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Abstract

Light, spin-0 particles are ubiquitous in theories of physics beyond
the Standard Model, and many of these make good candidates for the
identity of dark matter. One very well-motivated candidate of this
type is the axion. Due to their small mass and adherence to Bose statis-
tics, axions can coalesce into heavy, gravitationally-bound condensates
known as boson stars, also known as axion stars (in particular). In
this work, we outline our recent progress in attempts to determine
the properties of axion stars. We begin with a brief overview of the
Standard Model, axions, and bosonic condensates in general. Then,
in the context of axion stars, we will present our recent work, which
includes: numerical estimates of the macroscopic properties (mass,
radius, and particle number) of gravitationally stable axion stars; a cal-
culation of their decay lifetime through number-changing interactions;
an analysis of the gravitational collapse process for very heavy states;
and an investigation of the implications of axion stars as dark matter.
The basic conclusions of our work are that weakly-bound axion stars
are only stable up to some calculable maximum mass, whereas states
with larger masses collapse to a small radius, but do not form black
holes. During collapse, a rapidly increasing binding energy implies
a fast rate of decay to relativistic particles, giving rise to a Bosenova.
Axion stars that are otherwise stable could be caused to collapse ei-
ther by accretion of free particles to masses above the maximum, or
through astrophysical collisions; in the latter case, we estimate the rate
of collisions and the parameter space relevant to induced collapse.
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Preface

This dissertation describes my research related to axions and axion stars as a com-
ponent of dark matter. Chapter 1 gives a basic introduction to the Standard Model of
particle physics and the ΛCDM model of cosmology, and briefly outlines the relevant
successes and failures of both. Axions are introduced in Chapter 2, which is followed
by a historical and pedagogical introduction to boson stars in Chapter 3. We turn then
to the particular case of axion stars. The macroscopic properties, including mass and
radius, of weakly-bound axion stars are calculated in Chapter 4. In Chapter 5, we
take into account axion self-interactions which lead to number-changing transitions
in an axion star, leading to a nontrivial lifetime for axion stars to decay to relativistic
free particles. The collapse of gravitationally unstable states is detailed in Chapter
6, and in Chapter 7, the question is considered whether collapse can be triggered by
astrophysical collisions. Concluding remarks are found in Chapter 8.

In what follows, we will use Greek characters (α, β, γ, etc.) to denote Lorentz indices,
early-alphabet Latin characters (a, b, c, etc.) for gauge indices, and later-alphabet Latin
characters (i, j, k, etc.) for other indices. We employ the Einstein summation convention,
and use natural units, where h̄ = c = 1.
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“The scientist does not study nature because it is useful; he studies it because he takes
pleasure in it, and he takes pleasure in it because it is beautiful. If nature was not
beautiful, it would not be worth knowing, life would not be worth living. I am not
speaking here, of course, of that beauty which strikes the senses, of the beauty of
qualities and appearances; nor that I should deny it, far from it, but it has nothing to
do with science. I mean the more intimate beauty which comes from the harmonious
order of the parts, and which a pure intelligence can grasp.”

— Henri Poincaré
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Chapter 1.

Introduction

“Science is built up of facts, as a house is built of stones; but an accumulation
of facts is no more a science than a heap of stones is a house.”

— Henri Poincaré

In this chapter, we review the well-understood properties of the Standard Model of
particle physics, and the ΛCDM model of cosmology. We then discuss open questions
and unexplained observations which will be relevant to this work.

1.1. The Standard Model of Particle Physics

The Standard Model of particle physics (SM) forms the basis of all investigations of the
fundamental properties of particles in the universe (for recent reviews, see [1, 2]). The
Higgs particle, discovered at the LHC in 2012 [3, 4], constituted the last major piece
of the quantum picture of the SM, as it provides a consistent dynamical mechanism
for generating the masses of the rest of the fundamental particles [5, 6]. The SM
describes well a vast array of current experimental observations, including small-scale
observations of the inner structure and forces inside of nuclei (e.g. for strong force
see [7], for weak force see [8, 9]), as well as numerous observations in astrophysics and
cosmology [10–12].

The basic interactions between particles in the SM are defined by Quantum Field
Theory (QFT) [14, 15], which describes the electromagnetic, strong nuclear, and weak
nuclear forces, as well as General Relativity (GR) [16, 17]. GR describes gravity through
the connection of the curvature of spacetime to the mass-energy density, as encapsulated

3



4 Introduction

Figure 1.1.: The particle content of the Standard Model of particle physics. For each particle,
both their spin class (spin = 0, 1/2, or 1) and mass [13] are included. Lepton and
gauge boson mass uncertainties are at the < 10−4 level and are omitted.

by the Einstein field equations:

Gµν = 8 π G Tµν (1.1)

where G = 1/M2
P is Newton’s gravitational constant and MP = 1.22× 1019 GeV is

the Planck mass. In Einstein’s equations, the curvature tensor Gµν is proportional
to the stress-energy tensor Tµν, which contains the matter and energy content of the
underlying system.

In QFT, particles of different spin are described by different quantum equations.
Of particular interest here, scalar (spin-0) fields φ(xµ) satisfy the Klein-Gordon (KG)
equation,

D φ− ∂ V(φ)

∂ φ
= 0, (1.2)

where V(φ) is the potential for the scalar field φ, and D φ = gµν ∂µ ∂ν φ is a covariant
second derivative in curved spacetime with a metric gµν.1 This equation determines
the dynamics of scalar particles on mass-shell; that is, particles which satisfy the
relationship E2 − p2 = m2 between their momentum p, energy E, and mass m. The

1Fermionic particles are described by the Dirac equation, but we will not need to consider such particles
much further for the purposes of this work.
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gauge interactions of particles in the SM are defined by their charges under the SM
gauge group, SU(3)color × SU(2)weak ×U(1)EM.

Of paramount importance in the SM is Lorentz invariance, which ensures energy and
momentum conservation in fundamental interactions. In four spacetime dimensions, it
also provides an important classification of particles by their spin, into bosons (which
have integer spins s = 0, 1, 2, ...) and fermions (which have half-integer spins s = 1

2 , 3
2 , ...).

Fermions, satisfying the Pauli Exclusion Principle, exist in quantum states that can be
occupied by at most one particle. On the other hand, quantum states can be occupied
by an arbitrary number of bosons, leading to special properties for bosonic systems.

When a very large collection of bosons is cooled to low temperatures, an O(1)
fraction of them coalesce into the ground state of the system [18–20]. The resulting
state, known as a Bose-Einstein condensate (BEC), has been observed in atomic systems
[21, 22]. These are quantum states in which every ground state boson subscribes
to the same wavefunction localized on some radius R. They can have superfluid
properties [23], form vortices with nontrivial angular momentum [24–26], and in some
cases, collapse under perturbations or when they exceed a critical number of occupying
bosons [27–29]. Recently, non-atomic BECs composed of light bosonic particles in
theories beyond the SM have been investigated in an astrophysical context; such
theories are relevant to the work presented here. We will return to the topic of BECs in
Chapter 3.

The SM, successful though it is, does not succeed in answering a number of open
questions, a few of which are of particular interest here. For example, there are strong
experimental upper limits on the magnitude of the neutron electric dipole moment;
because its magnitude is theoretically unconstrained, it is unknown within the SM
why this dipole moment should be so small. This discrepancy between observation
and expectation, known as the Strong CP Problem (see [30] and references therein),
motivates the addition of particles known as axions to the SM. This problem and its
solution through the addition of the axion is central to this work; these issues will be
discussed in detail in Chapter 2.

The consistent application of the SM can, through the known particle content and
interactions, explain a vast collection of observations in astrophysics and cosmology.
However, in this application there also exist unanswered questions, as well as discrep-
ancies with observation. For example, the epoch of the formation of galaxies predicted
by the SM alone does not match with what is observed, and the SM does not explain
the observation of late-time accelerated expansion of the universe. An extended model
of cosmology, consistent with these observations and known as the ΛCDM model, is
detailed in the next section.
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1.2. The ΛCDM Model of Cosmology

In the early 1930s, astronomer Fritz Zwicky made an astounding discovery, by using
two distinct methods to measure the mass of the Coma Cluster [31]2. On one hand,
he used the virial theorem to estimate the gravitational mass in the Cluster, using the
velocities of galaxies estimated using their Doppler shifts. On the other hand, he also
estimated the total mass of the visible matter, using the total light output of the trillions
of stars in the Cluster’s galaxies. If the known stars and gas, the luminous matter, were
all there was, then these two estimates should have agreed. However, Zwicky found a
large discrepancy: the gravitational mass he estimated was several times larger than
the luminous mass! He concluded that the Coma Cluster must contain a large amount
of matter not accounted for by the stars and gas, which he referred to as “dark matter.”

Several decades later, Vera Rubin and others [33, 34] made very careful measure-
ments of the rotation speeds of stars around galaxies out to very large radial distances
r. It was expected, by the standard Newtonian gravitational theory, that these rotation
speeds would drop quickly at large r, because a large fraction of the visible matter (stars
and gas) in galaxies is concentrated in the central regions. To the contrary, the observa-
tions suggested flat rotation curves: stars very far from the galactic center were revolving
with nearly the same speed as those closer to the center. Modern observations of a
similar kind are consistent with this observation (see e.g. the recent publication [35]). It
is now believed that these large rotation speeds are due to Zwicky’s “dark matter” as
well, a new form of non-luminous matter which exists in an extended halo enveloping
galaxies.

Modern measurements of numerous kinds have corroborated this story. Obser-
vations of colliding galaxy clusters (one notable example being the so-called Bullet
Cluster Collision) have shown a separation between the luminous matter, slowed by
electromagnetic friction, and a significant nonluminous gravitational component which
passes nearly unslowed by the collision [36]. The additional gravitational mass here
is consistently identified as dark matter. Additionally, temperature correlations of the
low-energy background of photons from the early universe (the Cosmic Microwave Back-
ground) are fit by a matter distribution which contains a DM component with roughly
five times the mass of the SM contribution [37]. The modern view, consistent with the
above observations, is that dark matter (which we now recognize as the DM of the
ΛCDM model) consists of some particle(s) not contained within the SM, and which can
only interact weakly (or not at all) with the electromagnetic force.

2For recent republication in English, see [32]
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While there are numerous theories of possible constituents of DM in galaxies, one
can constrain the space of DM models in particle physics using astrophysical and cos-
mological observations. As mentioned briefly in the previous section, the cosmological
evolution of the SM particles from the early universe is not consistent with the known
epoch of galaxy formation. Numerical simulations, performed both with and without a
dark matter component, lead to the expectation that galaxies form from small density
perturbations in the very dense background of the early universe. These perturbations
are too small and come too late if the SM particle content is all that exists, but simula-
tions containing a dark matter component show that DM can solve this problem if it
constitutes a very large fraction of the mass of the early universe [38]. This conclusion
comes with a caveat, however: the DM must be sufficiently cold, that is, nonrelativistic
early enough in the universe so that it clumps together to form the seeds of future
galaxies. The “C” in the ΛCDM cosmological model represents the requirement that
DM particles be cold.

These same numerical simulations also give hints regarding the structure of dark
matter halos. Generically, the density distribution for dark matter that emerges from
simulation is well-approximated by a simple function known as the Navarro-Frenk-
White (NFW) profile [39, 40], which has the form

ρm(r) =
ρ0(

r
R0

) (
1 + r

R0

)2 . (1.3)

The free parameters ρ0 and R0 are the scale density and radius (respectively), which
vary from galaxy to galaxy. Note that the NFW form of the density distribution implies
a spherically symmetric dark matter halo.

As alluded to above, DM cannot couple strongly to the electromagnetic force, be-
cause it does not appear to emit or absorb light (it is “dark”). It similarly cannot couple
strongly to the strong nuclear force; such couplings would conflict with a number of
observations, including the galaxy cluster collisions discussed above. In the “worst-
case” scenario (that is, the most difficult case experimentally), DM might not couple to
the weak nuclear interaction either, implying that its only connection to the SM might
be gravitational. For a recent review of constraints on DM couplings to the SM from
direct detection experiments, see [41].

There are also constraints on the self -interactions among DM particles. These arise
from, again, the observation of large, gravitating masses passing directly without
interaction in galaxy cluster collisions [36]. The upper bound on the DM cross section
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σSI is of the form

σSI

m
. 1

cm2

gram
, (1.4)

where m is the DM particle mass. Larger cross sections than the bound in eq. (1.4) have
also been found to overflatten the cores of dwarf galaxies [42]. In many models of DM,
the self-interaction cross section is set effectively to zero (making DM collisionless), but
recently self-interactions in the DM sector have received renewed interest (for recent
reviews and comparisons, see [43, 44]).

One reason self-interacting DM has received attention of late is that there exist
discrepancies between observations and simulations of collisionless DM. The first
discrepancy, known as the cusp-core problem, is related to the fact that dwarf galaxies
are observed to have flat density profiles in their central regions [45, 46], while N-body
simulations predict cuspy profiles for collisionless DM (as in the NFW profile of eq.
(1.3) [39, 40]). Second, the number of satellite galaxies in the Milky Way is far fewer
than the number predicted in simulations [47–52]. Last is the so-called “too big to fail”
problem: simulations predict dwarf galaxies in a mass range that we have not observed,
but which are too large to have not yet produced stars [53]. (For a recent review of
the status of these problems, see [54].) The solution of these problems is currently
unknown, but simulations including DM self-interactions suggest that they have the
effect of smoothing out cuspy density profiles, and could solve the other problems of
collisionless DM as well [42, 44, 55].

Clearly, there is very strong evidence for some non-SM particle (or particles) which
constitute DM. While we have learned much about the nature and structure of DM
halos, there are many unanswered questions. For a review of modern models and
constraints on DM, see [56, 57]. We will return to some of these issues throughout this
work.

Finally, we come to the Λ in ΛCDM. The field equations of GR, when applied to the
universe as a whole, relate the total energy density to the overall curvature (see, e.g. [10]).
The relative contributions of different forms of energy, e.g. matter and radiation, give
rise to different expansion rates of the universe. Both matter and radiation give rise
to positive pressure terms, i.e. they tend to cause the universe to contract; as a result,
it was expected for many years that the universe’s outward expansion, a remnant of
the hot Big Bang, should be slowing due to gravity. Measurements of this expansion
rate, conducted in the late 1990s, gave a startling conclusion: that the universe was
expanding at an accelerated rate [58, 59]. In modern terms, this is understood to arise
from a term with negative pressure in the Einstein equations, which would arise from
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a so-called Cosmological Constant energy density, often referred to as “dark energy”
and typically denoted by Λ. To be consistent with the observed acceleration rate and
other cosmological observables, this “dark energy“ should constitute nearly 70% of the
total energy content of the universe, the remaining 30% being in the form of DM and
ordinary SM particles [37]. We will not discuss the issue of dark energy any further
here, but for recent reviews see [60, 61].

1.3. Summary

In this chapter, we have reviewed the standard picture of the universe, both in particle
physics (using the Standard Model), as well as in astrophysics and cosmology (using
ΛCDM). The SM is defined by the particle content shown in Figure 1.1, along with a
symmetry group SU(3)× SU(2)×U(1) defining gauge interactions. The SM is defined
in part by to a small set of interactions and their corresponding force-carrier particles.
Certain open questions, including the Strong CP Problem, suggest extensions of the
SM which include additional particles, symmetries, or interactions.

Consistency with astrophysical and cosmological data requires the extension of the
SM to include two very mysterious additional components: a cold ”dark matter“, which
takes the form of some new, nonluminous particle(s); and a ”dark energy“ suffusing
empty space and giving rise to the accelerated expansion of the universe. While the
latter is interesting and important, the topic of this work will be a particular class of
models for the particle content of DM. The particular DM candidate considered here,
known as the axion, is also a well-motivated solution of a fine-tuning problem in the
SM. We will describe the motivation and consequences of axion field theory in Chapter
2.
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Chapter 2.

Axions in the Early Universe

“Laws were made to be broken.”
— Christopher North

Axions are very light scalar particles which, if they exist, can solve multiple problems
in the Standard Model at once: The Strong CP Problem, and the problem of dark matter
(both reviewed in Chapter 1). In this section, we review the history of the axion as it
connects to these problems, and in doing so, outline the important properties and the
allowed parameter space for the axion. We also mention briefly axion-like particles
which emerge from other theories.

2.1. The Strong CP Problem

Successful though it is, the SM does contain a few discrepancies in comparison to
observation, as well as unsolved puzzles. One such puzzle goes by the name of
the Strong CP Problem (for recent reviews, see [62, 63]). This is one of a number of
fine-tuning problems in the SM; it can be summarized by the observation that a free
parameter in the model is constrained to be significantly smaller than what would
“naturally” be expected from the theory. While not strictly in conflict with observation,
fine tuning problems often point us in the direction of new physics, or to a deeper
understanding of existing results [64–66].

The Strong CP Problem is, as the name suggests, connected to the strong nuclear
force, which is described by the theory of Quantum Chromodynamics (QCD).1 The most
generic Lagrangian allowed by the SM field content and gauge symmetries contains a

1Our discussion in this section will follow mostly [62], though other good reviews exist.
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term of the form

Lθ =
θ g2

s
32 π2 Gaµν G̃a

µν, (2.1)

where Gaµν = ∂µ Gaν − ∂ν Gaµ − gs f abc
[

Gbµ, Gcν
]

is the field strength tensor built from

the gluon field Gaµ, G̃aµν = 1
2 εµναβ Ga

αβ is the dual field strength, and where gs and f abc

are the coupling and structure constants (respectively) of the gauge group of QCD,
namely SU(3). The brackets [X, Y] denote the commutator of X and Y. Finally, θ is a
dimensionless free parameter which, unconstrained by any dynamics that would fix its
value, would be expected to take a “natural” value of O(1).

There is a second dimensionless parameter that mixes with θ, which originates in
the fermion mass sector. The quark mass Lagrangian is

LM = q̄iR Mij qjL + h.c., (2.2)

where R (L) labels the right-handed (left-handed) helicity state of the quark field q. The
mass matrix Mij is in general complex, but can be transformed by chiral rotations of
the quark fields

q→ ei α γ5/2 q (2.3)

with γ5 = i γ0 γ1 γ2 γ3 the usual product of γ-matrices. These chiral transformations
also rotate the θ-vacuum, as

ei α γ5 |θ〉 = |θ + α〉. (2.4)

A shift of θ by an amount ArgDetM is required to make the quark mass matrix Mij

real and positive. Because these two contributions are inexorably connected, the single
physical parameter is the combination

θ̄ = θ + ArgDetM. (2.5)

The θ̄ parameter in eq. (2.5) has measurable effects. In particular, it should give
rise to a nonzero electric dipole moment (EDM) for the neutron [30, 67, 68], which
violates time-reversal symmetry T and parity P. The interaction must also violate
charge-parity symmetry CP, since the composite symmetry CPT is conserved in any
quantum field theory (see [69] and references therein). Because the axion mixes with
the SM pion fields, the neutron EDM dn ∝ gπNN, where gπNN effective pion-nucleon
CP-violating coupling. Estimates somewhat vary (within about an order of magnitude);
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for example, [70] finds gπNN ≈ −0.023 θ̄, whereas a more recent estimate [30] gives
gπNN ≈ −0.3 θ̄. The precise numerical factor does not concern us here; the upshot is
that the neutron EDM and the parameter θ̄ are related by

dn ≈
(

10−16 − 10−14
)

θ̄ e · cm, (2.6)

where e is the magnitude of the electron charge.

If θ̄ = O(1), then the neutron EDM should be observable with present-day experi-
ments. However, the experimental non-observation of this EDM have constrained it
to very small values, dn . 10−26 e·cm [71–73], which implies θ̄ . 10−10; contrary to
expectation, the θ-parameter is not O(1), but rather remarkably close to zero. In short,
the expectation of, and lack of experimental evidence for, a violation of CP in the strong
nuclear interaction is the essence of the Strong CP Problem.

The Strong CP Problem would be easily solved if one of the quarks (say, the up
quark) in the SM were massless [74, 75]. This is because in that case, DetM = 0, render-
ing ArgDetM arbitrary and the parameter θ̄ unphysical. This can also be understood
from the standpoint of quark phases: a massless up quark can be rotated by an arbi-
trary, unphysical phase, which allows one to absorb the the CP-violating phase and
effectively set θ̄ = 0 without affecting any observable quantity. However, there is good
experimental reason to believe that all quarks in the SM are massive [74], implying that
the massless up quark solution is not viable.

A more viable solution was proposed by Peccei and Quinn (PQ) in the 1970s [76, 77].
The essence of the PQ proposal was to introduce a new U(1) symmetry to the SM,
under which a new scalar

φ(x) = φ0(x) ei a(x)/ f (2.7)

transforms as

φ(x)→ ei α φ(x). (2.8)

This complex scalar field, as written above, is decomposed into two real scalars φ0(x)
and a(x). However, at low energy, the U(1)PQ symmetry is broken spontaneously by
the vacuum expectation value (vev) of the field 〈φ〉 = f . This gives rise to a massless
Nambu-Goldstone boson a(x), known as the axion [78, 79].

We can also think of the PQ solution as promoting of the static parameter θ to a
dynamical field θ → a(x)/ f . Then, the smallness of θ is explained as a relaxation of
the axion field to its low-energy minimum, which happens to be CP-conserving. Then
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the vanishing neutron EDM is no mystery at all: the ground state of QCD, with the
addition of the axion field and at scales below f , conserves CP.

To complete the picture, the field φ must be coupled to the SM in such a way that
the QCD vacuum is CP-conserving. At low energy and at leading order in 1/ f , the
resulting axion potential has the form [80]

La =
1
2

(
∂µa
)2

+
αs

8π

a
f

Gaµν G̃aµν +
E
N

αem

8π

a
f

Fµν F̃µν +
cq

2 f

(
∂µa
)(

q̄γµγ5q
)

, (2.9)

where E/N is the ratio of electromagnetic and color anomalies, F (F̃) is the (dual) field
strength tensor for electromagnetism, and cq is a model-dependent coupling of the
axion to the quark axial current. Note that the axion field a(x), despite its lack of any
direct electromagnetic or color charge, is coupled through nonperturbative dynamics
to the gluon, photon, and quark fields. This fact makes detection of the axion much
more viable.

Note that the couplings to the SM fields are proportional to the decay constant f .
In the original models of axions, the scale f was assumed to be of the order of the
electroweak scale, O(100) GeV. However, it was quickly noted that such models would
be ruled out by constraints on these couplings (see Section 2.3.2). So called “invisible
axions”, with very large f and thus very small SM couplings, were proposed by two
different groups near the same time, which are now known as the KSVZ model [81, 82]
and DFSZ model [83, 84]. They differ in certain details (including the value of cq

above), but the discussion of this chapter does not depend on which of these models
we consider.

2.2. Axion Mass and Self-Interactions

While the axion is massless at the high scale where U(1)PQ is broken, it acquires a mass
after the QCD phase transition through couplings to the light quarks and their bound
states, the QCD pions. In order to determine the axion mass and any self-coupling
terms, we use the chiral effective theory which couples the effective axion field to pions.

Using the two-flavor effective theory of only two light quarks u and d, the axion
dynamics in the broken U(1)PQ-phase are determined by the effective field

Ma = exp
(

i
a

2 f
Qa

)
Mq exp

(
i

a
2 f

Qa

)
, (2.10)
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with

Mq =

mu 0

0 md

 , Qa =

2/3 0

0 −1/3

 . (2.11)

At leading order O(p2) in the chiral expansion, the field Ma couples to the pion field
operator

Π =

 π0
√

2 π+

√
2 π− −π0

 (2.12)

through effective mass terms

Lp2 = B0
fπ

2

2
Tr
[

exp
(

i Π
fπ

)
Ma

† + Ma exp
(
− i Π†

fπ

)]
, (2.13)

where B0 ∼ 〈q̄ q〉 is proportional to the chiral condensate, and fπ ≈ 92 MeV is the
pion decay constant. Neglecting also the charged pion terms, we obtain the following
potential for the neutral pion π0 and the axion field a:

V(a, π0) = mπ
2 fπ

2

√
1− 4 mu md

(mu + md)2 sin2
( a

2 f

)
cos

(
π0

f
− ϕa

)
(2.14)

with mπ ≈ 135 MeV and tan ϕa ∝ tan(a/2 f ).

In the vacuum state, the potential must be extremized, and the last cosine in eq.
(2.14) is equal to 1. Thus the axion field decouples from the pions, giving an effective
axion potential

VC(a) = m2
π f 2

π

√
1− 4 mu md

(mu + md)2 sin2
( a

2 f

)
=

m2
π f 2

π

1 + z

[
1 + z−

√
1 + z2 + 2 z cos

( a
f

)]
(2.15)

with z ≡ mu/md ≈ .457. This is known as the “chiral potential” for the QCD axion.
Expanding to quadratic order gives the following expression for the axion mass:

m2 =
mu md

(mu + md)2
m2

π f 2
π

f 2 , (2.16)
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which implies the requirement

m2 f 2 =
z

(1 + z)2 m2
π f 2

π ≈ (6× 10−3 GeV)2 (2.17)

on the product m f . In this form, it is clear that the theory of QCD axions has a single
free parameter, which can be chosen as either the axion mass m or the decay constant f .

In what follows, the requirement that eq. (2.17) be satisfied will define the term QCD
axion. As explained in Section 2.4, other particles with similar potentials, but vastly
different values for m and f , emerge often in theories of physics beyond the SM.

In the approximation z � 1 (which implies mu � md), the chiral potential of eq.
(2.15) has a simplified form:

VI(a) = m2 f 2
[
1− cos

( a
f

)]
, (2.18)

which is sometimes called the “instanton potential” for axions. Using this, or the chiral
form in eq. (2.15), at small field values a� f one can expand either potential in powers
of a/ f , the coefficients being coupling constants. What is typically done is to truncate
the expansion at leading order in the self-interaction, which gives an attractive force
with a coupling proportional to m2/ f 2 � 1. Subsequent couplings are suppressed by
higher powers of f , so the truncation is justified in all but the most extreme cases. In
the later chapters, we will examine critically this approximation.

Direct comparison of the couplings in the expansions of eqs. (2.18) and (2.15) shows
that they differ significantly at higher orders, both in sign and in magnitude. The first
few coefficients of both potentials are shown in Table 2.1. In spite of the differences in
the couplings, many of the conclusions drawn from the simpler instanton potential of eq.
(2.18) apply well to the chiral potential of eq. (2.15). An analysis of the two potentials, in
the context of axion star energy and gravitational collapse, will be presented in Chapter
6.

2.3. Axions as Dark Matter

2.3.1. The Primordial Axion Density

The evolution of the axion field on cosmological timescales is highly nontrivial, and is
described by a series of broken symmetries [85]. At very high scales T � f , the U(1)PQ

symmetry is exact, but as the universe expands and cools to T ∼ f , U(1)PQ is broken.
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Expansion Order VI(a) VC(a)
c4 −.0417 −.0148
c6 +.00139 −1.99× 10−4

c8 −2.48× 10−5 −2.28× 10−5

c10 +2.76× 10−7 −1.59× 10−6

Table 2.1.: The dimensionless coupling constants cn in the expansion of VI(a) and VC(a), where
each term has the form cn m2 f 2 (a/ f )n; in addition to decreasing dimensionless
coupling strengths |cn|, higher-order self-interactions terms are suppressed by higher
powers of f n.

As described above, the axion arises as the massless Nambu-Goldstone boson of the
global symmetry breaking. Since it does not couple strongly to the thermal SM and its
potential is flat, axion particles are not produced at that time.2

At a much lower scale, near the QCD phase transition T1 ∼ ΛQCD, non-perturbative
effects give rise to a temperature-dependent axion mass m(T). At this time, the axion
field a is homogeneous on horizon scales, and is characterized by a misalignment angle

α1 ≡
a
f

∣∣∣∣∣
T=T1

≡ a1

f
. (2.19)

The emergence of an axion mass leads to a mapping of large/small values of α1 to
over-/under-densities (respectively) in the axion field between one horizon and the
next.

In order to estimate the magnitude of the axion field density, we need to examine
the the cosmological evolution of the axion field a(x, t) near the transition temperature
T1. This evolution can be described by the KG equation of eq. (1.2) with the axion
potential of eq. (2.18), which gives(

∂t
2 + 3

Ṙ(t)
R(t)

∂t −
1

R(t)2 ∂r
2
)

a(x, t) + m(T)2 f sin
(

a(x, t)
f

)
= 0 (2.20)

where R(t) is the scale factor of the universe at time t. As stated above, the axion
mass term is negligible until a time t1 such that m(T1) = m(T)|t=t1 ∼ 1/t1, i.e. at the
temperature T1. It has been shown that the temperature-dependent mass near this

2This is true unless, in inflation scenarios, the axion couples directly to the inflaton and inflation occurs
after U(1)PQ-symmetry breaking. In that case a thermal population of axions could be produced
during reheating in addition to the nonthermal component considered here.
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transition has the form [86]

m(T) ≈ 4× 10−9 eV
(

1012 GeV
f

)(
GeV

T

)4

, (2.21)

which implies an approximate temperature at which the transition occurs

T1 ≈ 1 GeV
(

1012 GeV
f

)1/6

. (2.22)

At zero-temperature, the axion mass is given by eq. (2.16), and the total matter
content contained in axions makes up a possible contribution of axions to cold DM. This
production mechanism is known as the misalignment mechanism; these misalignment
axions are naturally very cold and are decoupled from the thermal background of SM
particles.

Two cases should be distinguished when discussing the cosmological evolution of
the axion field: where U(1)PQ-breaking occurs (I) before inflation, or (II) after inflation.3

In case (I), the misalignment angle α1 is selected effectively at random, then smoothed
out across multiple horizons during inflation. In that case one can neglect the ∂r

2 term
in eq. (2.20), so that we can estimate the average number density of axions as [85]

n̄a(T1) ∼
m(T1)

2
a1

2 =
f 2

2 t1
α1

2. (2.23)

In case (II), the form of the axion number density is similar, but the misalignment angle
takes a random value α1 ∈ [0, 2π] in a given horizon, and as a result, the number
density varies as well. In that case, eq. (2.23) is approximately equal to the average
axion density across multiple horizons, though relatively large fluctuations are possible.

The number density of eq. (2.23) is the contribution of the ground state, but in case
(II), there are additional states of higher momentum which are populated after at T1.
The contribution of these states can be an O(1) fraction of that of the ground state [85],
and in the generic axion DM picture this is an important factor to take into account.
However, when we discuss axion condensates in the chapters that follow, the lowest
momentum states produced at this epoch will be the dominant factor, and we will
neglect higher momentum modes.

There is a third potential contribution to the primordial axion density, which orig-
inates in the topological defects generated by the original PQ symmetry breaking.
Firstly, the original U(1)PQ is a continuous global symmetry, which implies that the

3For our purposes, models with no inflation at all would fall into class (II).
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vacuum state in different Hubble volumes will be characterized by different values of
the misalignment angle α1 ∈ [0, 2π]. Cosmic strings are topological defects connecting
those volumes, and having a finite energy density, they can eventually decay to axions
in a thermal distribution.

Finally, in the breaking of U(1)PQ, there is generically some residual ZN sym-
metry which is preserved by non-perturbative QCD effects, but nevertheless broken
spontaneously; said differently, in the flat direction of the axion potential labeled by
α1 ∈ [0, 2π], there can be N-degenerate vacua which are preserved by QCD effects.
Domain walls are low-energy, two dimensional configurations which connect these
vacua, and are exhibited as topological defects.

In case (I), where PQ-breaking happens before inflation, the subsequent inflation
dilutes the density of cosmological defects (both cosmic strings and domain walls) so
that their relative contribution to the final axion density is negligible. However, in case
(II), both can have an important effect [85]. In some axion theories, the prevalence of
domain walls gives an energy density so large that the universe would be overclosed;
this constrains the space of viable models. Cosmic strings, on the other hand, are
completely generic and their energy density can be computed; their contribution to
the low-temperature present-day background of axions scales also as f 2 (similarly to
other contributions) [85]. More precise simulations of axion production through decay
of topological defects can be found in [87, 88].

To summarize: axions can be produced in a number of ways in the early universe:
(1) through the misalignment mechanism, which produces very cold axions in Hubble-
sized configurations resembling a classical field; (2) through production of thermally
excited states on top of this cold background; (3) and through decay of topological
defects. Because the main goal of this work will be to analyze the BEC configuration
of axions, which are known as axion stars, we will focus primarily on those axions
produced via (1), the misalignment mechanism. While axions produced in the two latter
ways can be an O(1) contribution to DM axions, they will have a thermal distribution
and will not necessarily relax to the ground state on short enough timescales; as a result,
they will have a subleading effect on the production of axion stars. For the purposes
of the outline given in this chapter, we will not elaborate further on the topic of the
thermal contributions.

At temperatures T > T1, even though the average density of misalignment axions is
fixed by α1 as given in eq. (2.23), there are large isocurvature fluctuations which later
collapse into what are called axion “miniclusters” [89, 90]. Prior to the epoch of matter-
radiation equality, the fluctuations become nonlinear and the miniclusters collapse.
Initially, it was believed that the maximum overdensity was roughly 2 n̄a, twice the
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background density, corresponding to a maximal misalignment angle α1 = 2π [89].
However, nonlinear effects in the axion potential at α1 ∼ 2π cause a large enhancement
in the corresponding overdensity [90]. These miniclusters are generally understood to
become unstable at or before the epoch of matter-radiation equality, so that miniclusters
collapse or dissipate shortly after they form.4 The very largest miniclusters may fracture
and fragment during collapse, possibly leading to the formation of primordial axion
stars [93]. This is the basic picture of early-universe axion star formation. Significant
open questions remain, however, including the fraction of axions which end up in this
fractured BEC state, as well as their mass distribution.

2.3.2. Constraints on Cosmic Axions

There are nontrivial constraints on the mass m (and by association, f ) of QCD axions
from astrophysical observation. Firstly, we have already pointed out that the mass and
decay constant of the axion are not independent, being mutually determined by the
constraint of eq. (2.17). Further, as we will explain in detail in Chapter 5, axion particles
are not stable, as there is no quantum symmetry protecting axion particle number. As a
result, free axions can decay through a process

a→ 2 γ, (2.24)

as a result of the photon coupling ∼ a F̃ F in eq. (2.9). The decay rate of axions through
this process is

Γa =
(E/N)2 αem

2 m3

64 π3 f 2 , (2.25)

quickly growing with particle mass m. As a result, QCD axions with masses m & 20
eV will decay with a lifetime shorter than the age of the universe, and thus cannot
contribute to dark matter.

There are other constraints originating in the axion-photon coupling of eq. (2.9). In
particular, the observation of the length of the supernova SN 1987A imply important
bounds on the axion coupling to photons [94, 95]. Axions, like neutrinos, could be
produced in the core of collapsing stars but have a large mean free path. If such
particles are emitted from the star, they can carry away significant energy and cause the
supernova to end prematurely. The requirement that axion production and emission

4There do exist recent works which examine the possibility that these miniclusters remain stable and
form a component of dark matter in the present day [91, 92]. These considerations are related to the
open question of axion star formation.
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from SN 1987A not conflict with observation leads to the bound

f & 4× 108 GeV [SN 1987A]. (2.26)

This bound is complemented by other astrophysical and detector constraints (including
e.g. white dwarf cooling) which set competitive bounds on f through the axion-photon
coupling (see e.g. [96] and references therein). Because of the relation between m and f
in QCD via eq. (2.17), this implies an equivalent upper bound on the axion mass

m . 16× 10−3 eV [SN 1987A]. (2.27)

An upper bound on f can be set by cosmological considerations. The axion density
at time t1, given in eq. (2.23), along with the fact that these cold axions redshift as the
scale factor R(t)−3 (appropriate for pressureless matter), allows us to compute the mass
density at present time t0 in axions over cosmological distances. The result is [85]

ρa(t0) ∼


m f 2

t1
α1

2
(

R(t1)
R(t0)

)3
(case I),

m f 2

t1
〈α1

2〉
(

R(t1)
R(t0)

)3
(case II)

(2.28)

where in case II we must take the average 〈α1
2〉 ≈ π2/3 over many QCD horizons. In

both cases, we have neglected some O(1) factors which set the overall numerical value,
but it is the scaling that concerns us here. Since the universe is very close to being flat
on cosmological scales, we expect ρa . ρc ≡ 3 H0

2/8π G. If axions are to constitute a
significant fraction of DM, then ρa,0/ρc ∼ O(1). Using the present temperature of the
universe, we find a relic density in axions today of [85]

Ωa,0 ≡
ρa,0

ρc
∼


(

f
1012 GeV

)7/6 ( 0.7
h
)2

α1
2 (case I),(

f
1012 GeV

)7/6 ( 0.7
h
)2 π2

3 (case II)
. (2.29)

More recent estimates, which include anharmonic effects during the QCD phase transi-
tion, give more precise numerical factors but a very similar functional form [97].

In case (II), the requirement that axions not overclose the universe (i.e. that Ωa,0 . 1)
give the complimentary bounds

f . 1012 GeV⇔ m & 10−6 eV [Overclosure, case II], (2.30)

The situation is somewhat different in case (I), because a small value of the misalignment
angle α1 can further suppress the axion relic density. For this reason, authors sometimes
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speak of QCD axions with very small masses, even m < 10−12 eV [98, 99]. For these
theories to be compatible with Ωa < 1 in eq. (2.29), the misalignment angle has to be
tuned to a very small value α1 . 10−4. Though not in conflict with observation, this
reintroduces an element of fine-tuning into the theory that the axion, through the PQ
solution of the Strong CP Problem, was designed originally to solve.

For very light QCD axions, bounds of a very different type can be set. Very light
scalars can generally be produced in the ergosphere of rapidly rotating black holes,
in a process known as superradiance [100]. The newly-created axions populate energy
and angular momentum states in a “gravitational atom”, an analogue of electron states
a hydrogen atom; conservation of energy and angular momentum dictates that the
black hole mass and rotation speed decrease as a result. This mechanism is especially
interesting because it does not rely on the assumption that axions are a large component
of DM; if axions exist, even if their cosmological abundance is very close to zero, they
can be produced through superradiance effects. Thus bounds set in this way would be
relatively model-independent.

In particular, black holes of solar mass (or larger) will superradiate QCD axions
with masses m . 10−11 eV5 very efficiently, because the process is enhanced when
the Compton wavelength of the axion is very close to the Schwarzschild radius of the
black hole [98, 99]. Monochromatic gravitational waves would be emitted by axions
transitioning between energy levels in this “gravitational atom”, or by annihilation
of axions in states of very high occupancy. Gravitational wave detectors like LIGO
[101, 102] or LISA [103] could possibly detect signals of this type in the next decade
[98, 99]. This could lead to nontrivial constraints on the very low-mass region of the
QCD axion parameter space.

2.4. Other Types of Axions

As described above, axions were originally motivated as a solution of the Strong CP
Problem. However, other theories of physics beyond the SM give rise to axion-like
particles (ALPs) ; whereas QCD axions restricted by the requirement (2.17), other ALPs
can have vastly different masses and decay constants. Though this work will focus
primarily on QCD axions, for completeness we include a brief discussion of other ALPs
below.

5As pointed out above, such theories require PQ breaking after inflation, and considerable fine-tuning
of the misalignment angle α1.
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Recall that the QCD axion emerged as a pseudo Nambu-Goldstone of a broken
U(1)PQ symmetry. Generically, physics beyond the SM brings with it a variety of
new global symmetries, whose breaking at high scales gives rise to massless Nambu-
Goldstone bosons. In certain cases, the theory will also include some explicit breaking
of the global symmetry, giving the Goldstone boson a small mass, and often, a potential
very similar to that of the QCD axion. Particles of this kind are referred to here as ALPs.

For example, ALPs exist in string theoretic models which require compactification
with antisymmetric tensors [104–108]. These theories can have decay constants f ∼ MP,
and some even have super-Planckian decay constants f & MP. We will comment briefly
in later chapters on ALPs with f ∼ MP and how this parameter space is reflected in the
spectrum and the properties of bound states, known as axion stars.

Often theories of ALPs with very large decay constants will also imply very small
masses. The cosmology of axions, and particularly axion condensates, is very different
in this regime. Some authors use ultralight ALPs with masses in the range m ∼
10−22 − 10−21 eV to describe dark matter halos [109–117], because in that regime the
de Broglie wavelength of the ALPs is O(kpc), of the order of the radius of a typical
galaxy. This paradigm has become known as Fuzzy Dark Matter [112], and occupies
the corner of DM parameter space with the very lowest possible DM particle masses.
Axion condensates in this regime correspond to solitonic cores of DM halos. We will
discuss such theories in Chapter 5.

2.5. Summary

The QCD axion was proposed to address the Strong CP Problem, and remains among
the best and simplest solutions. Because of its small mass and peculiar production
mechanism, axion particles are copiously produced early in the universe, and naturally
a large fraction of the total energy density is in a population of cold (low energy)
particles; this makes them ideal candidates for the identity of DM. Due to the ability
of the axion to solve both of these problems at once, it has attracted a great deal of
attention and remains an interesting topic for research today.

QCD axions are constrained by the relation of their mass m to their decay constant
f , as given in eq. (2.17). This defines a one-parameter family of theories which can
both solve the Strong CP and DM problems at once. Astrophysical and cosmological
constraints, outlined in Section 2.3, further constrain the parameter space; current and
future axion experiments (not reviewed here) have and will set important constraints
as well. Axion-like particles, or ALPs, for which m and f are independent parameters,
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emerge in a variety of theories of physics beyond the SM; such particles can have
distinct experimental signatures, in terrestrial or astrophysical observations.

Axions are produced with low energy, with a density that varies across different
Hubble volumes. Overdensities on the axion field are known as miniclusters, and
they are believed to collapse (at a time close to matter-radiation equality) to some
combination of gravitationally bound condensates, known as axion stars, and a dilute
background of axions. The fraction of the total axion mass density that is contained in
axion stars, and what their primordial mass distribution was, remain open questions.
Nonetheless, if these states exist in the present day, their properties are interesting
and can they serve to distinguish axions from other light scalars as a component of
dark matter. Condensates formed from light scalars are reviewed in a generic way in
Chapter 3, before returning to axion condensates in particular in Chapters 4, 5, 6, and 7.



Chapter 3.

Methods in Investigations of Boson
Stars

“There, sir! that is the perfection of vessels!”
— Jules Verne

Boson stars are macroscopic, self-gravitating condensates of bosonic particles. While
their sizes and masses vary significantly, depending on the properties of the constituent
particles, they can be analyzed in fairly generic ways, based on the principles of
quantum statistical mechanics and field theory. In this section, we review the basic
mechanics of Bose-Einstein condensation as it applies to very light scalar particles, and
detail several relevant methods for the determination of the properties of the resulting
boson stars.

3.1. Bose Statistics and Field Theory

Bosons and fermions have a number of different properties. For example, no two
fermions can occupy the same quantum state, a fact known as the Pauli Exclusion
Principle. In the mathematical formulation of QFT, this can be understood by the fact
that fermions are represented by anticommuting fields, implying that the combined
wavefunction of two identical fermions is odd under particle exchange. Thus, such
a wavefunction can only be nonzero if the two fermions occupy different states. This
is one of the basic facts underlying Fermi-Dirac (FD) statistics, to which all fermions

25
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subscribe. The fermion occupation number for a state of energy E is

NFD =
1

eβ E + 1
, (3.1)

where β = 1/k T and k is the Boltzmann constant. The fact that 0 ≤ NFD ≤ 1 is a
reflection of the Pauli Exclusion Principle: no more than one fermion may occupy a
given quantum state.

Bosonic fields are commuting (not anticommuting), allowing two or more bosons to
occupy the same quantum state. The boson occupation number, based in Bose-Einstein
(BE) statistics, for a state of energy E is

NBE =
1

eβ E − 1
. (3.2)

The fact that exp(β E) = O(1) when E� k T implies that the boson occupation number
can be very large for sufficiently low-energy states. When the occupation number of the
ground state is an O(1) fraction of the total number of particles, the system undergoes
a phase transition to a Bose-Einstein Condensate (BEC) state [20].

Condensates have been observed in condensed matter systems with ultracold atoms
[21, 22]. These atomic BECs typically have very small sizes, and the condensates have
to be cooled very close to T = 0K (absolute zero temperature). However, both of these
properties (size and critical temperature) are governed by the mass of the bosons in
the BEC. First, as explained in detail in the coming sections, the size of a condensate
typically scales inversely with the particle mass m. Second, the critical temperature for
transition to the BEC phase is

k Tc =
2π

m

(
n̄

ζ(3/2)

)2/3

, (3.3)

where n̄ is the average particle density of the condensate and ζ(x) is the Riemann
zeta function. This is approximately the temperature at which the thermal de Broglie
wavelength becomes equal to the average interparticle spacing. For atomic condensates,
the relatively large1 mass mA of the condensing atoms implies a critical temperature Tc

very close to 0K.

In many theories of physics beyond the SM, very light bosonic states are predicted
which may be able to condense as well. For example, the axion described in Chapter
2 has a mass many orders of magnitude smaller than an atomic mass mA, implying
a significantly larger size and a much higher critical temperature for condensation.

1“Large” relative to the bosons of interest in this work.
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Condensates composed of particles with such small masses can in fact be macroscopic,
and are referred to as boson stars [118]. In theories of bosonic DM, boson stars could
potentially be a significant fraction of the total DM mass, and in some scenarios, could
be constrained by gravitational or electromagnetic observables [119]. These macroscopic
condensates of very light bosonic particles are the topic of this chapter.

An investigation into boson stars must begin with a quantum description of the
constituent particles. Scalar particles in QFT come in two types: real (or Hermitian)
scalars, and complex scalars. A complex scalar has two degrees of freedom, which can
be represented by two real scalars. If a field φ is complex, then φ† 6= φ, which implies its
Lagrangian must be built out of bilinears (φ† φ), rather than φ† or φ separately. There
is thus a natural symmetry of the Lagrangian under transformations of the form [15]

φ→ ei α φ, α ∈ R. (3.4)

The conserved Noether charge of this symmetry is the total particle number N of the
system.

For real scalars, no such symmetry exists; in general, any φn (n ∈ Z and n > 0)
is a valid (gauge and Lorentz invariant) operator in the Lagrangian for a real scalar
φ. Axions, the fields reviewed in Chapter 2, are in fact real scalars. This fact implies
that number-changing operations in axion field theory are allowed, both through
couplings of the axion to SM fields, and through transitions generated by the axion
self-interaction potential. This point will be made more strongly in Chapter 5. Because
this work focuses on axions as the constituents of boson stars, we will specialize to the
case of real scalars for the remainder of this work.

A simple interacting Lagrangian for a real scalar field φ can be written as2

L =
1
2

(
∂µ φ

)(
∂µ φ

)
− m2

2
φ2 − λ

4!
φ4 (3.5)

where m is the boson mass and λ is the dimensionless coupling constant. Note, for
later use, that λ > 0 corresponds to an effective repulsive interaction between the
bosons, while λ < 0 gives an attractive one. Of course, λ = 0 is the non-interacting
limit. Theories of each of these three types will be of interest in the next few sections.
The equation of motion generated by the Lagrangian in eq. (3.5) is the Klein-Gordon
equation introduced in Chapter 1, i.e. eq. (1.2).

2We specialize to the case of a leading four-scalar operator φ4 in this chapter. An operator proportional
to φ3 would also be allowed, and can affect the dynamics.
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Figure 3.1.: An illustration of the balance of forces for boson stars with repulsive (left) and
attractive (right) self-interactions. The gravitational force is always attractive, rep-
resented by inward-pointing arrows, and the quantum kinetic pressure is always
repulsive, represented by outward-pointing arrows.

The balance of forces supporting a stable boson star is somewhat different depending
on the nature of the self-interaction potential; see Figure 3.1. There are generically three
relevant forces: gravitation Fg (which is always attractive); the quantum pressure Fq,
which originates from the Heisenberg Uncertainty Principle (which is always repulsive);
and self-interaction FSI (which can be attractive or repulsive). Of course, in equilibrium,
the sum of the magnitudes of the repulsive forces must equal the sum of the magnitudes
of the attractive forces. A stable state with a repulsive self-interaction implies the force
magnitudes be balanced as

Fg = Fq + FSI , (3.6)

whereas for an attractive self-interaction,

Fg + FSI = Fq. (3.7)

The physical consequences of the different balance of forces in the attractive and
repulsive cases will become clear in the next few sections.

All known theories of boson stars have a maximum mass allowed for gravita-
tional stability [120]. Depending on the underlying theory and (in particular) the
self-interactions allowed, the resulting states will take a variety of forms, and the
maximum mass can vary by many orders of magnitude. As a result, observational
signatures of boson stars differ greatly for different underlying theories. Some of these
consequences are analyzed in Section 3.6.
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3.2. Historical Overview

(This section is intended as a historical overview of boson star literature; many of the
themes and specific ideas will be examined in greater detail in subsequent sections.)

The proposal of macroscopic BECs in the context of fundamental particle interactions
began with the proposal of John Archibald Wheeler in 1955 [121], who suggested
that photons (being spin-1 bosons) or gravitons (which have spin-2) could condense.
While both photons and gravitons are massless, Wheeler suggested that their energy-
momentum could be sufficient to form a gravitationally bound state, which he referred
to as a Geon. Today, the viability of his proposal in an astrophysical setting remains
an open question, although in condensed matter experiments, trapped condensates
composed of photons have recently been observed [122].

A decade later, Kaup modified Wheeler’s proposal to the application of scalar
fields [123]; as detailed in Section 3.3, he considered a condensed boson star as a classical
field, and solved the coupled Einstein and Klein-Gordon equations to determine its
properties. His analysis assumed non-interacting bosons, and he called his solutions
Klein-Gordon Geons. He found solutions describing gravitationally stable bound states
for such bosons, up to a maximum mass which he determined numerically to high
precision. A subsequent analysis by Colpi et al. [118] included the effects of repulsive
self-interactions in the analysis of bosonic condensates; the solutions had a different
scaling with the dimensionful parameters of the theory, and as a result, had a much
larger maximum mass, possibly reaching solar masses.3 This justified the term boson
star coined by Colpi et al., which is still in use today.

A second method, pioneered by Ruffini and Bonazzola (RB) [125], for analyzing
scalar boson stars appeared shortly after Kaup’s original paper [123]. The RB approach
treated a boson star semiclassically, second-quantizing the boson field and expanding
in creation and annihilation operators. The condensate was then represented by an
N-particle ground state; subsequently, RB took expectation values of the equations
of motion to calculate the macroscopic properties of boson stars. Their result, which
was also restricted to theories of non-interacting bosons, was numerically identical to
Kaup’s. However, when extended to interacting theories, the semiclassical RB method
can give important new consequences, an important theme which will be revisited in
Chapter 4. The RB method, as it originally appeared, is detailed in Section 3.4.

3The work done by [124], performed in the method of Kaup and prior to the work of Colpi et al., also
included a nontrivial self-interaction potential. However, their potential included both an attractive
and repulsive term, unlike our simple model of (3.20). This work is interesting but we will not
comment further on it here.
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Because boson stars are typically extremely cold, constituted of bosons whose
wavefunctions peak at extremely low momentum, they can often be treated in the
nonrelativistic limit as well (see e.g. [126]).4 Such analyses are often computationally
more tractable than the relativistic and/or semiclassical approaches outlined above,
and give compatible results over a large region of parameter space. In Section 3.5, this
method will be explained in detail. In this regime, we will also describe a variational
method for finding extrema of the total energy of a boson star, as an approximation to
its stable bound states.

In the remainder of this chapter, we review the methods described above in greater
detail, with particular emphasis on the region of validity for each.

3.3. Boson Stars as Classical Fields

The first known solutions for stable, gravitationally bound configurations of scalar
particles was found by Kaup [123], who considered spherically symmetric configura-
tions composed of non-interacting bosons. In Kaup’s original work, the bosons were
assumed to be non-interacting, but a later work by Colpi et al. [118] extended the
method to apply to theories with strong repulsive interactions. We will consider both
limits in this section.

To describe the effect of the self-gravitation of the boson star, the boson field φ(r) is
coupled to the components A(r) and B(r) of the gravitational metric, defined by

ds2 = −B(r) dt2 + A(r) dr2 + r2
(

sin2 θ dθ2 + dϕ2
)

. (3.8)

Of course, if A(r) = B(r) = 1, one recovers the vacuum Minkowski metric. The
resulting Klein-Gordon equation, defined in eq. (1.2), and the Einstein equations,
defined in eq. (1.1), are the equations of motion defining a complete set of solutions for
the functions A(r), B(r), and φ(r):

A′

A2x
+

1
x2

(
1− 1

A

)
=

(
Ω2

B
+ 1
)

σ2 +
Λ
2

σ4 +
(σ′)2

A
B′

B2x
+

1
x2

(
1− 1

A

)
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(
Ω2

B
+ 1
)

σ2 − Λ
2

σ4 +
(σ′)2

A

σ′′ +

(
2
x
+

B′

2B
− A′

2A

)
σ′ + A

[(
Ω2

B
− 1
)

σ−Λσ3
]
= 0, (3.9)

4In this regime, particle number is absolutely conserved, even if the high-energy underlying theory
contains real bosons for which no number-conserving quantum number exists. This point will be
important, and more clearly emphasized, later.
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where the rescaled variables are x = m r, σ =
√

4π G φ, Ω = µ0/m (µ0 the eigenenergy
of one boson), and Λ = λ MP

2/(4 π m2). The first (second) equation in (3.9) is the tt
(rr) component of the Einstein equations, and the third is the KG equation. The other
nontrivial Einstein equations θθ and ϕϕ are related to the KG equation by a Bianchi
identity.

For non-interacting theories where λ→ 0, the basic equations of motion are those
of eqs. (3.9) with Λ→ 0; these were the equations considered originally by Kaup [123].
By solving these equations numerically, Kaup found a spectrum of gravitationally
stable configurations for the boson field φ. Of particular interest was the existence of a
maximum mass of non-interacting boson stars,

MNI
max = .633

MP
2

m
. (3.10)

Because states with M > MNI
max did not exist in the spectrum, it was concluded that

such states are gravitationally unstable.

The existence of a maximum mass was no surprise, as the fermionic analogue of
a boson star (e.g. a neutron star) also has limitations on its mass from gravitational
stability. However, the maximum mass of a “fermi star” scales as Mmax ∼ MP

3/m2

[127,128]; by comparison, the Kaup bound is diminished by the very small factor m/MP,
implying that boson stars must be relatively small and light. This can be qualitatively
understood by the fact that fermi stars are partially supported by an outward pressure
originating in the Pauli Exclusion requirement; the analogue for boson stars is the
quantum pressure Fq originating in the kinetic energy of the cold bosons, which is
comparatively weak.

Colpi et al. [118] expanded on the Kaup analysis by including a repulsive self-
interaction coupling λ > 0, implying Λ > 0 in eq. (3.9). To investigate the solution,
one can trade A(r) for a mass distribution function M(x) by the relation A(x) =

[1− 2M(x)/x]−1.5 In the limit that the interactions are strong (precisely, Λ� 1), the
system can be simplified significantly, as one can perform a further rescaling of the
equations: σ∗ = σΛ1/2, x∗ = xΛ−1/2, andM∗ =MΛ−1/2. In this limit, and at leading

5In a broad class of metrics, for example, the mass functionM(x) = 2 G M(x), where M(x) dx is the
mass in a thin shell of thickness dx.
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order in 1/Λ, eqs. (3.9) simplify to

σ∗ =

√
Ω2

B
− 1

M′
∗ = 4πx2

∗ρ∗

B′

Bx∗

(
1− 2M∗

x∗

)
− 2M∗

x3
∗

= 8πp∗, (3.11)

where the dimensionless pressure p∗ and density ρ∗ are given by

ρ∗ =
1

16π

(
3Ω2

B
+ 1
)(

Ω2

B
− 1
)

p∗ =
1

16π

(
Ω2

B
− 1
)2

. (3.12)

Colpi et al. solved the simplified equations above, and like Kaup, found an upper
bound on the mass. However, the inclusion of self-interactions implied a very different
form for the maximum mass

Mrep
max = .22

√
λ

4 π

MP
3

m2 . (3.13)

There are two important things to note about the maximum mass derived by Colpi et
al., reproduced in eq. (3.13). First, observe that when the coupling λ = O(1), the scaling
MP

3/m2 is very similar to that of fermionic stars; thus, boson stars could potentially
be as heavy as their designation seems to suggest, having possible masses as high as
M ∼ M� = 2× 1030 kg (the mass of the sun). Second, it may seem puzzling that the
Colpi bound does not reduce to the Kaup (non-interacting) limit, defined in eq. (3.10),
as λ→ 0. But this is no puzzle at all: the Colpi analysis assumed a sufficiently strong
repulsive self-interaction, defined by the requirement Λ � 1, or λ/4π � m2/MP

2.
This requirement necessarily breaks down before one reaches λ = 0. Some further
constraints on this framework can be found in [129], and a general review by the same
authors is [130].

The essence of the method employed by Kaup and Colpi et al. is to treat a BEC as
a classical field described by relativistic equations. The field described in this section
is a coherent state, essentially classical, whereas a BEC is a quantum state. In general,
the distinction between the boson stars as classical fields and in the context of BECs is
somewhat murky, and remains the topic of discussion. See for example the discussions
in [131, 132].6

6As recently as this year, there has been debate in the literature regarding whether high-occupancy
boson systems can be described precisely as classical fields [133, 134].
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For our purposes, it may be sufficient to note that although the classical field
described in this section is not an exact N-particle state, it is sharply peaked near the
average value; its constituent N-states are approximately Poisson distributed with a
width

√
N � N, so that corrections can be considered negligible. In the end, we will

see that in the determination of the macroscopic properties of boson stars, the results of
the classical field and the exact N-state are very compatible. For the purposes of this
work, we treat the two as mostly equivalent, except when qualitatively unique effects
(e.g. decay) become important.

3.4. Semiclassical Boson Stars

One year after the original work of Kaup [123], a somewhat different approach was
proposed by Ruffini and Bonazzola (RB) [125]. The RB method makes use of the fact
that a scalar field can be expanded in creation and annihilation operators a and a†

labeled by energy and angular momentum quantum numbers n, `, and `z,

Φ(t, r, θ, ϕ) = Rn,`(r) e−i µn t Y`,`z(θ, ϕ) an,`,`z + h.c. (3.14)

where µn is the eigenenergy of level n, Y`,`z are spherical harmonics, and Rn,` is a
wavefunction describing the radial distribution. The commutators satisfy

[an,`,`z , a†
n′,`′,`′z

] = δnn′ δ``′ δ`z`′z (3.15)

For a BEC, it is appropriate to include in this expansion only the lowest energy state
n = 0 with zero angular momentum ` = `z = 0,

Φ(t, r) = R(r) e−i µ0 t a0 + h.c. (3.16)

In the RB method, one evaluates the expectation value of the Einstein and Klein Gordon
(EKG) equations, using N-particle states built from the ground state creation operator
a†

0,

|N〉 =
(a†

0)
N

√
N!
|0〉. (3.17)

The expectation values, applied to the non-interacting bosonic theory, turns out not to
affect the equations of motion represented in eq. (3.9) with Λ = 0. As a result, RB found
the same maximum mass as Kaup, eq. (3.10). This result was also derived by [135].
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The power of the RB method becomes apparent when self-interactions are included.
As will be detailed in Chapter 4, if a boson star is accurately described by a zero-
temperature condensate, then the expectation values on the state |N〉 resum higher-
order diagrams in the N-to-N matrix element. As a result, compared to the classical
field approach, the RB method, being semiclassical, has the advantage of containing
leading order corrections to the self-interaction. We will discuss in greater detail the RB
procedure as applied to the specific case of axion field theory, and the corrections to the
self-interaction potential, in Chapter 4.

A second important difference between the semiclassical RB method and the classical
method of Kaup is that the former is more generic from the standpoint of mixed states
or particle number-changing processes. This is firstly because the generic expansion
of eq. (3.14) contains contributions at all orders in n, `, and `z, and can be separately
included in investigations beyond the ground state. Further, the Kaup field is a classical
field, a coherent state which has no definite particle number, whereas in the RB method,
different contributions can be singled out. Matrix elements connecting states with
different particle numbers can be considered in the RB framework, a central premise to
the calculation of boson star decay; this will be investigated in detail in Chapter 5.

3.5. Nonrelativistic Limit for Boson Stars

In the case of weakly-bound boson stars (a very typical scenario)7, one can expand
the quantum field φ in terms of of a nonrelativistic wavefunction ψ. We can use an
expansion of the form [136]

φ(t, r) =
1√
2 m

[
e−i m t ψ(t, r) + ei m t ψ∗(t, r)

]
. (3.18)

Such an expansion is useful in the low energy limit, where m− µ0 � m, because in
operators containing higher powers of φ, one can neglect rapidly oscillating terms
proportional to higher powers of e±i m t. The wavefunction ψ is normalized to∫

d3r|ψ(r)|2 = N, (3.19)

where N is the total number of particles in the condensate.

Consider, for example, the Lagrangian in eq. (3.5), and expand the field φ using eq.
(3.18). Rapidly-oscillating terms involving higher orders in e±i m t can been dropped.

7This terminology is defined precisely in the discussion of Chapter 6. For now, “weakly bound” can be
taken to mean dilute.
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The second derivatives with respect to time are ofO[(m− µ0)
2], and are thus negligible

as well. In the end, one finds the effective low-energy Lagrangian for ψ to be [137]

L =
i
2
(ψ̇ ψ∗ − ψ ψ̇∗)− 1

2 m
∇ψ∗ · ∇ψ +

λ

16 m2 (ψ
∗ ψ)2. (3.20)

For nonrelativistic fields, the momentum conjugate is π = iψ̇∗, so the first derivatives
with respect to time reproduce the usual time dependence.

Gravity needs to be included in this framework as well; the gravitational interaction
does not contribute significantly at the scale of individual particles, but becomes very
important when considering heavy bound states. We can couple bosonic fields by hand
to a Newtonian gravitational potential by including [137, 138]

Vgrav = −G m2
∫

d3r′
|ψ(r′)|2
|~r−~r′| (3.21)

in the equation of motion. This potential satisfies the Poisson equation,

∇2 Vgrav = 4 π G m2 |ψ|2, (3.22)

and thus gives a good approximation to the gravitational interaction in the nonrelativis-
tic limit.

Quantum corrections to ψ have been estimated by Guth et al. [137], and they are
found to be very small for low-energy states; for the purposes of typical boson stars,
we can safely neglect them. The Hamilton-Jacobi equations of motion generated by the
Lagrangian in eq. (3.20), coupled to eq. (3.21), gives rise to the Gross-Pitäevskii (GP)
equation [139–141]

i ψ̇ =
[
− 1

2 m
∇2 +

λ

8 m2 |ψ|
2 − G m2

∫
d3r′
|ψ(r′)|2
|~r−~r′|

]
ψ. (3.23)

Note also that it is sometimes advantageous to separate out the gravitational part of
the GP equation by explicitly using eq. (3.22), giving the Gross-Pitäevskii + Poisson
(GPP) system

i ψ̇ =
[
− 1

2m
∇2 +

λ

8 m2 |ψ|
2 + Vgrav

]
ψ

∇2 Vgrav = 4π G m2 |ψ|2. (3.24)

Solutions of the GPP equations for the wavefunction ψ, and self-consistently for the
gravitational potential Vgrav, correspond to gravitationally bound states of the original
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boson fields, which are boson stars. In full generality, no analytic solutions exist, though
some progress has been recently made in developing a quasi-analytic treatment which
is applicable at arbitrary precision [142]. Here, we will briefly discuss a limited scenario
in which exact solutions are possible, and then we will examine the full numerical
solutions.

3.5.1. Thomas-Fermi Approximation

An example of an exactly soluble limit of the GPP system (3.24) in the context of boson
stars was investigated by Boehmer and Harko in 2007 [143]. These authors make use
of the Thomas-Fermi (TF) approximation to simplify the equations, a limit often used
in condensed matter literature to analyze BEC states [20, 144]; the assumption is that
the kinetic energy term ∼ ∇2 ψ is negligible compared to the gravitational potential
Vgrav or the self-interaction potential. Observe that this limit is only appropriate for
condensates with an effective repulsive interaction; the TF approximation cannot give
stable gravitationally bound configurations when the self-interaction is attractive. To
see why, recall Figure 3.1 and the related discussion in Section 3.1 regarding attractive
self-interactions: if the kinetic pressure is the only repulsive force (see Figure 3.1), its
effect must be large enough balance that of the other two forces.

In the TF limit with a repulsive self-interaction, one can expand the wavefunction in
the Madelung representation

ψ(t, r) =
√

n(r) ei S(t,r), (3.25)

where n(r) ≡ |ψ(r)|2 is the number density. In the limit of low velocities v ≡ ∇S/m,
we arrive at the following simplified GP equation:

λ

2
∇ n(r)2 + n(r)∇Vgrav = 0. (3.26)

Using the dimensionless coordinate ξ and density θ, defined by r = RTF ξ and n(r) =
(ρc/m) θ(ξ), we have

1
ξ2 ∂ξ

[
ξ2 ∂ξ θ(ξ)

]
+ θ(ξ) = 0, (3.27)

where RTF is the radius of the condensate, and ρc ≡ m n(0) is the central mass density.
Eq. (3.27) is the Lane-Emden equation, used to describe a non-rotating polytrope of
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index 1. The solution satisfying θ(0) = 1 is

nTF(r) =
ρc

m
sin(π r/RTF)

π r/RTF
, (3.28)

with

RTF =

√
π λ

32
MP

m2 (3.29)

the radius of the condensate.

The TF approximation is known to break down near the edge of a condensate
[143]. Clearly the derivative of the wavefunction ψTF(r) ∼

√
sin(π r/RTF)/(π r/RTF)

becomes very large as r → RTF. Further, at r > RTF the density function n(r > RTF) <

0, so such an extrapolation clearly leads to nonsensical results. We will see in the next
section that the exact wavefunction of a boson star typically decreases exponentially
at large r, so it is likely that the TF solution can be matched onto an exponential
representing this behavior at some r < RTF. Note finally that given a particular model
for the constituent bosons, the parameters λ and m are fixed, and thus, so is the radius
in eq. (3.29); the TF approximation applied consistently gives rise to a fixed radius
for boson stars. Again, this can be remedied by modifying the TF density function to
account for boundary effects and nonzero kinetic energy.

The original Boehmer and Harko analysis was extended to include slowly rotating
boson stars, which correspond to polytropes that are oblate spheroids [143]. Though
rotating boson stars are important and interesting astrophysically, to the author’s
knowledge, no generic analysis of rotating boson stars has been performed, numerically
or otherwise. Slowly-rotating solutions with attractive self-interactions were found
numerically in [93], on the assumption that the rotation does not change the boson star
shape in an important way. A more robust analysis of rotating boson stars is a topic for
future work.

3.5.2. Numerical Methods

As we have pointed out, the TF approximation assumed by this analysis requires λ > 0,
that is, repulsive self-interactions. For attractively interacting theories (e.g. axions, the
focus of this work), a full solution of eq. (3.24) requires numerical methods. In [120],
we analyzed the system by using a rescaling of the dimensionful quantities in the GPP
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system (3.24)

ψ =

√
m

4πG
1
|ã| ψ̃, V − µ =

m
|ã| Ṽ, r =

√
|ã|

m
r̃, (3.30)

where ã = (λ MP/m)2/32π is a rescaled scattering length, and the dimensionless
quantities on the RHS are denoted with a tilde. Note that µ < 0 is the energy eigenvalue
of the GP equation (3.23) for ψ, which can be identified with the chemical potential
(the energy required to add one more boson to the system). In terms of these rescaled
variables, the GPP equations (3.24) take the form[

−1
2
∇̃2 + Ṽ ± |ψ̃|2

]
ψ̃ = 0

∇̃2Ṽ = |ψ̃|2, (3.31)

where repulsively interacting scenarios imply a “+” and attractive ones a “−”, on the
top line.

The attractive case is interesting to analyze numerically because it is not accessible
from the standpoint of the TF approximation. Eqs. (3.31) are two second-order equa-
tions for Ṽ(r) and ψ̃(r), and thus require 4 boundary conditions. We require that the
derivatives be flat at the origin, Ṽ′(0) = 0 and ψ̃′(0) = 0, and that ψ̃→ 0 exponentially
as r̃ → ∞. Finally, since the physical gravitational potential V should vanish at r̃ → ∞,
we identify Ṽ → −|ã| µ/m in the same limit. This allows us to determine the value
of µ, the chemical potential. Because asymptotic boundary conditions are difficult to
implement numerically, we use a method of shooting: we vary the central values ψ̃(0)
and Ṽ(0) of the wavefunction and potential until the functions converge at some large
r̃ to a prescribed level of precision. These resulting solutions are valid at this level of
precision, and satisfy the required boundary conditions.

This numerical integration was originally performed in [126, 145]; using the scaling
we presented above in eq. (3.30), I present here the similar results I have obtained using
this method, which were reported in [120]. In the latter work, I derived the mass-radius
relation shown in Figure 3.2, and pointed out the characteristics of a few integrated
density profiles are shown in Figure 3.3. Note that contrary to the TF result, attractive
boson stars do not have compact support on a finite radius R; their density decreases
exponentially at large radial distances. In these circumstances, the “size” of the star is
taken to be R99, defined as the radius inside which .99 of the mass of the boson star is
contained. The variables in these Figures are rescaled using eq. (3.30). In dimensionful
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Figure 3.2.: The mass-radius relation for a
boson star with attractive inter-
actions. The three circles cor-
respond to the density profiles
in Figure 3.3. The dimension-
less variables in the plot are
defined in terms of the dimen-
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duced from [120].
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Figure 3.3.: Three examples of density pro-
files in the case of attractive in-
teractions. The red profile corre-
sponds to the profile of the max-
imum mass equilibrium, while
the blue and green are taken
on the stable branch of equi-
libria. The dimensionless vari-
ables in the plot are defined in
terms of the dimensionful ones

as ρ̃ =
|λ|
m4 ρ and r̃ =

m r√
|ã|

. Fig-

ure reproduced from [120].

units, we can see that the maximum mass of attractive boson stars is

Matt
max '

√
32 π

MP

|λ| . (3.32)

It is also interesting that the scaling of the radius, R99 ∼
√
|λ|MP/m2, is the same as in

the repulsive TF case, given in eq. (3.29).

Given a solution to the GPP system of equations, we can compute the total energy
using the GP energy functional [126],

EB[ψ] =
∫

d3r

[
|~∇ψ|2

2m
+

1
2

Vgrav|ψ|2 +
λ

16 m2 |ψ|
4

]
. (3.33)

The variation of this energy at fixed N recovers the GP equation (3.24), with a Lagrange
multiplier that is the eigenenergy µ. Thus µ and EB are not the same. Whereas µ,
identified as the chemical potential, is the energy required to add one more boson to the
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Figure 3.4.: The rescaled binding energy Ẽ = |ã| EB

m
(black curve) and the rescaled chemical

potential µ̃ = |ã| µ
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(red curve) as a function of the rescaled radius R̃99 =

m R99√
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.

The three circles correspond to the density profiles in Figure 3.3.

system, EB[ψ] is the total Nonrelativistic energy, identified with the binding energy of
the boson star state (which will be < 0 for a bound state). We find that the solutions at
small R99, to the left of the maximum mass in Figure 3.2, have lower binding energies
than states on the right branch which have equal number of bosons N, as illustrated in
Figure 3.4. While µ is a monotonically increasing function at increasing R99, the binding
energy EB has a maximum magnitude very near the position of the maximum mass.
The upshot of all of this is that states on the left, small R branch are unstable. We will
encounter this fact in a slightly different context in the next section.

Numerical integration, while precise, can be inefficient, and the results can be diffi-
cult or impossible to generalize (for example, to different forms for the self-interaction
potential). It is advantageous therefore to develop intuitions using approximate analytic
methods. One procedure for accomplishing this is described in the next subsection.
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3.5.3. Variational Method

There is a way to extract approximate analytic results in the nonrelativistic limit without
numerical integration. The procedure makes use of the energy functional given in eq.
(3.33). Rather than integrating to find the wavefunction ψ, we can use an approximate
ansatz for ψ; this allows us to perform the integration analytically up to the size R of the
boson star state. An extremum of the resulting energy as a function of R corresponds
to a stable or metastable boson star. In this method, one can easily derive the scaling
relationships among different dimensionful parameters. This method is sometimes
used for condensed matter systems as well, where the condensate is trapped by a
harmonic potential rather than a gravitational interaction [20, 146, 147]. The application
of the method in the context of boson stars was first done in [126], whose analysis
we follow closely here. Given a reasonable ansatz, this method can also be easily
generalized to interactions beyond the standard |ψ|4, a fact that we will make use of in
the later chapters.

Consider, for example, a Gaussian ansatz for the wavefunction

ψ(r) =
√

N
π3/4 σ3/2 e−r2/2 σ2

(3.34)

where N is the number of particles. Note that σ could be considered the “size” of the
condensate, although the wavefunction, in truth, extends to r → ∞. We will adopt
the convention that while σ represents the variational parameter, the radius of the
condensate will be the conventional R99.8 Using this ansatz, the energy in eq. (3.33)
is [126]

EB(σ) =
3
4

N
m σ2 −

G m2 N2
√

2π σ
+

λ N2
√

2π 32 m2 σ3

=
A N
σ2 −

B N2

σ
+

C N2

σ3 , (3.35)

where in the second line we defined the coefficients

A =
3

4 m
, B =

G m2
√

2π
, C =

λ√
2π 32 π m2

. (3.36)

Note that the form of the energy in eq. (3.35) does not depend on the choice of ansatz,
but the value of the coefficients A, B, and C does.

The variational method is incredibly versatile, and in various limits, can be used
to reproduce the scaling relations found using more precise methods. Macroscopic

8For the Gaussian ansatz, the two parameters are related roughly as R99 ' 2.5 σ.
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properties for stable configurations of the condensate can be extracted by minimizing
this energy with respect to the parameter σ. In the case of the energy in eq. (3.35) above,
we find extrema at the values

σ± =
A

B N

[
1±

√
1 +

3 B C N2

A2

]
. (3.37)

Which extrema correspond to stable configurations depends on the sign of C, that is, on
the sign of λ and the nature of the self-interaction.

If the self-interaction coupling λ = 0, then C = 0, and the extrema are at σ− = 0
and σ+ = 2 A/B N; this means that the only extremum with size > 0 is σ+, which is an
energy minimum. Changing from A and B back to physical parameters, the parameter
σ has a value at the energy minimum of

σNI
+ =

√
π

2
3 MP

2

m3 N
. (3.38)

Recall that this is not the same as R99, which we take to be the size of the boson star;
the two are related via

R99 ≈ 2.5 σNI
+ ≈ 9.4 (m3 G N)−1. (3.39)

We can compare this to precise numerical estimations of the radius [148], which give
the results R99 ≈ 9.9 (m3 G N)−1. The agreement in this case is stellar, within a few
percent.

In the repulsive case, C ∝ λ > 0, and again, the physical extremum with size > 0
is σ+. To compare to previous results, consider the TF limit of the energy in eq. (3.33),
where we must drop the kinetic energy term (if you like, setting A = 0). Then we find

σTF
+ =

√
3 λ

32 π

MP

m2 , (3.40)

which implies

R99 ≈ 2.5 σTF
+ ≈ .432

√
λ

MP

m2 . (3.41)

Comparing to the exact result in eq. (3.29), we see that the scaling
√

λ MP/m2 is
reproduced exactly, and numerical coefficient is O(10%) different from the analytic
result of eq. (3.29).

In both the non-interacting and repulsive interaction cases, the variational method is
not sensitive to the existence of a maximum mass. Indeed, even numerical solutions of
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the GPP system in eq. (3.24) are insensitive to it in these cases. This seems to imply that
the boundary between gravitationally stable and unstable equilibria is, at least in these
cases, a relativistic effect; this was pointed out for non-interacting theories by [125]. For
attractive interactions, as we describe next, the maximum mass emerges naturally from
a fully nonrelativistic analysis.

Consider finally the case of attractive self-interactions, λ < 0. In that case, either
both extrema σ± > 0, or both are complex numbers (no real extrema). In the former
case, the nature of the extrema as maxima or minima could be easily determined by
analyzing the second derivative. More to the point, however, observe that the total
energy in eq. (3.35) EB → −∞ as σ→ 0, and EB → +∞ as σ→ 0. Given that there are
two real critical points between these two limits, it is clear that the larger one, σ+, is a
local minimum of the energy, and σ− is a local maximum.

The two extremal points σ± that we find for a given particle number N correspond
precisely to the the numerical solutions in Section 3.5.2. The stable energy extremum,
the large R branch illustrated in Figure 3.2, corresponds to the energy minimum EB(σ+),
whereas the unstable state, the small R branch of numerical solutions, corresponds to
EB(σ−). This was pointed out previously by other authors as well [126]. It must also be
the case that the mass function M(R) turns around at some extremum as well, as we
found in the numerical case, which was illustrated in Figure 3.2.

We can see this behavior by considering the energy functional EB(σ) in eq. (3.35).
When C > 0, a very large particle number N > Nc ≡ A/

√
3 B C would imply that the

extrema σ± are complex; in that case, there are no real roots of the energy and no stable
bound states. This gives rise to a maximum mass of

Mc =
m A√
3 B C

=

√
12
|λ| π MP. (3.42)

This result was first derived by Chavanis [126], and it was also verified numerically
by solving the nonrelativistic GP equation [120, 145]. Comparing to the exact result in
eq. (3.32), we find that the difference in the numerical factor in the maximum mass
is given by the ratio

√
32π/

√
12π ≈ .92. We conclude that the variational method is

appropriate in this regime as well.

We have assumed a particular (Gaussian) form for the wavefunction in this section.
However, it is possible to perform a more general calculation of the variational energy
using a generic ansatz for ψ, subject to only a few constraints. The physical results, as
we have seen above, vary significantly across different self-interaction potentials, but
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turn out not to depend very strongly on the choice of ansatz. A generic variational
analysis is one of the cornerstones of Chapter 6.

3.6. Summary

Boson stars are gravitationally bound condensates of bosonic particles. The underlying
theory is described by the particle mass m and its self-interaction potential V(φ). In
this chapter, we took a common form for the self-interaction, V(φ) ∝ λ φ4, though
the methods described could be applied to more exotic potentials. Boson stars are
stabilized by a balance between the gravitational, kinetic pressure, and self-interaction
forces, as described in Section 3.1 and illustrated in Figure 3.1.

It is generic in theories of boson stars that gravitational stability requires the total
mass M be less than some critical value Mc. In this chapter, we described several of
the results for maximum masses of boson stars originating in different theories, with
repulsive, attractive, or no interactions. These results were compiled in [120], where
the results were analyzed in the context of boson stars contributing to dark matter. The
maximum mass of three classes of boson stars can be summarized:

Mc '


.22
√

λ
4 π

MP
3

m2 , for λ > 0 (repulsive interaction)

.633 MP
2

m , for λ = 0 (non-interacting)√
32 π
|λ| MP, for λ < 0 (attractive interaction)

(3.43)

This combines of the results of eqs. (3.10,3.13,3.32). For equal masses and moderate λ,
it is clear that repulsive boson stars can have the largest masses, and attractive boson
stars the smallest.

Before closing this chapter, we can add one more component to this story. If the
bosons which constitute boson stars form an important component of some bosonic
dark matter theory, then additional constraints can be imposed on possible bound
states [120]. These constraints come in two categories. First, there exist strong upper
bounds on the self-interaction strength of dark matter particles from observations of
galaxy cluster collisions [36]. Second, there is a discrepancy between the results of
numerical simulations of collisionless dark matter particles and observations of galaxy
structure, which were reviewed in Chapter 1. It has been suggested that relatively
strong self-interactions can solve these problems [42, 44, 55]. There is a finite range
of self-interaction strengths which can simultaneously solve the small-scale problems
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Figure 3.5.: The maximum mass of a boson star as a function of DM particle mass m. The
green bands are the regions consistent with solving the small scale problems of
collisionless DM. The blue region represents generic allowed interaction strengths
(with σSI/m . 0.1 cm2/g) extending to the Kaup limit which is shown in black.
The red shaded region corresponds to λ & 4π. Note that the boson star mass is
measured in grams on the bottom horizontal axis, and in solar masses M� on the
top. Figure adapted from [120].

while remaining consistent with the experimental upper bounds [120]:

( m
1 MeV

)3/2
<
|λ|

10−3 < 3
( m

1 MeV

)3/2
. (3.44)

Our work in [120] combines many of the above considerations in a single analysis.
One of the important contributions of that work is to summarize the full parameter
space of boson stars which can form as a component of dark matter halo, as in Figure
3.5. The bounds in eq. (3.44) represent an upper bound on the interaction strength
for repulsive and attractive interactions simultaneously, and the parameter range in
which they are satisfied is illustrated by the green bands. On the other hand, there
is also a large region of parameter space (represented in blue) in which boson stars
are stable, satisfy astrophysical bounds, but the self-interactions are not sufficiently
strong to solve the “cusp-core” and other problems; these theories are still viable if
these problems have other solutions, e.g. through baryonic physics [149, 150]. One
final important constraint is that of perturbativity of the underlying field theory: if
λ & 4π, then the basic perturbative analysis of eq. (3.5) breaks down (illustrated in red).
With the exception of much larger or smaller constituent masses m, the entire space of
allowed masses of dark matter boson stars is represented in Figure 3.5. This represents
a vast parameter space, covering many orders of magnitude in dark matter mass m.

In light of the large space of allowed boson star theories, we will specialize to the
particular case of axions in the chapters that follow. The experimental constraints on
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axions, outlined in Chapter 2, constrain significantly the parameter space we consider;
the typical QCD axion we will consider has a mass 10−6 eV . m . 10−2 eV (a few
orders of magnitude below the masses shown in Figure 3.5). Axions also have a peculiar
self-interaction potential: it’s leading term is attractive and ∝ φ4 (as we considered
here), but higher-order terms can be relevant. This will require a generalization of some
of the methods presented above. We will begin to analyze these points in the next
chapter.



Chapter 4.

Axion Stars in the Infrared Limit

“Look up at the stars and not down at your feet. Try to make sense of what
you see, and wonder about what makes the universe exist. Be curious.”

— Stephen Hawking

The motivation and consequences of axions as an extension to the SM were reviewed
in Chapter 2. Because axions are light scalar particles, they can form condensates
as described in Chapter 3. Using a semiclassical approach, in this chapter we will
determine the full spectrum of weakly-bound axion stars; we also determine the mass
and radius of gravitationally stable configurations as a function of the binding energy
in the axion star. This chapter is primarily based on our work in [151].

4.1. Ruffini-Bonazzola Method for Axion Stars

Axions, and ALPs more generally, are versatile and ubiquitous among bosonic particles.
The original proposal for these light scalars was in the context of solving the Strong
CP Problem in QCD, and later, such particles were also found to be prime candidates
for the constituents of dark matter, as we explained in Chapter 2. More generic ALPs
emerge in numerous theories of physics beyond the SM, and have applications in many
realms of physics (see Section 2.4).

Starting with the seminal works of Kaup [123] and Ruffini and Bonazzola [125], a
large amount of literature has emerged surrounding the idea of gravitationally-bound
scalar condensates; some of this was summarized in Chapter 3. Both Kaup and RB
considered non-interacting bosons in their original works, and while their methods
differed, the physical parameters defined by their solutions agreed with one another.

47



48 Axion Stars in the Infrared Limit

Further, they each determined the maximum mass of non-interacting condensates,
which was inversely related to the particle mass m.

In the case of the axion, there are relevant self-interactions, and the leading such
interaction is attractive. The RB method was extended to the case of axions first
in [152, 153]; a more robust analysis was performed later in our work [151], which is
summarized here. The basic components of the method, as presented in the original RB
work, were explained in Section 3.4; below we review the relevant features in order to
apply them to axion field theory.

Recall that the first step in the RB method is to expand the scalar field in creation
and annihilation operators having definite energy and angular momentum quantum
numbers; in the condensed state, one keeps only the ground state contributions. We
thus expand the axion field A as

A(t, r) = R(r)
[
e−i µ0 t a0 + ei µ0 t a†

0

]
(4.1)

where µ0 is the eigenenergy of a single axion, and a0 (a†
0) is the annihilation (creation)

operator of the ground state axion, satisfying [a0, a†
0] = 1 as in eq. (3.15). To a very good

approximation, every axion in the condensate is in the ground state, which is described
by a single spherically-symmetric wavefunction R(r).

The second step of the RB procedure is to build up an N-particle ground state |N〉.1

This simply amounts to applying the creation operator to the vacuum state N times, as
in eq. (3.17). By using this state to take expectation values of the equations of motion,
which are the Einstein and Klein-Gordon equations, we effectively include leading
quantum corrections to the self-interaction. This will involve expectation values, for
example, of the form

〈N|A2|N〉 = 2 N R(r)2

〈N − 1|A|N〉 =
√

N R(r) e−i µ0 t, (4.2)

as well as several others. A detailed calculation of the expectation value for the full
axion potential is found in Appendix A.

1Of course, the axion is a real scalar field, and so no symmetry protects axion stars from number-
changing interactions. As we will explain in Chapter 5, the decay rate of axion stars through such
interactions is negligible in typical scenarios, particularly for very weakly-bound axions, and thus to
a good approximation we can define a conserved particle number N. Scenarios where the decay rates
are relevant will be investigated in later chapters.
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The interactions of an axion can be described by the instanton potential of eq. (2.18),
reproduced here:

V(A) = m2 f 2
[
1− cos

(A
f

)]
, (4.3)

where m and f are the mass and decay constant of the axion, respectively. To include
the coupling to gravity, we write a general spherically symmetric gravitational metric
as

ds2 = −B(r) dt2 + A(r) dr2 + r2 dΩ2, (4.4)

where A(r) and B(r) represent the deviations from a flat metric. We evaluate the
expectation values of the tt and rr Einstein equations in eq. (1.1), and of the KG
equation in eq. (1.2), which are

〈N|Gµ
ν|N〉 = 8 π G 〈N|Tµ

ν|N〉
〈N − 1|

[
DA−V′(A)

]
|N〉 = 0. (4.5)

The resulting equations of motion take the form

A′

A2 r
+

A− 1
A r2 =

8 π f 2

MP2

[
µ0

2 N R2

B f 2 +
N R′2

A f 2 + m2 [1− J0

(
2
√

N R
f

)
]

]
,

B′

A B r
− A− 1

A r2 =
8 π f 2

MP2

[
µ0

2 N R2

B f 2 +
N R′2

A f 2 −m2 [1− J0

(
2
√

N R
f

)
]

]
,

√
N R′′ +

√
N
(

2
r
+

B′

2 B
− A′

2 A

)
R′ + A

[√
N µ0

2

B
R− f m2 J1

(
2
√

N R
f

)]
= 0. (4.6)

Just as described in Section 3.3, the other nontrivial Einstein equations (θθ and ϕϕ) are
equivalent to the KG equation above through a Bianchi identity. In the next section, we
will make use of the physical limitations of the theory to expand and simplify these
equations.

4.2. Double Expansion of Equations of Motion

The EKG equations of motion (4.6) form a closed set of equations, which can be solved
for the axion wavefunction R(r) and the two components of the metric tensor A(r) and
B(r). However, these equations are complex and difficult to solve directly. By making
use of certain physical limits, we can simplify them immensely.
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Firstly, note that the RB method is semiclassical, with the procedure of taking expec-
tation values of the equations of motion modifying the coefficients of the self-interaction
terms. However, the axion wavefunction is coupled to a classical gravitational back-
ground. In the presence of sufficiently large metric deviations, there can be important
back-reaction effects between the classical gravitational background and the quantum
corrections to the self-interaction potential. This implies that we must work in the limit
of weak gravity: the metric perturbations away from flatness should be small.

In the Einstein equations (4.6), the dimensionless parameter that controls the
strength of the gravitational interaction is

δ ≡ 8 π f 2

MP2 . (4.7)

In the limit δ → 0, the first two equations of (4.6) reduce to the vacuum Einstein
equations. Note further that δ � 1 holds in nearly any theory of axions, and in
particular, holds tremendously well in QCD: for a typical QCD value f = 6× 1011 GeV,
δ = O(10−14). Thus, we expand the metric functions

A = 1 + δ a, B = 1 + δ b, (4.8)

where a, b = O(1), and safely neglect terms beyond the leading order in δ.

Expanding EKG equations (4.6) in powers of δ and truncating at leading order, we
find

a′ = − a
z
+ z

[
1
4

εµ
2 Z2 +

1
4

Z′2 + 1− J0(Z)
]

,

b′ =
a
z
+ z

[
1
4

εµ
2 Z2 +

1
4

Z′2 − 1 + J0(Z)
]

,

Z′′ =
[
−2

z
+

δ

2
(a′ − b′)

]
Z′ − εµ

2(1 + δ a− δ b) Z + 2 (1 + δ a) J1(Z), (4.9)

where we have introduced the dimensionless eigenenergy εµ ≡ µ0/m, coordinate
z = m r, and wavefunction Z(z) = 2

√
N R(r)/ f . The coordinate z measures distances

in units of the Compton wavelength of the axion, which (for example) is approximately
1/m ∼ f ew cm for m ∼ 10−5 eV. For macroscopic states like axion stars, this is not an
appropriate distance scale; a second small parameter, described below, that allows us
to do a further rescaling.
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Now, for weakly bound axion stars, we can systematically expand the equations
(4.9) in powers of a parameter

∆ ≡
√

1− µ02

m2 , (4.10)

after rescaling the wavefunction Z(z) and the coordinate z with powers of ∆ corre-
sponding to their engineering dimension. That is, we define a new coordinate x = ∆ z
and wavefunction Y(x) = Z(z)/∆. In the language of QFT, this expansion in ∆ will
require keeping only those operators which are relevant or marginal, while neglecting
irrelevant operators. Keeping leading order in ∆ is tantamount to the infrared (low-
energy) limit of the theory. Note that when ∆ � 1, an axion star state (referred to
as a “dilute axion star”) is very weakly bound. For the purposes of this chapter, we
will focus on these dilute states. There has recently been interest in solutions which
have ∆ = O(1), so called “dense axion stars” [154], which can have very large binding
energies. We postpone discussion of these more exotic dense states for Chapter 6.

Consider then the expansion of the axion potential

1− J0(Z) =
1
4
[Z2 − 1

16
Z4 +

1
576

Z6 + ...]

=
1
4
[∆2 Y2 − 1

16
∆4 Y4 +

1
576

∆6 Y6 + ...] (4.11)

It is easy to see that our systematic expansion in ∆ provides justification to drop higher-
order corrections to the self-interaction potential; higher-order terms in the expansion
of Z(z) will be suppressed by high powers of ∆ � 1. The eqs. (4.9), now to leading
order in both δ and ∆, simplify to

a′(x) =
x
2

Y(x)2 − a(x)
x

,

b′(x) =
a(x)

x
,

Y′′(x) = −2
x

Y′(x)− 1
8

Y(x)3 + [1 + κ b(x)]Y(x). (4.12)

The single parameter remaining in these equations is

κ ≡ δ

∆2 , (4.13)

rather than δ or ∆ separately. Note that since b(x) is proportional to the Newtonian
gravitational potential, κ ∼ G is the effective coupling of the field Y(x) to gravity.
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Leading order corrections to eqs. (4.12) are of O(δ) and O(δ κ). The requirement
that these contributions be negligible, along with ∆� 1, restricts the consistency of the
double expansion to values of the parameter κ in the range

δ� κ � 1
δ

. (4.14)

This can be an incredibly wide range: for QCD axions, δ ∼ 10−14, so that we can
consistently evaluate solutions over the range 10−14 � κ � 1014!

4.3. Numerical Methods and Physical Quantities

Even in the simplified form, the system of equations (4.12) have no exact solutions. We
employ a shooting method to integrate these equations to calculate Y(x), a(x), and b(x).
Relativity requires a(0) = 1, but the values of Y(0) and b(0) are a priori arbitrary. The
asymptotic boundary conditions are that Y(x), a(x), and b(x) tend to zero at x → ∞.
It turns out that as x → ∞, Y(x) vanishes exponentially, while a(x) and b(x) have
Newtonian asymptotics; the latter is difficult to implement in numerical calculations.
However, notice from (4.12) that

a(x) + b(x) = −1
2

∫ ∞

x
x′ Y(x′)2 dx′, (4.15)

which asymptotically, will vanish exponentially (because Y(x) does). We therefore
impose the requirement that limx→∞ a(x) + b(x) = 0 be satisfied exponentially for
valid numerical solutions.

The basic procedure for implementation of the shooting method is:

• fix a value of κ;

• at each κ, vary Y(0) and b(0) until Y(x) and a(x) + b(x) both vanish exponentially
at large distances.

For given axion parameters m and f , the solutions can be parameterized by the given
value of κ, or equivalently by ∆, or by Y(0) (this third choice, to use the central density
of the axion wavefunction as the free parameter, was used by [153]).

We have solved the system of equations (4.12) over a wide range of the parameter
κ. Before detailing the numerical solutions, consider the calculation of the physical
quantities. The most important parameters describing axion stars are the total mass
M, the radius inside which 99% of the matter contained in the star is concentrated R99,
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and the number of axions in the star N. These can essentially be determined by two
functions [125, 135]: the energy momentum tensor

Tµν =
2√
|g|

∂L
∂ gµν , (4.16)

where our Lagrangian L is essentially that of eq. (3.5) and applied to axions; and the
current 4-vector

Jµ = i
[(

∂L
∂(∂µA∗)

)
A∗ −

(
∂L

∂(∂µA)

)
A
]

. (4.17)

We denote the gravitational metric by gµν, and its determinant by |g| = det g.

In fact, we have already determined the relevant components of Tµν: Ttt and Trr are
proportional to the RHS of the first and second equations in (4.6), respectively. It is
also worth noting that, because axions are real scalars, the current vector Jµ defined in
eq. (4.17) is not exactly conserved. This will be important when we define the particle
number N below.

The mass of the star is given in leading order of the infrared limit (∆→ 0) by

M =
∫

d3r
√
|g| 〈N|T00|N〉 ≈

f 2

m ∆
U(∞) =

f 2

m

√
κ

δ
U(∞). (4.18)

where

U(y) = 2 π
∫ y

0
Y(x)2 x2 dx. (4.19)

Corrections to M are of O(δ) and O(∆2), and will be discussed shortly. Next, using the
standard definition for the radius of a boson star, we define x99 as

U(x99)

U(∞)
≡ 0.99. (4.20)

Then restoring the appropriate scaling parameters, the radius of the axion star is

R99 =
x99

m ∆
=

√
κ

δ

x99

m
. (4.21)

Particle number N is not a good quantum number, because axions are Hermitian
scalars; however, to a good approximation, we can define an effective particle number
which will be approximately conserved.2 In this way way, we could define the number

2A more thorough discussion of non-conservation is presented in Chapter 5.
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of particles in an axion star is determined by the (approximate) conservation of the 0
component of Jµ in eq. (4.17) [125, 135]

〈N|J0|N〉 = 2 µ0 N R(r)2

B(r)
, (4.22)

which implies, at leading order in the infrared limit,

N =
∫

d3r
√
|g| 〈N|J0|N〉 ≈ f 2

m2

√
κ

δ
U(∞). (4.23)

This argument is not precisely correct, so for completeness we outline an alternative
derivation below.

Recall that the conjugate momentum for a scalar field Φ, using the mode expansion
of eq. (3.14), can be written as

Π = Dt Φ =
1
B

[
−i µn Rn(~r) e−i µn t an + i µn R†

n(~r) ei µn t a†
n

]
, (4.24)

which is implicitly summed over n. Dt is a covariant time derivative which gives rise
to the metric function B in the denominator, and we have ignored angular momentum
modes above ` = 0. The equal-time commutator of Φ and Π is

[
Φ(~r), Π(~r′)

]
=

2
B

R†
n(~r) Rn(~r′). (4.25)

The requirement that the commutator be canonically normalized, [Φ, Π] = δ3(~r−~r′),
is equivalent to a completeness relation on the Rn functions:

∑
n

2
B

µn R†
n(~r) Rn(~r′) = δ3(~r−~r′). (4.26)

Given that the Rn functions form a complete set, we can write down a related
normalization condition, ∫ 2

B
µn R†

n(~r) Rn(~r)
√
|g| d3r = 1. (4.27)

Now specializing to the case n = 0 for the BEC and identifying R0(r) here with the
axion star wavefunction R(r), we find the same expression we had in eq. (4.23) using
the approximate conservation of the current vector Jµ. The definition for N outlined in
these last few paragraphs was used previously in [135].

Comparing with eq. (4.18), eq. (4.23) expression satisfies N = M/m, appropriate at
leading order; however, that implies that the energy per particle is equal to the particle
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Figure 4.1.: The mass spectrum for axion stars using the instanton potential of eq. (2.18) (blue
curve) and the chiral potential of eq. (2.15) (yellow curve), as functions of the
parameter κ (bottom horizontal axis) and of Y(0) (top horizontal axis). The masses
on the vertical axis have been rescaled by the quantity MP f /m.

mass, i.e. there is no binding energy. This is not the case in truth: it a consequence
of the fact that the binding energy is a small correction to the mass, not accessible at
leading order. In Appendix B, we calculate the corrections to both M and N at leading
order in δ and ∆2 which, in the region κ = O(1), are of the same order. The binding
energy can be written as

EB ≡ M−m N, (4.28)

which will satisfy EB < 0 for a bound solution. We will discuss these results in the next
section as well.

We will see shortly that, in the most interesting range of solutions, κ = O(1). Then,
analyzing the scaling with dimensionful parameters in eq. (4.21) and (4.18), we observe
that

M ∼ MP f
m

, R99 ∼
MP

f m
. (4.29)

This scaling is useful to keep in mind, and will occasionally be used in the coming
chapters to describe “typical” axion star configurations.
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Figure 4.2.: The rescaled binding energy per particle, defined by EB = M−m N, calculated at
leading order in δ and ∆2 in Appendix B. The position of the maximum mass, at
κ = .34, is illustrated by a dashed, vertical line. To set the numerical scale we have
fixed the QCD parameters m = 10−5 eV and f = 6× 1011 GeV.

4.4. Results

In this section, we present our results for the solutions of the EKG system (4.12). The
blue curve in Figure 4.1 shows the mass spectrum of axion stars as a function of both the
gravitational coupling κ and the central density Y(0) for the axion instanton potential
we have analyzed so far in this chapter (the yellow curve will be explained shortly).
Observe that the critical value

Mc ≈ 10.2
MP f

m
, (4.30)

the maximum mass, marks the boundary for gravitational stability. The two branches
of solutions correspond directly to those found in Section 3.5.2 in the case of attractive
interactions.

As described in the previous section, the binding energy defined in eq. (4.28) appears
in O(δ, ∆2) corrections to M and N, which I have derived and present in Appendix
B. In Figure 4.2, we illustrate the resulting dependence of this binding energy on
the parameter κ. Note hat the binding energy has a magnitude which is maximized
near κ ≈ .25, which is slightly below the position of the maximum mass at κ = .34.
States at κ . .25 have binding energies whose magnitudes are rapidly decreasing as κ
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Figure 4.3.: The mass spectrum of weakly bound axion stars as a function of κ (bottom horizon-
tal axis) and of Y(0) (top horizontal axis), for the parameter choices m = 10−5 eV
and f = 6× 1011 GeV. The maximum mass is located roughly at κ ≈ .34. Figure
reproduced and updated from [151].

decreases, and at κ . .11, the binding energy is positive. Such states are unbound, as it
is energetically favorable to send their constituent particles to infinity. This is evidence
that the small-κ branch of solutions are unstable.

The existence of a maximum mass implies that for a given N, there exist two mass
states M1 and M2 with equal N but different values of ∆ and thus different total energy.
One of these states (say, M1) would exist on the left branch of the mass curve, and
the other (M2) on the right. The discussion of the binding energy above, and the
results of Figure 4.2, suggest that the state M1 on the left branch, having a larger value
for the parameter ∆, will typically have a larger total mass. This higher-energy state
corresponds to the unstable branch of solutions we found in Section 3.5.2. For clarity,
we summarize the relative parameter values of states on the two branches of solutions
in Table 4.1.

We show the mass, scaled by MP f /m as in eq. (4.29), in Figure 4.1. On the branch
with κ > .34, the mass and radius are well fit by the functions

M(κ) ≈ 8.75√
κ

MP f
m

, R99(κ) ≈ 1.15
√

κ
MP

f m
. (4.31)
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Figure 4.4.: The radii of weakly bound axion stars as a function of κ (bottom horizontal axis)
and of Y(0) (top horizontal axis), for the parameter choices m = 10−5 eV and
f = 6× 1011 GeV.

M R99 M(R) κ ∆ Y(0) Stable?

Branch 1: Larger Smaller M ∝ R Smaller Larger Larger No
Branch 2: Smaller Larger M ∝ R−1 Larger Smaller Smaller Yes

Table 4.1.: Parameter comparison of the two branches of solutions for axion stars, evaluated
at fixed N and δ. The parameters considered are: the total mass M, the radius R99,
the mass-radius relation M(R), the effective gravitational coupling κ defined in eq.
(4.13), the binding energy parameter ∆ defined in eq. (4.10), and the central density
Y(0). We also note which branch is stable (last column).

We recover on this branch the approximate relation M ∝ 1/R99. The left branch, where
κ < .34, has a slightly different relation:

M(κ) ≈ 15.04
√

κ
MP f

m
, R99(κ) ≈ .55

√
κ

MP

f m
. (4.32)

Note that on the left branch, both M and R99 are increasing functions of κ. We have
already noted above that states with κ . .25 on this left branch correspond to energy
maxima, and are unstable to collapse. As a result, we can set a lower bound on the
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κ M [kg] R99 [km] d [kg / m3] EB
m N [10−13]

0.01 2.01× 1018 115 311 141
0.09 6.91× 1018 386 28.6 2.93
0.16 1.02× 1019 593 11.6 −3.24
0.25 1.27× 1019 854 4.85 −4.18
0.29 1.31× 1019 972 3.41 −3.99
0.34 1.33× 1019 1077 2.53 −3.71
0.38 1.32× 1019 1183 1.90 −3.39
0.64 1.20× 1019 1652 0.633 −2.25

1 1.03× 1019 2145 0.248 −1.49
4 5.56× 1018 4499 0.0146 −.384

16 2.85× 1018 9062 0.000913 −.109
100 1.15× 1018 22849 0.000023 < 10−2

Table 4.2.: Macroscopic parameters describing a dilute axion star: mass M, radius R99, average
density d, and reduced binding energy per particle EB/m N, as a function of κ =
δ/∆2. To set the numerical scale we have fixed the QCD parameters m = 10−5 eV
and f = 6× 1011 GeV.

radius of stable axion stars, which is

Rmin ≈ .85
MP

f m
. (4.33)

For the particular parameter choices m = 10−5 eV and f = 6× 1011 GeV, the mass
and radius of gravitationally stable configurations are illustrated in Figures 4.3 and 4.4.
While the radius is a monotonically increasing function of κ, the mass has a maximum
of Mc ≈ 1.33× 1019 kg at κ ≈ .34. In Table 4.2, we present the total mass M, radius
R99, average density d = 3 M/4 π R99

3, and binding energy per particle EB/m N of the
solutions for each value of κ considered. Observe that the average densities for axion
stars, the fourth column in the table, are typically much less than the density of water,
sometimes by many orders of magnitude.

As we have pointed out, states with κ . .25, or which exceed the maximum mass
Mc, are unstable to collapse or to sending their constituent particles to infinity. If these
unstable states do collapse, then it is appropriate to ask what the stable endpoint is of
such collapse. We will examine collapsing axion stars in detail in Chapter 6.
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4.5. The Chiral Potential

As described in Chapter 2, the instanton potential of eq. (2.18) does not take into
account the effect of nonzero quark masses and nonperturbative QCD effects. The more
precise potential to use would be the chiral one of eq. (2.15). We update the analysis in
this section and comment on any changes.

In the double expansion of the EKG equations, all of the above derivations are still
valid. Because the only relevant self-interaction in the infrared limit is the φ4 term, only
a single coefficient on the self-interaction part of the KG equation is modified; the third
equation in (4.12) is changed to

Y′′(x) = −2
x

Y′(x)− .0428 Y(x)3 + [1 + κ b(x)]Y(x). (4.34)

This change is akin to the modification of c4 in Table 2.1 from the instanton case to the
chiral one; the coefficient changes by roughly a factor of 3.

Redoing the numerical analysis above for the new potential, we find slight modi-
fications of the results but no qualitative changes. The value of the maximum mass
is Mc ≈ 12.8 MP f /m in the chiral case (compared to the instanton coefficient of 10.2),
and it occurs at a value of κ ≈ .11 (rather than κ ≈ .34). We illustrate the change in the
mass spectrum in Figure 4.1; the radius of the axion star is mostly unchanged, except
for an O(1) modification in the range .1 . κ . .4, where the position of the maximum
mass shifts.

4.6. Summary

Our work [151] builds on the seminal work of Ruffini and Bonazzola [125], a semiclassi-
cal method for investigating boson stars which was first applied to axions by [153]. By
making use of the weak gravity (δ� 1) and weak binding (∆� 1) limits, the equations
of motion were made tractable, and a single dimensionless constant κ = δ/∆2 parame-
terized the solutions. Through simple relations, the solutions can also be parameterized
by ∆ or the central density Y(0).

Solving the equations of motion over a wide range of κ, we found that while the
radius is a monotonically decreasing function of the parameter ∆, the axion star mass
has a maximum value Mc near κ = .34.3 Gravitationally bound configurations of
axions with masses greater than Mc are unstable and will collapse; this is investigated

3This value applies for the instanton potential. For the chiral potential, the maximum mass is at κ = .11
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in greater detail in Chapter 6. In the allowed region M < Mc, there are two branches of
solutions. The more weakly bound branch of solutions lie on an energy maximum, and
are thus unstable either to collapse or to transition to a state on the more strongly bound
branch, assuming a method for the dissipation of energy. The stable states, which have
relatively larger radii, lie on the more strongly bound branch.

For QCD axions with f = 6× 1011 GeV, the maximum mass was roughly Mc ≈
1.3× 1019 kg,4 though this method can be applied to other axion theories with vastly
different input values for m and f . The scaling of the mass M and radius R99 with the
dimensionful parameters of the underlying axion theory are given in eq. (4.29). For
example, theories of axions with m ∼ 10−22 eV and f ∼ 1016 GeV, sometimes called
Fuzzy Dark Matter models [112], can give rise to condensates of galactic scale [109–117].
The mass spectrum and stability properties of such condensates will be discussed in
Chapter 5 in the context of axion star decay.

We have assumed in this chapter that an axion star has a well-defined particle
number N. This is not strictly correct, as axions, being real scalars, have no quantum
symmetry guaranteeing particle number conservation. We investigate the consequences
of this fact in the next chapter.

4For the chiral potential, this value is Mc ≈ 1.7× 1019 kg.
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Chapter 5.

The Lifetime of Axion Stars

“All things that have form eventually decay.”
— Orochimaru

In Chapter 4, we derived the equations of motion describing axion stars in the
weak gravity and weak binding limits, and solved them over a wide range of the one
nontrivial parameter κ. The analysis assumed a well-defined particle number N, which
is not strictly valid for the axion, as it is a real scalar field with no symmetry enforcing
conservation of N. In this chapter, we investigate the consequences of non-conservation
of particle number in an axion star. This chapter is primarily based on our work
in [155, 156].

5.1. Symmetries and Conservation Laws

In quantum mechanics, Gell-Mann’s famous totalitarian principle [157] is: “Everything
not forbidden is compulsory.” This principle, borrowed from T. H. White’s “The Once
and Future King”, is a statement of the fact that any process in particle physics that is
not directly in violation of a symmetry of the theory must occur, with some rate. The
corresponding rate can be vanishingly small, but is only exactly zero when precluded
by symmetry.

For example, the process of pion decay to a positron and a neutrino, π+ → e+ + νe,
is allowed, but π+ → e− + νe and π+ → e+ + νµ are not (the first violates the elec-
tromagnetic gauge symmetry, the second violates discrete lepton number symme-
tries) [158, 159]. There have been numerous cases in the history of particle physics
where examination of symmetry principles have led to important discoveries. Pauli
famously predicted the existence of the neutrino by the fact that its absence would
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violate energy-momentum conservation in beta decay [160]; Gell-Mann predicted the
existence of the Ω− baryon using symmetries of the hadron sector [161, 162]. Clearly,
symmetries occupy a very central role in modern day particle physics.

Of particular interest here is the notion of particle number conservation. As de-
scribed in detail in Chapter 3, a complex scalar field Φ whose Lagrangian is a function
of bilinears (Φ† Φ) will possess a U(1) symmetry that protects the field from parti-
cle number non-conserving interactions; that is to say, a complex scalar field has a
conserved particle number N. However, no such symmetry exists for real scalar fields.

Axions, being real scalar fields, fall into this latter class. It is well known that free
axions can decay to two photons [81–84]

a→ 2 γ (5.1)

as a result of the a F F̃ term in the Lagrangian of eq. (2.9). The rate for these decays is

Γa =
(E/N)2 αem

2 m3

64 π3 f 2 , (5.2)

where E/N is a model-dependent constant introduced in Chapter 2. In principle, this
rate will be different for axions in a condensed state, because condensed axions can
go off-shell. Nonetheless, eq. (5.2) implies an extremely long axion lifetime of 3× 1041

years (for m = 10−5 eV), leading previous authors to the conclusion that this decay
process is unlikely to have cosmological significance [163].1

In the condensed axion star state, new decay channels become available. These
include transitions where multiple condensed axions annihilate to form one or more
highly energetic axions, which emerge from the axion star. We can represent these
number-changing transitions by the process

AN → AN−n +
ν

∑
s=0

aps (5.3)

where Ak represents an axion star with k axions, and ap is an emitted axion of momen-
tum p.2 To be explicit, this process represents the annihilation of n condensed axions in
an N-axion condensate to form ν < n uncondensed axions which are emitted. We could

1We plan to return to this question of condensed axion decay to photons in the near future.
2As we will see later, the emitted axions we will consider are not in momentum eigenstates, but their

momentum is sharply peaked near a particular value.
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Figure 5.1.: A depiction of the process 3 ac → ap process taking place in an axion star. The filled
blobs on the left side correspond to condensed axions ac, while the arrow pointing
to the right represents an outgoing scattering state axion ap. Figure reproduced
from [155].

also represent this process in a more the microscopic description,

n ac →
ν

∑
s=0

aps . (5.4)

The label c is used to distinguish the condensed states from scattering states.

The axion self-interaction potential, first introduced in Chapter 2 in eq. (2.18)
(instanton) and (2.15) (chiral), contains only even powers of the axion field A. As a
result, number-changing interactions of the form (5.3) can only change axion number
by an integer multiple of 2. The lowest-order process has n = 3 and ν = 1, where a
single high-energy axion is emitted,

3 ac → ap. (5.5)

The diagram of Figure 5.1 depicts such a process. In spite of its apparent similarity, this
depiction is not a Feynman diagram. In a Feynman diagram, the incoming and outgoing
states are on shell, and in definite momentum states, whereas (as explained below)
condensed axions in an axion star are not.

An axion star consists of axions with a definite energy E = m+ EB/N, where EB < 0
is the binding energy of the axion star, defined in eq. (4.28). However, condensed
axions have a momentum which is not fixed to a particular value. They participate in
a wavefunction R(r) which extends over a large radius R99 ∼ (m ∆)−1, where ∆ was
defined in eq. (4.10); as a result, they have a momentum spread δp ∼ 1/R99 ∼ m ∆. This
momentum distribution is peaked at very low values, but is nonzero for all 0 ≤ p < ∞.

Energy and momentum conservation in the process of (5.5) requires that the three
bound axions have sufficient momentum p =

√
9 E2 −m2 to create a free axion, which
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would not be possible for free axions at rest. But condensed axions are neither free nor
at rest; their extended momentum distribution is what makes processes of this form
possible. Now, observe that the probability that the three condensed particles obtain
sufficient momentum decreases rapidly with the size of the condensate; nonetheless, it
is never exactly zero. Because no symmetry precludes it, it must occur with some rate.
The question of whether this decay process affects cosmology, due to the survival or
non-survival of the condensate, is a question of numerical calculations and depends on
the parameters of the axion theory, as well as the size and mass of the condensate. In
the following sections, we will outline the calculation of this decay rate.

Before proceeding, we should note that the validity of our framework for calculating
axion star decay was recently called into question [164,165]. In particular, those authors
questioned whether momentum could be conserved in the microscopic process (5.5).
One version of this argument is based on the optical theorem: the scattering diagram

3 ac → a→ 3 ac (5.6)

has a propagator with no imaginary part (or so it is claimed), presumably because its
denominator E2 − p2 −m2 ≈ 8 m2 6= 0. If correct, this implies that the decay rate must
vanish. On the contrary, however, this argument is based again on the premise that
the momentum of the axions in the initial and final states is zero. We have seen that
those particles are not in momentum eigenstates, and with a tiny probability they can
produce sufficient momentum to allow the axion in the intermediate state to go on
mass-shell. An explicit calculation of the imaginary part of this diagram can be found
in the recent paper [166].

A second point made in [164, 165] is of a more macroscopic nature; they raise the
question of how the three bound axions participating in the decay can transmit their
momentum to the axion star as a whole. To that point, we will see below that the axion
emitted in the decay process is in the form of a zero angular momentum spherical wave,
which has equal probability to be emitted in any direction, and thus has a vanishing
average momentum. So the average momentum in the process (5.5) is indeed conserved.
We conclude that our calculation of the decay of axion stars, as presented below, respects
energy and momentum conservation and thus rests on a stable foundation.

5.2. Decay Rates

We want to investigate the decay rate of axion stars through the process (5.5). As we
have seen, it is possible for three bound axions to convert into a free axion, but only if
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they can transfer a momentum of p =
√

9 E2 −m2 = m
√

9(E/m)2 − 1. This is possible
because the coordinate uncertainty of bound axions is δx ∼ R99 ∼ (m ∆)−1, implying
that their momentum distribution is spread over a range of δp ∼ m ∆.

At strong binding, a condensed axion’s energy is much smaller than its rest mass
E � m, and it is easy to transfer sufficient momentum to the escaping axion. As a
result, we may expect that the transition rate will be large for strongly bound axion
stars; in truth, the method presented here applies only in the weak binding limit.3 As
the binding energy decreases from these very large values, it becomes increasingly
difficult to transfer sufficient momentum to the created free axion. At a particular value
of ∆, the transition rate becomes so small that the axion star survives from the big bang
until the present time. A priori, we do not know whether this transition occurs in the
weak or strong binding regimes.

In the original Ruffini-Bonazzola method [125], and in our application of it to axion
stars [151] presented in Chapter 4, the axion field was expanded in bound states only. To
quantify the calculation of the transition rate of bound to emitted particles, we propose
to modify the axion field to include a term [155]

φs(t, r) =
∫

d3p a(~p) ei~p·~r−i µp t, (5.7)

where µp is the eigenenergy of the scattering state axion labeled by momentum p, to
represent axions in scattering states; that is, we expand the axion field as

A(t, r) = R(r) e−i µ0 t a0 + R(r) ei µ0 t a†
0 + φs(t, r) + φ†

s (t, r) (5.8)

where [a(~p), a†(~p′)] = (2π)3 2 µp δ3(~p−~p′). The creation operators define states labeled
by momentum ~p as

|~p〉 = a†(~p) |0〉 (5.9)

The first two terms in eq. (5.8) represent the usual contribution of the bound states, as
in the original expansion of eq. (3.14) or eq. (4.1), whereas the last two terms represent
the addition of scattering states. The combination of these different contributions form
a complete set of states representing the axion field.

Note that the bound and scattering states we have written in eq. (5.8) are not strictly
orthogonal. However, the bound states have a wavefunction which is sharply peaked
at zero momentum (with width ∼ m ∆). On the other hand, the momentum of the

3The investigation of strongly bound condensates is made more complicated by higher-order quantum
corrections to the field expansion, and possible backreaction in the gravitational metric if gravity
becomes strong. This is a topic for future work.
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emitted axion in the leading-order process is p = m
√

9(E/m)2 − 1 ≈
√

8 m in the
weak binding E ≈ m limit; that is, its momentum is sharply peaked at a very large
value. Thus, the overlap of these states is considered to be negligible in what follows.

In leading order, the transition rate is obtained from the matrix element of the
interaction potential

M3 =
∫

dt d3r 〈N|V(A)|N − 3,~p〉

= m2 f 2 〈N|
[

1− cos
(A

f

)]
|N − 3,~p〉, (5.10)

where we have used the simplified instanton potential for axions of eq. (2.18). Here,
〈N| represents an initial state of N bound axions, while |N − 3,~p〉 represents the final
state of N − 3 bound axions and a single scattering state axion with momentum ~p.
Using the expansion of eq. (5.8) and the method for calculating expectation values
outlined in Appendix A, we find at N � 1 that

M3 = −i m2 f
∫

dt d3r J3

(
2
√

N R(r)
f

)
〈0|φs(t, r)|~p〉. (5.11)

Using eqs. (5.9) and (5.7), the transition element of the scattering state 〈0|φs(t, r)|~p〉 =
exp

[
i (~p ·~r− µp t)

]
. Thus the matrix element evaluates to

M3 = −i 4 π2 f
p

δ(3 µ0 − µp) I3(p), (5.12)

where

I3(p) = m2
∫ ∞

−∞
dr r sin(p r) J3

(
2
√

N R(r)
f

)
(5.13)

is a dimensionless integral. In defining I3(p), we extended the integration region to
−∞ < r < ∞ by analytically continuing R(r) as an even function to r < 0.

As in Chapter 4, it is advantageous in the weak binding limit (where ∆� 1) to use
the rescaled wavefunction Y(x) = 2

√
N R(r)/ f ∆ and coordinate x = ∆ m r. We also

define a dimensionless momentum k = p/m for the emitted particle. In that case, the
integral I3 can be expanded in powers of ∆,

I3(p) = ∆−2
∫ ∞

−∞
dx x sin

(
k x
∆

)
J3 [∆ Y(x)]

≈ ∆
48

∫ ∞

−∞
dx x sin

(
k x
∆

)
Y(x)3. (5.14)
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For a known solution for the wavefunction Y(x), if ∆ is moderately large, then the
integral I3 can be done numerically by brute force. However, at fixed κ and ∆� 1, the
factor sin(k x/∆) undergoes fast oscillations, resulting in extensive cancellations in the
integral. In this range of ∆, this makes direct numerical calculation of I3 difficult.

The problem becomes significantly more tractable when we examine the singularity
structure of the solutions to the equations of motion (4.12). Solutions Y(x) of these
equations are real analytic functions on −∞ < x < ∞, and as a result, they can
be analytically continued into the complex plane of x. Consider first the region of
parameter space where κ � 1; in that region, gravity effectively decouples from the
KG equation, resulting in a single equation describing the axion wavefunction

Y′′(x) = −2
x

Y′(x) + Y(x)− 1
8

Y(x)3. (5.15)

An analysis of the singularity structure of Y(x) satisfying eq. (5.15), and the resulting
computation of I3, is presented in Appendix C. The result is

I3 = i
32 π yI

3 ∆
exp

(
−
√

8 yI

∆

)
. (5.16)

The value yI ≈ 0.603156 is obtained by analyzing the Taylor series around x = 0 and
the numerically integrated form of the wave function Y(x).

Of course, as we pointed out in Chapter 4, solutions with κ � 1 lie on the unstable
branch of axion star configurations. The more interesting physical region has κ & .25.
However, the expression derived for I3 can be carried over approximately into this
latter range, because the term which couples Y(x) to the gravitational potential b(x)
contributes a subleading correction to the singularity. Neglecting this contribution
allows us to use the expression of eq. (5.16) in the range κ = O(1) as well.

Integrating over the relevant phase space, the total transition rate per unit time is

Γ3 =
1
T

∫ d3p
(2 π)3 2 µp

|M3|2

=
f 2

2

∫ d3p
p2 µp

δ(3 µ0 − µp) |I3(k)|2 , (5.17)

where in the square ofM3 we used the identity |δ(3 µ0 − µp)|2 = (T/2π) δ(3 µ0 − µp),
and where T is the duration of the transition. The dimensionless momentum k = p / m
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of the ejected axion is

k3 =

√
9 E2 −m2

m
≈
√

8, (5.18)

approximately constant in the weak binding E ≈ m limit. Then using the delta function
and (5.18) to integrate over three-momentum in (5.17), we obtain

Γ3 =
2 π f 2

m k3
[I3(k3)]

2. (5.19)

There are several possible higher-order contributions to the decay rate: terms of
the form (5.3) for which n > 3 condensed axions annihilate at once; terms with µ > 1
emitted axions; or both. In the first case, where a single axion is emitted, there must be
an odd number of condensed axions in the initial state n = 2 `+ 1. Then the decay rate
of eq. (5.19) has a simple generalization

Γ2 `+1 =
2 π f 2

m k2 n+1
[I2 `+1(k2 `+1)]

2, (5.20)

where

Ij(k) =
1

∆2

∫ ∞

−∞
dx x sin

(
k j x
∆

)
Jj[∆ Y(x)] (5.21)

and

k2 `+1 =
√

4 ` (`+ 1)− [(2 `+ 1)∆]2. (5.22)

In the ∆� 1 limit, the expansion of the Bessel function J2`+1 in eq. (5.21) has a leading
term proportional to ∆2`+1. Clearly, terms higher-order in ` will be suppressed by extra
factors of ∆2 and can be safely neglected.

The only other leading-order, local corrections are the ones in which two or more
free axions are emitted at a single vertex, ν > 1. Detailed discussion of the transition
rate generated by these processes are provided in Appendix A. The most significant
difference, compared to the transition rate calculated above, is an additional factor of
(m2 / f 2)ν−1, which for ν > 1 renders the production rate of several free axions in a
single process overwhelmingly small. For QCD axions, the factor m2 / f 2 ∼ 10−50, and
it is similarly small in all conceivable physical theories. Therefore, we also disregard
these processes for the purpose of calculating the lifetime of axion stars in what follows.

We should also point out alternative methods for calculating decay of bosonic
condensates. The methods are sometimes characterized as either “classical” [155, 166]
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or “quantum” [164, 167]. The classical decay calculation, of which the presentation here
is an example, finds the decay rate as a global property of the whole condensate; the
result thus depends on the overall size of the condensate or the tail of the momentum
distribution. The quantum decay calculation, on the other hand, depends only on local
properties and can be performed essentially in the standard method of QFT, using
Feynman diagrams and effective field theories.

The advantage of the classical method is that it is sensitive to transitions originating
in off-shell axions in the initial state. On the other hand, there are some allowed
Feynman diagrams, those containing internal lines, which do not appear in the classical
framework, as in Figure 1 of [164]. Because the quantum method is not sensitive to
off-shell annihilations, processes like (5.5) are only accessible in the classical method, so
we are confident that the calculation performed here is robust. For the purposes of this
work, we will ignore other decay modes.

Nonetheless, it should be noted that the status of higher order modes, like 4 ac →
2 ap, is less clear. In [167], and more recently in [164], the authors found that the sum of
three relevant diagrams for this process in the quantum picture cancel exactly, when
using the instanton potential for axions. The rate we calculate here, in Appendix A, is
nonzero, but uses the classical method which is only sensitive to the contact interaction
diagram. We leave further discussion of the relation between classical and quantum
decay of axion condensates to future work, but acknowledge that the literature is
somewhat confused at this moment in time.

5.2.1. Spherical Waves (Alternative Derivation)

In our original work on the decay of axion stars [155], we used the plane wave ex-
pansion of eq. (5.7). However, the spherical symmetry of the ground state system
led to the projection of only a zero angular momentum outgoing state; this state has
(approximately) fixed magnitude of momentum, but equal probability to go in any
direction. This is identical to an isotropic spherical wave, with zero average momentum.
This section follows our derivation in [156].

With this in mind, we could have started with a field expansion in spherical waves
from the outset. That is, we could have used

φs(t, r) =
1

2 π2

∞

∑
`=0

`

∑
`z=−`

Y`,`z(r̂)
∫ ∞

0

dp p
2 µp

j`(p r) e−i µp ta`,`z(p), (5.23)
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where j`(p r) is a spherical Bessel function, and we use the “hat”ˆto denote a unit vector
r̂ =~r/|~r|. The spherical wave annihilation operators satisfy the commutation relation[

a`,`z(p), a†
`′,`′z

(p′)
]
= (2π)3 2 µp δ(p− p′) δ`,`′ δ`z,`′z . (5.24)

Using this set of operators as a basis, the states labeled by p, `, and `z are simply

|p``z〉 = a†
`,`z

(p) |0〉. (5.25)

This choice for the complete set of scattering states is completely equivalent to the
set of plane waves in the previous section. Note that the annihilation operators in the
two bases are related as

a`,`z(p) = i` p
∫

dΩp Y∗`,`z
( p̂) a(~p), (5.26)

which can also be inverted,

a(~p) =
1
p

∞

∑
`=0

`

∑
`z=−`

i−` Y`,`z( p̂) a`,`z(p). (5.27)

Then the states of eq. (5.7) and eq. (5.23) are precisely equal. One can be derived from
the other by using the expansion of the exponential in spherical harmonics,

ei~p·~r = 4π
∞

∑
`=0

`

∑
`z=−`

i` j`(p r)Y∗`,`z
( p̂)Y`,`z(r̂). (5.28)

Evaluating φs(t, r) in eq. (5.7) using the annihilation operators defined in eq. (5.27), one
obtains the expression in eq. (5.26).

Rather than the expression in eq. (5.11), the matrix element in this basis has the form

Msph
3 = −i m2 f

∫
dt d3r J3

(
2
√

N R(r)
f

)
〈0|φs(t, r)|~p〉

= −i m2 f
∫

dt d3r J3

(
2
√

N R(r)
f

)
√

4π j0(p r) e−i µp t (5.29)

Although this matrix element is different when using the spherical waves, the decay
rate is calculated using a different integration over phase space, and the final answer is
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the same as in eq. (5.17):

Γ3 =
1
T

∫ 1
(2π)3

dp
2 µp
|Msph

3 |
2

=
f 2

2

∫ d3p
p2 µp

δ(3 µ0 − µp) |I3(k)|2 . (5.30)

This alternative derivation in terms of spherical waves gives a good intuitive idea of
how the process (5.5) proceeds. The outgoing state, having zero angular momentum
and (approximately) fixed momentum magnitude p ≈

√
8 m, is emitted with equal

probability in every direction from the axion star. This basis is also easily generalizable
to the case of nonzero rotation, where a rotating axion star would be coupled to nonzero
angular momentum modes `, `z 6= 0. Based on the approximate calculation of [93],
the expectation is that rotating axion stars can achieve larger masses than their static
counterparts. A full analysis of rotating condensates is beyond the scope of this work;
we hope to return to this topic in a future publication.

5.3. Constraints

Repeated occurrences of the process (5.5) can lead to a nonzero decay rate for an axion
star, and thus a nontrivial lifetime. Suppose, for example, that axion stars are produced
early in the universe (say, during minicluster collapse as described in Section 2.3); then
a comparison of the axion star lifetime with the age of the universe τU = 13.82× 109

years will tell us whether axion stars could exist in the present day. Taking this as our
measure, we can set constraints on axion stars as a component of DM halos.

The average lifetime for an axion star to lose three axions through the process (5.5)
is τ3 = 1/Γ3. Then the total lifetime of a decaying axion star can be computed using

d τ

d N
≈ m

d τ

d M
≈ − 1

τ3
, (5.31)

that is, for an axion star of mass M,

τ ≈ 1
3 m

∫ M

0

d M′

Γ3
=

k3

6 π f 2

∫ M

0

d M′

|I3|2
. (5.32)

Now, in the form of eq. (5.16), I3 is a function of ∆ and not of M. On the other hand,
recall from Chapter 4 that on the relatively large-∆ branch of solutions (the left side of
Figure 4.3), the mass and the parameter ∆ were inversely related. Recasting eq. (4.32)
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gives

M(∆) ≈ yM
f 2

m ∆
, (5.33)

with yM ≈ 50.13, so that the expression of eq. (5.32) is an exponential in M. We shall
discover shortly that the transition from stable to unstable axion stars occurs on this
more strongly bound branch.

Finally, note that on this same branch of solutions, a decaying axion star losing its
mass through decay will have a continually increasing value of ∆. Since the integrand
1/|I3|2 is a very rapidly increasing function of M, the lifetime is dominated by the
contributions near the upper bound of the integral; the decay rate increases as the axion
star loses mass. Thus we can cut this integral off at an arbitrary lower limit. Performing
the integration, we arrive at the final result

τ(M) ≈ 3 yM
3 f 4

4096 π y3
I m3 M2

exp

(
4
√

2 yI m M
f 2 yM

)
. (5.34)

Using eq. (5.33), this is equivalent to

τ(∆) ≈ 3 yM ∆2

4096 π yI3 m
exp

(
4
√

2 yI

∆

)
. (5.35)

We find that almost irrespective of the value of m, the transition from stable to
unstable axion stars occurs near ∆ ∼ .04− .06. As anticipated by our use of eq. (5.33),
the transition to decay instability occurs on the branch of solutions with very small
κ, where the mass-radius relation was M ∝ R. In our original work, we focused on
the regime of QCD axions, and set limits on the masses of axion stars by requiring
τ(∆) > τU, to see which states could survive from the early universe until today. The
result of this analysis is presented in Figure 5.2: the upper bound (red line) is the
maximum mass derived in Chapter 4, whereas the lower bound (green line) is the
minimum mass for the condensate to be stable against decay.

Note that once one fixes the product m f , the maximal mass scales with m−2, while
the minimal mass scales approximately with m−3. This is easy to see in (5.33): the
maximum mass is a curve of constant κ ' .34, while the minimum is a curve of
(approximately) constant ∆ ' .04− .06.

However, the transition to decay instability occurs on the branch of solutions which
were already gravitationally unstable; we analyzed these solutions in detail in Chapter 4.
This is of interest for several reasons. First, this implies that the gravitationally stable
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Figure 5.2.: Upper (maximum mass derived in Chapter 4, red line) and lower (stability against
axion emission, green line) bounds for the masses of axion stars on the M ∝ R
branch of axion stars, as functions of the axion mass in QCD. The dotted lines
correspond to different values of the κ, which parametrizes the effective coupling
to gravity. Figure reproduced and updated from [155].

solutions on the large-κ, very small-∆ branch are all stable against decay with very long
lifetimes. This is important if axion stars are to be long-lived enough to contribute to
DM.

Second, we can extend this analysis to ALPs which are not described by QCD-like
parameters. In particular, there has recently been a great amount of interest in ALPs
with very tiny masses m ∼ 10−22, as theories of this type can give rise to condensates
of galactic scale. Typically, these theories also require very large decay constants f as
well. In the context of DM, these theories are known by the name “Fuzzy Dark Matter”
(FDM) [112], and have been written about extensively [109–117]. Axion condensates
in these models correspond to solitonic cores of DM halos, surrounded by a virialized
distribution of free axions contained within a de Broglie wavelength.

Applying the formulas of Chapter 4, we can calculate the masses of axion conden-
sates in FDM models as we did for QCD axions; these curves, as functions of ∆, are
given in Figure 5.3, for different choices of the decay constant f . Recall that states on
the large-∆ branch are not gravitationally stable, as they correspond to maxima of the
total energy. For the FDM mass m = 10−22 eV, the transition to decay instability occurs
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Figure 5.3.: The allowed masses for condensates of axion particles in FDM, as a function of
the parameter ∆; these condensates constitute the cores of FDM halos. Axion
condensates in the shaded region are unstable to decay to relativistic axions with a
very short lifetime. Here we have used the model parameters m = 10−22 eV, and
f in the range between 1014 and 1018 GeV; increasing the particle mass m merely
shifts these curves down proportionally to 1/m.

at ∆ ≈ .1, represented by the red shaded region.4 As in our QCD calculation, for most
values of f , this transition occurs on the gravitationally unstable branch. However,
at f ∼ 1018 GeV, the transition occurs instead on the stable, smaller-∆ branch. This
provides constraints on models with decay constants f in this range.

There is a third reason that this decay calculation is interesting. Observe once more
that τ is a one-to-one function of ∆ in the relevant parameter space. This means that, to
the extent that we can calculate ∆, we can determine the decay rate, even in extreme
scenarios in which equilibrium solutions of the EKG equations are not accessible. In
particular, we will use this fact to determine the properties of collapsing axion stars in
Chapter 6.

4This is, of course, very close to the edge of the method’s consistency, as we have assumed ∆� 1. The
corrections to the decay rate appearing at next-to-leading order in ∆ will begin to be relevant close to
this transition.
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5.4. Summary

We have examined the decay of axion stars through number-changing transitions.
Because axions are real scalars, and because condensed axions are not in momentum
eigenstates, these number-changing transitions can occur without violating any discrete
or continuous symmetry. We have explained in detail, for example, how the decay
process of eq. (5.3) conserves energy and (average) momentum.

The leading-order transition taking place in an axion star is of the form (5.5). We
have shown that transitions with n > 3 condensed axions annihilating in a single
interaction have matrix elements suppressed by higher powers of ∆ � 1, and that
emission of ν > 1 axions in the final state leads to suppression by higher powers of
m2/ f 2 � 1. For our purposes, it is safe to neglect these contributions.

The decay rate for (5.5) is a one-to-one function of ∆. We found that axion stars
with ∆ & .04− .06 have lifetimes shorter than the age of the universe, and so could not
survive from the early universe to the present day. For QCD axion parameters, this
transition occurs on the branch of states which are gravitationally unstable, indicating
that gravitationally stable axion stars also have long lifetimes in terms of decay. For
ultralight axions, the bounds from stability against decay can be competitive with those
from gravitational stability, as we observe in Figure 5.3.

We should also point out that that if a substantial fraction of dark matter is composed
of weakly bound axion stars, then the ratio of dark matter to luminous matter becomes
a function of time. This is due to the fact that axions emitted from axion stars are
highly relativistic, and they escape from galaxies and from galaxy clusters. Thus, by
comparing the rotation curves of galaxies of different ages one should be able to put an
upper limit on the contribution of weakly bound axion stars to dark matter.

In the next chapter, we will consider the final state of gravitationally unstable axion
stars, those with M > Mc, which will turn out to depend on the decay rates we have
calculated here as well.



78



Chapter 6.

Collapse of Axion Stars

“Modern science says: ’The sun is the past, the earth is the present, the moon
is the future.’ From an incandescent mass we have originated, and into a
frozen mass we shall turn. Merciless is the law of nature, and rapidly and
irresistibly we are drawn to our doom.”

— Nikola Tesla

In Chapter 4, we calculated the masses for weakly bound axion stars, and found
a maximum allowed for gravitational stability. Axion stars exceeding this bound are
unstable to collapse, as are states with smaller radii than those at the maximum. In this
chapter, we analyze the collapse process and determine the final state of the collapsing
star. This chapter is primarily based on our work in [168] and [169].

6.1. Setup

As we have seen starting in Chapter 3, the mass spectrum of stable boson star states
depends crucially on its self-interaction potential. Recall, for example, the instanton
self-interaction potential for axions, eq. (2.18); its 1− cos(A/ f ) form gives rise to an
infinite sum of coupling terms, with increasing powers of the axion field A. For weakly
bound axion stars, we argued in Chapter 4 that only the leading self-interaction is
relevant; higher-order terms are suppressed by A/ f � 1 when the field density is
small (or equivalently, by higher powers of the (small) binding energy parameter ∆,
defined in eq. (4.10)).

However, we have now also seen in Chapter 5 that increasing axion star densities
lead to increasingly large binding energies. When ∆ becomes not so small, higher-order
terms in the expansion of the potential will become relevant. Now in this regime, to
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use the full RB method as we did in Chapter 4, we would need to solve numerically the
EKG system of equations anew every time an additional self-interaction term became
relevant. A generic analysis of the spectrum of states, in particular in the limit of using
the full series of self-interaction terms, would be extraordinarily difficult.

Due to the complexity of the problem, it is advantageous to make use of the analytic
power of the variational method, outlined in Section 3.5.3. Recall that this method requires
working in the nonrelativistic regime, using a substitution of the axion field A with
a low-energy wavefunction ψ, defined by eq. (3.18). The extrema of the total energy
will correspond to stable or metastable states, which are axion stars. This procedure
sacrifices the numerical precision of the RB method, but the advantage is that we retain
strong analytical control throughout all stages of the calculation. As we have argued
previously, the variational method gives good order of magnitude estimates of the
relevant physical quantities, which will be sufficient for our purposes.

We follow precisely the procedure for taking the nonrelativistic limit outlined in
Section 3.5 for the substitution of A for ψ. One difference to note is that in this case, the
axion self-interaction potential V(A) contains terms higher-order in the wavefunction
than ψ4. In particular, we will take V(A) to be either the instanton potential of eq.
(2.18), or the chiral potential of eq. (2.15). We will begin in a generic way, and specialize
to one of these specific cases only later.

The dynamical Lagrangian for the axion field has the form

L =
1
2
(
∂µA

)2 −V(A). (6.1)

As we observed in Chapter 3, in the nonrelativistic limit, the mass term in the La-
grangian (proportional to A2) is canceled by one of the two-derivative terms. We will
absorb this mass term into an effective low-energy potential for the wavefunction ψ,

W(ψ) = V(A)− m2

2
A2. (6.2)

The total energy in the nonrelativistic limit is

E[ψ] =
∫

d3r
[ |∇ψ|2

2m
+

1
2

Vgrav |ψ|2 + W(ψ)
]
. (6.3)

If we were to take W(ψ) = λ |ψ|4/16 m2, then this expression is identical to eq. (3.33)
we derived in Section 3.5.2.

The variational method requires some ansatz for the wavefunction ψ in order to
evaluate the integral in eq. (6.3). However, a significant amount of progress can be
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made under very general assumptions. Using the basic scaling relations of eq. (4.29)
(appropriate for dilute axion stars), we begin by defining a dimensionless radius ρ and
particle number n by

R =
1
m

ρ√
δ

N =
f 2

m2
n√
δ

, (6.4)

where δ = 8 π f 2/M2
P was defined in eq. (4.7). We will take

ψ(r) =
√

m f ζ F
( r

R

)
≡
√

m f ζ F (ξ) (6.5)

for our ansatz, with ξ ≡ r/R; without loss of generality, we can choose F(0) = 1. The
dimensionless constant ζ is fixed by the normalization requirement that

∫
ψ∗ψ d3r = N,

which implies

ζ ≡
√

δ n
C2 ρ3 . (6.6)

We will further require that the function F(ξ)→ 0 as ξ → ∞, and that it is a monotoni-
cally decreasing function.1 Using this generalized ansatz, we can evaluate the energy
E(ρ) of eq. (6.3), and define a rescaled energy per particle e(ρ) as

e(ρ) ≡ E(ρ)
m N δ

=
D2

2 C2

1
ρ2 −

B4

2 C22
n
ρ
− n

ρ3 v(ρ), (6.7)

where

v(ρ) = 4 π
ρ6

n2 δ2

∫
dξ ξ2 W(ψ)

m2 f 2 (6.8)

is a rescaled parameter defining the self-interactions, and where we defined the func-
tions

B4 = (4 π)2
∫

dξ ξ F(ξ)2
∫ ξ

0
dη η2 F(η)2 (6.9)

Ck = 4 π
∫

dξ ξ2 F(ξ)k (6.10)

D2 = 4 π
∫

dξ ξ2 F′(ξ)2. (6.11)

For a given ansatz, the functions B4, Ck, and D2 are numerical constants.

1This latter requirement could be relaxed. A rotating axion star, for example, would have a node at
ξ = 0 and thus its wavefunction has an extremum.
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The coefficient functions of eq. (6.9–6.11) could be easily generalized to account
for corrections from special or general relativity. Corrections to the kinetic energy,
which would emerge from special relativity, are proportional to higher powers of
the momentum p, giving coefficients analogous to D2, but with higher powers of the
derivative F′(ξ). Similarly, general relativistic corrections would appear as higher order
contributions analogous to B4. We have estimated the leading corrections to these terms
and they are negligible in the range of parameters we consider here.

Specializing now to the case of the instanton potential, we can derive an explicit
form for the self-interaction parameter v(ρ) in eq. (6.8); this was the case considered
in our original work on the topic [168]. The chiral potential [169], which is somewhat
more complicated, will be treated separately in Section 6.5.

To evaluate eq. (6.2), note that the expansion in the axion field contains only even
powers of A. The nth term is proportional to the factor

A2n =
2nCn

(2m)n (ψ
∗ ψ)n +O(e±i m t), (6.12)

where 2nCn are binomial coefficients.2 Dropping the rapidly oscillating pieces, we
obtain

W(ψ) = m2 f 2
[

1− cos
(
A
f

)]
− m2

2
A2

→ m2 f 2

[
1−

∞

∑
n=0

2nCn (−1)n

(2n)!

( ψ∗ ψ

2m f 2

)n
]
− m

2
ψ∗ ψ

= m2 f 2

[
1− ψ∗ ψ

2m f 2 −
∞

∑
n=0

(−1)n

(n!)2

( ψ∗ ψ

2m f 2

)n
]

= m2 f 2

[
1− ψ∗ ψ

2m f 2 − J0

(√
2ψ∗ ψ

m f 2

)]
(6.13)

where J0(x) is a Bessel function of the first kind.3 Inserting the generic ansatz of eq.
(6.5) for ψ, this implies that the rescaled self-interaction parameter v for the instanton
potential has the form

vI(ρ) = 4 π
ρ6

n2 δ2

∫
dξ ξ2

[
1− ζ2

2
F(ξ)2 − J0

(√
2 ζ F(ξ)

)]
=

∞

∑
k=0

(
− 1

2 C2

)k+2 C2 k+4

[(k + 2)!]2

(
n δ

ρ3

)k
. (6.14)

2Not to be confused with Ck, the integrals defined in eq. (6.10).
3The J0 dependence of the axion self-interaction potential was pointed out in [151] and later in [154,170]
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In this form, it is clear that interactions higher-order in ψ give rise to terms in the
variational energy which are proportional to higher powers of n δ/ρ3. We can define a
truncated energy by only evaluating the sum up to some maximum kmax = K:

eK(ρ) =
D2

2 C2

1
ρ2 −

B4

2 C22
n
ρ
− n

ρ3

K

∑
k=0

(
− 1

2 C2

)k+2 C2 k+4

[(k + 2)!]2

(
n δ

ρ3

)k
. (6.15)

Clearly, then, limK→∞ eK(ρ) = e(ρ) recovers the expression in eq. (6.7).

6.2. Spectrum of Axion Star States

What is typically done is to truncate the expansion of the energy of eq. (6.15) at K = 0,
leaving only the leading attractive self-interaction of axions. This is equivalent to
leading order of δ, which is δ = O(10−14) � 1 in QCD (for f = 6× 1011 GeV and
m = 10−5 eV) [80]; in that case, the self-interaction term in eq. (6.14) reduces to

vI(ρ)
∣∣∣
δ=0

=
C4

16 C22 . (6.16)

As we will explain below, truncating at this order implies that the potential appears
unbounded from below as the axion star size decreases, R→ 0.

Even so, there can exist local energy minima, corresponding to metastable states
which are dilute and weakly bound. These dilute states are well described by the
leading order energy e0(ρ), and have been studied in great detail previously [126, 137,
145, 151]. The extrema of e0(ρ) with respect to ρ determine the radii of metastable
minima and maxima of the binding energy; these occur at the rescaled radii

ρ± =
C2 D2

B4 n

[
1±

√
1− 3

8
B4 C4

C22 D22 n2
]
. (6.17)

This is a generalization of the analysis of the attractive interactions case we considered in
Section 3.5.3 to an arbitrary ansatz. As we explained there, the larger radius extremum
ρ+ is a local minimum of the energy, whereas the smaller radius one ρ− is an energy
maximum. We can also see that there exists a critical rescaled particle number

nc =

√
8
3

C2 D2√
B4 C4

. (6.18)

For n < nc, there exists a metastable minimum of the energy. An axion star state with
a radius ρ+ is what we will call a dilute axion star, and we will see shortly that they
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correspond to rescaled radii which are ρ = O(1). These are the states on the stable
branch of solutions in Chapter 4, using the semiclassical RB method. The unstable
branch of solutions correspond to states with radii ρ−, which are energy maxima.

If a stable, dilute axion star accretes too much mass M > m Nc, or suffers a large
radial perturbation, it will become unstable, and begin to collapse. In the absence of any
additional self-interaction terms, the final state will be a black hole, as no stable state
exists between the dilute radius R+ and the Schwarzschild radius RS. A full description
of this process can be found in [171], who used a Gaussian ansatz for the wavefunction
and calculated the time for collapse to a black hole, which was on the order of an hour.

However, as ρ decreases, the truncation of the self-interaction becomes inappropriate.
The next to leading order self-interaction term is of O(n δ/ρ3), and is repulsive; the next
term after that is attractive; and so on (observe the alternating sign in the expansion of
eq. (6.14)). At very small radii, where many such terms contribute, it is unclear a priori
whether the net result can be a repulsive self-interaction with sufficient strength to
stabilize the collapsing star. With this in mind, we will examine the energy functional,
including higher-order interactions, and determine whether the endpoint of collapse
can lie at a radius greater than the Schwarzschild radius of the axion star. Such a result
would be evidence that axion stars stabilize before they collapse to black holes.

In order to make the calculation a bit more concrete concrete, we now further
specialize to the case of a specific ansatz. Following [126, 168, 171], we use a Gaussian
function of the form

ψ(r) =
√

N
π3/4σ3/2 e−r2/2σ2

, (6.19)

which corresponds to eq. (6.5) with F(ξ) = e−ξ2/2. The coefficient functions of eq.
(6.9–6.11) evaluate to

B4 =
√

2π5, Ck = 2

√
2π3

k3 , D2 =
3π3/2

2
, (6.20)

giving a truncated energy of

eK(ρ) =
3
4

1
ρ2 −

1√
2π

n
ρ
− 1

2 δ

K

∑
k=0

(−1)k

[(k + 2)!]2 (k + 2)3/2

( n δ

2π3/2ρ3

)k+1
, (6.21)

in the case of the Gaussian ansatz.
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Figure 6.1.: The truncated energy e0(ρ) near the position of the dilute minimum ρ+ for different
choices of particle number: N = .85Nc, N = .9Nc, N = .95Nc, and N = Nc.
Note that the local minimum at ρ+, represented in the plot, disappears at N = Nc.
Including additional terms in eK(ρ) for K > 0 makes a negligible difference in this
range of ρ. Figure reproduced from [168].

Dilute axion stars, which are well-described by the leading order expansion e0(ρ),
have energy extrema at

ρ± =

√
3

32π

nc

n

1±

√
1− n2

nc2

 . (6.22)

These energy extrema are real-valued only up to a critical particle number nc ≈ 2π
√

3.
We illustrate the energy functional for a dilute axion star in Figure 6.1. One striking
feature in this figure is that ρ+ and ρ− merge to a point at N = Nc. It is also worth
noting that that the energy maximum, occurring at ρ−, has higher total energy than
the minimum at ρ+; thus the former state, being unstable, could relax to the latter
(given some mechanism for the dissipation of energy), or collapse towards ρ → 0,
depending on its initial perturbations. At sufficiently small values of N, in fact, this
energy maximum shifts above the horizontal axis; this corresponds to a state with
positive energy which is unstable to sending its constituent axion particles to infinity.

Converting to physical units using eq. (6.4), we find that the maximum mass of
a dilute axion star is approximately Mc = f 2 nc/m

√
δ ∼ 1018 kg, within an order of

magnitude of the exact numerical result reported in Section 4.4. The state with this
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Figure 6.2.: The position ρGM of the global minimum of the rescaled energy in eq. (6.7), as
a function of the reduced particle number n. The global minimum always lies
at a radius ρGM > ρeq, the position at which the kinetic energy ∼ 1/ρ2 becomes
dominant, which is depicted by the horizontal black line. Figure reproduced
from [168].

maximum mass would have a radius R99 ≈ 500 km, also in good agreement with
previous estimates. We take this to be further evidence of the efficacy of this method.
At masses M > Mc, the dilute ρ = O(1) extrema disappear.

At smaller values of ρ, higher-order self-interactions become relevant. We show in
Appendix D, using the full integral form of the self-interaction (the top line of eq. (6.14)),
that in the limit ρ → 0 the self-interaction energy is bounded. More to the point, this
implies that the total energy is bounded from below, and always has a global minimum
occurring at a small radius ρ� 1. States which exist at this global minimum, having
very small radii, are called “dense axion stars” [154]. If stable, these dense states can
give rise to novel astrophysical detection signatures [172].

Because the full axion star energy is bounded from below, there exists a global
minimum of the energy at a radius ρGM. We calculated numerically the position of this
global energy minimum, using the integral representation of the self-interaction term
in eq. (6.14); the result is represented by the blue line in Figure 6.2. The physical radii
of dense axion stars with N ∼ Nc is of order RGM = ρGM/m

√
δ ∼ f ew meters.

The existence of these dense axion star states cannot be determined when using the
leading truncation of the energy e0(ρ). In fact, truncation of the energy in eq. (6.21) at
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Figure 6.3.: The energy eK(ρ) multiplied by the small parameter δ for N = .9 Nc at increasing
odd orders in K: K = 1, K = 3, K = 5, and K = 7. The existence of a dense global
energy minimum is preserved at each order, but shifts to smaller radii as K increases.
The repulsive kinetic term ∼ 1/ρ2 dominates the total energy at ρ = ρeq ∼ 10−7.
Figure reproduced from [168].

any even order K = 0, 2, 4, ... leads similarly to an unbounded functional and no global
minimum. We thus emphasize that when considering dense states, it is important to
truncate on a repulsive term in the energy expansion, K = 1, 3, 5, .... The simplest case is

e1(ρ) =
3
4

1
ρ2 −

1√
2π

n
ρ
− 1

32π
√

2π

n
ρ3 +

δ

864π3
√

3
n2

ρ6 . (6.23)

In this case, the energy is bounded from below and has a minimum at a very small
radius ρ = ρD. At these small values of ρ, the energy is well approximated by the
self-interaction terms only (gravity and kinetic energy are negligible), and we find the
analytic expression

ρD ≈
√

2
π

( n δ

37/2

)1/3
(6.24)

is a good approximation for the position of the global minimum. At n = nc, ρD ≈
7× 10−6, corresponding to R99 ∼ 7 meters. Comparing with the global minimum of
the full energy in Figure 6.2, we find a difference of only about a factor of 3− 4 near
this value of n ∼ nc, a reasonable order of magnitude agreement. This justifies our
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truncation of the energy at the leading repulsive term, i.e. e1(ρ), in this analysis. The
difference between ρD and ρGM does become large if n increases far above nc.

In Figure 6.3, we illustrate the effect of truncating at increasingly higher orders in the
self-interaction potential. Each curve shows the energy truncated on an odd value of K
(that is, a repulsive term in the potential), because it is only these truncated energies
that possess a global minimum and can approximate the true energy minimum at ρGM,
shown in Figure 6.2. We observe that, as subsequent higher orders in odd K, the shift in
the energy minimum becomes smaller, and in the limit K → ∞, the minima of eK(ρ)

converge to the true minimum ρGM. For the particular value of N = .9 Nc illustrated,
the series converges to ρGM ≈ 7× 10−7.

For the Gaussian ansatz, we have shown further [168] that the self-interaction
energy approaches a finite constant in the limit ρ → 0, implying that the kinetic
energy (proportional to 1/ρ2) dominates in this limit; the gravitational interaction
(proportional to 1/ρ) gives a subleading contribution. This allowed us to estimate the
radius at which the self-interaction and kinetic energy terms in eq. (6.7) were of roughly
equal magnitude, which occurs when

3
4

δ

ρ2 ∼
1
2

. (6.25)

Numerically, using QCD axion parameters, this occurs at ρeq ∼ 10−7, or a radius of
Req ∼ 5 cm. This value ρeq is represented by the solid black line in Figure 6.2. Note that
the position of the global minimum is always at ρGM > ρeq.

Note also that the value Req ∼ 5 cm is of the same order as the axion reduced
Compton wavelength, λc ∼ 1/m ∼ 2 cm. It should be noted that on length scales of
O(λc), neglecting higher powers of e±i m t in the expansion of eq. (3.18) would fail, as
special relativistic corrections to the kinetic energy could be large. Of course, weakly
bound stars have radii much larger than this, and as we describe below, even collapsing
stars are well described by the nonrelativistic approximation until the last moments of
collapse. The leading correction to the kinetic energy, which is proportional to p4, has an
expectation value which is down by a factor of δ/ρ2 � 1 compared to the leading-order
term. We will thus postpone any further consideration of these relativistic corrections
to the energy, which will be addressed in a future publication.

We observed in Figure 6.2 that the global minimum of the energy always occurs at a
radius larger than ρeq, where the kinetic energy becomes dominant. Further, consider
that the Schwarzschild radius RS = 2 M/MP

2 is, after the usual rescaling of eq. (6.4),

ρS = 2 n δ. (6.26)
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Figure 6.4.: The relevant distance scales in the analysis of axion stars, in terms of the dimen-
sionless radius ρ and the dimensionful one R. From left to right, the scales are: the
Schwarzschild radius of an axion star; the Compton wavelength of a single axion;
the radius at which the kinetic energy of an axion star is approximately equal to its
self-interaction energy; the radius of a dense axion star; and the radius of a dilute
axion star (both the unstable and stable radius). To set the numerical scale, we fix
the parameter choices m = 10−5 eV and f = 6× 1011 GeV (appropriate for QCD),
and consider bound states with N ∼ Nc.

For QCD parameters, ρS ∼ 10−13 � ρGM as well. This means that the global minimum
of the axion star energy always occurs at a radius much larger than the corresponding
Schwarzschild radius, implying that QCD axion stars cannot form black holes; they are
stabilized in a dense state with radius ρGM � ρS. Note that this conclusion can be
modified somewhat in more exotic axion theories with large decay constants f , as with
those considered in [173].

There are thus a number of relevant distance scales to consider when analyzing axion
stars, which span many orders of magnitude. We represent this spectrum pictorially in
Figure 6.4. Most importantly, we note that ρS � ρGM (a dense axion star is much larger
than a black hole), and that ρGM � ρ+ (a dilute axion star is much larger than a dense
one).

In [168], we also analyzed explicitly the results for an ansatz of the form

ψ(r) =

√
4 π N

(2π2 − 15)R3 cos2
(π r

2 R

)
(r < R). (6.27)

The results are qualitatively similar to those of the Gaussian ansatz, with O(1) changes
to numerical quantities. For some analyses, this ansatz is somewhat more attractive
than the Gaussian one in eq. (6.19), because it has compact support on a finite radius R.
This choice of ansatz will be used in Chapter 7 when we analyze axion star collisions in
an astrophysical setting.
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6.3. Collapse Process

As we have pointed out, dilute axion stars are only gravitationally stable up to some
maximum mass Mc; if a stable state continues to accrete mass, it will begin to collapse.
However, we can now conclude that the endpoint of this collapse will not be a black
hole state; the dense radius ρGM, which is a global minimum of the energy, is always
much larger than the corresponding Schwarzschild radius. Thus, collapsing dilute
axion stars are stabilized at a radius ρGM, and could form dense axion stars. We analyze
this collapse classically in this section, and consider the effect of axion star decay in the
next.

The collapse of dark matter halos consisting of condensed scalar particles was
examined by [174], using a time-dependent formalism that originated in [20], and was
utilized more recently by [126, 175]. The application of this method to an axion star,
at leading-order in the self-interaction potential, was recently performed by [171]; it
was in this latter work that it was shown that collapsing boson stars with attractive
self-interactions form black holes. In [168], we used a similar analysis, taking into
account higher-order terms in the self-interaction potential.

Classical collapse is described by the dynamical equation

Etot = α
M
2

Ṙ(t)2 − E(R) (6.28)

where α = 3/4 for the Gaussian ansatz, E(R) is given by eq. (6.7) and Etot is a constant.
R(t) is the size of the condensate, which varies with time during collapse. Integrating
this equation, we can calculate the collapse time from a size R(t = 0) = R0 to some
other size R(t),

t =

√
α M

2

∫ R0

R(t)

dR√
E(R0)− E(R)

=
MP

2

m f 2

√
α

2

∫ ρ0

ρ(t)

dρ√
e(ρ0)− e(ρ)

, (6.29)

where in the second equality we have rescaled the dimensionful quantities using eq.
(6.4).

We wish to investigate the effect of self-interactions in the axion potential on the
collapse process. From our previous considerations, we feel it appropriate to include
the first two terms in the self-interaction potential, which is to say, we use e1(ρ) to
approximate the full energy. In that case, the global energy minimum ρD approximates
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Figure 6.5.: Collapse time for an axion star as a function of n/nc, for different choices of starting
radius ρ0: ρ0 = .1ρ+, ρ0 = .5ρ+, ρ0 = .8ρ+, and ρ0 = ρ+. At N < Nc, condensates
can still collapse if the starting radius ρ0 < ρ+. Figure reproduced from [168].

the true global minimum of the energy. Considering this radius as the endpoint of
collapse, we integrate eq. (6.29) not to ρ = 0, but rather to ρ = ρD.

If the axion star has n = nc and begins its collapse at ρ+, then of course at the
collapse time is formally infinite, because the potential is precisely flat in that case.
For that reason, we analyze the collapse time for values of n which are slightly larger
than nc. We also investigate the change in collapse time as the starting size ρ0 deviates
from ρ∗. This latter case could be of interest, say, if axion star collapse can be catalyzed
by collisions with astrophysical sources. As we will see in Chapter 7, if collapse is
catalyzed by astrophysical collisions, then even condensates with N < Nc can collapse,
provided that in the collision its radius is sufficiently reduced. These considerations are
represented together in Figure 6.5.

We can also track the radius of the axion star as a function of time, throughout the
collapse process; see the top panel of Figure 6.6. For a large portion of the total collapse
time, the radius changes little, as the star rolls slowly down a shallow potential, but
later collapses fast to the dense minimum of radius ρD. Typical collapse times are
O(1− 10) minutes for N = f ew× Nc.
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Figure 6.6.: Top: The dimensionless radius of a collapsing axion star using the approximate
energy E1(ρ) as a function of time, for different choices of particle number N:
N = 2Nc (blue), N = 3Nc (red), N = 4Nc (green), and N = 5Nc (black). Bottom:
The parameter ∆ as a function of time for the same choices of N. At large values
∆ & .05, the decay rate through number changing interactions increases rapidly.
Figure reproduced and updated from [168].

6.4. Emission of Relativistic Axions

To estimate the rate of decay of a collapsing axion star to relativistic particles, we need
to compute the parameter ∆, which depends on the chemical potential µ (rather than
the binding energy). In the variational method, we can calculate chemical potential
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using

µ(ρ) =
3
4

1
ρ2 −

2√
2π

n
ρ
− 1

16π
√

2π

n
ρ3 +

3 δ

864π3
√

3
n2

ρ6 , (6.30)

which is accurate at next-to-leading order in the self-interaction. This is very similar
to the total energy in eq. (6.23), but the numerical factors on the interaction terms are
changed.4 Using ∆ =

√
1− µ2/m2, defined in eq. (4.10), we can use eq. (6.30) to track

∆ as a function of time during collapse.

In a simple classical collapse scenario, a dilute axion star would collapse into a dense
one, and that would be the end of the story. However, we have seen in Chapter 5 that
emission of relativistic axions from the condensate becomes increasingly probable as the
density, and binding energy, of an axion star increases. This is precisely what happens
during the collapse of an axion star. Recall that the rate of emission of relativistic
particles through single-particle emission, calculated in Chapter 5, was

Γ =
2 π f 2
√

8 m

[32π yI

3∆
exp

(
−
√

8yI

∆

)]2
. (6.31)

The decay rate depends only on ∆, which is a one-to-one function of ρ, and thus also of
the collapse time t as defined in eq. (6.29). In the bottom panel of Figure 6.6, we plot
the parameter ∆, defined in eq. (4.10), as a function of time during the collapse of an
axion star. In the last moments of collapse, as its radius rapidly decreases, ∆ increases
rapidly. This implies that the decay rate rises rapidly as well.

We find that ∆ ∼ .05 at ρ ∼ 10−4 (compared with ρD ∼ 10−5). In these last moments
of collapse, the decay rate in eq. (6.31) becomes astronomically large; Γ ∼ 1 emitted
axion/sec at ∆ ∼ .0223, and rises to Γ ∼ 1050 emitted axions/sec at ∆ ∼ .1. We
therefore are led to the conclusion that axion stars, as they collapse, emit many highly
energetic free axions. Such an explosion, referred to as a Bosenova, has been observed
experimentally by condensed matter physicists using cold atoms [29]. If dark matter
consists of axion stars, then this decay process could deplete the total amount of dark
matter in galaxy clusters. This effect is considered in a different context in [176].

In the months since our original work on this topic [168], a number of papers
appeared which corroborated this basic picture. In the parameter space of QCD axions,
Tkachev et al. performed a numerical simulation of collapsing axion condensates and
concluded that O(40)% of the initial mass in the condensate is converted to relativistic
scalar radiation, after a series of alternating collapses and “bounces” [177]. A short time
later, a second group performed a classical analysis in the regime of very large decay

4We described the differences in the derivation between EB and µ in Section 3.5.2.
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constants, f ∼ MP; they found that in this parameter range, some condensates can
form black holes, while others exhibit a characteristic Bosenova effect similar to what
we predicted [173]. They found a “triple point” in the plane of f and M, describing the
stability of axion condensates. Extrapolating their analysis to the QCD range of f leads
to a conclusion similar to ours, i.e. that black hole formation is not possible.

We emphasize again that the analysis of the decay process in [155] strictly applies
only at weak binding, when ∆� 1. This condition holds for the dilute initial state as
well as throughout a large portion of the collapse process, but it is possible that some
new dynamics take hold at truly strong binding ∆ = O(1), as for the dense global
minimum of the energy where ∆ ∼ .56. We have concluded that relativistic axion
emission becomes important during collapse, but it is possible that a stable, strongly
bound remnant remains.

6.5. The Chiral Potential

The analysis above (and our original work [168]) used the instanton potential VI to
analyze the axion self-interactions; however, as we have pointed out several times, the
chiral potential VC is more precise when considering QCD axions. While VI is more
tractable and lends itself more easily to an analytic expansion, it is in principle possible
that our conclusions (the boundedness of the energy, the existence of a dense global
energy minimum) would have been different if we had used VC. In our follow-up
work [169], we generalized our analysis to the chiral case, as explained below.

The potential we wish to consider has the form derived in Section 2.2, eq. (2.15)
[80, 178]; for notational simplicity we will rescale it as

VC(A)
m2 f 2 ≡ V =

1 + z
z

[
1 + z−

√
1 + z2 + 2 z cos

(A
f

)]
. (6.32)

Using the particle data group [13] values of

mu = 2.15± 0.15 MeV

md = 4.70± 0.20 MeV, (6.33)

we find that

z =
mu

md
' 0.457. (6.34)
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To recover the form of the instanton potential in eq. (2.18), one merely needs to take
the z → 0 limit, which gives V = 1− cos(A / f ). In this sense, the chiral potential is
strictly more general than the instanton potential.

We will follow the procedure of [151] and write A = A+ +A−, where A+ (A−)
creates (annihilates) one axion in the ground state wavefunction. Expanding eq. (6.32)
in a power series of the cosine, we have

V =
1 + z

z

[
1 + z−

√
1 + z2

∞

∑
j=0

( 1
2
j

)(
2 z

1 + z2

)j [
cos

(
A+ +A−

f

)]j
]

. (6.35)

Now noting that in leading order of N, A+ and A− commute, we have

cos
(
A+ +A−

f

)
=

1
2

(
eiA+/ f eiA−/ f + e−iA+/ f e−iA−/ f

)
. (6.36)

Then we can evaluate the jth power of the cosine,

[
cos

(
A+ +A−

f

)]j

=
1
2j

j

∑
k=0

(
j
k

)
ei (j−2 k)A+/ f ei (j−2 k)A−/ f

→ 1
2j

j

∑
k=0

(
j
k

) ∞

∑
m=0

(j− 2 k)2 m(−1)m 1
(m!)2

(
A+A−

f 2

)m

=
1
2j

j

∑
k=0

(
j
k

)
J0

[
(j− 2 k)

(
2
√
A+A−

f

)]
. (6.37)

where in the second step, we expanded the exponentials and kept only those terms
with equal numbers of A+ and A−. Inserting this expression into eq. (6.35) gives the
self-interaction energy density as follows:

V =
1 + z

z

{
1 + z−

√
1 + z2

∞

∑
j=0

( 1
2
j

)(
z

1 + z2

)j j

∑
k=0

(
j
k

)
J0

[
(j− 2 k)

(
2
√
A+A−

f

)]}
(6.38)

We require a correspondence with the results in the nonrelativistic Gross-Pitäevskii
approach [168], given by the expansion of eq. (3.18). This is obtained by using

2
√
A+A−

f
=

√
2
m

√
ψ∗(r)ψ(r)

f
=
√

2 ζ
∣∣∣F ( r

R

) ∣∣∣, (6.39)

and evaluating the self-interaction potential in terms of the rescaled wavefunction F(ξ),
as defined in eq. (6.5). The range of ξ is either finite such that we can choose ξmax = 1,
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or it is infinite, in which case we choose F(ξ) = O(ξ−2), as ξ → ∞. Then the rescaled
self-interaction energy, defined in eq. (6.8), is

vC = 4 π
ρ6

n2 δ2

∫
dξ ξ2 1 + z

z

√
1 + z2

∞

∑
j=0

(1
2
j

)(
z

1 + z2

)j

×
j

∑
k=0

(
j
k

){
1− J0

[
(j− 2k)

√
2 ζ F(ξ)

]
− (j− 2k)2 ζ2

2
F(ξ)2

}
, (6.40)

so that the expression in the energy functional (6.7) evaluates to

ESI

m N
= −n δ

ρ3 vC

= −1 + z
z

√
1 + z2

∞

∑
j=0

( 1
2
j

)(
z

1 + z2

)j 4 π

ζ2 C2

×
j

∑
k=0

(
j
k

) ∫ ∞

0
dξ ξ2

{
1− J0

[
(j− 2 k)

√
2 ζ F(ξ)

]
− (j− 2 k)2 ζ2

2
F(ξ)2

}
(6.41)

In order to perform the summations over j and k in eq. (6.41), we trade them for
integrals, which are easier to estimate. First, we will perform the summation over k by
using the standard integral representation for the Bessel function,

J0[(j− 2 k) u] =
1
π

∫ π

0
ei (j−2 k) u sin tdt. (6.42)

Substituting (6.42) into (6.41) we can perform the summation over k, yielding

ESI

m N
= −1 + z

z

√
1 + z2

∞

∑
j=0

(1
2
j

)(
2 z

1 + z2

)j

× 4 π

ζ2 C2

∫ ∞

0

[
1− 1

π

∫ π

0
[cos(

√
2 ζ F(ξ) sin t)]j dt− j ζ2 F(ξ)2

2

]
ξ2 dξ. (6.43)

Now the summation over j can also be performed, to yield the following expression for
the energy functional:

ESI

m N
= − 4 π

ζ2 C2

∫ ∞

0
I
[√

2 ζ F(ξ)
]

ξ2 dξ +
1
2

, (6.44)

where we have defined the integral

I(u) =
1 + z
z π

∫ π

0

[
1 + z−

√
1 + z2 + 2 z cos(u sin t)

]
dt. (6.45)
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It is easy to see that the integrand of eq. (6.45) is bounded for all u and for all
t ∈ {0, π}, and that it is monotonic, being minimized at z→ 0. But the z→ 0 limit of
I(u) is nothing but the rescaled instanton potential

lim
z→0

I(u) = 1− J0(u). (6.46)

We conclude that the boundedness of the instanton potential implies the boundedness of
the chiral potential. It thus suffices to show that the instanton self-interaction potential
is bounded from below, and we have shown exactly this in Appendix D. The general
conclusions of this chapter (the boundedness of the energy, the existence of a global
energy minimum) are thus unchanged when considering the chiral potential.

6.6. Summary

In this chapter, we have analyzed the process of axion star collapse using a nonrelativis-
tic method, following mostly our work in [168]. Dilute axion stars, examined in detail in
Chapter 4, are well-described by a leading-order expansion of the axion self-interaction
potential; they have rescaled radii of roughly ρ+ = O(1), corresponding to physical
radii of R+ ∼ 100 km. However, we have seen that higher-order interaction terms
become increasingly relevant during collapse. When the rescaled radius of the axion
star approaches very small values ρ = O(δ1/3), the leading-order truncation of the
potential breaks down.

By taking into account all orders in the expansion of the axion potential, we have
shown that the total energy is always bounded from below, and thus it has a global
minimum. The radius at which the energy is minimized is very small, RGM ∼ f ew
meters for typical QCD axion parameters, corresponding to a scaled radius of ρGM ∼
10−6. This can be approximated by a next-to-leading order expansion of the energy,
because such an expansion ends on a repulsive term, and thus has a global energy
minimum; this minimum, occurring at ρ = ρD, can be used to approximate the true
global minimum as ρGM. Because this dense state always exists at a radius much larger
than the corresponding Schwarzschild radius, we concluded that QCD axion stars
cannot form black holes. The dense states found here closely resemble those found by the
authors of [154] using a different method.

Unstable dilute states can collapse. Given that they cannot form black holes, we
analyzed the collapse process from the dilute radius ρ ∼ ρ+ to the approximate dense
state which has ρ ∼ ρD. We found that collapse takes place over a timespan of the order
of a few minutes to an hour, depending on the exact parameters used.
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During collapse, the rate for the decay process we analyzed in Chapter 5 becomes in-
creasingly large; as a result, we concluded that during collapse towards the dense state,
a large number of relativistic axions are emitted from the axion star. This conclusion,
that collapsing axion stars exhibit a Bosenova behavior in the last moments of collapse,
has been since corroborated by other authors using different methods [173, 177].

Finally, we have extended the analysis of [168] to the case of the chiral potential [169],
which takes into account nonperturbative effects in the axion self-interaction potential.
We proved analytically, using a generic ansatz for the wavefunction, that the chiral
potential is bounded below by the instanton potential, and thus the global energy
minimum of the latter is an absolute lower bound for the former. We concluded that
our general conclusions are unchanged when using the chiral potential.

We have supposed in this chapter that collapse might be triggered by gravitational
instability, that states with masses M > Mc could form (possibly by accretion of free
axions onto existing condensates) and would subsequently collapse. In the next chapter,
we examine a very different mechanism for the stimulation of axion star collapses:
astrophysical collisions.



Chapter 7.

Collisions of Dark Matter Axion Stars

“Look deeper through the telescope and do not be afraid when the stars collide
towards the darkness, because sometimes the most beautiful things begin in
chaos.”

— Robert M. Drake

In the last few chapters, we analyzed the macroscopic properties, stability, and
collapse process of axion stars. We have found that axion stars can exist in stable, dilute
configurations, and as a result, they could reasonably contribute to dark matter. In
this chapter, we examine some of the consequences of this hypothesis; in particular,
we investigate the frequency of collisions between axion stars and other astrophysical
bodies, and determine which axion stars would survive such collisions. This chapter is
primarily based on our work in [179].

7.1. Axion Stars as Dark Matter

Beginning in Chapter 2, we have pointed out that axion particles make very good dark
matter candidates. In particular, QCD axions are naturally produced cold in the early
universe, in approximately the right abundance to account for the observed “missing
mass” in galaxies. Other ALPs, coming from different models beyond the SM, can be
produced via a similar mechanism as well.

When QCD axions form, the axion field can have large density fluctuations with
sizes of Hubble scales; these are called “axion miniclusters” [89, 90]. Such states are
not stable and will eventually collapse, fragment, and form a mixture between a dilute
background of free axions, and condensed axions in the form of stable axion stars.
The spectrum of masses of the axion stars in the final state remains an open question;

99



100 Collisions of Dark Matter Axion Stars

however, as we have observed in Chapter 4, there is a maximum mass (and minimum
radius) allowed for these states to be gravitationally stable.

Further, it is not currently known what fraction of axions produced in the early
universe should be in axion stars today. At the one extreme, it is possible that all
axions in miniclusters formed axion stars in the early universe; in that case, it is still
possible that some fraction of these stars has been since converted to either free cold
axions (e.g. if axion stars can be ripped apart by tidal forces in the galaxy [180]), or to
relativistic particles (e.g. via the decay process described in Chapter 5). At the other
extreme, it is possible that miniclusters collapse without forming stable gravitationally
bound condensates, but axion stars might still form later in the universe (e.g. through
late-time gravitational thermalization [181] or accretion inside of ordinary stars, similar
to the mechanism of [182–184]). The primordial mass spectrum of axion stars will also
change relative to the present-day distribution if existing axion stars can grow in mass
by accreting free axions. Clearly, this question is many-faceted and its answer is not
well understood.

Nonetheless, given that axions typically have very low energy and they can form
stable bound states, in the absence of a detailed study of formation, we take the view
that they sometimes do. This means that a typical axion dark matter halo will contain
some fraction of its mass in the form of axion stars. These axion stars will be distributed
throughout the galaxy, and as compact objects, they will have typical virial speeds of
the order v ∼ 10−3.

As a result, these axion stars will occasionally participate in collisions. These
collisions can occur between two axion stars; or between one axion star and another
astrophysical object, like an ordinary star or a neutron star, or even the earth. One
might expect that such collisions would not lead to any observable effect, as axions do
not interact strongly with the nuclear or electromagnetic forces. However, at the very
least, axion star collisions will modify their energy functional, and it is at least possible
that this could lead otherwise stable axion stars to become unstable to collapse. We
will see that the frequency of collisions, as well as the parameter space for stability and
the possible detectable signatures, will depend heavily on which object an axion star
collides with.

In what follows, we will consider collisions of three types, occurring between an
axion star and: (a) another axion star; (b) an ordinary star; and (c) a neutron star. For
notational simplicity (and to avoid confusion about different types of “stars”), we will
use the abbreviation ASt to denote an axion star, OSt to denote an ordinary star, and
NSt to denote a neutron star.



Collisions of Dark Matter Axion Stars 101

7.2. General Framework

For two populations of astrophysical objects, the first being ASts and the other labeled
by i, the general expression for the collision rate is

Γi =
1
S

∫
d3r nAS(~r) ni(~r)〈σ v〉i (7.1)

where n(~r) denotes the number density of some population of astrophysical objects,
σi is the cross section for a collision, and v is the relative velocity between the objects.
The “symmetry factor” S = 2 if the colliding objects are of the same type, and S = 1
otherwise. The expectation value

〈σ v〉i ≡
∫ 2 vvir

0
fMB(v) σi v d3v (7.2)

is an average over velocities in the halo, for which we will use a Maxwell-Boltzmann
distribution of velocities

fMB(v) = f0 exp
(
− v2

v2
vir

)
. (7.3)

The distribution is normalized so that
∫ 2vvir

0 fMB(v) d3v = 1, and vvir is the virial velocity
in the halo.

In the special case where either density distribution is trivial, that is, that the objects
are distributed with constant density throughout the halo, eq. (7.1) simplifies greatly. In
that case, ni(~r) = Ni/Vgal is constant, where Ni is the total number of objects i present
and Vgal = 4πR3

gal/3 is the volume of the galaxy.1 Then the integration is trivial, and
the rate for collisions of a species i with ASts in a dark matter halo is

Γ̂i =
NAS Ni 〈σi v〉

4π
3 R3

gal

. (7.4)

This expression is significantly simpler than eq. (7.1), and often gives a good order of
magnitude estimate. But as we will see in later sections, the number density distribu-
tions of astrophysical objects are far from trivial, and as a result, eq. (7.4) sometimes
vastly underestimates collision rates.

1In this work we will use data for the Milky Way to approximate the collision rates for “typical” galaxies.
For this reason we set Rgal ≈ 105 light-years, which is the radius of the Milky Way.
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For the collision cross section, we will use

σi = π (Ri + RAS)
2
(

1 +
2 G (Mi + MAS)

v2 (Ri + RAS)

)
, (7.5)

with Ri the radius of the body which collides with the ASt, and Mi is its mass. This is
the geometric cross section modified by an enhancement factor to account for classical
capture through gravitational effects.

The number of ASts in the galaxy NAS could be estimated, albeit on an extreme view
of their preponderance, by assuming that the total mass MDM ≈ 1012M� of the dark
matter in the Milky Way consists of ASts with a fixed mass very close to the critical
value MAS = Mc ≈ 1019 kg.2 (M� = 2× 1030 kg is a solar mass.) In truth, there are two
prominent effects that would modify this estimate. First, as we explained in Section
7.1, dark matter may consist only partially of ASts, the rest potentially being in a dilute
background of axions or some other dark particles; we represent this uncertainty in
the total dark matter fraction by a multiplicative factor 0 . FDM . 1, so that the total
dark matter mass in ASts is FDM MDM. Secondly, ASts likely have some spread in
their mass distribution, and so some ASts will have masses smaller than the maximum
Mc; we introduce a second factor 0 . FAS . 1, so that the average mass of a single
ASt is FASMAS. These competing effects can, of course, compensate each other in the
calculation of NAS. The total number of ASts in the Milky Way is

NAS =
FDM MDM

FASMAS
≈ FDM1012M�
FAS1019kg

= 2× 1023FDM

FAS
. (7.6)

Once we have determined the rate of collisions of a given type, we wish to inves-
tigate how the ASt energy functional changes to determine whether some fraction of
otherwise stable states would be caused to collapse. To do this, we will return again to
the variational method of approximating the energy functional, which was introduced in
Section 3.5.3 and used extensively in Chapter 6. In the latter, we performed significant
portions of the analysis using a Gaussian function as an approximation of the axion star
wavefunction. This choice is not so advantageous here, because a Gaussian wavefunc-
tion has no well-defined radius, and so it is somewhat difficult to determine precisely
whether a collision has or has not taken place.

2This value of the critical mass corresponds to the QCD axion parameter choice f = 6× 1011 GeV.
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Instead, we will use here an ansatz of the form

ψ(r) =


√

4 π N
(2π2 − 15)R3 cos2

(π r
2 R

)
, r ≤ R

0, r > R

(7.7)

Then, evaluating the total nonrelativistic energy given in eq. (6.7), we find

EAS(ρ) = m N δ
[ A

ρ2 −
B n
ρ
− C n

ρ3 +
D δ n2

ρ6

]
, (7.8)

where ρ and n are a rescaled radius and particle number (respectively) defined in eq.
(6.4), and where the constants have the values

A =
π2(2π2 − 3)
6(2π2 − 15)

≈ 5.8 B =
(3456π4 − 13800π2 − 166705)

1440(2π2 − 15)2 ≈ 1.0

C =
35π(24π2 − 205)
2304(2π2 − 15)2 ≈ .068 D =

77π2(600π2 − 5369)
691200(2π2 − 15)3 ≈ .0057 (7.9)

for the cosine ansatz of eq. (7.7). Recall from Chapter 6 that the structure of eq. (7.8) is
ansatz-independent, whereas the values of the coefficients A, B, C, D are not.

The four terms on the RHS of eq. (7.8) correspond to kinetic, self-gravitational,
attractive interaction, and repulsive interaction energies, respectively. As emphasized
in Chapter 6, when analyzing the collapse of a dilute axion star to a dense one, it is
important to keep at least the first repulsive self-interaction term (here, ∝ 1/ρ6) in the
expansion of the axion self-interaction, so that the total energy is bounded form below.
Higher-order interaction terms neglected here are proportional to (δ/ρ3)k with k > 2,
i.e. suppressed by high powers of δ� 1.

Near ρ = O(1), there exists a local minimum of the energy as long as N < Nc, the
critical value of the particle number. In this range, the energy is well-approximated by
only the first three terms in eq. (7.8), and has a local minimum at a rescaled radius

ρ+ =
A

B n

[
1 +

√
1− 3 B C

A2 n2
]
. (7.10)

This local minimum is illustrated in Figure 7.1 for two different values of n (the red
and blue curves). One can easily read off the critical rescaled particle number nc =

A/
√

3 B C; the energy of an ASt with effective particle number n > nc is also illustrated
in Figure 7.1 (the black dashed curve).

At any rescaled particle number n, the global minimum of the energy in eq. (7.8)
lies at a very small radius ρD � 1 [168]. At these small radii, the last two terms of eq.
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Figure 7.1.: The two solid lines denote the rescaled energy functionals of two stable ASts in the
vicinity of ρ+, which have n1 = 8 (blue) and n2 = 6 (red). The points labeled in the
graph are: the local minimum of ASt 1 (2), ρ+,1 (ρ+,2), and the isoenergetic point
on the left of the maximum of ASt 1 (2), ρ′+,1 (ρ′+,2). The black, dashed curve is the
full energy of these two ASts occupying the same volume, which has no minimum
in this range of ρ, because the effective particle number ne f f = n1 + n2 > nc; thus,
during such a collision, the ASts begin to collapse. Figure reproduced from [179].

(7.8) dominate and the energy minimum lies approximately at a rescaled radius of

ρD ≈
(2 D n δ

C

)1/3
. (7.11)

For QCD axions with the cosine ansatz, R+ ≈ 200 km and RD ≈ 7 meters when
n ≈ nc ≈ 12.6. Note n = nc corresponds to the maximum mass of a dilute ASt, which
we saw in Chapter 4 is Mc ≡ m Nc ≈ 1019 kg. An ASt with n > nc (as illustrated by
the dashed line in Figure 7.1) possesses only a dense energy minimum at ρD � 1 (not
pictured). An ASt in such a state is referred to as a dense ASt, and its stability is an open
question.

In this chapter, we will consider only dilute states, rather than dense ones, as the
initial configurations of the colliding ASt. This is because, first, the collision rates for
dense ASts can be suppressed in some cases by the very small factor (R+/RD)

2 ∼ 10−10,
as defined by eqs. (7.10) and (7.11), compared to dilute ASts; and second, because it is
possible that otherwise stable dilute ASts can collapse as a result of collisions, making
them additionally interesting.



Collisions of Dark Matter Axion Stars 105

There are various mechanisms for stimulating collapse from R+ to RD. For example,
if ASts form against a dilute background of free axions, they could accrete such axions,
thereby acquiring masses M > Mc and triggering collapse; however, it is not clear how
efficiently such accretion would occur. Instead, we will analyze in the coming sections
whether in some cases collapse can be catalyzed by interactions between ASts and other
astrophysical sources, including other ASts or OSts.

ASts collapsing from the dilute radius R+ to the dense one RD move quickly from
small to large binding energies, as we saw in Chapter 6. When the binding energy
becomes large, the rate of number-changing interactions in the ASt grows quickly, and
so the ASt emits many relativistic axions as it collapses [155, 173, 177]. In the end, we
will speculate about the observable effects of ASt decay, which could be stimulated by
collisions and subsequent collapse.

Axions couple to photons through an effective dimension-5 operator, shown in
eq. (2.9); this coupling allows decay of free or condensed axions through a process
a→ 2γ, though this rate is believed to be small enough to be ignored on cosmological
timescales [163]. However, during a collision with a NSt, strong magnetic fields can
stimulate these interactions, leading to a burst of photons that could potentially be
observable [185–188]. The idea that such collisions could be the origin of the observed
(but unexplained) Fast Radio Bursts (FRBs) [189–192] appeared originally several years
ago, and has been investigated as recently as this year [193]. Because of the unique
detection signatures arising from these collisions, we will revisit the calculation of the
collision rate of ASts with NSts as well.

7.3. Collisions Between Pairs of Axion Stars

7.3.1. Collision Rate

In this section we examine the case of two ASts colliding with each other. In that
case, we use the radius RAS = 200 km, which matches our approximate choice for
MAS = 1019 kg (recall Figures 4.3 and 4.4). For a typical velocity v̄ = 300 km/s, the
enhancement factor of the cross section, given in eq. (7.5), is

2 G MAS

v̄2 RAS
≈ 10−7. (7.12)

Clearly this small correction in the ASt cross section is negligible in this case. We can
approximate the rate by assuming a trivial number density distribution, as in eq. (7.4);
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Figure 7.2.: The collision rate of two ASts as a function of η = vvir/(300 km/s), evaluated at
different values of FDM/FAS. Figure reproduced from [179].

this gives the result

Γ̂AS ≈ 3× 107
(FDM

FAS

)2 collisions
year · galaxy

. (7.13)

We can improve on this rough estimate by taking into account the number density
distributions of ASts. If ASts are a component of dark matter, then it is reasonable
to assume that they are distributed according to the Navarro-Frenk-White (NFW)
profile [39, 40], which was introduced in eq. (1.3). For clarity we reproduce it here:

ρNFW(r) =
ρ0

r
R0

(
1 + r

R0

)2 , (7.14)

where ρ0 and R0 are scale mass density and radius for the halo. An analysis of this
kind was recently performed by [194], who considered primordial black holes as dark
matter. Taking the Milky Way as a sample galaxy, we use the values of ρ0, R0, and virial
mass Mvir from [195]. These values are reported in Table 7.1. We will also take into
account velocity dispersion by assuming the Maxwell-Boltzmann distribution of eq.
(7.3), though the precise value of vvir is somewhat uncertain. We introduce an O(1)
factor η representing the deviation of vvir from the value v̄ = 300 km/s used above.
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That is,

vvir = η v̄, (7.15)

so fixing the value of Mvir from [195], we have a virial radius of

Rvir =
G Mvir

η2v̄2 ≈
2.22× 1018 km

η2 . (7.16)

The velocity-averaged cross section is

〈σ v〉AS =
∫ 2vvir

0
fMB(v) σAS v d3v ≈ 1.6× 108 η

km3

sec
, (7.17)

implying a total rate for collisions

ΓAS =
1
2

∫ Rvir

0
4πr2

(FDMρNFW(r)
FASMAS

)2
〈σ v〉AS dr

=
2π〈σ v〉AS

M2
AS

(FDM

FAS

)2 ∫ Rvir

0
r2ρNFW(r)2 dr

≈ 107 η
(FDM

FAS

)2[
1−

( η2

4.5 + η2

)3] collisions
year · galaxy

. (7.18)

Note that the dependence on η in the last bracket comes from the uncertainty in Rvir in
the upper bound of the integral; we can safely neglect this dependence except at η & 3,
a very unlikely range. Taking η = 1, we have

ΓAS|η=1 = 107
(FDM

FAS

)2 collisions
year · galaxy

. (7.19)

Thus in this case, the constant density approximation in eq. (7.4) gives a reasonable
estimate, that of eq. (7.13). The full decay rate ΓAS over a range of η, and for different
values of FDM/FAS, is represented in Figure 7.2. The dependence on FDM and FAS

implies that the true collision rate could easily be larger or smaller by a few orders of
magnitude from the approximate value 107 collisions/year/galaxy.

7.3.2. Induced Collapse

During one of these collisions, the energy functional of eq. (7.8) changes for both ASts.
In particular, if the two colliding ASts have particle numbers N1 and N2, then their
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ρ0 [M�/kpc3] R0 [kpc]

1.4× 107 16

Mvir [M�] –

1.5× 1012 –

L1 [pc] L2 [pc] L� [kpc] f
2600 3600 8 .12

H1 [pc] H2 [pc] Z� [pc] –

300 900 25 –

A0,r [kpc−1] α A0,z [kpc−1] A2,z [kpc−1] k1 k<2 k>2
5× 10−3 1.83 1.8× 10−5 35.6× 10−3 13× 10−3 18.4× 10−3 .05

A λ [kpc] A1,z [kpc−1] – b1 [kpc] b<2 [kpc] b>2 [kpc]

95.6× 10−3 4.48 1.87 – 12.8× 10−3 .03 .65

Table 7.1.: Astrophysical parameters describing the Milky Way, which we use in the calculation
of collision rates. The table on the top-left describes the dark matter halo using an
NFW profile using data from [195]; the top-right table describes the distribution of
stars using [196]; and the table along the bottom gives parameters describing the
distribution of neutron stars using [197].

combined energy functional will take the form

E2AS(ρ) = m (N1 + N2) δ
[ A

ρ2 −
B (n1 + n2)

ρ
− C (n1 + n2)

ρ3 +
D δ (n1 + n2)

2

ρ6

]
. (7.20)

If the sum n1 + n2 > nc, then both stars begin to collapse, as their combined energy
no longer has a local minimum at ρ = O(1). An example of the change in the energy
functional is illustrated in Figure 7.1: whereas the two separate ASts had energy minima
at ρ+,1 (blue curve) and ρ+,2 (red curve), their combined energy function (black dashed
curve) possesses no dilute minimum. While these two ASts overlap, they both begin to
collapse.

If the two ASts have a mechanism for dissipating energy, they might become bound
and merge together completely; in that case, if N1 + N2 = Nc, the collapse will have
plenty of time to run its course, and will be described precisely by the analysis of
Chapter 6. However, there is no guarantee that colliding ASts will merge; because they
move with some relative velocity vrel, they may occupy the same volume for only a
finite time. Another way to say this is that, in light of the weak self-interactions of
axions, it is possible that such objects would pass right through one another. Indeed,
no mechanism is known for dissipating energy during the collision–with the exception
of gravitational waves, but the corresponding rate of energy dissipation is negligibly
small.3

3This is the case because the masses of QCD ASts are too small to have a significant gravitational wave
output, but the situation could be different in some more generic axion theory which allows very
heavy bound states. We plan to return to this point in a future work.
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An important, related note is that our discussion here will ignores differences in
phase for the colliding ASts; taking this into account in the future could increase the
merger rate for condensates close to being in-phase, or lead to inelastic “bounces” when
the condensates are out of phase [198]. For sufficiently large velocities, these effects are
likely to be negligible, but could be relevant for ASts with low relative velocities. We
hope to return to this point in the near future.

For the purposes of this work, we will assume that colliding ASts do not dissipate
energy and become bound, and so the energy functional changes for only a finite time;
we approximate this time by tin = 2(R1 + R2)/vrel, where R1 and R2 are radii of the
two ASts. Nonetheless, collapse will begin when the stars occupy the same volume,
as the energy functional changes as above. If the ASts overlap for a sufficiently long
time, then when the stars separate, they will already be gravitationally unstable and
will continue to collapse.

Under what conditions will an ASt participating in a collision continue to collapse
after the collision has ended? A sufficient condition for this would be that prior to
the end of the collision, its radius has decreased from ρ+ to ρ′+, identified as the point
isoenergetic with ρ+ on the left branch of the energy curve (illustrated in Figure 7.1).
As we pointed out in Chapter 6 (c.f. eq. (6.29)), the collapse time from ρ+ to some other
point ρend is

t =

√
α M

2

∫ R+

Rend

dR√
E(R+)− E(R)

, (7.21)

where the constant α takes the value

α =
3(315− 50π2 + 2π4)

5π2(2π2 − 15)
≈ .2 (7.22)

for the cosine ansatz. Thus we will consider t∗, defined as the time to collapse from ρ+

to ρ′+ (i.e. using Rend = R′+).

Full collapse from the dilute radius ρ+ to the dense radius ρD was shown in Chapter
6 to last a time on the order of tens of minutes, or even a few hours, depending on
the value of N/Nc. We find that collapse from ρ+ to ρ′+, catalyzed by collision of two
nearly-critical ASts, takes nearly as long as a collapse all the way to ρD. This is easy
to understand once one observes that the potential is shallow at the beginning of the
collapse, near ρ = ρ+, and becomes steeper towards the end (see Figure 7.1). Because
collapses occur slowly, we conclude that colliding ASts only collapse if they move with
a sufficiently low relative velocity, so that the two ASts occupy the same volume for a
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Figure 7.3.: The relevant timescales for the collision and possible collapse of two ASts. The
horizontal lines are the required times t∗ for an ASt with N1 particles to collapse
from ρ+ to ρ′+, given that it collides with a second ASt which has N2 particles at a
relative velocity vrel . The blue curve represents the approximate time tin that one
ASt spends traversing the other. If tin < t∗ (the blue shaded region), then the ASt
collapses. Figure reproduced from [179].

long enough time interval. We investigate next how small vrel must be for collapse to
be induced.

In Figure 7.3, we compare the approximate collision time tin = 2(R1 + R2)/vrel to
the time t∗ required for a star to collapse from ρ+ to ρ′+, defined in eq. (7.21), at different
values of n. We observe that vrel . 1 km is required for nearly any two ASts to collapse
as a result of the collision process. For the Maxwell-Boltzmann distribution of velocities
we have been assuming, as in eq. (7.3), the probability that two ASts have a relative
velocity vrel . V is

P(vrel . V) =

√
2

9π

( V
vvir

)3
+O

( V
vvir

)5
. (7.23)

For V = 1 km/sec, this gives P(vrel < 1 km/sec) ≈ 10−8. This implies that while the
collision rate in eq. (7.19) is high, the fact is that even on the extreme assumption that
all ASts are very close to critical (N ∼ .9 Nc), the total rate of collapses induced by
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collisions of two ASts is very small,

Γcollapse ∼ ΓAS × P(vrel < 1
km
sec

) ≈ .1
(FDM

FAS

)2 collapses
year · galaxy

. (7.24)

The rate of induced collapses is even lower if some of the colliding ASts are less massive.
We conclude that collapses induced by collisions between two ASts very likely have
a negligible effect on the overall mass distribution of ASts, or more generally, of dark
matter.

We also note in passing that if ASts collide but do not collapse fully from ρ+ to
ρ′+ (e.g. a scenario outside of the shaded blue region of Figure 7.3), they will oscillate
around their respective dilute minima after emerging from the collision. With no
mechanism for damping, such oscillations would continue indefinitely.

7.4. Collisions Between Axion Stars and Ordinary Stars

7.4.1. Collision Rate

Consider next the case of an ASt colliding with an OSt, in which case i = � in eq. (7.4),
referring to stellar matter. We begin with the approximate number of stars in the Milky
Way, N� = 1011. Taking the sun as a “typical” star, we use the radius R� = 7× 105 km
in the cross section, and we assume for now that stars also move at a virial velocity
v̄ ≈ 300 km/s. The resulting enhancement factor in the cross section (7.5) is

2 G (M� + MAS)

v̄2 (R� + RAS)
≈ 4.25. (7.25)

Combining the above parameters, the constant density estimate of the collision rate
using eq. (7.4) is

Γ̂� ≈ 400
FDM

FAS

collisions
year · galaxy

. (7.26)

As in the previous section, we can improve on our estimation of the rate by allowing
ASts to be distributed according to the NFW profile in eq. (7.14). For the distribution of
stars, we use the phenomenological fit found in [196] assuming cylindrical symmetry;
the authors used a double exponential to describe the disk and a power law for the
baryonic halo component. Here we neglect the halo component, which constitutes a
few percent correction and is thus negligible at the level of precision of this work. The
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distribution is

n�(`, z) = nd(L�, 0) exp
(L�

L1

)
exp

(
− `

L1
− z + Z�

H1

)
+ f nd(L�, 0) exp

(L�
L2

)
exp

(
− `

L2
− z + Z�

H2

)
. (7.27)

Note that in this section we work in cylindrical coordinates, with ` =
√

x2 + y2 the
distance from the galactic center in the galactic plane, and z the height above the galactic
plane.

The expression of eq. (7.27) for the stellar distribution depends on the fit parameters
L1,2, H1,2, and f , as well as the position of the sun (L�, Z�). We use the best fit values
reported in [196] and ignore uncertainties; these values are reproduced in Table 7.1.
The sample in that analysis contained only about 108 stars, whereas the total number in
the Milky Way is understood to be closer to 1011. To remedy this, we rescale the final
parameter in the fit, the overall normalization nd(L�, 0), by requiring the total number
of stars to be ∫

n� d3r = N� = 1011; (7.28)

this implies

nd(L�, 0) ≈ .15pc−3. (7.29)

The collision rate of ASts with OSts using eq. (7.1) is then4

Γ� = 2
∫ Rvir

0
dz
∫ Rvir

0
d` 2π `

(FDMρNFW(
√
`2 + z2)

FASMAS

)
n�(`, z)〈σ v〉�. (7.30)

For simplicity, in this section we do not take into account the velocity dispersion of
stars and use only the virial velocity vvir. In that case, it is easy to compute

〈σ v〉� ≈ σ� vvir = 2.4× 1015η
km3

sec
. (7.31)

Performing the integrals over ` and z gives the result5

Γ� = 3000 η
FDM

FAS

collisions
year · galaxy

. (7.32)

4We assume also a z↔ −z symmetry, allowing us to integrate only on z ∈ {0, Rvir} and multiply by 2.
5In this expression, we have neglected the uncertainty of Rvir, represented by additional factors of η, in

the integration bounds; in Section 7.3, we found the resulting dependence on η to be negligible. This
approximation would not be appropriate if η � 1.
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Comparing the more precise result of eq. (7.32) to the approximation in eq. (7.26), we
see that in this case, taking the ASt and stellar distributions into account increases the
rate by nearly an order of magnitude. This likely reflects the fact that the distribution of
OSts in the Milky Way is very far from a constant density; OSts are packed very densely
into the galactic disk, and the density is peaked strongly at low z. Collisions occur with
a much higher frequency near the galactic center, where the density of both ASts and
OSts is very large; this fact is not captured by the constant-density approximation.

Finally, note that the estimate in eq. (7.32) is likely an underestimate of the total
collision rate of ASts with OSts. This is because in the estimate of the cross section,
we took the sun as a “typical” star, which is likely a reasonable approximation for the
O(1011) stars contained in our sample. However, many stars have radii Rs much larger
than R� of the sun, and the cross sections for those stars is enhanced by a factor of
order (Rs/R�)2 � 1. We have also ignored smaller stars, like red dwarfs, but their
contribution to the collision rate is likely to be a small correction.

7.4.2. Induced Collapse

To determine the effect of a collision in this case, observe that as an ASt passes through
an OSt, there will be an additional contribution to its gravitational energy due to the
stellar potential Vs(r). To estimate this contribution, consider first an ASt at rest at a
point concentric with that of an OSt. The energy functional describing the ASt, given
by eq. (7.8), acquires an additional contribution from the gravitational effects of the
stellar mass,

EGS(R) = m
∫

Vs(r)|ψ(r)|2 d3r. (7.33)

Note that we have assumed that the external gravitational source has a radius Rs larger
than the radius R of the ASt; this is appropriate for the types of QCD axions we discuss
here, but could change in some more generic axion theory which produces very large
ASts. Assuming a constant density for the OSt and requiring continuity of the full
gravitational potential across each boundary gives the unique result

Vs(r) =


G Ms

2 R3
s

r2 − 3
2

G Ms

Rs
, r ≤ Rs

−G Ms

r
, r > Rs

(7.34)

where Ms is the mass of the star.
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Figure 7.4.: An illustration of an ASt passing through an OSt. The relative radii of the ASt (R)
and the OSt (Rs) are not to scale. Figure reproduced from [179].

In reality, ASts and OSts will collide with some relative velocity vrel and the gravita-
tional potential will be changing with time. However, the change in the total energy
resulting from this effect is a function of the distance from the ASt to the center of the
OSt (not of the variational parameter R), and so will not affect the existence or position
of an energy minimum. To see that this is so, suppose the ASt sits at a point~a away
from the center of the OSt, and let ~x represent a position measured with respect to the
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center of the ASt; then~r =~a +~x, as in Figure 7.4. Thus eqs. (7.33) and (7.34) give

EGS(R) =
G m Ms

2 R3
s

∫
r2|ψ(r)|2d3r− 3

2
G m Ms

Rs

∫
|ψ(r)|2d3r

=
G m Ms

2 R3
s

∫
(~a +~x)2|ψ(~a +~x)|2d3x− 3

2
G m Ms

Rs
N

=
G m Ms

2 R3
s

∫
(a2 + x2 + 2~a ·~x cos γ)|ψ(~a +~x)|2d3x− 3

2
G m Ms

Rs
N

=
G m Ms

2 R3
s

∫ R

0
(x2 + 2~a ·~x cos γ)|ψ(~a +~x)|2x2 dx d(cos γ)dφ

+
G m Ms

2 R3
s

a2 N − 3
2

G m Ms

Rs
N, (7.35)

where in the third line we introduced the angle γ between the vectors~a and ~x. For a
spherically symmetric ASt wavefunction, ψ(~x) = ψ(x) does not depend on γ, and so
the second integral vanishes. The last two terms of eq. (7.35) are constants with respect
to R. For notational simplicity, we denote them by

C1 ≡
G m Ms

2 R3
s

a2 N − 3
2

G m Ms

Rs
N

= m N δ
[µs β2

2 ρ3
s
− 3 µs

2 ρs

]
= m N δ c1, (7.36)

where we defined the dimensionless quantities

ρs =
m f
MP

Rs, β =
m f
MP

a, µs =
m

MP f
Ms, (7.37)

in analogy with the radius and mass of an ASt in eq. (6.4). The constant c1 is always
< 0, and very large: for the sun, Rs = R� = 7× 105 km and Ms = M� = 2× 1030 kg,
which implies ρ� = 1735 and µ� = 1.6× 1012, and then c1 ∼ −109 regardless of the
value of β.

Evaluating the integral in eq. (7.35), we have

EGS(R) =
3 G Ms N m

2 Rs

(2π4 − 50π2 + 315
5π2(2π2 − 15)

R2

R2
s

)
+ C1

= m N δ
[µs F

ρ3
s

ρ2 + c1

]
(7.38)
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where

F =
3(2π4 − 50π2 + 315)

10π2(2π2 − 15)
≈ .10. (7.39)

Combining eqs. (7.8) and (7.38), we can write the rescaled total energy

Es(ρ) = m N δ
[ A

ρ2 −
B n
ρ
− C n

ρ3 +
D δ n2

ρ6 +
F µs

ρ3
s

ρ2 + c1

]
. (7.40)

The constant c1 affects only the magnitude of Es(ρ), and not the existence of a minimum,
i.e. it will have no effect on our analysis of collapse.

Recall that outside the OSt, an ASt can exist in a dilute state only for n < nc ≈ 12.6.
During a collision, due to the change in the energy functional, this effective critical
particle number changes as the ASt passes through an OSt. Taking the sun as an
example, we find that the critical particle number decreases to nc,� ≈ 11.29, which
implies that ASts with nc,� ≤ n < nc, which are ordinarily stable, will collapse if they
collide with the sun. For n < nc,�, the dilute state binding energy increases as the ASt
moves through the sun, though it remains stable (and it is still appropriate to consider
it a weakly bound state).

More generally, the energy landscape in eq. (7.40) is a function of ASt particle
number N, and a density parameter D ≡ Ms/R3

s characterizing the OSt. In Figure
7.5, there exists a region in which ASts colliding with OSts remain stable, though with
larger binding energy (shown in yellow), and one in which they collapse (red). In the
red region, collapse proceeds via the mechanism outlined in [168] and described in
Chapter 6: an initial slow roll, followed by a quick final collapse towards a strongly
bound dense state. As the binding energy increases rapidly in the last moments, a large
number of relativistic axions are emitted.

If the OSt has a sufficiently large radius, or if the relative velocity in the collision is
sufficiently low, then collisions occurring in the red region of Figure 7.5 allow the ASt
enough time to collapse fully before it passes fully through the OSt. To test whether
this is plausible, we again use eq. (7.21) to calculate the time t∗ needed for the ASt to
sufficiently collapse. For axion stars with N = .9 Nc colliding with sun-like stars, this
time is t∗ = 47 minutes. We compare this to the time a colliding ASt spends inside the
star, tin. Averaging over the impact parameter of the collision, the average distance an
ASt travels through an OSt is d̄ = 4Rs/3; the transit time of an ASt moving at a typical
velocity v̄ = 300 km/s is roughly

tin =
d̄
v̄
≈ 4 R�/3

v̄
= 52 min, (7.41)
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Figure 7.5.: The parameter space for ASt collapses induced by collisions with OSts. We identify
two regions parameterized by the ratio of particle number to critical (N/Nc), and
density compared to stellar density (D/D�): A stable region with bound, dilute
energy minima (yellow), and a collapse region with no dilute minimum (red).
Figure reproduced from [179].

so t∗ < tin.

Thus, on the assumption that the sun is a “typical” star, and that a “typical” ASt
has N = .9 Nc, nearly all collisions represented by the rate in eq. (7.32) result in ASt
collapse. This implies a collapse rate of6

Γcollapse ∼ 3000
FDM

FAS

collapses
year · galaxy

. (7.42)

It should be emphasized that the estimation of the collapse rate above depends
strongly on several assumptions, which may or may not hold true. Taking all stars
to be roughly “sun-like” may not be a perfect approximation, but as we pointed out
in Section 7.3, likely this approximation causes us to underestimate the size and mass
of a “typical” star. On the other hand, we have mentioned that the mass distribution
of ASts (both primordial and current) is very uncertain, so the assumption that most
ASts have N ∼ .9Nc may break down. As a proof of concept, however, we feel that
the estimates of this section work well: we have shown that in a reasonable range
of parameters, it is possible that a very large number of ASts are caused to collapse

6Because this conclusion depends on the speed of ASts, we will again set η = 1 in this expression.
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through repeated collisions with OSts. A precise determination of the rate of collapses
beyond the assumptions of this chapter is beyond the scope of this work.

It is also worth noting that because axions have a coupling (albeit a weak one) to
SM fields, ASts which do not collapse fully on a single pass through an OSt could
dissipate kinetic energy through interactions with stellar matter. This could result in
the ASt becoming bound to the OSt, resulting in repeated collisions and an increased
probability for collapse.

Before we close this section, it may be useful to speculate about possible detection
signatures related to these induced collapses. Recall from Chapter 6 that, as ASts
collapse, they emit relativistic axions in the form of radiation [168,173,177], because the
binding energy of a collapsing ASt increases rapidly. It is possible that all, or at least a
large fraction of, the mass of the ASt would be converted to radiation in this way. If
this is the case, then the total axion star contribution to dark matter in galactic halos
could be decreasing with time, as relativistic axions escape from galaxies and galaxy
clusters. If we take seriously our estimates of the rate of collapses induced in this way,
this decrease could be substantial. If an O(1) fraction of a 1019 kg ASt is converted to
radiation in each of O(1000) collisions per galaxy per year, then we would observe
O(1022) kg of DM disappearing from a typical DM halo per year.7 Over time, this
could also lead to observable astrophysical or cosmological consequences, and it could
constrain the hypothesis that axion stars constitute a large fraction of dark matter. Of
course, a more detailed analysis would be required to determine more precisely the
consequences, but in general this idea is very new and potentially exciting. We will
return to these topics in a future work.

7.5. Collisions Between Axion Stars and Neutron Stars

7.5.1. Collision Rate

Axion star collisions with neutron stars are particularly interesting, because the strong
magnetic fields in the latter can induce currents in the former, leading to stimulated
axion conversion to radio-frequency photon bursts that could be observed. This mecha-
nism has been proposed as the source of observed FRBs [189–192], and recent estimates
suggest that the rate of collisions of ASts with NSts is compatible with the observed
frequency of FRBs [187, 188, 193]. In this section we repeat the analysis of previous

7Of course, this estimate has very very large error bars.
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authors using eq. (7.4), but also improve on these estimates by taking into account the
NFW distribution of ASts, and a nontrivial distribution of neutron stars as well.

If ASts and NSts were distributed with uniform density in the galaxy, the rate of
collisions is that of eq. (7.4). The gravitational enhancement of the cross section in eq.
(7.5) is

2 G (MNS + MAS)

v̄2 (RNS + RAS)
≈ 2× 104, (7.43)

where we used RNS = 10 km and MNS = 1.4M�. This is an enormous enhancement
reflecting the fact that the neutron star is very compact and massive. The resulting cross
section is

σNS = 2.7× 109 km2. (7.44)

Using a typical value NNS = 109 for the number of NSts, we find a collision rate of

Γ̂NS = 1.5× 10−3FDM

FAS

collisions
year · galaxy

. (7.45)

This result was already known by previous authors [187, 188, 193] to be of the right
order of magnitude to account for the reported frequency of observed FRBs.

As with the other astrophysical collisions considered in this chapter, we can improve
on this estimate by taking nontrivial distributions into account. For ASts, we use (again)
the NFW profile in eq. (7.14), while for neutron stars we use the phenomenological fit
of [197]. The number density nNS(`, z) of neutron stars can be written in terms of two
probability distributions nNS(`, z) = N p`(`) pz(`, z)/2π`, where

p`(`) = A0,` + A
`α−1

λα
e−`/λ and

pz(`, z) = A0,z Θ(z− .1 kpc) + A1 e−z/h1(`) + A2 e−z/h2(`), (7.46)

where Θ(x) is a Heaviside step function. The scale heights h1,2(`) are defined by

h1(`) = k1 `+ b1

h2(`) =

{
k<2 `+ b<2 , ` ≤ 4.5 kpc

k>2 `+ b>2 , ` ≥ 4.5 kpc
(7.47)

The cylindrical coordinates ` and z are defined as in Section 7.4, and the remaining
constants are best-fit parameters from the analysis of [197], reproduced in Table 7.1. We
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normalize the distribution using N by the requirement

2
∫ Rvir

0

∫ 2π

0

∫ Rvir

0
` nNS(`, z) d` dθ dz = NNS = 109. (7.48)

We again use vvir = η v̄, and ignore velocity dispersion so that 〈σ v〉NS ≈ σNS vvir.
Finally, we find the total collision rate to be

ΓNS = 2N
∫ Rvir

0
dz
∫ Rvir

0
d`
(FDMρNFW(

√
`2 + z2)

FASMAS

)
p`(`) pz(`, z)〈σ v〉NS

=
2N σNS vvir

MAS

FDM

FAS

∫ Rvir

0
dz
∫ Rvir

0
d` ρNFW(

√
`2 + z2) p`(`) pz(`, z)

= 4× 10−4 η
FDM

FAS

collisions
year · galaxy

. (7.49)

It should be noted that an estimate of this kind, using the NSt distribution found
in [197], was first performed in [186] assuming spherical symmetry, whereas we have
included the z-dependence in nNS.

In this work we have remained agnostic about how axion stars form, preferring to
parameterize our ignorance by the parameters FAS and FDM. It is sometimes argued
that all axion stars are formed in the early universe through the collapse of axion
miniclusters. However, it is also possible that axion stars continually form as the dilute
background of axions thermalizes and clumps together; such accretion of axions into
condensates might be especially efficient if they form in the cores of ordinary stars. In
this analysis, we have striven to correctly capture the relevant physics, as well as the
astrophysical uncertainties regarding axion star formation. Because of these important
uncertainties, we do not comment here on the interpretation of Fast Radio Bursts as
originating in ASt collisions with neutron stars.

7.6. Summary

In this chapter, we have analyzed the consequences of axion stars as a component of
dark matter halos. If they constitute a large fraction of the total dark matter mass,
then they will exist in very copious quantities and will participate in astrophysical
collisions with a large rate. We have attempted to quantify the most important astro-
physical uncertainties using the parameters FDM and FAS defined in Section 7.2, which
parameterize the total ASt contribution to DM and the average ASt mass (respectively).
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In the parameter range analyzed here, we found that ASts may collide with OSts
with a large rate, O(3000) collisions/year/galaxy. Further, by examining the response
to a collision in the ASt energy functional, we estimated that a large fraction of these
collisions could lead to collapse of otherwise stable ASts. This conclusion depends on
somewhat tenuous assumptions about the ASt mass distribution. However, due to
at least the possibility of such a large collapse rate, we conclude that this might be a
promising area of future research, with more precise estimations leading to constraints
on the hypothesis of ASts in DM halos.

Collisions between two ASts were estimated to occur with a much larger rate,
O(107) collisions/year/galaxy. However, collapse will only occur if the relative velocity
between the two colliding ASts is extremely small. As a result, it is probable that the
effect of these collisions in a cosmological context is completely negligible.

Finally, collisions between ASts and neutron stars have been analyzed by a number
of other authors [186, 188, 193]; we update the estimates of the collision rate here by
using the full updated number distribution of NS, finding roughly commensurate
results when uncertainties are taken into account. Though we do not analyze it in detail
here, the hypothesis of FRBs originating in ASt collisions with NSts still appears viable.
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Chapter 8.

Conclusions

“Nature’s music is never over; her silences are pauses, not conclusions.”
— Mary Webb

In this work, we have analyzed some of the consequences of the addition of scalar
particles in extensions of the Standard Model. The SM, and its analogue in cosmology
known as the ΛCDM model, each have a number of problems and lingering questions
which allow the justification of such extensions. The Strong CP Problem in the QCD
sector and the problem of Dark Matter in astrophysics and cosmology, which were
at the forefront of this work, are two very different problems that could be solved
simultaneously through the interactions of a new, very light boson: the axion.

Axions solve the Strong CP Problem through coupling to the strong interaction,
and at the cosmological QCD phase transition, acquire a mass that can generate the
correct relic abundance for DM. Being light scalars, produced sufficiently cold, they can
coalesce into low-energy Bose-Einstein condensates, which can be large and massive
enough to have novel astrophysical effects. We analyzed bosonic condensates through
a number of methods, from classical field theory, to semiclassical quantization, to the
nonrelativistic limit. These condensates are stabilized by a balance between kinetic
(Heisenberg uncertainty) pressure, self-gravitation, and self-interactions.

By analyzing the low-energy limit of axion field theory, we derived the macroscopic
properties of stable condensates formed from axions, usually called axion stars. In
QCD, stable axion star states only exist up to a maximum mass which is M = O(1019)

kg, and have a minimum radius which is R = O(100) km.1 There exist energy extrema

1Due to their small size compared to an ordinary star, some prefer to refer to these states not as “axion
stars”, but rather as “axion drops” [93], “axitons” [137, 199], or (this author’s favorite) “axteroids.”
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with smaller radii, but they are unstable to collapse. There are further no stable states
with masses larger than the maximum.

We have analyzed the stability of axion stars. First, there exist number-changing
transitions which can take place inside a condensate, where several bound axions
convert to one or more high-energy axions which are emitted from the axion star. We
found that the decay rate of axion stars through these processes was a function of their
total mass, or through a simple variable change, their energy or chemical potential.
Axion stars on the gravitationally stable, large-radius branch of solutions were found
to be stable against decay with very long lifetimes.

We also analyzed the collapse of gravitationally unstable axion stars, finding that
collapse proceeds from dilute to dense configurations in a timespan ofO( f ew) minutes.
The spectrum of states derived from the axion star energy indicated that collaps-
ing axion stars do not form black holes, but are stabilized at a size larger than their
Schwarzschild radius. In the last moments of collapse, the rate for the decay process
increases rapidly, and a fraction of the axion star’s energy is converted to relativistic
particles.

Finally, we considered how axion stars might behave as a component of dark matter
halos. In particular, if there exist a plenitude of axion stars in a typical halo, then they
will participate in collisions with other astrophysical bodies. We calculated the rate for
these collisions, and found them to be very frequent; we further showed that they can
lead to collapse of otherwise stable axion stars. Because collapse leads to relativistic
particle emission, we have speculated about possible novel detection signatures of
axion stars in dark matter halos.

There are a number of open questions in the field of axion stars. First and foremost,
the precise formation mechanism (both in the early universe and at late times) remains
the subject of debate. Related to this is the mass distribution of axion stars, which is
also not known with any precision. Of interest in recent literature is the possibility
that individual axion condensates form entire dark matter halos; the consequences of
this idea are still being explored. The answers to these questions will make precise
the predictions of axion star models, and will be crucial in further developing an
understanding of axion dark matter more generally.



Conclusions 125



126



Appendix A.

Expectation Values of the Axion
Potential

A.1. N-particle Potential

The Ruffini-Bonazzola method consists in taking expectation values of the quantum
equations of motion using an N-particle ground state. We detail the procedure here,
using the axion potential of eq. (4.3) as our template. Other expectation values require
a similar procedure (though most are calculationally less taxing).

Expand the axion wavefunction as in eq. (4.1); for simplicity, let A ≡ A+ +A−, so
that the axion potential has the form

V = m2 f 2
[
1− cos

(
A+ +A−

f

) ]
. (A.1)

Since [A+, [A+,A−]] = 0, we can use the Baker-Campbell-Hausdorff lemma to arrive
at

cos
(
A+ +A−

)
= e−[A

+,A−]/2 f 2
eiA+/ f eiA−/ f . (A.2)

The expectation value of this potential between N-particle states is

〈N| cos
(
A+ +A−

f

)
|N〉 = e−[A

+,A−]/2 f 2 〈N|eiA+/ f eiA−/ f |N〉

= e−S(r)
N

∑
k=0

(−1)k

(k!)2
N!

(N − k)!

(
R(r)

f

)2 k

(A.3)
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where we have reinserted the definitions of the fields A±, and where

S(r) =
R(r)2

2 f 2 . (A.4)

Because the wavefunction R(r) scales with N−1/2, the exponential e−S → 1 as the
particle number N → ∞. Further, in the same limit, the sum in eq. (A.3) is dominated
by terms with k � N. Thus, in the large-N limit, we find the following result for the
expectation value of the axion potential:

〈N|V(A)|N〉 = m2 f 2 〈N|
[
1− cos

(A
f

)]
|N〉

= m2 f 2
[
1− J0

(2
√

N R(r)
f

)]
, (A.5)

where Jk is the kth Bessel function of the first kind.

A.2. Number-Changing Operators

In Chapter 5, we also consider number-changing interactions. Using the method
outlined above, we obtain in leading order in 1/N,

〈N|1− cos
(
A
f

)
|N − n〉 ≈ 〈N|eiA+ / f eiA− / f |N − n〉

= −in Jn [Z(y)] ei n µ0 . (A.6)

These number-changing transitions generically lead to the emission of high energy
axions, and so the analysis requires the extension of the field expansion in a complete
set of both bound and scattering states, as in eq. (5.8). For the process (5.3), we find a
transition matrix element

〈N|1− cos
(
A
f

)
|N − n; p1, ..., pν〉 = −in Jn [Z(y)] ei n µ0

(
i
f

)ν ν

∏
s=1

ei(~ps·~r−µs t)√
2 µs

. (A.7)

Each of the ν emitted axions are labeled by their energy eigenvalue µs and their mo-
mentum ~ps. Multiplying by the scale factor m2 f 2 and integrating over d3r dt gives the
matrix element

M = −2 π m2 in
(

i
f

)ν−2

δ(n µ0 −∑
s

µs)
∫

d3r Jn(Z) exp

(
i~r ·

[
∑

s
~ps

])
ν

∏
s=1

1√
2 µs

.

(A.8)
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The application of (A.8) to the simplest case of n = 3 and ν = 1 has been discussed
in Chapter 5, which gave (5.19). Here we will discuss the next-to-leading order process,
which involves the emission of two axions, ν = 2. As shown by (A.8), |M|2 is propor-
tional to f 4−2ν. Since the remainder of the transition rate scales only with m, the rate of
emission of µ axions compared to that of a single axion is rν = Γν / Γ1 ∼ (m / f )2ν−2.
This is a minuscule factor for almost every conceivable physical theory; for example, in
QCD, m2 / f 2 ∼ 10−50. In order to show that the coefficient is dominated by this small
factor, and thus that higher-order contributions to the decay rate can be neglected, we
sketch below the calculation of the rest of the matrix element for ν = 2.

For ν = 2, the most probable process has n = 4, i.e. 4 bound axions convert to 2
scattering state axions. In that case, the matrix element takes the form

M4→2 =
4 π2

m K
√

µ1 µ2
I4(K) δ(4 µ0 − µ1 − µ2), (A.9)

where K = |~p1 + ~p2| / m and where I4(K) was defined in (5.21). Then the transition
rate per unit time is

Γ4→2 =
1

2 π4 m2

∫ d3p1

µ1

d3p2

µ2

1
K2 [I4(K)]2 δ(4 µ0 − µ1 − µ2), (A.10)

where Γn→ν is the transition rate of the process N ac → (N − n) ac + ak1 + ... + akν
. The

integration over every variable but K can be performed analytically, to give

Γ4→2 =
m

16π3

∫ √16 (µ0/m)2−4

0
dK f (K) [I4(K)]2, (A.11)

where f (K) is a complicated function involving logarithms of expression containing K.
However, at very weak binding µ0 → m, f (K) simplifies to

f (K) ' K (12− K2)

16− K2 , (A.12)

while the upper limit of integration over K becomes
√

12.

We calculated the the ratio of Γ4→2 /Γ3→1, where Γ3→1 is given in (5.19), at several
choices of the input parameters and found that

Γ4→2

Γ3→1
= C

m2

f 2 , (A.13)
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where C is a constant of O(1)−O(10). Thus, the ratio m2 / f 2 � 1 makes the con-
tribution of the process of emission of more than 1 axion to the decay of axion stars
negligible.



Appendix B.

Binding Energy Corrections to the
Axion Star Mass

In this appendix we estimate the binding energy in an axion star using leading correc-
tions away from the infrared limit of Chapter 4. The lowest order corrections to the
calculation of the mass M and particle number N in that chapter come at O(δ) and
O(∆2), and in the interesting range κ ≡ δ/∆2 = O(1), these corrections are of the same
order.

Recall from eq. (4.6) that the expectation value of the stress-energy tensor gives

〈N|T00|N〉 = f 2
[

µ0
2 N R2

B f 2 +
N R′2

A f 2 −m2 [1− J0(X)]

]
= f 2

[
µ0

2 Z2

4 B
+

m2 Z′2

4 A
+

m2

4
Z2 − m2

64
Z4 + ...

]
≈ m2 f 2

[
εµ

2

4 B
∆2 Y2 +

1
4

∆2 Y2 +
∆4 Y′2

4 A
− ∆4 Y4

64

]
, (B.1)

where in the last step we have dropped terms higher-order in ∆� 1. Thus the mass is

M =
∫
〈N|T00|N〉

√
|g| d3r

=
1

m3 ∆3

∫
〈N|T00|N〉

√
A B d3x

=
f 2

m ∆
π
∫ [εµ

2

B
Y2 + Y2 +

∆2 Y′2

A
− ∆2 Y4

16

]
√

A B x2dx. (B.2)

Next, we will use A = 1 + δ a and B = 1 + δ b as in Chapter 4, which give further
corrections ofO(δ); we need to expand also εµ

2 = 1− ∆2 in the first term. Finally, there
are corrections also to the wavefunction Y(x), because the solutions we computed in
that chapter neglected O(δ, ∆2) terms in the equations of motion. Let’s write Y = Y0 +
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Y1, where Y0 are the solutions found at leading order and Y1 represents the correction;
we will take the correction term Y1 to be of the same order as δ, ∆2, i.e. we drop Y1

2

pieces. The leading order corrections are

M =
f 2

m ∆
π
∫ [

(1− ∆2)(1− δ b)Y2 + Y2 +
∆2 Y′2

A
− ∆2 Y4

16

] √
A B x2dx

≈ f 2

m ∆
π
∫ [

2 Y2 − ∆2 Y2 − δ b Y2 + ∆2 Y′2 − ∆2 Y4

16

] [
1 +

δ

2
(a + b)

]
x2dx

=
f 2

m ∆
π
∫ [

2 Y2 + δ(a + b)Y2 − ∆2 Y2 − δ b Y2 + ∆2 Y′2 − ∆2 Y4

16

]
x2dx

≈ f 2

m ∆
2 π

∫ [
Y2

0 + 2 Y0 Y1 +
δ a
2

Y2
0 −

∆2

2
Y2

0 +
∆2

2
Y′20 −

∆2 Y4
0

32

]
x2dx. (B.3)

Observe that every term in eq. (B.3) is proportional to one of the following integrals:

I0 =
∫

Y0
2 x2 dx I1 =

∫
Y0 Y1 x2 dx

Ia =
∫

a Y0
2 x2 dx Ib =

∫
b Y0

2 x2 dx

Ip =
∫

Y0
′2 x2 dx I4 =

∫
Y0

4 x2 dx (B.4)

As a result, we can write the mass as

M =
f 2

m ∆
2 π

[
I0 + 2 I1 +

δ

2
Ia −

∆2

2
I0 +

∆2

2
Ip −

∆2

32
I4

]
. (B.5)

The leading-order expression recovers eq. (4.18) because the integral U(∞) = 2 π I0.

Performing a similar analysis for the corrections to the particle number N, beginning
with the first equality of eq. (4.23), we obtain

N =
f 2

m2 ∆
2 π
√

1− ∆2
∫ √1 + δa(x)

1 + δb(x)
Y(x)2 x2 dx

≈ f 2

m2 ∆
2 π

[
1− ∆2

2

] ∫ [
1 +

δ

2
(a− b)

]
Y(x)2 x2 dx

≈ f 2

m2 ∆
2 π

[
Y2

0 + 2 Y0 Y1 −
∆2

2
Y2

0 +
δ

2
(a− b)Y2

0

]
x2 dx

=
f 2

m2 ∆
2 π

[
I0 + 2 I1 +

δ

2
Ia −

δ

2
Ib −

∆2

2
I0

]
(B.6)
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The binding energy, defined in eq. (4.28), is

EB = M−m N =
f 2

m ∆
2 π

[
δ

2
Ib +

∆2

2
Ip −

∆2

32
I4

]
=

f 2

m
2 π

√
κ

δ

[
δ

2
Ib +

∆2

2
Ip −

∆2

32
I4

]
, (B.7)

to leading order in O(δ, ∆2). Note that the wavefunction correction Y1 cancels in the
computation of EB. To compute the binding energy per particle, we simply divide by
the leading expression for N, given in eq. (4.23). The result, in units of particle mass, is

EB

m N
=

1
I0

[
δ

2
Ib +

∆2

2
Ip −

∆2

32
I4

]
. (B.8)

For each of the solutions Y0(x) we calculated in Chapter 4, we calculated EB/m N by
evaluating the integrals in eq. (B.8). The results are illustrated in Figure 4.2.
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Appendix C.

Computation of the Integral I3

Regular solutions of eqs. (4.12) quite likely form a complete set of functions. In the
region of parameter space where κ � 1, the axion wavefunction Y(x) is effectively
decoupled from gravity. Solutions of the resulting gravity-decoupled eq. (5.15) which
are regular at x = 0 and vanish at infinity are uniquely defined and are real analytic,
but have singularities at pairs of complex conjugate points.

Consequently, the contour of integration in I3, which using eq. (5.14) we cast in the
form

I3 =
∆

48 i

∫ ∞

−∞
dx x exp

(
i k x
∆

)
Y(x)3, (C.1)

can be deformed until we encounter the first singularity, at x = i yI , in the upper half
complex plane. The contribution of the first pole in the upper half plane dominates the
integral. To find the nature of these singularities, we expand the equation of motion
(5.15) around the singular term, taking the ansatz

Ysing '
A

(x2 + yI2)α
. (C.2)

The only nontrivial solution is found if α = 1, which implies that the singularities are
first-order poles. In leading-order of the Laurent series expansion around x2 = −yI

2,
we obtain the constraint A = ± 8 yI .

The nature and location of the singularities with the smallest distance from the real
axis, i.e. at x = ± i yI , can also be found out from examining the Taylor series expansion
of the solution Y(x) around x = 0

Y(x) =
∞

∑
n=0

η(n) x2 n. (C.3)
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Assuming a leading singularity of the form (C.2), it is easy to deduce the value of α, A,
and yI by using the asymptotic expansions in n,

α = 1 + n2
(

1− η(n + 1) η(n− 1)
η(n)2

)
+ O(n−4), (C.4)

yI =

√
−η(n− 1)

η(n)

(
1 +

1− α

n
+O(n−2)

)
, (C.5)

A = (−1)n η(n) yI
2 n+2 α

α + 1
2

α + 2
3

(
1 +

α− 1
n

)
. (C.6)

The expression (C.4), evaluated at large n, give

α− 1 ≈


3.2× 10−6, for n = 18

2.6× 10−6, for n = 19

2.1× 10−6, for n = 20

(C.7)

This implies that α = 1 (the singularity is a single pole) with a very high confidence.
Then (C.6) reduces to A = (−1)n η(n) yI

2 n+2, and we find

A ≈ 4.81747, yI ≈ 0.602184. (C.8)

Using the expression (C.2) and the fact that the pole at x = i yI dominates the
integral, I3 evaluates to the following simplified expression in leading order of ∆:

I3 ≈
32 i π yI

3 ∆
exp

(
−
√

8 yI

∆

)
. (C.9)

We also calculated I3 by brute force, using the wave function obtained from numerical
integration of eq. (5.15). This can only be done for moderately small (but not too small)
values of ∆ due to the rapidly oscillating integrand ∼ sin(k x/∆). The expression of eq.
(C.9) fits those calculations with the choice yI ≈ 0.6 extremely well.



Appendix D.

Boundedness of the Instanton Potential

In our original work on the topic of axion star collapse [168], the proof that the axion star
energy had a dense global minimum depended on the boundedness of the axion self-
interaction potential; in the Appendix of that paper, we provided a proof for the specific
case of a Gaussian wavefunction. This proof can be generalized to any wavefunction
which falls into one of two categories. For F(ξ) defined in eq. (6.5), either: (a) ξ has a
finite range, such that F(ξ) = 0 at ξ ≥ 1 (i.e. the axion star has compact support on
radius R); or (b) ξ has an infinite range but F(ξ) → 0 as ξ → ∞.1 In this section we
prove, under general conditions on the ansatz, that the self-interaction term in the axion
star energy is bounded, and the kinetic energy term 1 / ρ2 is dominant as ρ→ 0. This
proof was originally provided in our follow-up work [169].

The general form of ansätze for the wave function, which we and other authors use,
is of the form in eq. (6.5). We can see by using eqs. (6.7) and (6.14) that such an ansatz
leads to the following equation for the self-interaction energy:

ESI

m N
= −δ n

ρ3 vI = −
4 π

ζ2 C2

∫
dξ ξ2

{
1− J0[

√
2ζ F(ξ)]− ζ2

2
F(ξ)2

}
. (D.1)

The ρ→ 0 limit of the self-energy is given by the ζ → ∞ limit, as in the definition (6.6).
Then, dropping for now the numerical coefficients in the self-energy, we can write the
integral in question as

K =
1
ζ2

∫
dξ ξ2

{
1− J0[

√
2ζ F(ξ)]− ζ2

2
F(ξ)2

}
. (D.2)

The last term of K

− 1
ζ2

∫
dξ ξ2 ζ2

2
F(ξ)2 = − C2

8 π
(D.3)

1To our knowledge, all relevant ansätze used by other authors fall into one of these categories as well.
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is always finite, since we must have2

C2 = 4 π
∫ ∞

0
dξ ξ2 F(ξ)2 < ∞, (D.4)

convergent for a normalizable wavefunction. Consequently, we can restrict ourselves
to investigate the ζ → ∞ behavior of the remainder of the integral

K′ =
1
ζ2

∫
dξ ξ2

{
1− J0[

√
2 ζ F(ξ)]

}
. (D.5)

The multiplier 1− J0[
√

2 ζ F(ξ)] of the integrand of K is positive, and bounded by its
value taken at

√
2 ζ F(ξ) = j1,1 = 3.83171, where j1,1 is the first zero of J1(x). Then we

have the inequality

1− J0[
√

2 ζ F(ξ)] ≤ B ≡ 1− J0(j1,1) = 1.40276. (D.6)

Let us consider ansätze in the first class (a). In that case, using the bound B in eq.
(D.6), we have

K′ =
1
ζ2

∫ 1

0
dξ ξ2

{
1− J0[

√
2 ζ F(ξ)]

}
≤ 1

ζ2

∫ 1

0
dξ ξ2B =

B
3 ζ2 ∼ ρ3. (D.7)

Clearly, K′ → 0 as ρ→ 0.

Now consider ansätze in class (b). We break up integral K′ of eq. (D.5) such that in
K′1 the region of integration is 0 ≤ ξ ≤ ξ1 while in K′2 it is ξ > ξ1. We fix ξ1 such that√

2 ζ F(ξ1) = ν, where ν� 1, a constant. Then using again the bound in eq. (D.6), we
certainly have

K′1 ≤
ξ1

3 B
3 ζ2 . (D.8)

Then it is easy to see that there is an a > 0 such that

F(ξ) <
a

ξ3/2 . (D.9)

Taken at ξ = ξ1, eq. (D.9) can be inverted as

ξ1
3 <

a2

F(ξ1)2 =
2 a2 ζ2

ν2 . (D.10)

2For example, in [168], we had C2 = π3/2, evaluated using the Gaussian ansatz.
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Substituting ξ1 into eq. (D.8) we obtain that K′1 < 2 a2 B / 3 ν2, i.e. it has a finite limit as
ζ → ∞.

Now consider integral

K′2 =
1
ζ2

∫ ∞

ξ1

dξ ξ2
{

1− J0[
√

2 ζ F(ξ)]
}

. (D.11)

As
√

2 ζ F(ξ1) = ν� 1 and as F(ξ) is monotonically decreasing as a function of ξ, the
argument of the Bessel function in eq. (D.11),

√
2 ζ F(ξ)� 1 at all ξ. Then we can safely

expand the Bessel function and keep terms only up to the second order, to get

K′2 '
1
ζ2

∫ ∞

ξ1

dξ ξ2 ζ2

2
F(ξ)2 <

C2

8 π
, (D.12)

bounded. Then K′ = K′1 + K′2 is also bounded. We conclude that for any generic,
monotonically decreasing ansatz for the axion star wavefunction, the instanton potential
self-energy is bounded below. Because the chiral potential, as a function of z, is bounded
below by the instanton potential (as shown in Chapter 6), we conclude that the chiral
potential is also bounded.
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