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might be one of the nechanisms of
The sources of the noise nentioned in
scattering, synchrotron radiation,

noise) give the emittance grCMth rate

The plrpose of this piper is two-fold. The first
pirt contains discussion on the effects which limit the
lifetime of a pirticle. The long-run tracking is
necessary to ooserve these effects. The second pirt
deals with the noise inplem:mted in a tracking program
that is considered as the neans to nake the tracking
nore efficient and in pirticular, independent of the
initial conditions.

Let us assune that the nagnet field rmltipoles b
are snaIl enough, so that the typical dimensionles~
paraneter describing the effect of randan rmltipoles

Am = (2n/lN')6J. om-Ibm

of the order 0.1 for an anplitude 0 - O.San (N is the
number of independent randan multipoles, 8,J.. is average
beta function).

As a result, all nonlinear effects within the
, , linear" apperture are snell, yielding the Stear les~

than or about 10%, the tune spread of order of 10
etc. , and a perturbation theory (canonical
transfornation, Lie algebra) is applicable. For snall
~m there is a hierarchy of the nonlinear resonances:
tne width of the resonanc~ of the K-th order (driven
by the terms of order of bm) decreased as A~: Beca~
the number of these resonances increases oru.y as k ,
there is not overlapping of the higher order
resonances, though the net of the resonances is dense,
provided the nain resonances do not overlap. SO,
according to Chirikov's criterion, there is no chaotic
notion in the linear apperture, except within the thin
stochastic layers in the vicinity of the separatrixes.

On the other hand, for Am>1 there is no hierarchy
of resonances and the overlapping results in chaotic
notion and fast losses of the pirticles. If multipoles
bm are i.np>rtant up to m::6, the differences in She size
ot the linear apperture 0l= Smn, where A6.. - 0L - 0.1,
and the apperture 0 = 8Ii'in, where A6 - -1.0 1"S rather
snalL This nea.ns, that given b it nakes no sense to
nake the tbysical apperture much II},arger than the linear
apperture, (enlarged for an off ~ntum pirticle,
including the closed orbit distortion, injection
errors, etc.), and that a pirticle's life-tine is given
nostly by the life time of the pirticle inside the
linear apperture, because outside of it the pirticles
get lost very fast. The nain effects which determine a
particle's life-tine in the linear apperture are "'lell
known: Arnold's diffusion, synchro-betatron resonances,
~k nodulation diffusion and the noise in the system.

The rate of Arnold's diffusion

DA - exp( -4n/W)

is expotentially snell because the resonanc~width 6v
has to be much less than the tune spread 10 for the
linear apperture [lJ, and the effect is negligible.
The synchro-betatron resonances in the ~rst case of
their overlapping could cause chaotic notion in a band
with a width equal to the amplitUde of the tune
nodulation. For the sa: this hardly takes place. The
side-band resonances, caused by the periodic ~ntum

variation with synchrotron frequency Os = 2x10- , stay
apart in tune on liP = °, what corresponds to the
change of emittance s

larger, than the whole emit~ variation within the
linear apperture (Smn/O.lmn) .... 2500. In addition to
that, the width of the side-band resonances decreases
rapidly with the rumber of the resonance, provided that
the linear chromaticity is 2canceled out, so that the
tune rrodulation f,JI - (lip/p) ~ Os. The nodulation of
the Twiss paraneters with (lip/p) also gives si~band
resonances with the width proportional to (lip/p) for
K-th resonance. The ripples of the power SUWly give
the tune rrodulation of the first order f, - (1iB/B) , rot
the nost dangerous lCM'-frequency c:anp>nents can be
absent or suppressed. Therefore, there are only few
side-band resonances and they do not overlap. This
conclusion agrees with the preliminary results of the
tracking with synchrotron rrodulations [2]. The weak
nodulation diffusion along the lines of the non-linear
resonances, driven by the chaotic notion in the
exponentially thin stochastic layers seem to be
negligible, unless noise or danping deliver new
particles into stochastic layers, though nore careful
consideration is needed of the structure of the
resonances net inside the linear apperture.

The ooservation of the above nentioned
exponentially snall effects in tracking can denand a
lot of CPU tirre. The situation is even ~rse than
that, because the diffusion can be expected only for
the pirticles close to the thin stochastic layers, so
the results of tracking might critically depend on the
choice of the initial conditions. To be
representative, the long-run tracking has to be done
with a large number of particles, which is a.l.roost
irrpossible to do in practice. Be1CM' \tJe intend to show
that noise, implerrented in tracking, can be a nea.n to
overcome this difficulty.

The noise
~rticle losses.
LlJ (intrabeam
residual gas, rf
of order of

dE/dt _ (10-15 10-17) m/sec

For (ap/ad - 104 m- l it gives the tune shift

f,p- (aJi/aE) • (de:/dt) - t .... 10-6

for the lundnosity lifetime t - 1 day.

The canparable noise is caused by the fluctuations of
the displacement ( f,r ) of one colliding bunch relative
to another one. The fluctuation (f,r ) can be of order
of 10% of rms beam size o. This gives the emittance
growth rate

dE/dt - (4n~)2 (f,r2/202)2 E Nm f o

where E= Nar /4ne: is the linear tune shift due to the
beam interactfon, L is the rnnnber of interactions per
ring t f is the revbfysion frequency. For the sa: the
rate isode:/dt - 2-10- m/sec.

Other sources of noise (Schottky noise, electron
trapping) give less. So, the noise in the system is
very snell and for this reason it has not been included
in the tracking simulations of the beam stability.
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The enhancement of the diffusion is given by the
effective Handltonian

In principle, the enhancement of the observed in
simulation diffusion rate in conpa.rison with the rate
due to the noise only can give useful inforrration on
the average density of the nonlinear resonance and
their width.

The results of tracking with randan kicks are
shown on fig. 2. The random numbers r. uniformly
distributed on the interval (-0.5,+0.5) wet-e used to
generate independent kicks on each revolution:

or

with E:r(k::l) = 1 and lie = 0.25, for

k2 > (3/2) /21TNs ~JI

For N =665 and ov=7xlO-3 it gives k>3, which
corres~nds to the emittance three tieres larger than
the iniHal one. There are k = 4~].I/0 ..., 18
side-band resonances with about W same widtftl. The
resonances with k>3 overlap, giving a stochastic layer.
The central part of the band contains several isolated
synchro-betatron resonances, so the m:>tion with snaIl
initial amplitudes is stable in short-run sense. The
slow creep of the anplitude up to E: ..., 3E: can be
explained by existence of thin stochastic laye<ts in the
central part of the band. we used this nodel to
derronstrate how artificially introduced noise can nake
tr'lcking of such systems independent of the initial
conditions.

TJ= 7J+ P- r j

Factor F \t1aS equal to 1. 9 x 10-2• The initial seed was
chosen after 15 runs with different seed to give
average emittance growth. Line nwnber 3 shows the
amplitude grows due to the noise and the octupole kick,
but without the synchrotron nodulations. There is no
blow up of the amplitude in the stable system noise and
does not change anything drastically. If there are
nonlinear kicks and the tune nodulation then noise
makes the instability of the system visible (line
number 1), though the initial conditions \\1Iere chosen
the same, as for line 4, Which does not indicate any
.stochastic m:>Hon.

Line number 4 gives E: ff. for ~e p:lrticle loc~ted
initially at the k::l fi~ep:>~n~, hne .~r 5~gl.VeS
€ for the particle Wlth l.nl.tlal condltlons (0) =
;;ef~) .. 1. 3, all other paraIreters are the sane. . n the
'ii~st case the arrplitude is alnost not changed ln the
second case E: f blows up 40 tines. Fig. 3 shows, how

Po f
the arrplitude is built up to turn by turn. There 'Ere
totally 33200 revolutions, all paraIreters are the same,
as for the line number 5 on fig. 2. The first 25000
turns the emittance is alIrost constant and increases
very slowly up to 3 tines at the end of this period,
and after that blows up. Later the eID1ttance
fluctuates on the level that corresponds to the randcm
notion within the band IY(e:)-Yol < ~y.

This example shows that any predictions of ~e

p:lrticle's stability based on the short run trackl.ng
might be unreliable. Fig. 4 gives the phase plot for
the sane case. The structure of the I;hase space and
the amplitude blow-up follows fran the f. (1) and (2).
The side band resonances OlJerlap, if

Hef=(n~ - k)E:+(31113E:)(e?12)+vncos. + (6d/ n)+
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The side band resonances are located at the resonance
amplitudes €r(k),

Cl) €r(k)=(~ - 1/4-k"Os/4) [2IVCk) l-alJ/a€] -1

where V(k):: VJk(4~1I/0s)' V = k/l61T,

ap/a€ = 3k/81T

Y'Cs) = Vo + ~Y'. cosCOs sIR)

The nodel is not the si~est possible one, but it
reproduces the tracking situation. The tune 11

0
was

chosen close to 1/4 resonance and the amplitude ot: the
tune nodulation was chosen to assure the crossing of
the resonance, but SIll:I.ll enough not to interfere with
other nonlinear resonances. In the dinensionless
variables the linear transfornation for one revolution
is just a rotation in the plane ~~, TJ) on the angle
C21TJI) and the octupole kick gives

~ =~ J Tj =TJ + K~ 3

The amplitUde width of the k-th resonance is

(2) I€-€r(k) I = €r(k) AIV(k) 1/(aPla€)

The nodel on certain conditions can describe very
carplic~ed2m:>tion. In fig.l the naximum value of
€p..ff= (~ +TJ .) during 20 synchrotron cycles _fs . shown
versus the ~nverse synchrotron tune N = 0 l.n the
range 660 < Ns < 700. The initial condttion6 'Ere teo)
= ~O,n(o) = -1.0. Other parameters 'Ere K=0.43~3 x
10- , tJ. =0.252, ~1I=0.007. Without synchrotron notion
(IS =0) <the 114 resonance in this ca~ is located at
P=0.24965 and has the width !gI=l.0xl0-. For snaIl N
flarge Os;) the m:>tion is stab~e, and E:p.£f remains clo~
to the l.nitial conditions. For snan 0 the notion
becares unstable, the amplitude blows up .eb the value,
that oorresponds to the tune shift of order of the tune
nodulation ~1I, as expected. But the dependence on 0
is not sm:x>th, there are sharp oscillations, which ar~
very sensitive to the change of the initial conditions.
It can be seen fran the fig. 2, where maximum €p...ff
during a synchrotron cycle is given versus the cyCIe
~r for total 75 cycles. The synchrotron tune
Os- =665, the total number of revolutions is 49875, lI..
= 1/4, ~1I =0.007, the kick is set in such a way, thag
initial conditions teo) = TJ(o) =1.0 correspond to the
fixed point of the JGl synchro-betatron resonance.

Nevertheless, it rray be beneficial to include ~e
controllable White noise in tracking. The rra~n
advantage is that noise e1iminate~ ~7 depen~nc:e of
the trajectory behavior on the lnltlal condltlons,
solving the dilerma: how nany p:lrticles .have to be
trackea versus number of revolutions, if their product
is given by the available aIrount of CPU tine.
practically this can be done very easily by adding scxn=
random kicks in the tracking programs with an Il1IS value
that corresponds to the diffusion across the linear
apperture during the tracking.

For stable dynamic system the diffusion rate is
the diffusion rate due to the noise only. For
stochastic systems where trajectories diverge
exponentially, the effective diffusion rate is close to
the intrinsic diffusion rate of the system. The noise
only displays the average stochastic property of the
system, Which can be missed in tracking with a given
trajectory.

To deJronstrate this approach, the tracking of a
single FOOO cell has been done with an octupole kick
and periodic tune nodulation



where d gives rms of the rancbn force. ~; .'!:-~-------'-

<f(s» = 0; <f(s) f(s'» = d o(s-s')

This has the sane form, as the Hamiltonian describing
the crossing of the isolated resonance [3J .
If the rate of crossing

v = Cadi 2)Cap/aE)

is large v»l, then the additional diffusion rate

«~E)2> = nNK\vI 2>/av'd
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depends on the average t;ararneters of the resonance and
their density. The enhancement of the diffusion rate
was discussed also before [4]. In practice, however,
it oould be difficult to extract the structure of the
phase space in this way because statistical
fluctuations of the results of tracking can obscure the
enhancement factor.

CON:LUSION
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The preliminary estirration shows, that the
observation of the very snaIl effects, responsible for
the finite life time of particles at the 6&:, can
demand a very elaborate long run tracking with
necessarily large number of particles. Introduction of
a mise in tracking can nake such simulations less tine
consuming and rore reliable.

This paper is a result of rrany discussions. I am
very grateful to A. Chao, S. Peggs, E. Reil, D. Stork,
and D. Talrran for their useful cx:mnents.
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