrum of electron neutrinos
arriving at earth» especially those from 8B decay in
the sun. This measurement can be used to confirm the
MSW effect and also to resolve ambiguities of interpre­
tation that might arise once the gallium experiment has
been carried out. By way of confirming the MSW effect»
we note that changes in the standard solar model»
which serve to lower the temperature of the core,
wi 11 reduce the overall normal i zat i on of 8e neutri­
nos, but will not change their spectral shape.
Likewise non-MSW oscillation solutions with large
sin2 28 and small 8m2 (either too small for MSW or of
the wrong sign) tend not to affect the shape of the
spectrum» except possibly at the high energy and
where P(v~" ;E) could come close to one. MSW, as we
have juste s~own» does change the spectrum in one of
two characteristic ways. Hence» a measurement of the
spectrum would enable us to confirm, or to reject MSW
as an explanation of the 37Ct experiment.

Dependi ng upon the outcome of the 71Ga experi­
ment» there might be serious ambiguities in its
interpretation. If» for example, the gallium signal
turns out to be close to that predicted by the stan­
dard so1ar model» we wi 11 have to choose between the
upper MSW solution and some modification of the solar
core temperature14 as the explanation of the Davis
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experiment. Significant changes in the energy spec­
trum of electron neutrinos will support the former
possibility, while no significant change will support
the latter.

Another conceivable outcome might be that the
gallium signal is found to be about 1/3 of the stan­
dard model prediction. In this case we can definite­
ly conclude that neutrino oscillations are taking
place. but without a spectral measurement» we cannot
choose between oscillations of the MSW variety with a
sma11 mi xing ang1e» and non-MSW oscill at ions with a
large mixing angle as the correct explanation. A
modified spectrum will point to MSW with small mixing
angles, and an unmodified one will indicate the
non-MSW alternative. But even in the latter case
there is a residual ambiguity which may be hard to
remove.

ParkelO ,15 has recently emphasized that. in
addition to the two small angle solutions of the
Davis experiment mentioned above» there is a third»
large angle MSW solution. It arises when the "sup­
pression gap" for P(" ~" ) is large enough to include
essentially all of t~e esolar neutrino spectrum and
when the asymptotic value of the adiabatic solution,
sin2e (see discussion below Eq. (3.8»), is roughly
1/3 (i.e. sin22~O.9). In this case» we again obtain
an essentially unmodified spectral shape for 8e
neutrinos. Now the l~rge angle MSW solution tends to
have a larger Llm2(l0 7 -10 5(eV)2L than a non-MSW
solution» Which_either has the wrong sign for am2» or
a value of 10 8(eV)2 or smaller. This puts the
(p/Am2 ) value for the large-angle MSW solution in a
range su£h that day-night and winter-summer asym­
metries16 18 may show up in the gallium» and other
proposed neutrino experiments. These asymmetries,
estimated to be of order 15%,18 will resolve, at
least in principle» the ambiguity between large angle
MSW and non-MSW solutions.

To draw this part of the discussion to a close»
we note that shou1d there be found in the gall i urn
experiment a definite suppression of the signal as
compared with the standard model prediction, and
should this suppression be much greater than, or much
less than the suppression in the 37Ct experiment»
then we can definitely conclude that MSW oscillations
are taking place. This would be a result of enormous
significance for neutrino physics in particular, and
for particle physics in general.

TABLE 1
Predictions for the 71Ga experiment for parameters
(circles) which yield a 1/3 reduction in the 37C.2.
experiment.

sin2e

10-3. 0 10-2. 5 10-2. 0 10-1. 5 10-1. 0 10-0. 5

1.1E-4 100 <@)
~ qgg, 100 100

1. OE-4 <®' 100
~

100
9.5E-5 100 100 100 100
S.8E-S
~

100 100 100 100
~5.0E-5 100 100 lOG 100

1. 7E-5 100 4.Q9) 100 100 100 95
3.6E-6 65 60

~
60 SO 45

1.1E-6 45 15 (9) CD 25
3.5E-J 70 40 10 5 20
1. OE-7 85 70 40 10 S @)



13. Bethe, H.A., Phys. Rev. Lett. 56, 1305 (1986).

12. Bahcall, J. (private communication); see also
Ref. (15).

10. Parke, S.J., Phys. Rev. Lett. 57, 1275 (1986);
Kolb, E.W., Turner, M., and Walker, T.P., Phys.
Lett. 175B, 478 (1986).

16. In connection with the regeneration of electron
neutrinos caused by the passage of solar muon
neutri nos through the earth, Wo lfenstei n, L.,
remarked at Neutrino 186 (Sendai, Japan) that
lithe Sun may only shine at night. II

Haxton, W.C., Phys. Rev. Lett. 57, 1271 (1986).

11. Rowley, J.K., Cleveland, B.T., and Davis, R.,
Jr., in Solar Neutrinos and Neutrino Astronomy,
edited by M.L. Cherry, and W. A. Fowler, and K.
Lande, AlP Conference Proceedings No. 126
(American Institute of Physics, New York, 1985)
p. 1.

14. Gilliland, Faulkner, Press, and Spergel, Ap. J.
306, 703 (1986).

15. Parke, S.J. and Walker, T., FNAL Preprint-Pub-86/
107-TA (July 1986).

17. LoSecco, J., Phys. Rev. Lett. 57, 652 (1986) and
Carlson, E. D., Phys. Rev. D34~1454 (1986) have
observed that since the denslty at the core of
the earth is roughly 1/10 times that at the
solar core, atmospheric neutrinos with roughly
10 times the energy of solar neutrinos would
also satisfy the enhancement condition as they
pass through the earth. This would lead to an
up-down asymmetry in underground proton decay
detectors such as 1MB and Kamiokande.

9.

In conclusion, we just declare our own particular
prejudice that the MSW effect is so elegant that it
ought to be true. Should it indeed prove to be the
correct explanation of the II sol ar neutrino problem,1I
then solar neutrinos will be the only practical source
from which we can learn about neutrino masses and
mixings.

5. Final Comments

Several groups16-18 have observed that when p/Am2
is in the range 106-107 , there can be significant
enhancement effects for neutri nos passi ng through the
earth, which has a density of order p~13 at its core,
and an average of order 2-4. In particular, solar
neutri nos whi ch have been converted to muon- or tau­
neutri nos coul d be reconverted to electron -type when
they pass through the earth. Thus, one anticipates
significant differences between the day and night sig­
nals, and also between winter (longer nights) and
summer (shorter nights) signals.

It is quite possible that such asymmetries could
be observed either before the gall ium experiment is
completed, or at least before the v -spectral measure­
ments are made. Such observations w8uld provide strong
evi dence for the MSW effect. There is, however, one
possible snag, namely that values of p/Am2 in the range
106 to 107 correspond to oscillation lengths of order
of the diameter of the earth. This means that large
mixing angle, non-MSW oscillations with the appropriate
Am2 could also give significant day-night effects.
Again one might need a spectral measurement to settle
the issue.
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