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SUMMARY 

The transfer function between the Fourier amplitudes of 

magnetic gradient and the excitation current has been calculated 

in a manner similar to that given in TM-325. To reduce the com- 

plexity only the lowest mode is calculated thereby restricting 

the validity to frequencies below 1kHz. The coil impedance is 

also given for a similar frequency range. Computer results are 

given for the 7 ft. and the 4 ft. quadrupoles. 

MAGNETIC CIRCUIT 

Fig. 1 indicates the cross section of the quadrupole under 

consideration. Let a designate the aperture radius, b the hori- 

zontal half aperture of the vacuum chamber, d the distance from 

the quadrupole center to the inner edge of the coil in the hori- 

zontal slot, h the half height of the coil in the horizontal 

slot, R the length of the mean flux path in the horizontal o&ant 

of the yoke, w the average width of the horizontal octant, and N 
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the number of coil turns in the full slot. For simplicity the 

quadrupole is considered symmetrical with d representing the 

mean of the horizontal and vertical coil distances. 

If U(x) designates the flux per unit length of the quad- 

rupole passing through the median plane from x = 0, the quadru- 

pole center, to x = x, then the average flux density Ho in the 

horizontal octant of the yoke is to be determined by 

U(d) + Ucoil = WBo, (1) 

where Appendix IV of TM-325 may be used to give the flux pass- 

ing through the coil. Thus 

cash PC-~ , 2 
U coil = P sinh PC +%I , 1 (emu) (2) 

where 

P2 = 4v-rjwacoil, (emu) (3) 

c is the horizontal width of the conductor in the horizontal 

slot, and H(d) is the magnetic field at the edge 

zontal coil. Although easily modified for other 

assumed that only one layer of conductors exists 

median plane and the pole. 

To complete the magnetic circuit description 

the Ampere integral along the flux line beginning 

of the hori- 

cases, it is 

between the 

one evaluates 

at x = x, 

y = 0 through the vacuum chamber. In the iron the mean flux 

path will be used. Thus, remembering that in the ideal quad- 

rupole the potential on the iron is given by i B' a2 where B' 
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is the gradient, one has approximately 

ta2Hr(x) +AB I (2) 
= 2~rN1-4~ lJ 0 icdt-4v 

f 
(3) 

icdt-4niIR, (4) 
(1) (2) 

where from TM-325 the surface current density of eddy currents 

in the vacuum chamber is 

iC = jwsU(x), 

s being the surface conductivity, and the effective surface 

current density due to eddy currents in the iron is 

where 1-1 is the iron permeability and 

X6 
k 2 

cash hi-1 
=-. 

sinh hi 
. 

Here 6 is the lamination thickness and 

x2 = 4rpajw (emu) (8) 

(5) 

(6) 

(7) 

where c is the volume conductivity of the iron. 

From the geometry of the ideal quadrupole dt along the iron 

surface (assumed to be coincident with the vacuum chamber surface) 

is 

dt=yfy-&z dx* (9) 

Along the flux line at x = b one has approximately 
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I (3) 1 a2 dt=Zb. 
(2) 

Thus, remembering that 

I 

X 
u(x) = H(x)dx 

0 

(10) 

(11) 

one has from Eq. (4) 

1 2 11 za U (x) + 4rjws U(x)dx 

2 
+ QrjwseU(b) + 1-I (k+l) RB = ~ITNI. (emu) 0 112) 

Differentiating Eq. (12) gives 

U(x) = 0. (emu) (13) 

SOLUTION 

By definition the flux line passing through the origin may 

be designated by U(0) = 0. A quadrupole field is further desig- 

nated by U'(0) = 0, and U"(O) = H;). Thus if, for convenience, 

u M = H+(x), (14) 

then the conditions on U(x) are 

u(0) = 0, u'(0) = 0, u"(0) = 1 (15) 

and the differential equation is 
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O<x<b 
b<x<d 

where 

Q(x) = y 

(16) 

(17) 

Numerical integration using a Runge-Kutta procedure yields u(x) 

in the interval 0 < x < b. Outside b Eq. (16) yields directly 

u(x) = u(b) -I- + a(x2-b2). (18) 

The constant a may be found using Eq. (12) once for x = b and 

once for x = 0. Subtraction yields 

b 
a =1+ Q (xl u (xl dx. (19) 

TRANSFER FUNCTION AND COIL IMPEDANCE 

Having found u(b) and a one may write Eq. (1) and Eq. (12) 

for x = 0 in the form 

(cash PC-~) Hi wB 2 ( sinh Pc o- o = ~~ 1 cash PC-~) I 
PC sinh PC (20) 

and 

u(b) 
I 

H; f !+Bo = ~ITNI. (21) 
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Eqs (20 and (21) may be solved simultaneously for HA and Bo. 

The transfer function is then given by 

H; 
Y=y-- (emu) 

and the complex inductance by 

(22) 

BO L = 4Nwr x (quadrupole length). (emu) (23) 

From this inductance and the ac resistance R of the conductors 

paired by twos in the coil slot one has for the coil impedance 

Z = R + jwL. (24) 

The inductance, of course, will have an imaginary part and con- 

tribute to the actual resistance seen between the coil terminals. 

NUMERICAL RESULTS 

The relations necessary to solve Eqs. (20) and (21) have 

been coded for the CDC6600 in a program GITRANS. The complex 

values of Y in Gauss/cm/A and Z in Ohms is given for each assumed 

frequency in the range 0 to 1000 Hz. A second transfer function 

is produced from that of Eq. (22) if each quadrupole is paralleled 

by a resistor R,. The effective transfer function is 

D 
I\ 0 

YE = Z+Ro ’ y (25) 

and the effective impedance is 

ROZ ZE=Z+R. 0 (26) 
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For each frequency Y, Z, YE, and ZE are given. Results for both 

the 7 ft. and the 4 ft. quadrupoles are included. See Figs. 1 

and 2 and attached computer output. 
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TRANSFER FUNCTION BETWEEN GRADIENT AND CURRENT IN MAIN RING GUADRUPOLE(7FT) 

APCR(IN) a 3,266 YOKE hI'JTH(lN) =23.270 YltKt hEIGHl(IN) ~17,624 HUH. YOKE THICKNESSCIN) 
VER, YOKE THICKNESSCIN) L 2,582 HOR. COIL APEHTURk(xN) c 8,000 VER, CUIL ~PEHTLII?L(IN) = 4.000 HUH. VAC, Cti. 
VER, VAC, CPI, APER( Q 3,500 COIL SLUT THICKNESSCIN) 8 11370 LAMINATION THICKNtSSCIN)Q .061T, VAC, CHACY. 
IROh REST,(MUUHn-CM) l 12.000 VAC, CH, ktSf,(NUUHM~t~)~75,500 FtRKEADILITV UF IKON q 3000.0 4MPFAC 
DC IYDUCTANCE~HY) Q .OOJZ COIL HESIST.(MUUkM-IN) Q ,772 COIL CORNtR RADIUSCIN) Q ,0625: MAGNET LENGTHtIN) 
NO, TURhS XN COIL SLOT Q 8 CONDUCTUK KIDTH(IN1 a 1,000 CONDUCTOR HtIGHTCIN) l ,565 CCIND. I’OLE DIAHETER(IN) 

(HL) 

MAGNET ALONt M4GhET hITH 5 OHMS 
TRANSFER FCT. AC IMPSDANCE TRANSFER FCT. 

(G/CM/AMP) (DtGlittS) (OHMS) (G/CM/AMP) 

o,oooo 
-1.2526 
-2*1923 
-J,o840 
-31v747 
=2,&i&? 
-5.1738 
-b,b779 
-7,5c)ZO 
l 6,4S47 
rq.3845 

-lO,dS07 
~11.1722 
l 12e05L)b 
l 1d*93Vl 
-13.6134 
*14.6811 
-15.5418 
-1b.,$v!J2 
*17.2410 
~l~.ulvO 

(0049 
,2uo1 
*4257 
,5597 
,654V 
,738b 
.8214 
,9063 
,99u4 1,0859 

lrl8OS 
1.2777 
I.5772 
1,47@7 
1.5819 
1 .bCtbb 
1.792b 
1.8998 
2,OQBO 
2,1172 
2.2271 
2.3576 
2.4~97 
2.5boti 
2.6120 
2.7840 
2,8VbO 
3.0080 
3,119'; 
3.2514 
3.3427 
3.4534 
3.5636 
3.6731 

0.0000 
a4131 
,6442 
.8325 

l.Ot?Ol 
1,2o’r5 
1.3986 
1,585l 
1.7680 
1.9463 
2,1199 
2r2885 
214522 
2.6109 
2.7649 
2.9142 
3.05Sd 
3;1990 
3.33U6 
3.4663 
3.5935 
3,7ib5 
3.8354 
3.9503 
4.0612 
4.1682 
4.2713 
4.3707 
4.4664 
4.5584 
4.b470 
4.7320 
u,e13t) 
4.8922 
4.9674 
!?,039b 
5.1008 
5.1750 
512304 
5.2992 
5.3572 

.5720 

(DkGRiES, 

0.0000 
-5.7747 

woo49 
a2226 
.4Sb3 
.6019 
171PO 

1.0516 
1.1632 
1.2733 
1.3608 
1.48UE 
1.5S47 
1.6863 
1.77~U 
1.8580 
119400 
?.0178 
2.OV13 
2.1608 
2.2265 
212SBS 
2,34?1 
?*40?4 
2.4546 
2.5040 
2.5506 
2.5946 
7.6363 
2.6757 
2.7129 
2.7462 
.?,'l8lb 
2.8133 
2.8433 
?*871S 
2.0986 
2.9244 
2.9400 
2.9720 
2.9941 

0.0000 
25.0000 
50.0000 
75*0000 

100.0000 
125.0000 
150.0000 
175.0000 
200.0000 
225.0000 
250.0000 
215.0000 
300.0000 
325,oooo 
3~0.0000 
375.0000 
u00.0000 
425,oooo 
450,0000 
475,oooo 
500.0000 
525,0000 
550.0000 
575.0000 
b00.0000 
bZ5.0000 
b50,0000 
675.0000 
700.0000 
725.0000 
720,0000 
775,0000 
800,0000 
825,OOOO 
850,0000 
875,OOOO 
900,0000 
925.0000 
950.0000 
975,oooo 

1000.0000 

15753 
.5714 
m>bVO 
a5876 
,566s 
l srli 
.5644 
,5633 
15621 
l SbO8 
15593 
r5570 
,556l 
,5545 
.55c'4 
85503 
,54ea 
,S4bO 
,5437 
r5413 
.S38S 
.5362 
,533b 
a5308 
.52bO 
.5252 
.52C3 
r5193 
r51c3 
I5132 
l5101 
,SOC4 
I5058 
a5005 
14973 
19940 
(4907 
*Y&74 
e4040 
,4807 
a4713 

-16.9091 
-19.7510 
-20.5446 
-21.5497 
-22.1463 
.2z.v3u2 
-23;7153 
-24rrb56 
-25.2451 
-25.9975 
-26.7410 
-27.4754 
-2ti.ZOOS 
-2e.9172 
-2P,b244 
-30.3227 
-31.0119 
-31*69LO 
-32.3652 
r33.0255 

3.7819 
3.0899 
3;YVbP 
4rlOJO 
0.2080 
413120 
4a9147 

15476 
15207 
.5046 
.4929 
,U821 
a4714 
14606 
.osv7 
.4388 
.42SO 
,4114 
,UOb9 
,5968 
,3869 
.3773 
.3bCO 
,359o 
,3503 
15419 
13330 
,326O 
,31M4 
13112 
.5OUl 
;2974 
.A!909 
;2S4b 
,27R5 
,2727 
,2b71 
,261b 
,2SbU 
,2513 
,2464 
r2417 
,237l 
,e!327 
,228s 
.a243 
‘2203 

-6.9h39 
-11.6005 
-14.2@03 
-'16.7730 
-19.2029 
r21.7010 
*24*0146 
m26.2194 
r28.3165 
-3613098 
-32.2050 
-3u.on.32 
-35.7252 
-37r3hZO 
l 3M.9240 
*40;4ibi 
-41.8429 
r45.2065 
-44.5168 
l 45.7714 
l 4b,V75b 
-48.1323 
-49.2445 
*SO.3146 
951.3452 
-52.3306 
-53.2969 
-54.2220 
-55.1158 
r55.9802 
-56.8166 
-57.b266 
ea.411b 
-s9.1730 
-59.9121 
-60.6299 
l bl,3273 
*bZ,OObl 
-62.6665 



TRAYSFkR FUNCTION DETWttN GRADIENT AND CURRENT IN MAIN RING GUADHUPOLE~UFTI 

APER 8 3.286 YUKE nIUTH(lN) a23.270 
VER, YOKE THICKNE5S(IN) 15 2.5c12 HUR, CCllL APEHTURt(lN) 8 8,000 
VLR. VAC. CH. APER s 3.500 COIL SLUT TMICKN~SS(IN) a 1.570 
IRON RESf,(MUUHM-CM) ~12,000 VAC. CH, KEST,~MUOHM~CM)~'~S.500 
DC INDUCTANtE a ,0018 Cull, wT~SIST.~MUUHM~IN) m  ,772 
NU. TURNS IN COIL SLOT * 8 cuNuUCTu~ WIDTH(IN) . 1.000 

YUKk tiEIGHT(I~~ 117.620 HUR. YnKF THICKNFSS(IN) 
VtR, COIL APtKTURt~lN) I 4,000 KuR. vAC. Ck, 
LAMINATION THltK~tSS(1~lr .OhlS VAC. CHAMP. 
PERMEABILITY UF IHON a5000.0 AMPFAC 
COIL LONNtR RADIUY(iN) ; ,062s MAGNET LFNGlH(IN1 
CONUUCTUR HLIGHT(IN) ,565 CUND. HOLt DIA~ETtR(TN) 

FRCQ 
(HZ1 

HAGNeT ALONE YACNET WITH 2.5 OHMS 
TRANSFER FCT, AC IMPEDANCE THANSFER FCT. 

(G/CM/AMP, (DtGkEts) (UHMS) (E/CM/r\MP) (DtGREtS) 

o,oooo 
25,oooo 
50,0000 
75.0000 

100,0000 
125.0000 
lS0 ,oooo 
175,oooo 
200.0000 
2z5.0000 
25o~ovoo 
275,OOOO 
30010000 
525*0000 
ss0.0000 
375.0000 
u00.0(100 
025.0000 
450.0000 
u15,o(ioo 
500.0000 
525.0000 
550.0000 
575.0009 
600.0000 
bd5,OOOO 
650,0000 
675.0000 
700,0000 
7d5,0000 
750.0000 
775.oooil 
600.0000 
125,0000 
850.0000 
875.0000 
voo,oaoo 
9tz5.0000 
950.0000 
975.0000 

l000.0000 

15153 
r5714 
.56VO 
.5616 
.5665 
15655 
,564U 
l b-2 3 
.5,621 
.SbOS 
.S5V3 
.5SlB 
.5561 
.5543 
,552U 
,550s 
.5ut)2 
.5YbO 
,545'~ 
l 5u13 
,5388 
.5jb2 
a5356 
.5308 
15280 
,525E 
.'>dt?J 
I5103 
a5163 
~5152 
,jiQ? 
*SO69 
.5038 
l 5005 
. u973 
.4V40 
.4907 
.Y074 
.48YO 
.4807 
.4773 

0.0000 
-1 rz326 
-2.1923 
*5*otlr(o 
-3.vr47 
-u,a719 
+i,t75e 
-c.:::? 
-7.5820 
-6.4847 
-9.5tl45 

-1O,Zt)07 
-11.1722 
-12.0566 
~ld.vJvl 
-13.t1134 
-14.6811 
-15.~410 
-1b.5952 
l 17*ru10 
-ltl‘u7vo 
-lB,VOVl 
-19.7510 
-20.5446 
-21.54v7 
-22.1463 
-2r’.Y3r12 
-25.7153 
-2U.4856 
-25,it4’~1 
-2s 19375 
-2b.1410 
-2.1 ,u754 
-26,201)8 
-28.V172 
-2v.bdU4 
-30.5227 
*31*0119 
-31 ,b920 
-36.3bA2 
-33.0255 

,ou32 
rllV6 
,25’JU 
,353e 
,3voo 
.45Vrl 
.4879 
15577 
I5tiVL 
16421 
.bV’IL) 
.7545 
18124 
I8715 
.9514 
.9925 

1.0536 
1.1160 
1.1787 
l..?OlV 
l.JD50 
1.3oVb 
1.4536 
1.4v05 
1.5b30 
1.6277 
l.bV2S 
1.757-z 
1,821tl 
l.Strb5 
: ,VSOS 
2,Ulr;b 
2.0781 
2.1415 
212041 
2.2664 
2;32’3d 
2,3BV4 
2,USOl 
2.5100 
2.5694 

0.0000 .Sle’b 
-2361 ,505l 
,>bRl 15120 
14751 ,493S 
,582V ,480U 
,bVlZ 14682 
.7V92 ,45b2 
.,9J53 ,4u45 

1.0105 .43.24 
1*1121 IU205 
1.2116 14otrv 
1.3077 a5976 
1.4012 ..J8b’j 
1.4920 .3759 
1.579v ,5bS5 
1,6bSZ .3556 
1.7479 .3461 
1*8i!OO .33b9 
1,VOSb .52bl 
119R07 .5196 
2,053u ,511s 
2.1237 .3057 
a.1917 ,29b2 
2.2575 ,289O 
2.5207 .2821 
2.3Mlb .2?55 
2.4406 .LbVl 
2.4975 ,265O 
2.5522 12512 
2.6048 ,251s 
2.65’;Y .2461 
2.7OUO *2UO8 
2.7507 .2550 
2.7955 .2309 
2.85S5 ,226s 
2.0798 .2218 
2.9193 a2174 
2.9571 ,2132 
2.9934 ,a092 
3.0281 a2053 
3,0b13 ,201s 

0.0000 
-b,JMlP 
-9.0062 

-12.61UZ 
-15.5702 
-1B.1~40 
*20,7Ut12 
-23.2817 
-25.6912 
-27.97JS 
*30,1317 
-32.1719 
-3u.1018 
-35.9292 
-37,bblR 
-39.3069 
-40.8710 
-et?.3601 
-05.7797 
-45.1347 
-4b.42515 
-Ul .bbS3 
-4W.05U7 
-49.9921 
-5l.OF54 
-5d.1325 
-53.1411 
-54.1119 
-55.01173 
-55.9093 
'56.8201 
-57.6613 
-50.47utl 
-59.2621 
l 60.0247 
-60.7639 
*61.4812 
-62.1715 
-b2.0542 
-63.5121 
-64.1524 

10032 
.1333 
.77nu 
.3548 
.UZlV 
,4e51 
.5479 
.6105 
.6725 
.7326 
,790R 
,8465 
.RV96 
.9Y98 
.9912 

l.OUlP 
1.0839 
1.1234 
l.lbO5 
1.1953 
1 .?dRO 
1.25’37 
1.287b 
113lU7 
1.3401 
1;3bUi 
1.3bh6 
1.4078 
1.4276 
l.UUhb 
l*U6U4 
I.4811 
1 .UVh9 
1.5119 
1.5260 
1.559u 
115521 
1156al 
1.5755 
1.5863 
1.5966 


