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Part I. Introduction

§1. Historical Development

History of particle accelerators started when Cockcroft and Walton
succeeded in artificially disintegrating nuclui by the bombardment of a
proton beam in 1932. Since then, accelerators attaining higher and higher
energy and producing higher intensity have been developed. We classify
the accelerator development into the following five phases and briefly
sketch the basic principles.

1) direct voltage accelerator

2) resonance accelerator

3) synchronous accelerator

4) alternating-gradient focusing

5) colliding beam machine (storage ring)

1) Direct Voltage Accelerator

A first type of accelerator, which is the simplest in principle, is
to apply a DC potential between the ion source and beam exit as shown
in Fig.l. Let the potential difference be V, then the energy gain is eV,
where e is the electronic charge. It is convenient to express energy in
terms of eV (electron volt) and the following auxiliary units are used

as shown in Table 1.

Table 1
1 eV (electron volt)
103 KeV (kilo-)
106 MeV (mega-)
10° GeV, BeV (giga-, billion-)
1012 TeV (tera-)

This type of accelerators include a Cockcroft-Walton accelerator,
a Van de Graaf accelerator etc. In these accelerators, special methods

are used to produce a high DC potential. The maximum attainable energy,
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however, is limited by the insulation breakdown to about 8 MeV.

2) Resonance Accelerator

A proposal to cope with the insulation breakdown of the DC accel-
erator is to apply a high frequency (radio frequency or RF) electric
field in series in resonance with the particle motion. The first type
of such an accelerator is a linear accelerator as shown in Fig.2. An
array of coaxial cylindrical electrodes of increasing length is aligned
along the axis of a long glass vacuum chamber. The electrodes are con-
nected alternately to two bus bars extending along the length of the
chamber and supplied by the radio frequency power source. The separation
L between accelerating gaps is the distance traversed by the particles
during the half-cycle of the applied electric field whence

L=17, (1.1)
where v is the particle velocity and f is the frequency. Each time a
particle of charge e crosses a gap, it sees a field which gives it an
energy increment eV sin¢, where V is the maximum gap voltage and ¢ is
the phase at which the particle crosses the gap. The early machines
were designed to accelerate only the particles which arrived at a
phase close to 90°, so the energy gain at each gap was about eV. If
the length of the accelerator can be made long, the maximum attainable
energy is limited only by economical considerations.

Further development of linear accelerators must have awaited the
development of microwave technology during World War II from a technical
point of view and the detailed application of the principle of phase
stability from a theoretical point of view.

Another application of the principle of resonance acceleration is
to use a magnetic field in addition to an RF electric field. The motion
of a particle in a magnetic field is determined by the balance between

the Lorentz force and the centrifugal force

2
mv

evB = T , (1.2)

where B is the magnetic field, m is the particle mass and ‘p is the radius

of curvature. Then, the angular frequency J is expressed as
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w=g=——, (1.3)

and constant as long as B and m are constants. Such a machine is called
a cyclotron and shown in Fig.3. 1If an RF field is applied in resonance
with the particle motion, a single accelerating gap called a "dee" can
accelerate a particle beam to a final energy.

The maximum energy of the cyclotron is limited to about 20 MeV for
protons because the resonance condition w = constant in eq.(l.3) breaks
down as the particle energy becomes relativistic. The condition also
breaks down because the magnetic field is made weaker at the periphery
of the magnet than at the center to provide vertical focusing. This
difficulty was overcome by the invention of the principle of 'phase
stability".

Before going to a discussion of phase stability, we remark a general
theorem inherent to circular accelerators. Consider an accelerator as
shown in Fig.4. We asks whether it is possible for a static electric

field to accelerate a particle. In a static field,

rot E = 0, (1.4)
from the Maxwell equation. Then, the energy gain AE for one revolution is

E =‘£E ds =%rot EdS = 0, (1.5)

.

so that the energy increase in the accelerating gap is completely can-
celled by the field outside and there is no net energy change. Thus,
to increase a particle energy, a high frequency electric field based

on the principle of resonant acceleration is essential.

3) Synchronous Accelerator

In a cyclotron, as the relativistic mass increases, the angular
velocity decrease as indicated by eq.(l.3). In order to cope with
this, the radio frequency should be decreased in phase with the particle
motion. Further in this case, the accelerating phase should be on
the falling side of the RF electric field to ensure ''phase stability".
This principle of phase stability invented by Veksler and McMillan is

clearly exhibited in a paper of McMillan. ''Consider, for example, a
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particle whose energy is such that its angular velocity is just right
to match the frequency of the electric field. This will be called the
equilibrium energy. Suppose further that the particle crosses the accel-
erating gap just as the électric field passes through zero, changing in
such a sense that én earlier arrival of the particle would result in an
acceleration. This orbit is obviously stationary. To show that it is
stable, suppose that a displacement in phase is made such that the par-
ticle arrives at the gaps too early. It is then accelerated: the in-
crease in energy causes a decrease in angular velocity, which makes the
time of arrival tend to become later. A similar argument shows that a
change of energy from the equilibrium value tends to correct itself.
These displaced orbits will continue to oscillate, with both pahse and
energy varying about their equilibrium values. These oscillations are
called synchrotron oscillations or longitudinal oscillations.

The cyclotron based on this principle is called a synchrocyclotron
(or an FM cyclotron). Another machine using this principle is a synchro-
tron, in which the magnetic field also changes with time. Since the
volume of magnets required for the synchrotron is smaller, the synchrotron
is quite suitable to produce high energy. Present linear accelerators are
also based on the principle of phase stability. The equilibrium phase

should be on the rising side of the electric field in this case.

4) Weak Focusing and Strong Focusing

Particles injected into an accelerator have a finite spread in
position and angle, so that it is very important to confine the par-
ticles during the acceleration period. Otherwise, particle will be
lost and the final intensity will be quite small. 1In general, particles
will oscillate about some equilibrium orbit and thus stability is obtained.
This oscillation is called a "transverse oscillation" or a "betatron
oscillation" because this oscillation mode was first analyzed with a
machine called a betatron.

A betatron does not use an RF electric field, but an induced elec-
tric field due to changing magnetic flux. From the Maxwells equation

__ 8
rot E = - 3 ° (1.6)
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the energy gain per revolution AE is given by
AE = }Eds =-— , (1.7)

where ¢ is the magnetic flux enclosed by the particle trajectory. An
important feature of the betatron is to shape the magnetic field so

that
B(r) « r 2 (1.8)

where 0<n<l1. (1.9)
The condition (1.9) ensures stability both in horizontal and vertical
planes.

This principle of transverse focusing was adopted in synchrotrons
and is now called the principle of '"weak focusing". It was later dis-
covered that a stronger focusing could be achieved if sections of large
positive n-values and large negative n-values (focusing and defocusing
sections) were provided alternatingly. This scheme is called "alter-
nating gradient or AG focusing' or '"strong focusing". This possibility
will be studied in detail in this lecture.

5) Colliding Beam Machine (Storage Ring)
In a stationary target experiment, the available center of mass

energy W is expressed as

W2

-(p + q)2 (1.10)

ZELM + M2 . (1.11)

where p,q are four-momenta of incident and target particles, EL is the
energy of the incident particle and the two particles are assumed to
have the same mass M. If the two beams are made to collide head-on

with energy E, the available center-of-mass energy is

W=2E. (1.12)



So, the colliding beam machine of energy E corresponds to a conventional

machine of a corresponding energy E; given by
Ep, ~ 2.5.E (1.13)
L -M.. .

The biggest conventional accelerator is the FNAL 500 GeV proton syn-
chrotron, whereas the biggest colliding beam machine is the CERN
30 GeV X 30 GeV ISR. The latter corresponds, in energy, to a conven-

tional accelerator of about 1.8 TeV.

82. Scope of This Lecture

This lecture is concentrated on the principle of alternating
gradient focusing in synchrotrons, beam transport systems and storage
rings and its consequences on synchrotron oscillations. The effects
of various perturbations such as magnetic field imperfections, gas
scattering etc. are outside of the scope of this lecture. Further,
the particles are treated independent; the effect of mutual inter-
actions between pérticles, related to space charge effects and insta-
bilities, are not dealt with. For further reference, a list of ref-
erence books on accelerator theory is given selectiﬁely at the end

of this note.

- 86 -



Part II. Betatron Oscillation

§1. Equation of Motion
The basic equations which determine the motion of charged particles

in an accelerator are the (relativistic) Newton's equation of motion

dp .
== F (2.1)

and the Lorentz force equation
F = e[v x B] + eE. (2.2)

Since the magnetic force (the first term of eq.(2.2)) is directed per-
pendicular to velocity, it does not change the particle energy. The
electric field (the second term) is applied in a direction of particle
motion, and it increases the particle energy. In all existing synchro-~
trons, the energy gain per revolution is much smaller than the particle
energy so that, in treating the dynamics of particle motion in a mag-
netic field, the particle energy can be considered to be constant and the
magnetic field can also be considered to be constant. The small change
of a particle energy is taken into account as a perturbation (which causes
an adiabatic damping of oscillations). Further, the transverse oscil-
lations (betatron oscillations) governed by the magnetic force term
and the longitudinal oscillations (synchrotron oscillations) effected
by the electric field term can be treated independently because their
oscillation frequencies differ considerably from each other. Thus, the
effect of the magnetic term and particularly the stability of particle
motion in a static magnetic field will be treated in this part.

We first consider a particle moving in a uniform magnetic field.
The Lorentz force is constant and the motion is a circular one with
radius P, The motion is determined by the balance between the magnetic
Lorentz force and the centrifugal force

2
E%— = evB. (2.3)

Thus
mv = eBp, (2.4)

o
]
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where p denotes the momentum of a particle. A useful numerical relation

worth memorizing is
p(GeV/e) = 0.3 B(T)p(m), (2.5)

where p is measured in GeV/c, B in T (1 Tesla = 104 Gauss) and p in m.

In actual accelerators, and magnetic field is not always uniform,
but all the accelerators are designed so that the trajectory is circular
for a given momentum (design momentum) as determined by eq.(2.4). 1In
addition to circular portions, all the modern accelerators comprise
straight sections. Thus, the trajectory of a particle having the design
momentum is circular in some parts and straight in the other parts. The
trajectory of pérticles which have a momentum other than the design value
1s complicated and should be determined by solving the equation of motion
as will be shown later.

To go further, it is convenient to introduce a cylindrical coordinate
system (r, 8, z) for a curved section and a cartesian coordinate system
(x, z, s) for a straight section as shown in Fig.5. (Note that the sign
of O is opposite to the usual definition. This definition is used because
the magnetic field in the z-direction and the positive charge moving in
the 6 direction appropriately define the radius vector r.) The equations
of motion (2.1) and (2.2) are written in the cylindrical coordinate sys-

tem in the form

- .2 - [ ]

—_— - == - -+ R

it (mr) mré ereBZ + ezBe eEr (2.6)

d . - _ . .

aE-(mz) erBe + ereBr + eEz 2.7)

1d 22 . .

L — = - + . .

: dF (mr“9) ezBr erBZ + eEe (2.8)
In the cartesian coordinate system

g———(m:'t:) = e2B - esB + eE (2.9)

dt s z X

d - _ L] - [ ]

EE-(mz) = esBx est + eEz (2.10)

d . - . - E ]

EE»(ms) = esz esz + eEs . (2.11)
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The third equations (2, 8) and (2, 11) are related to acceleration
and will be discussed in Part III. The electric field is applied in the

direction of motion so that

"Further, it is convenient to use 0Oand s as independent variables instead

of t. Then

d *dr e dz
m

55'( 656- - = -erB, + eag-EB
(2.12)
d +dz, _dr
and
d . dX . dZ
ds (ms ds) - eEE Bs eBz
(2.13)
d . dz, _ dx
ds (ms ds’ = By ds Bs°

We now consider the properties of the magnetic field. We put r =
p + x, where p is the design value, and consider x and z to be small.

Then,

0B 9B

Bz(r’ 6’ Z) = Bz(p) +§_r—z—x + azz AR I
0B 3B

e, 200 e e et
BBS 3B

Be(rs 8, z) =Be(p) +§-r—x+.a_z.e_z+ e e e

These fields must satisfy the Maxwell equations

div B [¢]

it

(2.15)

rot B 0.

The last equation results because there is no current in the vacuum chamber
where the beam travels and the induction current can be neglected since the

change of the magnetic field is very slow. Then,
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1 9 1 9B 9B
L9 (¢B) + - —2 =0
r T 3 3z
1 28 E?_Q._O
T T %z T
9B 3B
r 9z _ 4
22 T
3B
1 3 1 " _
T3z (rBy) - 235 =0

We assume that
that
Be(r
B.(p

the magnetic field is independent of 6. We further assume

, B8, z)=0
)y =0

All these assumptions are consistent with eq.(2.16), and a relation

JB
r

oz

results. Simi

system to give

9B
= .2 (2.17)
or

lar considerations can be made in the cartesian coordinate

=2 (2.18)

This field gradient is utilized to focus the particle beam. Further, in

all accelerators, the magnets are designed so that only this gradient

appears and the expansion of eq.(2.14) is strictly valid except for un-

avoidable errors.

The field
one. Further,
problem and we

is given by

is independent of 6 or s, and the problem is a two-dimensional
the curvature of the orbit can be neglected in the present

can use a cartesian coordinate system. The desired field

az
ax (2.19)
9B 9B

a=_%Xo_2
2z - 9%
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Since rot B = 0, B is expressed by a scalar potential

-]
il

-grad ¥ (2.20)
and

Y = -axz. (2.21)

We produce this potential by a suitable boundary shape of iron yokes.
The boundary condition at the iron yoke is from the equation rot H =0
and divB = 0 (see Fig.6),

H

B = By

Bin = Bon

(2.22)

where t designates a transverse component and n designates a normal com-
ponent. Since the permeability of iron is very large H2t in iron can be
taken to be zero. Thus, the boundary condition is that the transverse
field is zero at the boundary. The problem is identical to the problem
of an electrostatic field bounded by a conductor, and the desired field
is obtained by the iron yokes whose shape is the equipotential surface
given by eq.(2.21). Such a magnet is called a quadrupole magnet and
is shown in Fig.7a.

To bend a particle as well as to focus it, it is possible to pass
a beam off-axis as shown in Fig.7(b). The bending field is

and the effective gradient (often called a profile parameter n/p) is

2:-._1?_13_%_=_-;_1 . (2.23)
p B, ox XQ

In this case, the left half is unnecessary and is replaced by a neutral
pole as shown in Fig.7(c). Further, since the neutral pole is incon-
venient for injection, extraction, replacement for vacuum chambers etc.,
the neutral pole is replaced by "shims" as shown in Fig.7(d). Computer
programs to calculate proper pole face shapes for producing a desired
field have been developed in the laboratories around the world. These
include SIBYL, LINDA, RINDA, TRIM, MAGNET, etc. and are available at KEK.
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We now go back to the equation of motion. Firstly, the velocity

v of a particle is expressed as

~\Eré)2 + 12 4+ 22,

<
]

or

- Y32 4+ 22 4+ 32

<
|

Since we consider the first order theory, r, %, and z are neglected com-
pared to r8 or §. Then
v = ré, or v =S

We further assume that the mass is constant (the effect of change in mass

will be discussed in §56). Then in a cylindrical coordinate system,

: dzx aBz
mo —5 - mv = -epB (p) - exB (p) - ep I X (2.24)
a0 z z X
. a2 9B
nd Q—; = ep 5= 2. (2.25)
s z
We put
p = mv = pg + Ap,

where P, is the design momentum given by Py = eBz(p)p. Then eq. (2.24) is

. 42 ) 0B
m x _ Ap = - x 0 _ ep —= x.
d62 T p ox

. P
Now, mf = Eg»and the transformation gives

a2 A
-—_.’2‘ + (1 -mx=p=L, (2.26)
de Po
where 5B
n=-£2__"2
B, 9x

The suffix 0 in PO will be omitted in the followings for brevity. The
quantity n is called a field index. Similarly, eq.(2.25) is trans-

formed as
2
4%z L 2 =0 (2.27)

d82

The equations of motion in a cartesian coordinate system are derived in

a similar way. For a quadrupole magnet
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ds P
(2.28)
dzz e an
-——2—53 Z:O.
ds 2
For a drift space
dzx
_=O
ds2
(2.29)
dzz
..__.2_=0
ds

We introduce a variable s = p@ for a curved section, where s consistently
denotes a path length of the central design orbit in a machine. Then,

eqs.(2.26) and (2.27) are rewritten as

(2.30)

2
§_§_+._E z =0,
ds p

Eqs. (2.28) - (2.30) are the basic equations of motion in a linear theory.

§2. Motion in an Azimuthally Constant Field

We now solve the equations of motion (2.28) - (2.30) under the
assumption that p, %EE etc. are constant azimuthally, i.e. dependent
of s. This assumptign is correct for all practical accelerators and
transport systems in that all elements, though tggy may differ from
element to element, have specified values of p, 5;5 etc. The most

difficult equation is the first of eq.(2.30), i.e.

2
ds p P
where
K=l;n
p

We assume K>0 and first solve the homogeneous equation
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2v
9-35+Kx=0.
ds

The solution is

x = A cos¥k s + B sinK s, (2.32)

where A and B are arbitrary constants. Since eq.(2.31) is a second order
differential equation, its solution is completely specified by giving

the initial values x(sg) and x'(sg) at s = sg- Then

A = x(sqg),
B= - x'(sg) - (2.33)
R

We then solve the inhomogeneous equation by the method of variation

of constants. Put

x' = -A/K sinv¥K s + B¥K cos¥k s, (2.34)

with a subsidiary condition

A'cos/K s + B'sin/K s = 0 . (2.353)

Then, the equation of motion is

-A'"VK sinv/K s + B'YK cosvK s = % }? . (2. 36)

Combining eqs. (2.35) and (2.36), we obtain the equations for A and B

1
Al =12 /R sin/k s
PP
1A L
B' = 5-}? VR cosvK s

The solution 1is

1 A 1A .
x = (+ EE-Eg cos¥kK s + a)cos/Rs + ( EE'7£Sin/iS + b)sin/Ks,

where a and b are arbitrary constants. The initial conditions x(so) =

x'(sg) = O determine a and b, and the solution is

- L b
X=X {1 - cosv/ks} . 2. 37
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The complete solution is thus
\
x = x.cosvKs + Eg—sinv’is + ;L-éa{l - cosvks} . (2.38)
0 K PK p

As is easily seen, the general form of the solution for y (y is a generic

symbol of x or z) is written in the form

y = a(s)yg + b(s)yy' + e(S)%?

[

y' =a'(s)yg + b'(s)yo' + e'(s)%? (2.39)

c()yg + 4@y, + 1) R

It is convenient to express a solution in a matrix form

y(s) a(s) b(s) e(s) Yo
y'(s) | = c(s) d(s) f£(s) Yo' (2.40)
L 0 0 1 Lp

P P

This matrix is called a transfer matrix and denoted by M(slso). It is
easily verified that

M(s| sp) = M(s|s) M(s|sp), (2. 41)

so that the tracing of a trajectory can be done easily by matrix multi-
plication. The transfer matriees for various elements are summarized in

Appendix. It is to be noted that
det M = 1. (2. 42)

This is a general law derived from the fact that the equation of motion
has no damping term (a term proportional to the first derivative y'),
and expresses the fact that the phase space area in (y,y') is conserved

by the transformation. (This point will be discussed later:.)
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83, Stability of Motion

We first neglect a momentum spread of the beam and assume that all
the particles have a design momentum. The effect of momentum spread will
be discussed in §7. TFor a particle of design momentum, there is a closed
curve called an "equilibrium orbit'". For a particle to lie on the equi-
librium orbit, however, the particles should be injected strictly into
the equilibrium orbit. The inejcted particles have a finite spread of
position and angle, and those particles should oscillate around the
equilibrium orbit in order for the motion to be "stable". If the par-
ticles depart form the equilibrium orbit as they travel in the machine,
the motion is called "unstable". The oscillation mentioned above is
called the "transverse oscillation" or the "betatron oscillation'’. We
consider the stability of such an oscillation in this section.

First, take a case of an azimuthally symmetric machine (weak-focusing

machine). The equations of motion are, from eq.(2.30),

42
Q_% + J%-z =0,
ds o

where n and p are constants. It will be easily seen that the motions

are sinusoidal and stable in both planes if

0<n<1. (2'53)

It is a great invention of Christofilos and Courant, Livingston
and Snyder that the stability of motion is obtained if sections of large
positive n and large negative n are alternately provided in a periodical
manner. This principle is called the "alternating-gradient" or "AG"
principle. In discussing the stability of motion based on the AG principle,
it is quite profitable to use the matrix formalism described in 82,

Now, the machine is divided into N identical sectors called a
"period" or a '"cell". Denoting the total circumference of the machine

by C and putting L = C/N, the periodicity condition is expressed as

M(s + L;s) = M(s + 2L|s + 1)
and

M(s + kL|s) = [M(s + Lls)7¥. (2. 484)
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We define
M(s) = M(s + Lls). (2.45)

Referring to eq.(2.40), we separate the matrix M as follows.

M D\

M =( ) . (2.46)
01

where

- _(a b

M= (c d ),

D=(%)

O=(090)°

The matrix multiplication is done as follows.
(ﬂl P1) (ﬁz Dz)
M™M=ty 1/ Vo 1

(1711 F’Iz . ﬁl Dy + Dl)

0 s 1

(2.47)

Since the 2-by-2 matrix multiplication is influenced only by the matrix

M and not by D and since we neglect the momentum dispersion, we can discuss
the betatron oscillation in terms of only the 2-by-2 matrix M. We omit

the bar from M in the followings for brevity.

To study the stability of motion, it is conveninent to introduce an

eignvalue of M(s). We put

MY = AY. (2.48)
The eigenvalues are the solutions of the determinantal equation

IM - AI| = o, (2.49)
or

M- (a+d)+1=0, (2.50)

where we have made use of the fact that detM = ad - bc = 1.
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If we write

cosd == TrM = =(a + d), (2.51)

Nt
NI =

the two solutions of (2.50) are

+

A= cost i sinll = e 1“. (2.52)
The quantity M will be real if la + dI < 2 and imaginary or complex if
'a + d| > 2.

Let us now assume |a + bl # 2. We define the variables o, B and

Y by
a-d= 20 sinu
= Bsinu (2.53)
¢ = ~Ysinl .

The condition detM = 1 becomes
BY - az = 1. (2.54)

For |a + d| = 2, sind= 0, and B and Y are indefinite, but this case

does not occur in actual accelerators (except a long straight section

for matching) and we do not consider this case. We resolve the ambiguity
of the sign of sinl by requiring B to be positive if.lcosul < 1 and by
requiring sinMl to be positive imaginary if Icosul > 1. The definition

of U is still ambiguous to the extent that any multiple of 27 may be
added to U without changing the matrix. This ambiguity will be resolved
later.

The matrix M may now be written as

M=

cosl + asinu Bsinu
( )= IcosHy + Jsinl, (2.55)

~Ysinl cosl — Osinl

where I is the unit matrix and

J =(-3 _B) (2.56)

is a matrix with zero trace and unit determinant, satisfying

J2 = -1 . (2.57)
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It should be noted that the trace of M, and therefore y, is independent
of the reference point s, For, by virtue of eq.(2.41), we have for any 81

and Sy
M(sy + L|sp) = M(Sp)M(sy[81) = M(S,[51)M(S1)

so that
M(sp) = M(sy|s))M(s;) [M(sy[57) 170 . (2.58)

Thus M(S;) and M(Sp) are related by a similarity transformation, and therefore
have the same trace and the same eigenvalues. On the other hand, the matrix
M(s) as a whole depend on the reference point 8. Thus the elements a, B,
Y of the matrix J are functions of s, periodic with period L.

Because of eq.(2.57), the combination Icosu + Jsiny has properties
similar to those of the complex exponential el¥ = cosy + isiny; in particular,

it is easily seen that, for any Uy and Uy

(Icosuy + Jsinul)(Icosuz + Jsinuz)

= TIcos(Uy + Hy) + Jsin(yy + Uy) . (2.59)

The k-th power of the matrix M is thus

Mk = (Icosu + Jsinu)k = Icoskpy + Jsinku , (2.60)

and the inverse is

Ml - Icosl - Jsinp. - (2.61)

It follows from eq. (2.60) that if U is real, the matrix elements
of MK do not increase indefinitely with increasing k, but rather oscillate;
on the other hand, if U is not real,cos kiU and sinkl increase exponentially,
and therefore the matrix elements do the same. Therefore, the motion is
stable if U is real, i.e. if ja + d| <2 and unstable if |a + 4| > 2.

In alternating gradient synchrotrons, the simplest magnet arrangement
is an FD structure, where F denotes a radially focusing sector and D

denotes a radially defocusing sector:
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©
i
0
Q
=}
®w
rt
L]
=

R
n = n, , 0 <s < %{ (2.62)
TR 2TR
n = -n9 ,——<S<'—'N—-

Computing the trace of this structure,

n, —n .
1 2 . .
cosll, = cosycosht, -~ Srnmpy1/z SineSinhYs (2.63)

1/2 1/2
where ¢, = ™; /N and ¥, =M /N,

and 2 - n, + n,
cosl, = cos¢ycosh¥y - 172 sing sinh¥, ,
2[(ng + D(ny - D]
1/2
where ¢, = T(ny + l)l/Z/N and ¥, = m(ny-1) /N. (2.624)

If ny >> 1 and ny >> 1, the stability criteria depend only on nl/N2 and
nlez. Both modes are stable provided nj/N2 and ny/N? lie within the
shaded region of Fig.8. This diagram is called a 'necktie diagram'

because of its shape.

84, Amplitude of Betatron Oscillation

The general form of the equation of motion is a Hill's equation

y" + K(s)y = 0,

with s + 1) = K(s),

- (2.65)

which is a linear second-order differential equation with a periodic

coefficient. We attempt to find solutions of (2.65) which have the form

Y
y1(s) = w(s)el (&) (2.66)
Another linearly independent solution is mnaturally
y2(8) = w(s)ye T (S (2.67)
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Since the Wronskian A defined as

t

A=YY2 - V1Y) (2.68)

is constant in s, we normalize v1 and yp in a way

A= 21 . (2.69)

Then ¥ o= (2.70)

1
w2
Inserting eqs. (2.66) and (2.67) into eq.(2.65), we obtain

w' + Kw - = 0. (2.71)

1
3
w
Egs. (2.70) and (2.71) are the equations determining w and Y.
Any solution of eq.(2.65) is a linear combination of y; and y) so

that
y(s) = ayj(s) + byy(s),
(2.72)
L ]
and y'(s) = ay; (s) + byy (s) .
Then
y(sp) = aw:;‘eﬂl2 + bwze_iw2 ,
(2.73)
¥ ' ' -1y
y'(sp) = a(wz' + iWéwz)ei 2 + b(wy, - in wz)e * 2,
and
i¥ -i¥
= 1 1
y(sl) aw,e + bwje (2.74)
y'(sl) = a(wl' + in’wl)eiwl + b(wl' - i‘l"]_'w,ll)e_i‘yl .

Solving a and b in eq.(2.74) and inserting into eq. (2.73), we express
y(sp) and y'(sp) in terms of y(sy) and y'(sj). Then, the transfer matrix

is expressed as

M(sz|sl) =
72 'si in¥
;I cosY - WowWy sinV¥ wiwosin
1+ w,w,"ww,' w,' w,' w
11 272 sin¥ - C—l~ - —)cos¥ -lcosW + wlwz'sinW
vV, w9 vy wo

(2.75)
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where ¥ stands for W(sz) - W(sl), wy for w(sy) etc.

We now consider the case where sy - s1 is just one period of K(s),
i.e. sy - s1 = L. The matrix M is then identical with the matrix (2.55).
If we now require that w(s) be a periodic function of w (This is a con-
sequence of the Floquet's theorem), then wj = wp and wl' = wp', and the

forms (2.75) and (2.55) are identical provided we make the identifications

¥(sy) - ¥(sy) = W, (2.76)
w2 = B, (2.77)
ww' = -a, (2.78)

from which follows automatically

1+(w'w)2=1+a2 _
2 B v

w

This identification is legitimate if we can show that 81/2

- which
is, of course, periodic - satisfies the differential equation (2.71) and

that

B' = ~2a (2.79)

To prove this, consider the matrix for the transformation from s + ds
to s + L + ds. This matrix is, by eq. (2.58)

M(s + ds) = M(s + dsls) M(s) [M(s + dsls)]—l. (2.80)

For infinitesimal ds
1 ds
M(s + ds|s) = ) (2.81)
-K(s)ds 1 -

Substituting (2.81) and (2.55) in (2.80) we find

(K B=Y)sinu <20sinl )ds, (2.82)

M(s + ds) = M(s) + (—ZKQ sin ~(K 8-y )sini

so that (2.79) is indeed wvalid, and furthermore

1+ az

_1n_ _ - -
a' = -58" = K B~y = KB g

(2.83)
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and

Y' = 2Ka. (2.84)

With the aid of (2.79) and (2.83) it is easily verified that 81/2

indeed satisfy (2.71), and is therefore a periodic solution of that equa?

does

tion. Now (2.77) and (2.78) are justified, while (2.76) becomes the very

important relation

b = 45 %S" (2.85)
Eq. (2.85) may be regarded as the definition of U. It is consistent with
the previous definition (2.51), but has the advantage of being unambiguous,
while (2.51) only defines U modules 2T.
If we consider an accelerator of circumference C = NL with N identical
unit cells (periods), the phase change per revolution is,.of course, Ny.

A useful number is

_Np_ 1 S*Cgs
v = = om fs g (2.86)

This is the number of betatron oscillation wavelengths in one revolution.
(In the European literature on accelerators this number is often denoted
by Q.) A useful intepretation of Vv is as the frequency of betatron oscil-
lations measured in units of the frequency of revolution; we shall refer
to V simply as the frequency of betatron oscillations.

The two particular solutions y; and y) may now be written a

vy = gl/2(5) TIVO() (2.87)
2
where
ds
d(s) = S CE (2.88)

is a function which increases by 27 every revolution, and whose derivative

is periodic. The general solution is

v(s) = a g(s)1/2 cos [vo(s) + &1 , (2.89)
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where a and § are arbitrary constants. This is a pseudo~harmonic oscil~

lation with varying amplitude B%/%S) and varying instantaneous wavelength

A = 27B(s). (2.90)

In the treatment given here it has been tacitly assumed that B (s)
never vanishes, so that there are no singularities or ambiguities in the
integral fds/B. This is the case when the motion is stable, i.e. when
|cosu| < 1. For then a , B and Y are real and finite: it then follows
from (2.52) that B (and Y) cannot vanish.

From the form (2.89) of the solution of the equation of motion it

follows that the quantity

w =% [¥2 + @y + 8y)%] = vy? + Zyy' +B8y'> = & (2.91)

is constant, independent of s. (This is a consequence of a more general
theorem called the Liouville's theorem.) In the space- (y, y') (the phase
space), the particle lying on the ellipse (2.91) is transformed onto
another ellipse (2.91) with different o, 8 and vy, but the same W. The
ellipse expressed by eq.(2.91) is shown in Fig.9. Now, TW is the area
of the ellipse so that the area of the ellipse is conserved during the
particle motion. The maximum beam size is given by VBW and the maximum
beam divergence 1s given by YYW. The particles in the beam occupy the
points in the ellipse of the phase space. In proton accelerators,. the
area W is determined by the properties of the injector and the operating
energy while B, o and y are determined by the lattice structure. The
quantity W is thus very important in discussing the properties of the
beam as a whole and is called an "emittance" of the beam.

In a given accelerator, the motion is restricted by the walls of the
vacuum chamber or other obstructions to a certain region around the equi-
librium orbit, let us say to |y| < a. Then all particles whose initial

conditions are such that

al

W<WO=B

max

will perform oscillations that remain within the vacuum chamber. We
define the "admittance" or "acceptance" of the system as the area of that

region of (y, y') phase space for which any particles injected with
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. initial values within the region will remain within the vacuum chamber.
In accelerator design, the acceptance of the machine should equal to or
larger than the emittance cf the beam.

In order to decrease the aperture of magnets for a given acceptance,
it is required to make Bmax small. A useful approximate relation, valid

for many accelerators, is
By ™ C/2mv = R/v, (2.92)

where R = C/2m is the average radius of the accelerator. In the general
case, the maximum value of B will exceed Bav by some factor, which we

call the '"form factor"

F=8_/B =~V ___/R. (2.93)

max av max

The form factor F can generally be kept fairly small (say about 1.5 ~ 2),
and therefore the acceptance of an alternating gradient machine is mainly

governed by the oscillation frequency V.

1/2 /2

In conventional accelerators V = n for vertical and (1 ~ n)l
for horizontal oscillations; both these frequencies are less than 1. 1In
alternating gradient accelerators, we can make Vv large, thus achieving a
larger acceptance for a given aperture or alternatively a small aperture

for given acceptance.

§5. Twiss Parameters

Notion of the emittance and the functions B, & and Y are quite useful
in accelerators, beam transport systems and storage rings because we can
treat the properties of the beam such as a beam size as a whole and not
by tracing the individual particles. To apply this concept to beam trans—
port systems and storage rings, the functions B, o and y which aredefined
in the periodic system should be generalized to nonperiodic systems. In
this case, these functions are called "Twiss parameters".

We assume that Bl, o, and Yl at point s, are defined and consider

1 1

the values 82, o, and Y, at point Sys where the transfer matrix from

2

is
sl to s2 i

a b
M(s,|s,) = ( ) (2.94)
c d
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The values 82, 09 and Y, are defined by eq.(2.75) with the replacement
wl = B, ww' = —a and 1 + a2 = By.

Determining equations are

w
— cos¥Y - w,w,'sin¥ = a

Wy 271

w1

— cos¥ + w,w,."'sin¥ = 4d (2.95)

wlwzsinW = b.

Solving (2.95) for Wy, Wz' and ¥, we obtain

B, = a’B, - 2abay + b7y, (2.96)

Ay = -acBy + (2bc + 1)og - bdy; . (2.97)
b

tan¥ = oo - (2.98)

That ¥ given by (2.98) is consistent with the previous definition

= s ds ‘ .
v=r8T (2.99)

is shown by taking the derivative of (2.98)

2
ar_ 1 (2.100)
ds 82
This is consistent with eq.(2.99).
We now inquire whether the expression (2.91) is still valid.

Introducing the matrices

y
Y=0_,)

Y o
Z=(a8)

eq.(2.91) is expressed as

Iy o =W. (2.101)
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Now Y, = M(szlsl)Yl, and inserting into (2.101)

2
T 1.T -1
Y (M . = W, .102
5 ( ) ZlM Y2 W (2.102)
Putting
= I\ T -1
22 =M ") Zl M s (2.103)

eq.(2.102) is an equation of an ellipse. From eq.(2.103), it follows
that

- 22, 2
82 = a Bl 2ab0Ll + p Yl,

= -caBl + (1 + 2bc)oz1 - bdyl,

2 2
c Bl - 2dca, + d Yy -

<
N
n

1

These are consistent with eqs.(2.96) and (2.97) and it is shown that the
Twiss parameters introduced in this section have all the properties of

the functions B, o and y described in §3 and 4.

§6. Adiabatic Damping
We now consider the effect of slow variation of energy or mass of a
particle. Going back to eqs.(2.6) through (2.11), the change of energy

is taken into account by the replacement

|
<
|
~
g
(o=
2

d, o d
E;(my) ds

9 dp
d ds d
Y+ 888 4 k(s)y=0 . (2.104)
dS3 p ds

We solve this equation by the method of variation of constants and averag-

ing. Put the solution in the form
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y = AR sin (¥ + 6)

(2.105)
B' .
%§'= _%é 5sin(?+6) + cos(y + §)}
with a subsidiary condition
A"/ sin(¥ + 6) + A/B 8'cos(¥ + §) = 0 . (2.106)

The prime denotes differentiation with respect to s. Inserting (2.105)
into (2.104), we get
'QR )

A+ <2 AlGSIn(Y + S)cos(¥ + §) + cos2(¥ + &)} =0 (2.107)

We consider the effect averaged over

]

. Then, using

1.L
=/ B'sin(¥Y +8)cos(¥ + 8)ds

1
i fL B sin 2(¥ + 8)ds
0 0

2

]
ol Nl

L

%{[ % sin 2(¥ + 81, - J& cos 2(¥ + 8)ds)

0

and

1L 2 _1
i&) cos“ (¥ + 8)ds = 5 s

we get

da ., 114dp, _ |

s + 2 ds A=0, (2.108)
The solution of (2.108) is

A=— . (2.109)

Eq,(2-109) shows that the amplitude of betatron oscillation decreases with

energy as p 2 and that the emittance of the beam decreases as p~l. This
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is a consequence of a more general theorem called the Liouville's theorem,
which states that the phase space area expressed in terms of canonically
conjugute variables is conserved in a Hamiltonian system. The quantity

TRYW, where B and Y are relativistic Lorentz factors, is conserved during

the acceleration period and is called a "normalized emittance" of the beam.
87. Dispersion Function and Momentum Compaction Factor
We now consider the effect of momentum spread. The general equation

of motion is (we assume only horizontal bending)

x" + Kx =

oI

ég‘ . (2.110)

The general solution of eq.(2.110) is a sum of a particular solution
which expresses a displaced equilibrium orbit and a general solution of
the homogeneous equation which expresses betatron oscillations about the
displaced equilibrium orbit. The displaced equilibrium orbit is periodic

and can be obtained by solving the matrix equation

X a b e X
eq eq
%! =] e d f %! (2.111)
eq eq
Ap 0 1 4p
P P

where the transfer matrix refers to one period. The solution is

X e + bf - de
eq Ap/ /
= 2(1 - cosu)

x' f + ce - af
eq

(2.112)

The quanitty xp = xeq/Ap/p is called a dispersion function (or momentum

compaction function).
Another quantity of interest is the path length difference AC.
Referring to Fig.10, the path length is expressed as

dC = yds + xé% ds =~ ds (2.113)
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in a straight section, and

X 2 2 2 X
dc = \I(l + —%ﬂ) ds + x('aflds = (1 + %ﬂ)ds ( 2.114)

in a curved section. The total path length difference is

AC

Ol

S X ds . (2.115)
curved section

A more relevant quantity is the momentum compaction factor defined as

(some authors, e.g. Livingood, defines the inverse)

o= %%_g (2.116)
From eq. (2.115)
o= = % xpds . | (2.117)
curved section
A useful approximate relation
o = (2.118)

1

2
Vx
holds for most accelerators. The momentun compaction factor is a measure

of the spread of the beam due to momentum error. In a weak-focusing accel-

erator

(2.119)

so that the beam size due to momentum spread as well as that due to betatron
oscillations are much smaller in AG synchrotrons. This is the origin of the
name "'strong focusing'".

We further consider the case where the magnetic field has an error
AB. The basic equation is then

AB

" + K= - 28D
b4 K B

O I

. (2.120)
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The particular solution is naturally

so that when there are errors in momentum and magnetic field, the dis-

placed equilibrium orbit is

- Ap _ AB
Xeq xp ( > B) . (2.121)
and
AC - (éB'- ég_) (2.122)

§8. Resonances

In an actual magnet system, the fields will differ somewhat from the
ideal design. Therefore a particle which originally starts out on the
ideal equilibrium orbit will, in general, not stay on that orbit, but
will deviate from it. In this respect, there should exist a closed orbit,
the "displaced equilibrium orbit'", which the particle can follow , and
which is located well within the aperture of the machine. Further, oscil-
lations about this displaced equlibrium orbit should be stable.

Since the particle revolve around the machine many times, the re-
peated action in phase called a "resonance'" should be avoided. The

condition of resonance is
Pv_+ qu = integer, (2.123)
X

where k = |p| + |q| is the order of resonance, and Vo and v, designate fre-
quencies of betatron oscillation in the horizontal and vertical planmes.
Resonances with k = 1 and 2 are "linear" resonances and treated in

detail by Courant and Snyder. Higher k values designate '"non-linear"
resonances and these are treated by Schoch. Linear resonances are
dangerous and shoule ba avoided in any accelerator. Nonlinear resonances
with order k = 3 and 4 are also dangerous, but higher order resonances

are not so important in accelerators. In storage rings, still higher

order resonances should be taken into consideration. The method to

avoid resonances is to employ frequencies of betatron oscillations

Vo and vy which do not satisfy the condition (2.123).
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§9. Computer Programs

In designing an accelerator, the V-value should first be determined.
Higher V-value is preferable for focusing, but the tolerances on magnets
and alignments are severer. Further, higher v-values require higher field
gradients of quadrupole magnets or high profile parameters (n/p) of gra-
dient magnets which are technically limited. Thus, a compromised value
must be chosen. The phase advance per cell (or period)u is usually chosen
between g and g. Then, from eq.(2.86) the numbe; of identical cells is
determined. For a given value of U, the parameters of the magnet such
as the profile parameter should be determined by use of the equations
such as (2.63) and (2.64). The orbit parameters such as B, a, 7, xp etc.
should then be calculated.

In a beam transport system or an insertion of a storage ring, the
initial values of B, o, Y, Xp etc. are usually given and we intend to
"match'" these functions to desired final values. These are done by using
bending (dipole) magnets and quadrupole magnets and we should determine
the parameters of these magnets. Further, the beam sizes etc. should be
calculated along the beam line.

All these calculations are based on a matrix calculation as described
above, and the procedure is quite cumbersome. Thus, computer programs are
inevitable in these calculations. Computer programs such as SYNCH,
TRANSPORT, MAGIC, etc. have been developed in the laboratories around the

world. These programs are available at KEK.
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Part III Synchrotron Oscillation

81. Standing Wave and Travelling Wave Pictures

The electric field appearing in an accelerating cavity is a standing
wave, but a travelling wave picture, in which particles ride on the travel-
ling wave, is more relevant for mathematical description. This is because
a discrete energy gain is replaced by a continuous one and thus a difference
equation is replaced by a differential equation.

We consider a single accelerating gap as shown in Fig.4. Generalization
to many gaps is straightforward. Neglecting the length of the gap, the

electric field E is expressed as

E=V Sp(s) sin (Wt + ¢g), 3.1)

where Wyg is the angular frequency of the RF and Gp is a delta-function

periodic with period ¢ (circumference of the machine). The accelerating
gap is placed at s=0 and particles pass at phase ¢g at t=0. The voltage
V of the RF system is defined by the energy gain AE per revolution in the

following way.

AE = ef;Eds = eVsindg . (3.2)

Denoting the angular frequency of the particle by w, and the particle

velocity by v,

c = 2V
W

= 2TV,
S D (3.3)

where the resonance condition

wef = hw (3.4)

is assumed. The integer h is called a "harmonic number".
Since the function GP(S) is periodic with period C, it can be expanded

into a Fourier series,

_ 2 2mTn
SP(S) = g c cos 5 s. (3.5)
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Inserting this into eq.(3.1),

nw
- I 2V, rf
E ey 31n(wrft + ¢S) cos — = s
v g oy g
= g [sin(wrft + ¢S + - s) +sin(wrft + ¢S v s)] .

(3.6)

This is a representation in terms of travelling waves.

Now, the particles move with s * vt, so that only the term containing

sin(wrft + ¢s - hvf s) will contribute to acceleration when averaged over
many revolutions. Other terms will accelerate and decelerate particles
alternately and the net effect will be neglected. Thus, only a term with
n=h is retained and

Wrg

sin(wrft + ¢s - —‘;;‘— s) , 3.7

e
L[}
ol

where v, is the velocity of a "synchronous particle' which satisfies the

resonance condition (3.4). 1In general, eq.(3.7) is expressed as

s(t) Yrf
&) v

E = E(s) sin( ﬁ;u&fdt -
)

ds + ¢g) - (3.8)

§2. Equation of Synchrotron Oscillation
1) Phase equation
With Vg = Ruwg, W, = hwg and 6 = E, eq. (3.7) is expressed as

E = g sing¢ ,

b= weet - WO + ¢ . (3.9)
Now,

w=08=1%, (3.10)

and we expand w around the synchronous energy Eg in terms of AE = E - Eg

in a way
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w=w, +o=| AE+ -+ - - (3.11)

Aw  Av AR
Using

v 1 AE

v 82Y2 E
and

AR _ % _ o LE

2 b4

R ) 8 E
eq. (3.12) is

L - L E-w 2 (3.13)

B™ v

Taking the derivative of (3.9), using the expansion (3.11) and using the
relation (3.13)

hWw
do _ _ - s, 1 _ AE
at - Wpg ~ hog 2 2 ) F
S YS
hg 1., AE
Bs s

where the relation wrf = hwg is used.

2) Energy Gain of Synchronous Particles
Particles gain energy from an RF electric field or from an induced
electric field due to changing magnetic flux (betatron acceleration).

They lose energy, for example, by synchrotron radiation in electron machines.
In this lecture, we consider only RF acceleration and betatron acceleration.
Betatron acceleration is due to the induced electric field given by

the Maxwell's equation

_ 3B
ot °

i

rot E (3.15)

now

JEds = frotEdS = + —?% .

Il

21TRES
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where ¢ is the magnetic flux enclosed by the particle trajectory and the

sign is chosen so that the direction of flux coincides with that of B. The

energy gain per revolution is e Eg 2mR = e %%—. The energy gain due to

RF field is eVsindg.
Now, from the equation p = eBp
dp _ 1 dE dB dp
v

Fr ep EE-+ eB T (3.16)

Since g%'%% is the energy gain per revolution,

® o

eVsindg + e %E—= 27eRp g%-+ 2TeRB ac (3.17)
Usually, g%~= 0 and the betatron acceleration is much smaller than RF

acceleration so that

eVsindg ~ 2TeRp %% . - (3.18)

3) Energy equation

From the energy balance, the following equations result

2m dE _ 30
T eV sing + e 3¢ °
(3.19)
dE 3%
2T s _ ; _s
o dt eV singg + e 3¢ °

where s refers to synchronous particles. These equations are derived
naturally from the equations of motion (2.8) and (2.11). Taking a
difference of (3.19), we obtain

dE 1)
1dE 1 s _eVv e (3¢ _ s
®dr - w. dc " zw tsind - singg) + o {50 - 57} . (3.20)

We now let E = Eg + AE, assume that E is small, and expand (3.20) in
terms of AE. Firstly,

1 1% _ 1% 100 %% 1 am 1 &
wdt wg dt wg dt 2'9E°g dt dt  wg dt
Wg
dE
_ 1 dAE 1 B s
s dt ug (BE SAE T (3.21)

~ 116 -



Further,

e 9% 3(I)s}

2m ‘3t | ot

e (9 d
a7 Gt IES+AE BdS - 5 fES Bds}

e
B zwaE Bt ds

9
_e [ s
Coam } ot
e 9B np
2T 9t p

—E-ds
P P

xpds
magnet

_ epRo AE 9Bg
-2 E 9t °
S

where the relation
Inserting (3.21) and (3.22) into (3.20)

ldAE_{l du, B  eora By o
wg dt 9E’ g dt 82E ot
8 S

S

Now, w = % and R is a function of E and B, so that

dw aw u5
dt  9E BS dt 9B Eg dt

From (3.12) and (2.122)

w v R

v P B
1 1 AE AB
S (G -ag ey,
B™ Y
so that
.a__ - ..:.L_ ) nd i._ = .‘.'.ua
E'Bg  g2p Y2 O OBEg B
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(3.22)

magxpds = 27R pa given by eq.(2.117) is used.

sin¢s} .
(3.23)

(3.24)

(3.25)




Thus,

Inserting this into (3.23),

d 3B
1 dAE 1 3 s , ow s _ev_ . s
wg dt ~ 2 {(aps dt "'ag)E 5t JOE = gp{sing - sings)
s s
(3.26)
Now 5
dBs _ °Bs , 9B dx, _ 3B dz
dt ot  0x dt’S 93z dt’s °
Since the equilibrium orbit does not change,
dx, _ dz, _
dt)s Sas = O
so that
dt ot
Then, by use of (3.24), eq.(3.26) is transformed as
1 AAE 1 de,, eV o
T 7 It AE = o {sin¢ - sindg} ,
and finally we obtain the energy equation
d, AE | _ eV _
ac’ o ) = o {sin¢ - sin¢gl} . 3.27)

The phase equation (3.14) and the energy equation (3.27) are the basic

equations of synchrotron motion.

- 118 -



§3. Transition Energy

C
We consider a revolution time T = 5 Now,
AT _ Ac _ Av
T C v
- (0"—12") Lp | (3.28)
% P

Since O is usually less than unity in AG accelerators, there is an energy
where AT = 0, i.e. a revolution time does not differ for different momenta.

This energy is given by

1

= :Z; ’ (3.29)

Yt

and is called a "transition energy" (divided by particle rest energy).

Below transition energy, a particle having a larger energy revolves
faster, while above transition energy, that particle revolves slower.
As explained in Part I, this influences phase stability. Below transition
energy, the stable phase is on the rising side, while above transition
the stable phase is on the falling side of the RF field. At transition,
phase stability breaks down and the RF phase should be switched quickly.
We will not discuss the problem of transition crossing in this lecture,
but merely state that transition energies have been successfully crossed

in all existing synchrotrons.

84, Small Amplitude Oscillation
The equations of synchrotron oscillation are nonlinear, but if we

put

¢ =¢g + 4, (3.30)

and assume that A¢ is small, the equations are linearized. From eq. (3.14)
and (3.27)

hw
d
S @O,
B Ys
and
d AE, _ eV
dt (ws) Com cospghd .
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Solving for AE in the first equation and inserting into the latter, we

get
2
R°E
d s s dAd heV

it ¢ 2 at ) = g cosb Ad (3.31)

where ns s
ng = 0 - —%— . (3.32)

Ys

If we assume that the kinematic factors such as Bs, Eg5, etc. are con-

stant, the solution of (3.31) is exprossed as
Ad = A sin(vst + 8),
when ng cos¢s < 0, and the motion is stable. 1If Ng cos¢S > 0, the solution

is of an exponential form and the motion is unstable. This is consistent

with the discussion of §3. Here, A and § are arbitrary constants, and

heV wins
Vg = | = ——5— cos¢ (3.33)
s
218° E
s s
is the "frequency”" of (small amplitude) synchrotron oscillation. The

corresponding energy spread is

B™v
é%-= hs S_A cos(vst + §8)
NgWg
eVBicos¢S
= |- m—- A COS(\)St + 8). (3.34)

It is to be noted that the trajectory in a phase space (A9, é%b is an

ellipse.
§5. Adiabatic Damping
We now consider a slow (adiabatic) change of the kinematical factors

and the RF voltage appearing in eq.(3.31). We put

(3.35)
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and the equation becomes

2 '
N Y
dt ¢ dt s

(3.36)

where the prime denotes differentiation with respect to t. We solve eq.(3.36)

by the method of variation of constants and averaging. We put

Ap = A sin (vgt + §), (3.37)
amd
%%? = Avg cos(vg + §), (3.38)

with a subsidiary condition

A'sin(vgt + §) + A(\);t + §")eos(vgt + 8) = 0. (3.39)

Inserting (3.37) and (3.38) into (3.36), we obtain

V_A cos(Vgt +8) +VA'cos (Vgt + §) - vgugAtsin(Vgt + )

'
- VgA8'sin(ugt + 8) + < g cos(vgt + §) = 0.
(3.40)

Eliminating §' from (3.39) and (3.40), we get
c‘
vghcos? (Vg +8) + VgA' + SVgA cosZ(vgt +8) = 0. (3.41)

Now the change of A, Vg and ¢ is much slower than the period of synchrotron

oscillation, so that we average (3.41) over synchrotron oscillations. With

<c0s2(\)st + 6)>av = % , (3.42)
we obtain . v; K Lo
§§+I +35 =0 (3.43)
The solution of eq. (3.42) is
const s %
A= J;;Z <« [ VE;ESéag 17, (3.44)
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where (3.33) and (3.35) are used. The effect on energy spread is, from
eq. (3.34)

E VcoscpS

s

T

AE = [ 1% B - (3.45)

Eqs. (3.44) and (3.45) show the adiabatic damping of the amplitude of syn-

chrotron oscillation. It is to be noted

1 1
(A¢)max(AE)max = Ng ]Z [ ESVCOS¢S]4 Bs
hwg VEScosdJs Ng hws
ths
= const. (3.46)

This is a relation derived from the Liouville's theorem as decribed later.

§6. Hamiltonian Formalism

The equations of synchrotron oscillation is nonlinear. To treat non-
linear problems, it is quite useful to apply the theorems of classical
dynamics. To this end, the canonical or Hamiltonian formalism is essential.

We must choose appropriate variables to express the equations of motion
in a canonical form. To this end, we recall that the phase space desity
expressed in terms of canonical variables is conserved in a Hamiltonian
system and that energy E and time t are canonically conjugate. Then,

AEAt is in variant. Since ¢ = w.ft,

At - _ég_ - _ég_
weg  hug ?
so that
pear = A0AE (3.47)
s

is invariant. This ia a general representation of the result (3.46).

Introducing a variable W defined by

_ jEdE_
WE) =S g R (3.48)
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it will be guessed that ¢ and W are canonically conjugate. Actually,

equations of motion (3.14) and (3.27) are expressed as

dAW eV

4t " 2m (sind - sindg), (3.49)
and do nshzwg
= — AW . (3.50)
dt 2
B E
s S

These equations are canonical, i.e.

dé _ __oH
dt Ly
(3.51)
ddw _ _ 8H
dat 3
if we choose the Hamiltonian H(AW, ¢) to be
2.2
n_h*w
H(W,0) = £ 22 (a2 + &L (cosd + sind.). (3.52)
2 82E 27h 8
S S

If the variation of parameters such ng, V etc. with time is neglected,
the Hamiltonian does not contain time explicitely and is the constant of

motion. The trajectory in the phase space is expressed as

H(AW, ¢) = const. (3.53)

From the form of (3.52), the motion is considered to be one in a potential

U(¢) given by

U(9) = (cosd + ¢sindy) . (3.54)

87. Stability of Motion
We assume that the parameters such as n, V etc. are constant in time.
Then,the Hamiltonian (3.52) is constant and
ﬂh3nsw§
—=5_ Aaw)? + U($) = C = const, (3.55)

eVBi Eg
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or by (3.50)

TE B
S

N N

(42,2

dt + U($) = C, (3.56)

heVw ™ n

)]

S

where U(9) is given by (3.54).

The potential U(¢) is shown in Fig.l1ll(a). We consider a case where
Ng>0, i.e. above transition. For case a, the motion is bounded by ¢pi,
and ¢max and is stable. For case c, the motion is bounded only one side
and is unstable. The case b is a boundary case for stable and unstable

motions. The values of C are given for cases a and b in the following

way.

a
|

= U((bmin) = U(¢

max

)

for case a,

i

C U(¢1) = U(¢2)

for case b and g%-= 0 at these points.

At ¢1, the potential is maximum and ¢1 is obtained by solving the

equation

3 (6,)

—56——~ = sindg - sin$ = O. (3.57)

The solutions are

and

b =T = dg - : (3.58)

and . (3.59)

so that the motion does not occur at these points and these points are

"fixed points".
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The motion about ¢ = ¢, is sinusoidal and stable as described in 84,
so that this point is called a "'stable" fixed point. We put ¢ = ¢; +
A$ and consider a motion about ¢ = ¢;. From eqgs.(3.41) and (3.50),

dAW _ eV .

4t~ I7h {sin(m - d)s + Ad) - 51n¢s}
eV

= - o cos¢sA¢
and

2,2

dng _ NPTV

dt 2
Bs By

Thus, eliminating AW,

2 heVn wz
ddﬁ¢ +——2 cosp Ap = 0 . (3.60)
ZWBS ES

Since Ng cos¢s < 0 for stable phase angle, the motion is exponential and
unstable. The point ¢ = ¢1 is, therefore, called an "unstable" fixed point.
The trajectory in phase space is shown in Fig.11(b). The curve b
which passes through the unstable fixed point ¢1 is a boundary curve

between stable and unstable motions and is called a "separatrix'.

The separatrix is given by the equation
C = U(¢1) s

or 2
"B ap 2
— ( 5F )" + cos¢ + cosp, + b -m+ ¢S)sin¢s= 0. (3.61)
heVw n
s's
It is, in general, difficult or impossible to obtain analytic solutions
of the nonlinear problems and the phase-space considerations given above

are quite useful.
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Reference Books on Accelerator Theory

A) Those written in Japanese

D K, ) E A, hNAKE S MBS
FANAE SR b (FLRWR, 1960)
2 EAFRF AL - ES
?.!ﬁm:zs%ﬁ: 28 (FILLHR, /975)
B) General
3) M.S. Livingston and J.P. Blewett: ''Particle Accelerators”
(McGraw-Hill, 1962)
Historical developments are fully described. Technical pro-
blems as well as underlying physics are presented.
4) S. Fliuge, ed. "Nuclear Instrumentation I" in "Handbuch der Physik",
volume XLIV, (Springer Verlag, 1959)
C) Cyclic Accelerators (particularly AG machines)
5) J.J. Livingood: 'Principles of Cyclic Particle Accelerators"
(D. van Nostrand, 1961)
Introductory description of the theory of cyclic accelerators.
Suitable for a beginner. The equations of synchrotron oscillation
are wrong, however, and should be corrected as done in this lecture
note.
6) H. Bruck: "Accelerateurs Circulaires de Particules'", (Press
Universitaires de France, 1966)
Though written in French, this is a standard text book on
the theory of AG synchrotrons.
7) A.A. Kolomensky and A.N. Lebedev: 'Theory of Cyclic Accelerators"
(North-Holland, 1966)
Highly mathematical. Suitable for the study of non-linear
oscillations. Suitable for advanced readers.
8) E.D. Courant and H.S. Snyder: '"Theory of the Alternating-Gradient
Synchrotron", Ann. Phys. 3, 1 (1958)
A classical article describing the theofy of AG synchrotrons.
Should be read once by an accelerator physicist.
D) Beam Transport System
9) K.G. Steffen: '"High Energy Beam Optics" (Interscience, 1965)
10) A.P. Banford: '"The Transport of Charged Particle Beams" (E &
F.N. Spon Ltd., 1966)

- 126 -



E)

F)

G)

H)

Collection of Papers
11) M.S. Livingston: '"The Development of High-Energy Accelerators"
(Dover, 1966)
Collects papers of historical importance in accelerator develop-
ment.
Instability
Beam instability, the phenomena which appear at high intensity,
was not treated in this lecture. The last part of ref.6) is devoted
to this subject.
12) E.D. Courant: '"Accelerators for High Intensities and High Energies"
in Ann. Rev. Nucl. Scie. 18, 435 (1968)
Electron Storage Rings
13) M. Sands: "The Physics of Electron Storage Rings. An Intro-
duction" in "Physics with Intersecting Storage Rings, Proc. of
the Intern. School of Physics, Enrico Fermi, Course XLVI" ed.
by D. Touscheck (Academic Press, 1971)
Non-linear Oscillation Theory
Mathematical problems of nonlinear oscillation theory are given,
for example, in
14) N.N. Bogoliubov and Y.A. Mitropolsky: "Asymptotic Methods in
the Theory of Non-linear Oscillations'" (Hindustan Publishing
Corpn., India, 1961). Japanese translation
BIELE BILYRG th — Hr6y 554,
(FLEER 1961)
Nonlinear oscillations in AG synchrotrons are treated in
15) A. Schoch: "Theory of linear and non-linear perturbations of
betatron oscillations in alternating gradient synchrotrons",
CERN 57-21 (1958)
16) P.A. Sturrock: "Nonlinear Effects in Alternating-Gradient
Synchrotrons", Ann. Phys. 3, 113 (1958)

- 127 -




Appendix  Transfer Matrix

1) definition

y y

y'}| = M{ y') (A.1)
Ap Ap

P p A

2) Drift Length £

12 0
M = (o 1 o) | (A.2)
0

3) Pure Sector Magnet

cosf psin® p(1l - cosB)

M; =|- 5529- cosf sinf (A.3)
0 0 1

6:&

p

1 £ 0

S =

My (o 1 0) (A.4)
0 0 1

4) Gradient Sector Magnet

a) Focusing Plane

cosvRL -;% siny/Kg Ei (1 - cosvky)
(A.5)
Mg = ~/Rsinvke cosvke L sinvRL
pvK
0 0 1

- 128 -



5)

b) Defocusing Plane

coshvK2 ~% sinhv/K2

K
MD= YKsinhvK® coshvKL

0 0

Quadrupole Magnet

a) Focusing Plane

cosvke ~l-sin/i
vk
MF = | —/KsinvKQ cosvke
0 0
b) Defocusing Plane
cosh/K% ~l-sinh/il
B
M, = /K sinhv/KL coshvR2
0 0
e 2z
K:-——-._._
PO X

horizontal plane

vertical plane

Eé(cosh/ﬁk - 1)

1 sinhv/RR
ovK

(A.6)

horizontal plane

vertical plane

0 (A.8)
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Fig. 2. Schematic diagram of early linear accelerator
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Fig. 3. Cyclotron
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Fig. 4. Schematic diagram of accelerating system
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Fig. 5.
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Fig. 6. Boundary of iron yokes
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Fig. 7. Quadrupole and gradient magnets.
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Fig. 8. Necktie diagram (after Courant and Snyder).
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Fig. 9. Phase space ellipse
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Fig. 10, Path length difference.
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a) Potential
u($)

///// 0 21 ¢min\\\\\ﬂd/////// q>max ¢z
)

b) Phase space trajectory

Fig. 11. Potential and phase space trajectory
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