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ABSTRACT

We have developed analytical method for calcu-
lating the beam emittance growth, smear, linear
aperture, etc. for accelerators. Some of our
results for the SSC CDR cluster lattices B*=6 and
B¥=0,5 are also included.

I. INTRODUCTION

We have developed analytical tools for calcu-
lating the variations of the particle action, beam
emittance growth, smear and linear aperture for
accelerators in two dimensions with second order
perturbation theory. In Section II, we describe
our theoretical development and in Section III, we
present some of our results for the SSC.

II. THEORY

The Hamiltonian describing the dynamical
system can be of the form
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where S is the sextupole strength, etc.).

Using the (following) Hamilton's equations
(eqs.(2,3)) and generating function G (eq. (%)),
we can find the emittance as a function of the
invariants Ky, K, angle variables ¢y, ¢, and s.
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The transformed Hamiltonian can be expressed as

H= % + %: + V (Kgs Kz, 0xs07,8) (7)

where V includes the nonlinear terms due to sextu-
poles, octupoles, etc. and ¢y and ¢, are the old
angle variables. Similarly it is convenient to
express emittance in another form (than egs.(5 and
6)) as
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where W{, Wp, Vi, Vp, V3, etc. are the terms
coming from the coefficients of the generating
function given in Reference [1].

From these expressions we can obtain the var-
iation of emittance due to the nonlinear effects
in two dimensions [1,2], which includes the
coupling effects due to the nonlinear terms to
second order in the perturbation., This can be
seen from eqs. (8 and 9) where the second order
effects due to sextupoles are included in V terms.

SMEAR

The measure of the extent to which the emit-
tance varies from the invariant of the motion is
called "smear",

To find the "smear", we consider the varia-
tion of the emittance with respect to s (the time
variable of the Hamiltonian). In that the coeffi-
cients of eqs. (8 and 9) (which are periodic func-
tions of ¢x, ¢z and 8) can further be broken and
expressed as functions of s times the cosine and
sine of (ny¢yx + nz¢z). Then keeping ¢y and ¢,
unchanged, the emittance is periodic in s, i.e.
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ct
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where C is the circumference and P is the period-
icity of the accelerator. Note that, as we
C

increase s by P

2 (where g is the gth superperiod,

an integer) then to the lowest order ¢y increases
by 2n gx £ and ¢ increases by 27 %z 2 . Thus,
overall Ey and E; does not remain periodic in s if
we include the ¢y and ¢, dependence of s.
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Furthermore, from the phase plot of Ey (or dé)

versus ¢4 we note that, if we had no nonlinear
elements all the points would fall on the line
Ex = EJ (Ave Ey).

A
Ex(or Ey)
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The nonlinear elements cause the deviation
from this line. Thus, we can find the measure of
this deviation from the "standard deviation" D(Ey)
which is related to the emittance as D(Ey) = &Ey,

1

where the standard deviation of E£§ is defined as
smear, i.e.

Y,
2
D(Ex ) = smear
1y
242 Y,
CEZ >2 + <E2>2
; %92 o
where gy = <Ey> - <Ey >< and
1
0y = <Eg> - <EZ>2 or
1
smear = |—<Ex> * <Ez> %
Y 7

<EZ>2 + <EZ >2

Finally, we can obtain the linear aperture
apfromays= \}BmaxEo/“' where E5 is the initial
beam emittance and Bpay is the maximum betatron
amplitude. Some of our developments have been
incorporated to an algorithm "NONLIN" [1] which
was used to obtain the results for the SSC B* = .5
and B* = 6 lattices (given in the next section).

CONCLUSION

In our preliminary runs of NONLIN we found
that the second order V terms (which includes octu-
poles and second order effects of sextupoles, in
eqs. (8,9)) were larger than the first order W
terms. Thus, if the contribution from W terms are
zero (then the first order perturbation theory
(calculations) breaks down and the second order
perturbation theory become necessary.

III. SSC CDR CLUSTER LATTICE

Given the unperturbed betatron tunes of the
SSC (i.e. operating tunes of vg = 78.265 and

vg = 78.280, periodictity 1) and a beam with ini~

0 =7

tial emittances Eg = Ez = 2.49x10° = m-rad;

_-5784-

for the B* = 6;

the emittance can grow to E,M3X = 2.780x15"
(at 43th element chromaticity sextupoles) and

E,MaxX = 2.777x18" (at the 7th chromaticity sextu-

poles). The "smear" is found to be 1.586x152.
Then using the definition for the linear aperture,
the beam size at which the "“smear" is 0.1, the

linear emittance become 1.513x156and (with
Bmax = 332) the corresponding linear aperture is
22.4 mm;

for the g* = 0.5;

(at the 331th chromaticity sextupoles) the
emittance can grow to EyMa3X « 3.526x157n m-rad
and E;M3X « 3.487x10" % m-rad. The "smear" is
found to be 6.136x152 and the linear emittance

vwhen the smear = 0.1 is M.0H9x157 7 m-rad. Then
with Bpayx = 332, the linear aperture is 11.59 mm.

In the following Tables, (IA and IIA) we find
the emittance such that the smear is 0.1 (or close
to 0.1). Column 1 is the initial emittance E,
(equal to average emittance) and column 2 is the
corresponding "smear" calculated using our
algorithm NONLIN [1].

CONCLUSION

We have calculated the emittance growth,
smear and linear aperture for the two SSC CDR
cluster lattices (with only the two chromaticity
sextupole families) for B* = 0.5 and g* = 6. 1In
the arcs of these two lattices the g functions are
identical but the natural chromaticity is much
greater in the g* = 0.5 lattice than that for g* =
6 lattice. Thus, the chromaticity correcting
sextupoles in the g¥ = 0.5 must be stronger than
those in g* = 6 lattice. This is the major reason
for the difference in the linear aperture obtained
foi ghe two lattices, (see [4] for sextupole stren~
gths).
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TABLE IA
CDR LATTICE FOR SSC BET#*=.,5
EO0= 2Kx=2K2z SMESR
a 3.74100000000000015-0; 9.2359282883863145E-02
b 4.0494992362387551E-07 0.1000030200278785
C 4.0493772455707142E-07 9.9999999762639773E-02
d 4.0493772551578602E-07 9.9999999999954249E-02
@ 6.0740658683560714E-07 0.1498154196738448
£ 4.0493772551390067E-07 9.9999999999549711E-02
ERROR/ITTERATION
a 6.2350000000000002E-08
b 1.5424961811937750E-08
¢ 6.0995334020432968E-12
d 4.7935729934590223E~16
e 1.0123443113926786E-07
£f 4.7841462446750210E-16
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TABLE IB

CDR LATTICE FOR SSC BET*=.5

Perturbation of tunes

vx = vx0 + =-2659.335 * Ex + -9080.386 * Ez
vz = vz0 + =-9080.386 * Ex + -1773.600 * Ez

where the unperturbed betatron tunes are
vx0 = 78.26497 and vz0 = 78.27995
with circumference = 82944.00

and periodicity = 1

Given a beam with emittances

Ex = 2.4939999E~-07 and Ez = 2.4939999E-07
(*pi m-rad),

the perturbed tunes become

VX = 78.26204 and vz = 78.27724

The emittance can grow to

Exmax = 3.5259643E-07 at the 331 th element and

Ezmax = 3.4869160E-07 at the 331 th element.

The smear is found to be

Smear= 6.1362222E~02
Smear= 6.1362222E~02

The linear emittance
Elin = 4.0493774E-07
Elin = 4.0493774E-07

at the 331 th element and
at the 331 th element.

when the smear = .1 is
at the 331 th element and
at the 331 th element.

TABLE IIA
CDR LATTICE FOR SSC BET*=6.
EO= 2Kx=2Kz SMEAR

a 1.4964000000000000E-06 9.8886398305367912E-02
b 1.5132763787338209E-06 0.1000006207824445

¢ 1.5132669744559812E~06 9.9999999988740025E-02
d 2.2446000000000001E-06 0.1478648550284760

e 1.5134011346377608E-06 9.9997583074065054E-02
£f 1.5134377543299081E-06 0.1000000000669477

g 1.5134377533155871E-06 9.9999999999936624E-02

ERROR/ITTERATION

a 2.4940000000000001E-07

b 8.4381893669104098E-09

C 4.7021389198322087E~12

d 3.7410000000000002E~07

e 8.5005673188803848E-09

f 1.8309846073659077E-11

g 5.0716052718225910E-16

% abcd = at the position of 43 chromaticity sextupoles
* efg = at the position of 7th chromaticity sextupoles

TABLE IIB

CDR LATTICE FOR SSC BET#*=6.

Perturbation of tunes

VX = vX0 + -716.3168 * ExX + =2445.579
vy = vz0 + -2445.579 * Ex + -477.6593

* Ez
* Ez

where the unperturbed betatron tunes are
vx0 = 78.26496 and vz0 = 78.27999
with circumference = 82944.00

and periodicity = 1

Given a beam with emittances

Ex = 2,4939999E~07 and Ez = 2,4939999E-07
(*pi m-rad),

the perturbed tunes become

VX = 78.26417 and vz = 78.27927

The emittance can grow to

Exmax = 2.7996103E-07 at the 43 th element and

Ezmax = 2.7773686E-07 at the 7 th element.

The smear is found to be
Smear= 1.5864842E-02 at the
Smear= 1.5863875E-02 at the

43 th
7 th

element and
element

The linear emittance when the smear = .1 is
Elin = 1.5132670E-06 at the 43 th element and
Elin = 1.5134377E-06 at the 7 th element






