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I. Introduction

The calculation of the electrostatic potential due to a charge distribution
with "ellipsoidal symmetry" is most easily carried out in ellipsoidal coordinates.
Since these may be unfamiliar to some readers, the present note outlines the
calculation in some detail.

I[I. Ellipsoidal Shell

Let us assume a charge density which is a function of the variable
s = (x%7a%) + (y4/p%) + (2818 (2.1)

and has the form
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We shall first explore the potential and field due to a shell of charge whose

density is o 2 2 2
2 8{s. - "L =). (2.3)
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The surface charge density on this ellipscidal shell is not uniform. It is
governed by the coordinate w , normal to the surface, whose direction cosines
g£,m,n, are determined by

ds/2 = é%'dx +§%—dy +Z 4z = L dx + mdy + n dz , (2.4)

cz a(x,y,z)
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ere o(x,y,2) = (Frat + yomt o 2Pchy (2.5)
and 2 2 2

%= (x/a)o , m= (y/b )o ,» n=(z/c%)o . (2.6)
Since the coordinate perpéndicular to the surface satisfies

dw=2dx +mdy +ndz, (2.7)
we can write the charge density as

2 6s - X - Y5 - L) = o 5(w) (2.8)

corresponding to a surface charge density o.

I11. Field Inside the E1lipsoidal Shell

Consider the point P within the
shell and a small conical spherical
angle d2 which intersects areas dA] -
and dA, on the surface of the shell.

2
The "radial" vectors (?],FZ) have the

direction cosines
(x1‘¥2 Ny 7177

(g ,m ,n )=z , 5 (3.1)
The solid angles are defined by dQ = dQ] = dQZ with
dA ~dh.
LR s A
dQ1 = = (e1 eo) . dﬂz = - (e2 eo) . (3.2)
1 "2

. - - <>
where the unit vectors eo, e1, e2 have components (Eo,mo,no), {21,m],n]),
(Rz,mz,nz),
The contribution to the field at P due to dA} and dAz, with surface charge

densities o and 62 is
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Using (2.6) and (3.1), we have
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2 2 2
= (x]—x2)(x]+x2)/a + (y]'yz)(y1+y2)/b + (21'22)(Z]+22)/C
= (x2 /a2 + y2/b2 + 22/c2) - (xz/a2 + y2/b2 + 22/c2) = 0. (3.4)
1 1 1 2 2 2
Thus
> + >
1'% _ 2% (3.5)
1 °2
and
-
dEp = 0. , (3.6)

We have therefore shown that the field inside the ellipsoidal shell defined

in (2.3) vanishes, due to pair cancellation, as occurs in the uniform spherical
charge shell.

IV. Ellipsoidal Coordinates

Using Stratton's! notation with a scale change for x, y, z, the ellipsoidal
coordinates are defined for a > b > c by

2 2 2
X Y 2= 2
tre + ST E + e s -ct <z (4.1)
xz__+ y2 ) 22 - g -b2 <n < —c2 (4.2)
a*+n  b%*n  -c?-nm
pa Z 2
S AR S 4l < ¢ o< bl (4.3)

a*+g  -b*F-r  -c?-g



The coordimates n, ¢ correspond to angle-Tike coordinates, while £ corres-
ponds to a radial-like coordinate. (In fact, & - rz/s as r >« )

The Laplacian separates in such a way that the solutions inside and
outside the shell can be written as product functions in each of the variables
£, N, & . Since we already know that the solution inside the shell is con-
stant, and since the region inside and outside the shell is defined by £<0
and £ > 0, continuity of the potential at the shell requires independence of
n and ¢ both inside and outside the shell. The potential ¢ is therefore a
function only of £ , and Laplace's equation can be written as

4 d dé
2 = [E— —_
v24(E) = —remmyremey— RED gp (RS, (4.4)
where 9 2 2 1
R(t) = {(t+a®)(t+b"™)(t+c™)}* (4.5)
Thus () " dt ( )
${g) =B J ) £>0 4.6
EF(‘t’) :
is the solution of the potential outside the shell, and
2(6) = 8 £ oTh F g0 (4.7)

is the solution inside the shell. <Clearly VZ4(&) vanishes for £ > 0, E.< 0.
Near £ = (0, the discontinuity in the slope of R{&}d¢/d& 1leads to

To(e) = ey R(E) 8(8) = - B s(p) (4.8)

If we differentiate (4.1) with respect to x,y,z.,£, we obtain

2 2 2
x dx , ydy , z dz y . X~ . -
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Near & = 0, this can be written as



ds = dg/o? (4.10)
BN (Erat)(nt a®) (st o
_ nt a®)(z+ a*)
X /s (a2~ b2) (a2~ <) (4.11)
2 (£+b”) (n+b?) (-~z-b?)
g5 = 4.12
Y / ( 2 _ bZ)(bZ CZ) ( )
(g+c?)(-n-c?)(-z-c?)
= s 4.13
z'/s (az_ Cz)(bz— CZ) ( )
one can show, for £ = 0, that
_ 2,4 2.4 2,4 _ sng
= + bY + = =2 M5 | (4.14)
o8 X/ v z /e atb2c?
Thus
_ S ng
ds = PETEP dg (4.15)
and (4.8) becomes
2 2 2
2 - _ 4B abc - _ 4B XYy oz
To(e) = - T S(e) = - g sls - By - Ly By (4.16)

confirming the uniform density within each shell. Comparison with (2.2) then

Teads to
abc

B = 4o fls) | (4.17)
0
and
o dt
é(s) R(t) » E > O
o(X,y,2) = %gg-fmds f(s) (4.18)
o ® fw dt E< 0
o R{t) ° N



The region of integration is
shown shaded in the figure.
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Ly Xy Lo-(t) T
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Interchanging the order of integration leads to
abc 7 dt =
$p(x,y,2) = 77— [ [ ds f(s) : (4.19)
460 0 RIt) S(t)
or o s(t)
_ _ abc dt
¢(X,Y:Z) - 460 -é. R(t) -é. dS f(S) (4.20)

where (4.19) is normalized such that ¢(=) = 0, and where {4.20) is normalized
such that ¢{0) = 0.

[f the functional form of the charge density, f(s), is known and can be
integrated, (4.19) and (4.20) reduce to a single inteqral.

V. Special Cases

A. 3-D Gaussian charge distribution

If we choose a Gaussian charge distribution defined by

where Q s the total charge, one finds from (4.19)
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X2 .y z
©  expl~ 73y - 5hT C T
0yg(xsysz) = e a7t o ot gy (5.2)
ariffe 0 {(a%+t)(bP+t){cP+t)}?

normalized such that ¢{=) = 0, and valid for all relative values of a,b,c,
(not just a>b>c).

B. 2-D Gaussian charge distribution

The potential for the 2-D Gaussian charge distribution can be obtained
from (5.2) by proceeding to the 1imit ¢ » = ., The charge per unit length, T,

for finite z , is
1= % (5.3)

in which case (4.20) leads to

2 2

@ leexp(-Z—- L)
_ T . a2+t b2+t
¢ZG(xsy) - = 41.'. c -E;‘ dt 2 N 35 (54)
0 {(a%+t)(b%+t)}

where the potential is normalized such that ¢(0) = 0. With this normalization,
it is clear that o(~) + -«, as expected.

C. 3-D uniform distribution

In this case we choose

s <1
f(sy = dmabe | S } (5.5)
k 0 s s > 1

in which case

- 30(1-s)/{4mabc) , s <1
;S ds f(s) = { J (5.6)
0 y 5> 1



Thus (4.19) becomes

2 2
X z
Ty (R CBAE R kgt
J {(a%+t)(b2+t)(c2+t)}2 *> a% "b%
¢3U(x,y,z)=T%Eg— l | - (5.7)
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where tD(x,y,z) is the value of t0 for which

2 2 2
e 1 (5.8)

a‘+t b3+t c?+t
0 Q 0

Inside the distribution, ¢ is a linear function of xz,y?‘,z2 whose coeffi-

cients are elliptic integrals.

D. 2-D uniform distribution

The potential for the 2-D uniform distribution is obtained once again
by proceeding to the 1imit ¢ » o , in which case Q = 47c/3, so that (4.20)

Teads to :
2 2

X
( a2+t ¥ b2+t ) dt ﬁ+aL2< ]
1 H]
[° [(a®+t)(b2+t)}? a? b?
. =T
Payoy)= e ) I (5.9)

P dt Lo p BITEBIFE
o {(az+t){b2+t}}* to{fa2+ti(b2¥ET}2 :
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Here t (x,y) {s the value of t, for which

xo/(atet) + P (6Pt ) = (5.10)



The potential is normalized such that ¢(0) = 0, leading necessarily to
¢(w) >-<, Within the ellipse, one can easily show that

leadi

daing
phase space distribution.
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