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ABSTRACT 

The Nature of Transverse Beam Instabilities at Injection iO the Fermilab Main Ring 

Ping-Jung Chou 

Transverse beam instabilities have been observed in the Fermilab Main Ring since 

1972. It was well controlled by two active feedback systems until the last fix target run in 

1991. The current upgrade of accelerator facilities, where the replacement of the Main Ring 

by the Main Injector will allow acceleration of higher proton intensities, makes the 

importance of this issue surface again. Experimental studies were conducted to understand 

the nature and the cause of these transverse beam instabilities. The interplay between 

accelerator parameters and the growth rate of transverse beam oscillations is investigated. 

Some previously puzzling behavior of the Main Ring is now understood because of the 

knowledge gained from these studies. Experimental techniques were implemented to 

measure some important parameters of the Main Ring, such as the vertical impedance, 

bunch form factor, and the wake f~nction. Empirical theory is devised to understand the 

coupled bunch instability with many distributed gaps, and a satisfactory agreement is 

obtained between the analysis and the measured data. The cause of the transverse beam 

instabilities is identified to be the resistive wall impedance. Anomalous behavior in the 

frequency dependence of the impedance below the MHz range suggests that impedance 

sources other than the resistive wall also exist in the Main Ring. The performance of two 

active feedback systems is found to be inadequate to meet the goal of the Main Injector 

accelerator upgrade. Suggestions for hardware improvements and the choice of accelerator 

parameters are given. 
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CHAPTER 1 

INTRODUCTION 

A. The relevant issues at Fermilab 

1. A brief description about Fermilab facilities 

Fermi National Accelerator Laboratory was started in 19681 and led by Robert 

Rathbun Wilson, who was the head of the cyclotron group in the Manhattan project. 2 A 

400 Ge V proton accelerator was commissioned 1 in 1972 and named the Main Ring. 

Historically the Main Ring was used to provide high energy protons for fixed target 

experiments. Main Ring is a circular accelerator with a mean radius of 1 km. It employs 

the alternating-gradient strong focusing design3 for the accelerator lattice. It has 18 rf 

cavities for particle acceleration. 3 When it is completely filled, the Main Ring can store 

1113 equally spaced bunches. It takes approximately 13 booster batches to fill the Main 

Ring, where a booster batch is composed of 84 bunches. 

In order to double the beam energy, Fermilab built a 1 Te V accelerator in the same 

tunnel as the Main Ring, called the Tevatron. At that time the Main Ring was converted 

into an injector for the Tevatron. Nowadays the Main Ring is mainly used to produce 

antiprotons for collider physics experiments performed in the Tevatron. Proton beams 

are injected into the Main Ring at 8 Ge V from the Booster synchrotron and accelerated to 

120 GeV. When the proton beams reach 120 GeV, they are directed towards a target to 

produce antiprotons. An aerial layout of Fermilab is depicted in Fig. 1.1. 

1 
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2. A review of transverse beam instabilities in the Main Ring 

There are two types of beam instabilities present in the Main Ring: incoherent 

single particle effects and coherent collective effects. The single particle effects result 

from the interaction between a charged particle and the imperfections of the magnetic 

fields in the magnets. The coll~cti~e ~ffects result from the electromagnetic interaction 

between a charged particle and other particles (and itself) through a coupling mechanism 

provided by the vacuum chamber. The collective instability depends on the beam 

intensity. The larger the beam intensity, the more severe the instability. The effects 

created by the collective beam instabilities are: limitation of maximum stored beam 

intensity, deterioration of beam quality, and the possibility of beam loss. 

During the commissioning of the Main Ring in early 1972, people already noticed 

the existence of transverse collective instabilities at injection in the Main Ring.4 It was 

found to have a threshold intensity of approximately 1012 protons. It was also found that 

the vertical direction had a lower threshold, presumably because of the smaller size of 

vacuum chamber in the vertical direction. An active damper system with a frequency 

bandwidth from 5 kHz to 2.5 MHz was built to damp the transverse collective 

instabilities. It was installed in both horizontal and vertical planes. The 2.5 MHz damper 

system was named the slow damper. Later on a bunch-by-bunch damper system was 

installed in the vertical plane and named the super damper. The super damper has a 

frequency bandwidth from 5 kHz to 27 MHz. 

During the last fixed target run from 1989 to 1991, Main Ring suffered from 

vertical beam instabilities which limited the maximum beam intensity in the Main Ring to 

2 X 1013 protons. The results of machine studies suggest that the resistive wall 

impedance is responsible for the observed multibunch instability.5 It was also found that 

the growth rate of the vertical instability was sensitive to the bunch length and machine 
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chromaticity. Those findings indicate the possibility of vertical head-tail instability in the 

Main Ring. 

3. Motivation of this thesis work 

Currently there is an accelerator upgrade called Fermilab III underway to improve 

the performance of the Tevatron. A new 150 GeV accelerator, the Main Injector, is under 

construction which will replace the existing Main Ring in 1999. The design parameters 

of the Main Injector are shown in Table 1.1. 6, 7 Since the beam intensity will be higher 

and the bunch length will be much shorter in the Main Injector, issues about transverse 

beam instabilities need to be studied. 

In the meantime, the Main Ring will still serve as the injector of the Tevatron for 

the next fixed target run beginning in mid 1996. The goal for the next fixed target run is 

shown in Table l.2,6, 7 a factor of two increase in the Main Ring intensity from the 

previous run. This prompts the concern about the vertical beam instabilities observed 

during the last fixed target run. There has been observations of a horizontal beam 

instability in the Tevatron at 800 Ge V flattop during fixed target runs when the beam 

intensity was over 2 X 1013. However, it was not observed during the last fixed target run 

since the beam intensity was relatively low. 

At present the total proton intensity in the Tevatron is 1.4 X 1012. The goal of the 

Fennilab III upgrade is to store 1 X 1013 protons in the Tevatron as shown in Table 1.3.6, 

7 The. upgrade project also calls for an increase of total antiprotons by a factor of five in 

the Tevatron. The bunch spacing after the Tevatron upgrade will be one ninth of the 

previous value. Those changes will make Tevatron more susceptible to beam 

instabilities. 
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From a short-term point of view, it is very important to understand and solve the 

transverse beam instabilities which plagued the performance of Main Ring during the last 

fixed target run. From a long-term point of view, this thesis work can provide a training 

ground or head start for dealing with possible transverse beam instabilities in the Main 

Injector and Tevatron after the Fermilab III upgrade. 

4. Units and dimensions 

The goal of this thesis work is to answer some operational issues faced by a circular 

accelerator. Therefore, the MKS units will be used throughout the entire contents. The 

convention exp(ikz-irot) is used throughout the text to describe the time evolution of a 

sinusoidal wave. 

Table I. I. Current parameters for the Main Ring and the design goal for the Main 
Injector. 

Parameter 

total protons (xIOB) 

protons/bunch (x1010) 

bunch length (nsec) 

Main Ring 

2.0 

1.98 

11 

Main Injector 

3 

6 

5 
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Table 1.2. Main Ring parameters for the last and the next fixed target runs. 

total protons (X 1Ql3) 

protons/bunch (X 1 OlO) 

1991 best record 

2 

2 

1996 goal 

4 

4 

Table 1.3. Tevatron parameters for the current collider run and the future upgrade. 
Ratio of parameters 

1995 Run lb 1999 Run II ( 1999 I 1995) 

total protons (X 1 Oi3) 0.14 0.97 6.5 

total antiprotons (x1QI2) 0.39 2.0 5.1 

protons/bunch (XlOl l) 2.3 2.7 1.2 

antiprotons/bunch (X 1 OlO) 6.5 5.5 0.9 

number of bunches 6 36 6 

bunch spacing (nsec) 3500 396 0.11 

5 
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B. Single particle motion in a circular accelerator 

1. Longitudinal motion 

When one wants to accelerate charged particles in a circular accelerator, the naive 

idea is to use de acceleration. Since the electrostatic field is cnnservative, the line 

integral of the electric field along the accelerator is zero for one revolution. Faraday's 

Law shows that there will be no net energy gain. Therefore, one needs to use a time-

alternating electrical field to accelerate charged particles for nonzero energy gain after 

one revolution. High power rf cavities are used for part~cle acceleration in modem 

accelerators. 

For a charged particle in a circular accelerator traveling with speed u, the revolution 

period is T= Uu, where L is the circumference of accelerator. The revolution period is 

different for particles with different energy. The fractional change of revolution period 

relative to the particle of design energy is given by the following derivations: 

dT dL du 

T L u 
(1.1) 

(1.2) 

dp m0u 2 
U-= = y p 

du (1- u_%i )3/2 
(1.3) 

T 
(1.4) 

dT 



Introducing the following definitions: 

dL _ 1 dp 

L=~d-P 

1 1 
ri=--­- y; y2 

dT dp 
• --T'I-.. T - ~• p 
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( 1.5) 

(1.6) 

(1.7) 

where p is the kinetic momentum, Yt is a parameter dependent on the accelerator lattice 

design, y is the Lorentz relativistic factor and dp, dT are the deviations of momentum and 

revolution period with respect to the synchronous particle which satisfies the design 

parameters. 

Accelerator physicists call TJ as the phase slip factor. Apparently one will get T)= 0 

for particle energy at "(= 'Yt· This is called the transition energy of accelerator, which 

depends on the lattice design of each individual accelerator. When the particle energy is 

above transition (T)> 0), those particles which have higher energy than the design value 

will take a longer time to travel around the accelerator according to Eq.(1.7). When the 

particle energy is below transition (11< 0), those particles which have higher energy than 

the design value will take less time to travel around the accelerator. With proper 

arrangement of the accelerating phase between the particles and the rf accelerating 

voltage, one can get longitudinal focusing. Figure 1.2 depicts the longitudinal positions 

for off-energy particles in the presence of rf accelerating voltage in two successive turns. 

For the case of below transition (11 < 0) in Fig. 1.2, the particle with dp> 0 will arrive 

earlier than the synchronous particle in the next turn and the particle with dp< 0 will 
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arrive later according to Eq.(1.7). Therefore, the dp> 0 particle will receive less 

accelerating voltage than the synchronous particle and the dp< 0 particle will receive 

more accelerating voltage than the synchronous particle in the next turn. This process 

will keep the off-energy particles in the vicinity of synchronous particle, in other words 

the energy spread of particles will be confined within certain limit. This is the 

mechanism of longitudinal focusing. Since those particles trapped in the local potential 

well created by the rf accelerating voltage will always stay in the vicinity of synchronous 

particle, the result of longitudinal focusing is the beam bunching. If one looks at the 

longitudinal phase space corresponding to Fig. 1.2, one will get the picture depicted in 

Fig. 1.3. 

The longitudinal focusing effect keeps particles inside a stable bucket area whose 

shape and size are determined by the rf accelerating voltage and other accelerator 

parameters. Inside this bucket area, the particles undergo periodic circulation in 

longitudinal phase space. Outside this bucket area, particles with too large a momentum 

error cannot gain or lose enough energy to reverse sign, and are therefore not focussed. 

The longitudinal motion of particles inside a beam bunch is called the synchrotron 

oscillation. If one defines the longitudinal phase of a test particle in the n-th tum 

according to Fig. 1.4, one can write down the phase of the test particle in the next turn as 

following: 

<l>n+l = <l>n + Wrf · dT n+l (1.8) 

The relation between the particle energy and momentum is given by the following 

relations: 



-

2 2 E = ')'IIloC = pc I 1) 

The differential equations following after Eqs.( 1.9) and ( 1.10) are: 

2 E·dE = c p·dp 

9 

( 1.9) 

( 1.10) 

(l.11) 

(1.12) 

By using Eqs.( 1. 7) and ( 1.12) one has the expression for the longitudinal phase of the test 

particle in the next tum: 

(l.13) 

, and the energy deviation is: 

(l.14) 

where e= the charge of a particle, cl>n= the phase of the particle relative to the rf voltage in 

then-th turn, ffirF the angular rf frequency, V= the amplitude of rf voltage, <l>s= the phase 

of synchronous particle relative to the rf voltage, P= u/c, ~E= the energy deviation 

relative to the synchronous particle, Ts= the revolution period of the synchronous particle, 

and Es= the design energy. 
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If one combines Eqs.( 1.13) and ( 1.14) and assumes that the variations are small 

enough to use the time average over one revolution period, one will get a second order 

differential equation3 which describes the synchrotron oscillation: 

( 1.1 5) 

The above approximation scheme is called the smooth approximation. 

Equation ( 1.15) is inherently nonlinear because of the nonlinear nature of the 

sinusoidal accelerating voltage. When the phase deviation relative to the synchronous 

particle is small, one can linearize Eq.( 1.15) as: 

2-
d <I>_ rteVcorrTs cos<!> . (j) = 0 
dn2 ~2Es s ( 1.16) 

<I> = <I> - <l>s 

where (j) is the relative phase deviation with respect to the synchronous particle. If one 

changes the variable from the tum index to time, the equation of motion will become: 

( 1.17) 

For small phase deviation the synchrotron oscillation has exactly the same form as 

the motion of a harmonic oscillator. From Eq .( 1.17) one has the frequency of 

synchrotron oscillationfs as: 
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( 1.18) 

The equivalent form of potential energy for this synchrotron harmonic oscillator can be 

cerived from Eq.(1.16), the result is: 

( l.19) 

From Eqs.(1.7) and (1.12) one can write down the equivalent form of velocity for this 

oscillator, which is: 

The Hamiltonian of this oscillator is given by: 

P.E.+_!_(d4))2 
2 dn 

2 ~2E eV cos<)> -2 
=(LIB)+( s 5 )·<1> =constant 

-TJOlrfTs 

( 1.20) 

( 1.21) 

Equation (1.21) gives the particle trajectory in the LiE-<j> phase space for a given 

initial condition. The trajectory is an ellipse in the LiE-<!> phase space, just what one will 

expect from a harmonic oscillator. For larger oscillation amplitudes, the general result 

for the Hamiltonian is given by:3 
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( 1.22) 

An example of the longitudinal phase space is depicted in Figs. 1.5. 

The number of synchrotron oscillation cycles completed per tum is defined as the 

synchrotron tune. The synchrotron tune equals the synchrotron frequency divided by the 

revolution frequency. The ratio of the rf frequency to the revolution frequency is defined 

as the harmonic number, h, an integer which gives the maximum number of bunches in 

an accelerator. 

The stable area in the phase space occupied by the particle beams is called the 

longitudinal emittance. In the non-accelerating case, the longitudinal emittance, S, for 

particles undergoing small oscillation is given by the area of the following ellipse: 

(1.23) 

where <$ is the maximum phase excursion from the synchronous particle for a given 

initial condition. The area of this ellipse in the ~-<1> coordinate space is given by: 

(1.24) 

The longitudinal emittance is an invariant quantity for a non-accelerating beam. 

From Eq.(1.24) one readily realizes that the bunch length is proportional to V-114 when 
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the linear approximation is valid. Generally one has to calculate the bunch length 

numerically. 

2. Transverse motion 

The coordinate system used to describe particle motion in an accelerator is depicted 

in Fig. 1.6, where R is the mean radius of accelerator, sis the tangential coordinate along 

the design orbit, y is the vertical displacement and x is the horizontal displacement with 

respect to the design orbit. 

In a circular accelerator, dipole magnets are used to provide a uniform magnetic 

field to guide the charged particles and quadrupole magnets are used to focus those 

particles which deviate from the design orbit. An example of conventional, iron-cored, 

direct-current magnets is depicted in Fig. 1. 7. 

Assume there is no magnetic solenoid in the accelerator. A particle traveling in a 

circular accelerator in the horizontal plane with speed u will experience the transverse 

force described by the following equations: 

2 
.. ( ) ( _ B-) mu mx t = eu x x + =----

R + x 
mu2 

= -euBy + =-­
R + x 

my(t) = (eu x B)y 

= eUBx 

(l.25) 

(1.26) 

where U=Uo + du, u0 is the velocity corresponding to the design energy. For the lowest 

order approximation, the magnetic fields near the design orbit can be approximated as: 
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B ( ) _ B ( 0 O) C>Bx(s,0,0) C>Bx(s,0,0) x s,x,y - x s, , +x +y----
ax ()y 

( 1.27) 

C>By(s,0,0) C>By(s,0,0) 
By(s,x,y) = By(s,0,0) + y + x----

()y ax 
( 1.28) 

The clesign field of a dipole magnet is given by By(s, 0, 0) only. The design field of a 

quadrupole magnet is given by x · (aBy ;ax) for the x direction and y · (aBx/ay) for they 

direction. Therefore, one can rewrite Eqs.( 1.25) and ( 1.26) as: 

[ 
as mu

2
] mu

2 
mx(t) + eu-Y + _

2 
x(t) = -eUBy +---=-

ax R R 

my(t)-eu ClBx y(t) = 0 
ay 

( 1.29) 

( 1.30) 

The design field of a dipole magnet is related to the design energy by the following 

relation: 

Po = eBy(s,0,0) 
R 

( 1.31) 

where po is the design momentum. Substituting Eq.( 1.31) to Eqs.( l .29), ( 1.30) and 

replacing g
1 

by u Js, one will get the following results: 

II [ I ()By dp 1 l (dp l l x (s)+ =----0--)+ _ 2 x(s) = - = 
RBy ox Po R Po R 

( 1.32) 
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,, [ -1 dBx (I dp)] ( ) O y (s)+ =------ -- ys = 
RBy dy Po 

( 1.33) 

Equations (1.32) and (1.33) describe the transverse motion of a charged particle in a 

circular accelerator. 

When the particle is in the straight sections where only quadrupole magnets reside, 

one has the curl condition as V x B = 0. This gives the following relation: 

dBy dB 
--=--x ax ay (l.34) 

From Eqs.(1.32)- (l.34) one can conclude that it is not possible to have focusing in both 

transverse directions simultaneously. To keep charged particles near the design orbit, one 

needs to provide an alternating array of quadrupole magnets, e.g. Fig. 1.8. 

The effect produced by an alternating array of quadrupole magnets is a potential 

well which causes particles to oscillate around the design orbit. This oscillatory motion is 

called the betatron oscillation. The number of betatron oscillation cycles completed in 

one revolution period is called the betatron tune, Q~. 

For particles at the design energy, the transverse motion described by Eqs.(1.32) 

and (l.33) can be expressed as: 

x"(s) + K(s)x(s) = 0 (1.35) 

where K(s)= K(s+L) for a circular accelerator, L= 2rr R= circumference of accelerator. 

Equation (1.35) is known as the Hill's equation. Its solution can be written in a 

closed form which closely resembles the solution of a simple harmonic oscillator:8 



x(s) = ~EPx(s)cos<j>(s) or ~EPx(s)sin<j>(s) 

s ds' 
<j>(s) = J A (s') 

so 1-'x 
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(1.36) 

where ~x(s) is called the betatror. function, <j>(s) is the betatron phase and Eis a constant of 

motion called the Courant-Synder invariant.8 The betatron function is determined by the 

arrangement of all magnets in the accelerator. 

For given initial conditions, the solution of betatron oscillation can be written as:B 

[
x(s)l = [C(s,s0 ) S(s,s0 )] ·[ x(s0 )] 

x'(s) C'(s,s0 ) S'(s,s0 ) x'(s0 ) 
(1.37) 

where C(s, so) is a cosine-like function and S(s, so) is a sine-like function. The transfer 

matrix in Eq.(1.37) is given by:8 

[
C(s,s0 ) S(s,s0 )]= 

M(s,so) = C'(s,so) S'(s,so) 

[ 

~ :xxo (cos <J> + a 0 sin <J>) 

<Xo-cx th 1 +cxcxo . th 
-==COS't'- sm't' 
~PxPxo ~PxPxo 

~~xPxo sin <1> l 
.J¥ccos.<J>-a sin<J>) 

(l.38) 

where a(s)= -P~ (s)/2. The transverse betatron motion has the following property: 

(1.39) 

For the off-energy particles, the equation of motion is given by: 



x"(s) + K(s)x(s) = (dp) 
1 

Po R 
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(1.40) 

One needs to find the inhomogeneous solution Xp(s) which satisfies the closure condition 

after on revolution in a circular accelerator. The inhomogeneous solution is given by:B 

xp(s) = dp D(s) 
Po 

D(s) = j 1 
[S(s)C(s')-C(s)S(s')]ds' 

oR 

where D(s) is called the dispersion function and D(s)=D(s+L). 

( 1.41) 

The trans verse 

displacement x(s) equals to x~(s) + (dp/po)D(s), where x~(s)= the betatron oscillation 

given by Eq.(l.36), and (dp/po)D(s)= the dispersion displacement caused by bending 

magnets. 

The energy spread among particles will cause the off-energy particles to experience 

different focusing strength when they pass through quadrupole magnets according to 

Eqs.{l.32) and (l.33). This effect results in a slightly different betatron tune for particles 

with different energies. To characterize this energy-dependent effect, a quantity called 

chromaticity, ~.is defined as the following: 

dQ~ 
~=­

dp/p 

where dQ~ is the deviation of tune with respect to the design value. 

So one can approximate Eq.(l.35) as a pseudo-harmonic oscillation: 

(1.42) 



x"(s) + ( ~ )' x(s) ~ 0 

The above result can also be written in terms of the time derivative as: 

X(t) + (l)~X(t) ~ 0 

2n:Q~ 
W~ = Q~Wo = T 
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(l.43) 

(1.44) 

where ro13 equals to the product of betatron tune Q~ and the angular revolution frequency 

(J)o, ro13 is called the angular betatron frequency. 

In reality there are always imperfections of the magnetic fields in the magnets. 

When the transverse tune is not chosen properly, those imperfections of magnetic fields 

can drive the beam resonantly to unbounded betatron oscillation amplitudes. When the 

horizontal and the vertical tune, Qx and Qy. satisfy the following relation:3 

(1.45) 

where M, N, and P are integers all of the same sign; the transverse motion may be 

unstable. The sum of the absolute values of M and N is the order of the resonance. An 

example of the tune plot showing resonances is depicted in Fig. 1.9. The most common 

field errors are: i) dipole and quadrupole errors which cause the integer and the half-

integer resonance respectively ii) sextupole errors which cause the third-integer resonance 

iii) octupole and decapole errors which cause the fourth order and the fifth order 

resonance respectively. A summary table of Main Ring parameters at the injection stage 

is depicted in Table 1.4. 



Table 1.4. Main Ring parameters at the injection energy (8 Ge V). 

Parameter 

transition energy (Yt) 

mean radius (R) 

revolution frequency ifo) 

nominal tune (Qx,y) 

phase slip factor (TJ) 

harmonic number (h) 

chromatic frequency <ft,= ~o/TJ )a 

synchrotron frequency ifs)b 

aFor one unit of chromaticity. 
bFor rf voltage set at 0.8 MV. 

Value 

18.75 

1 km 

47.4 kHz 

19.44 

-0.0083 

1113 

5.7 MHz 

546Hz 
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P SOURCE 

P Extract 

P Inject 

P/ P Transfer 

LINAC (400 MeV) 

DO 
OVERPASS 

TEVATRON 
(150 - 900 GeV) 

To fixed target 
experiments 

MAIN RING 
(8 - 150 GeV) 
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Fig. 1.1. The current layout of accelerator facilities at Fermi National Accelerator 
Laboratory, Chicago, Illinois, U.S.A. Currently there are two detectors for collider 
experiments at the BO and DO locations respectively. A new circular accelerator called 
the Main Injector is under construction. It will replace the Main Ring in Collider Run II 
in 1999.6 
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Fig. 1.2. The longitudinal positions for off-energy particles rn the presence of rf 
accelerating voltage in two successive turns. 
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~E( energy deviation) ~~:"] llE( energy deviation) 

~T ~T 

A : dp > 0 particle Ell: dp < 0 particle •: synchronous particle 

Fig. 1.3. The motion of off-energy particles relative to the synchronous particle in 
longitudinal phase space. The horizontal coordinate is the temporal position relative to 
the synchronous particle. 

<l>n 

I: synchronous particle 
o: test particle 

phase( radian) 

Fig. 1.4. The definition of longitudinal phase for a test particle. 
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-4 -3 -2 -1 0 2 3 4 

ct> 

Fig. 1.5. Particle trajectories in the longitudinal phase space for different initial 
conditions. This contour plot repeats with a period of 27t. 

y 

R 

s 

Fig. 1.6. The coordinate system used in the analysis. 
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...... x 

(a) 
(b) 

Fig. 1.7. A cross-sectional view of magnetic field lines for various kinds of magnets (a) 
the pole face of a dipole bending magnet ( b) the pole face of a quadrupole magnet. 

y 

F 0 D 0 F 

Q : focusing quad Jr: defocusing quad .__ _ __,I : dipole magnet 

Fig. 1.8. An example of the FODO lattice design. The particle is oscillating around the 
design orbit because of the alternating focusing scheme. 
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0.5 

~ 0.45· c: 
= .... 
ca 0.4 
-~ .... 
"' ~ ... 0.35 

0.3 

0.3 0.35 0.4 0.45 0.5 

horizontal tune 

Fig. 1.9. The transverse tune plane with resonances from the 2nd to the 5th order. Solid 
lines are those tune settings which will lead to the high order resonance. The shaded 
region is the normal working area for the Main Ring operation. 



CHAPTER2 

BEAM DIAGNOSIS AND INSTRUMENTATION 

Since the electromagnetic field emitted by a moving charged particle contains 

information about its trajectory, various beam monitors were built to intercept the 

electromagnetic fields inside the vacuumchamber. Thus, it is essential to understand the 

nature of induced beam signal and its interaction with the diagnostic hardware. Also it is 

important to learn about the response of hard ware to the beam trajectory for a correct 

interpretation of observed beam signal. 

A. The nature of observed beam signals 

1. Beam signal for a single bunch 

One can normalize the longitudinal phase deviation by the angular rf frequency, and 

express the longitudinal deviation in units of [sec]. If only small deviations in the 

longitudinal direction are considered, one can rewrite the equation of motion for 

synchrotron oscillation in terms of time deviation: 

i(t) + (.t);'t(t) = 0 (2.1) 

where 't(t) is the deviation of the particle position relative to the synchronous particle, 

ffis= 21tfs, and fs is the synchrotron frequency given by Eq.(1.18). 
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If one projects the synchrotron oscillation on the time deviation axis, one will see a 

periodic modulation of revolution period. The period of modulation is the time needed 

for a particle to complete one cycle of synchrotron oscillation. The modulation of 

revolution period is comparable to the modulation of revolution frequency, which can be 

represented by the followin!! mathematical expression: 

y(t) = cos[(m0 + acosmt)t] (2.2) 

This is known in electric engineering as the frequency modulation9. The nominal 

revolution frequency acts as the carrier. The spectrum of frequency modulation conveys 

information about the longitudinal beam motion. This information will appear as 

symmetrical sidebands around the carrier; the sidebands are separated from the carrier by 

the modulating frequency (synchrotron frequency). A conceptual illustration of 

frequency modulation is depicted in Fig. 2.1. 

Suppose only small deviations in the transverse direction are considered. Then, one 

can get a pseudo-harmonic description for the betatron oscillation from Eq.( 1.45). If one . 
projects the betatron oscillation on the transverse position axis of transverse phase space, 

one will see a periodic modulation of transverse displacement due to the focusing effect 

provided by quadrupole magnets. Since particle beams circulate in accelerators 

periodically, this is in fact a modulation in the amplitude of transverse beam motion, 

which can be described by the following mathematical expression: 

y(t) = (1 + acosmt)cosm0t (2.3) 



28 

This is known in electric engineering as the amplitude modulation.9 Again, the carrier is 

the revolution frequency. Amplitude modulation has similar properties as frequency 

modulation; the information about transverse beam motion is contained in the 

symmetrical sidebands around the carrier and separated by the modulation frequency 

(betat;·on frequency). An illustration for amplitude modulation is depicted in Fig. 2.2. 

1.1 Transverse beam spectrum Transverse motion can be decomposed as: 

(2.4) 

where Xe is the closed orbit offset, xp(t) is the betatron oscillation, and Xct(t) is the 

dispersion displacement given by Eq.(1.41). One can express the particle motion with the 

harmonic representation x(t)= exp(iks-irot). The longitudinal references= 0 is chosen to 

be at the location of a beam position monitor. 

The induced monitor signal of a single particle is described by the product of the 

beam c;urrent and transverse displacement: 

d(t) =x(t)lb(t) 

dp -iropt ~ 
=[xe + D(O)-+ A13e ] · e .L..B(t- nT) 

p n=-~ 

(2.5) 

For a particle also undergoing synchrotron oscillations, the transverse signal is described 

by: 

d(t) =x(t)lb(t) 

=[xc +D(O) i:(t) +Ape-i'l'p(t)]·e Io(t-'t(t)-nT) 
~ n=-~ 

(2.6) 



--

't(t)::::: 'ta cos((l)5 t + <l>o) 

'l'p(t) =(!)pt +W~'t(t) +'VO 
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(2.7) 

where e= proton charge, l;= chromaticity, (l)i;= l;(l)<Y'T\ is the angular chromatic frequency, 

'ta= amplitude. of the synchrotron oscillation in units of [sec], <l>o= initial synchrotron 

phase, Ap= betatron oscillation amplitude, D(O)= dispersion function at the location of 

the beam monitor, and 'Vo= initial betatron phase. 

Since one typically observes a beam signal at a fixed location by means of the beam 

monitor, the finest time resolution is a turn-by-turn picture. Only the fractional part of 

betatron tune will affect the observation, because of exp(-ineooT)= l where n= any 

integer. Thus, one can use the following expression for (I)~ in Eq.(2.7): 

mp = qpw0 

qp = Qp-[Qp] 
(2.8) 

where [Qp] is the integer part of Qp, and [Qp] is smaller than Qp. The frequency 

spectrum of this current is given by the Fourier transform of Eq.(2.6): 

00 

d(w) = 2~ f d(t)eirot dt 

(2.9) 
eA . oo oo 

= 2: e-i\jlo L f exp[-i(qpmo -w)t-iW~'t(t)]o(t- 't(t)- nT)dt 
n=--00--00 

where one only considers the signal induced by the betatron oscillation. 

If one ignores the second order effects, the frequency spectrum can be approximated 

as: 
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- eA · 00 

d(oo) = 
2

: e-nvo I exp[-i(qpffio -ffi)(nT + 't(nT))--iffis,'t(nT)] (2.10) 
n=-:-oo 

A very important relationship is the Bessel function sum rule: 10 

eizcoso: = Iik. Jk(z)eiko: (2. l l) 
k=-oo 

where h(z) is the Bessel function of the k-th order. One can apply Eq.(2.11) to Eq.(2.10) 

and obtain the following result: 

d(ro) = e:: I ike-i(k~o+'l'o) h[(qpffio + roi; - ffi)'t'a]e -i(q130>o+kros-ro)nT (2.12) 
n,k=-«> 

By using the Poisson's sum rule: 11 

~eironT = 27t ~ o(ro- 27tm) 

n=-oo T m=-oo T 
(2.13) 

one can get the frequency spectrum: 

00 

d(ro) = L, Cink 8(nro0 + q 13ro0 + kros - ro) (2.14) 
n,k=-oo 

The particle distribution in a beam bunch is described by a 4-dimensional charge 

density p4(Ap, 'ta, <j>o, 'Vo), which is defined by: 



charge in phase space volume (A13 dA13 'ta di:a d<Po d'Jfo) 

= p 4 (A13' 'ta' <l>o' 'JI O )A13 dA13 'ta d'ta d<J>o d'Jf O 
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(2.16) 

The signal of a beam bunch is given by integrating the product of single particle spectrum 

and charge density p4 over the 4-dimensional phase space. 

Gaussian bunches are observed for both electron and proton beams, for different 

reasons: (1) electrons- due to the random excitation caused by the synchrotron quantum 

emission. (2) protons- emittance dilution due to small random errors. The average 

charge density for a Gaussian beam is given by:I2 

(2.17) 

where P is the total number of particles in a beam bunch. 

When particles move dependently, the beam will develop phase-space structure by 

interacting with the vacuum chamber. This interaction will feed bac~ on the beam itself 

and modify the phase-space structure. A qualitative expression for the charge density can 

be given by decomposing the phase-space structure with Fourier expansion: 

(A "" ) ~ i(k4'o+'l'o) ( A ) P4 13· 'ta•'f'O• 'l'o = ,,t..,e Pk 'ta, 13 
k=-oo 

(2.18) 

The detailed phase-space structure can only be found by solving the equation of motion 

in a self-consistent way. 

-
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An incoherent beam signal is caused by the fluctuation of discrete particles from the 

average distribution, known as Schottky noise.9 For a Gaussian beam, the transverse 

Schottky signal is: 

('den)= I (Cink )oCn/o + qpfo + k.fs - f) 
n,k=-oo 

co= 2n(nf0 + qpfo + k.fs) 

, where /k(X) is the modified Bessel function of the 1st kind. 

For the coherent beam signal, the amplitude of transverse beam spectrum is: 

(Cink) oc ef0 fJ Pk (Ap,'ta) Jk[(qpco0 + ro~ - ffi)'ta] A~ dAp'tad'ta 

oc e/0 6PA.k[(qpco0 +ro~ -ro)cr1:l 

(2.19) 

. (2.21) 

(2.22) 

where Ak is the envelope of the spectral amplitude, and 6 is the amplitude of the coherent 

oscillation. Since the Schottky signal is caused by the random fluctuation of discrete 

particles, the signal level is proportional to the square root of total number of particles. In 

contrast, the coherent signal is caused by the coherent particle motion; the signal level is 

proportional to the total number of particles. 

The contribution of closed orbit offsets to the transverse beam spectrum is shown in 

the following results: 12 
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. (den)= I (<lnk)8Cnfo + kfs - f) 
n,k=-oo 

(2.23) 

(- ) ID'M'[ 2 2 2 2 ]
1
'
2 

i) incoherent signal: dnk = ef0xc\J P/2 exp[-ro O'-r ]/k (ro O'-r) (2.24) 

(2.25) 

ro = 27t(nf o + lifs) (2.26) 

The above results can be summarized in Figs. 2.3, 2.4 and 2.5. 

Fig. 2.3 depicts the power spectrum of the transverse signal when the chromaticity 

is 0 and there is no closed orbit error. The betatron oscillation shows up in the form of 

betatron sidebands separated from the revolution harmonic lines nfo by the fractional 

betatron frequency q~fo. The power of corresponding spectral lines is approximately 

· proportional to the square of Bessel functions {h[Cnroo+kros)a-r]}2. The synchrotron 

sidebands of each betatron line are separated from each other by the synchrotron 

frequency fs· The asymmetry of the spectral amplitude is the result of the bunch shape. 

The amplitude of each betatron line is proportional to the betatron oscillation amplitude 

as implied by Eqs.(2.22). For the case of a single particle, the Bessel function 

dependence will disappear; and synchrotron sidebands will have the same symmetry as 

shown in Figs. 2.1 and 2.2. Note that there is no response at frequencies corresponding to 

the harmonics of the revolution frequency in the spectrum, since there is no closed orbit 

error. 

As indicated in Eq.(2.19), betatron sidebands also exist in the negative frequency 

domain when n+q~ < 0. In a measuring instrument, betatron sidebands of negative 

-
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frequencies will be folded into the positive frequency domain as spectral lines at 

frequencies of ln+q~lfo. Thus, the observed beam spectrum will have two betatron 

sidebands between adjacent revolution harmonic lines. 

When the chromaticity is not zero, the envelope of beam spectrum will be shifted 

along the frequency axis by the chromatic frequency, ff,= ~o/11. Fig. 2.4 depicts the beam 

spectrum with the same conditions as in Fig. 2.3, except that the chromaticity is not zero. 

The magnitude of spectral lines will be changed according to the Bessel function 

dependence, { fk[(nroo+kros-ros)cr·d }2. 

When there is a closed orbit offset, there will be a response at harmonics of 

revolution frequency as depicted in Fig. 2.5. In addition to the betatron sidebands caused 

by the betatron oscillation, the revolution harmonic lines will also show up in the beam 

spectrum because of the closed orbit offset. 

In reality each individual particle in a beam bunch has slightly different betatron 

frequency from the synchronous particle because of the imperfection of magnetic fields in 

the magnets. Therefore, the betatron sidebands will not be like delta-function spikes. 

Instead the spectral lines will smear out like narrow bands. For each betatron sideband, 

the dependence of the spectral magnitude on the frequency gives the betatron tune spread 

of particles in a beam bunch. 

1.2 Longitudinal beam spectrum The longitudinal beam current for a single particle 

in a beam bunch is given by: 

00 

(2.27) 
n=-oo 

The frequency spectrum of a longitudinal signal for a single particle is: 
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00 

Ib(ro) = 
2
1rr J eiwt Ib(t)dt 

-oo (2.28) 
00 

= L Ink 8( nro0 + kro5 - ro) 
n,k=-oo 

, (2.29) 

The particle distribution is described by a 2-dimensional charge density P2('ta,<J>o). 

For a Gaussian beam, the longitudinal Schottky signal can be calculated by using the 

distribution: 12 

(2.30) 

- -For the coherent beam signal, the qualitative expression for the charge density is: 

P2('ta,<J>o) = Ieikcl>oPk('ta) (2.31) 
k=-oo 

The longitudinal beam spectrum for a Gaussian beam is given by the following results: 12 

(!bCJ))= I (!nk)cSCnfo+kfs-f) 
n,k=-00 

(2.32) 

(2.33) 

(2.34) 



co= 2n(nfo + kfs) 
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(2.35) 

The above results are summarized in Fig. 2.6. The envelope of the longitudinal 

spectrum has the same Bessel function dependence as the transverse case, except that 

there is no frequency shift due to nonzero chromaticity. The amplitude of each spectral 

line is a function of the bunch length as indicated by Eqs. (2.33) and (2.34). The 

amplitude of the revolution harmonic lines decreases as the frequency increases. In 

contrast, the amplitude of synchrotron sidebands increases as the frequency increases. In 

a measuring instrument, revolution harmonic lines of negative frequencies will be folded 

into the positive frequency domain as spectral lines at frequencies of lnlfo. Therefore, the 

spectral lines of negative frequencies wiJJ overlap with those corresponding to positive 

frequencies. The spectral lines of ac components will have amplitudes twice the values 

given by Eqs.(2.33) and (2.34). This is a characteristics of longitudinal beam spectrum 

which is different from the transverse one. 

The synchrotron sidebands of an actual beam spectrum also smear out and look like 

narrow bands. For the longitudinal case, the synchrotron tune spread is caused by the 

nonlinearity of the rf voltage. There is also frequency spread in the revolution harmonic 

lines because of the momentum spread among particles in a beam bunch, especially near 

transition. 

2. Spectrum aliasing 

Due to the limitations of diagnostic hardware, some unphysical signals may show 

up in the measured beam spectrum. Consider a single beam bunch undergoes betatron 

oscillation in a storage ring. The transverse beam position monitor (BPM) can only 

sample the beam motion at a turn by turn interval, y(nT)= A~ e -inwp T. A conceptual 
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sketch of the induced signal on the BPM is depicted in Fig. 2. 7. The betatron oscillation 

sampled by the BPM results in a sequence of discrete pulses separated by the revolution 

period (sampling period). 

Suppose y(t) is an analog signal whose frequency spectrum contains information 

within the bandwidth wa. The frequency spectrum of its discrete sample y(nTs) is related 

to the spectrum of analog signal by the following relation: 10 

S(f) = _I I_ Sa (f - ; ) 
Ts k=-oo s 

(2.36) 

where Ts= sampling period, Sa(f)= frequency spectrum of the analog signal, and S(j)= 

frequency spectrum of the discretely sampled signal. The results of a discrete-time 

Fourier transform of the induced signal on the BPM is illustrated in Fig. 2.8. 

When the sampling frequency lff s is smaller than one half of the highest frequency 

of signals contained in the analog waveform, i.e. lff s <wa12, the spectral bands 

containing information of waveform will overlap with its adjacent alias as depicted in 

Fig. 2.9. This is called the aliasing effect. A demonstration of aliasing effect in the time 

domain is depicted in Fig. 2.10. Because of the aliasing effect, one will not be able to 

distinguish those two traces in Fig. 2.10. 

When the aliasing effect occurs, there will be some unphysical responses in the low 

frequency range of the spectrum. To avoid the spectrum being contaminated, the 

sampling frequency should be larger than twice the highest frequency of signal one 

intends to measure, i.e. lff s >wa/2. This is known as the Nyquist theorem.10 

In reality each measuring instrument has only finite amount of memory to store the 

sampled data points; a window function has to be imposed on the infinite pulse train. The 

actual data used by the measuring instrument is only a portion of the infinite pulse train. 

-

-
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The windowing procedure is depicted in Fig. 2.11. The windowing procedure is 

equivalent to convoluting the infinite pulse train with a finite ·window function. The 

resulting spectrum is the product of pulse train spectrum and the window spectrum. For a 

rectangular window, g(t)= 1, its frequency spectrum is g(f) = sin f If as depicted in Fig. 

2.12. 'Ihe \l1idth of the spectral band is inversely proportional to the length, 't, of window 

function in the time domain. The ripples in the frequency spectrum are caused by the 

truncation of windowing procedure. Therefore, the windowing procedure has the effect 

of broadening the measured spectral lines. This will affect the result of beam 

measurements in the frequency domain. 
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B. Design and implementation of beam monitors 

Since the frequency spectrum of beam signals contaips rich information about 

various beam properties, it is necessary to understand the frequency response of beam 

monitors in order to correctly extract the beam parameters from the measured output 

signal correctly. 

The response of beam monitors to the particle beam is characterized by the detector 

sensitivity, which is defined by the following expressions for the longitudinal and the 

transverse monitors respectively: 12 

s (/) = ~ p(/) 
II lb(f) 

s (f) = ~p(/) 
J_ d(/) 

(2.37) 

where Vp(f)= the output voltage of beam monitor, lb(/)= beam current, and d(/)= 

transverse displacement current. The longitudinal detector sensitivity S11(f) and the 

transverse detector sensitivity SJ_(/) are defined in such a way that they do not depend 

on the beam properties nor its transverse displacement. The longitudinal detector 

sensitivity S11(f) has the dimension of ohm, and the transverse one SJ_(/) has the MKS 

dimension of ohm per meter. 

When an excitation voltage is applied to a beam kicker, the response of particle 

beam to the excitation is characterized by the kicker constant. The kicker constant is 

defined by the following expressions for the longitudinal and the transverse kickers 

respectively: 13 

-
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(2.38) 

where V k(j)= the applied excitation voltage, ~E= the energy change of the beam, ~p .l = 

the transverse momentum change of the beam, Ku(j)= the longitudinal kicker constant, 

and K .l (/)= the transverse kicker constant. 

I. Longitu.dinal beam monitors 

There are three longitudinal beam parameters pertinent to the studies of transverse 

beam instabilities: beam intensity, bunch length and beam current spectrum. 

I.I Beam intensity measurement The beam intensity, N, can be derived from the 

measured de beam current Io according to the following relation: 

N = _!Q_ 
efo 

(2.39) 

Since the de component of beam current does not provide any form of time variation, we 

can not apply Faraday's law to measure it. It is measured by using the nonlinear 

characteristics of B-H curve for magnetic materials. The intensity monitor used in the 

Main Ring is a de current transformer (DCCT) which is sensitive to the variation of 1 µA 

in the beam current.14 The DCCT is capable of providing a dynamic range of 100 dB or 

· greater. For beam intensity N= lxlQl2 protons, the de current equals to 7.6 mA for the 

Main Ring. 
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1.2 Bunch length measurement The real-time bunch length monitoring in the Main 

Ring is achieved by utilizing the longitudinal beam spectrum. From Eqs.(2.33) to (2.35), 

one can determine the rms bunch length from the relative ratio of spectral amplitudes 

between two revolution harmonic lines. The signals are measured by a stripline detector 

and the full buncr length is chosen to be the 95% interval of temporal distribution of 

beam, i.e. four times the rms bunch length. The dynamic range of bunch length monitor 

is 30 dB. 15 

1.3 Wideband current spectrum A resistive wall current monitorl6 with 3 dB 

frequency bandwidth of 2 GHz is used to monitor the longitudinal bunch profile in the 

Main Ring, as depicted in Fig. 2.13. When charged particles travel in an accelerator, they 

induce image charges on the wall surf ace of beam pipe. Those image charges will travel 

along the beam pipe as the source particles traverse the accelerator. This flow of image 

charges produces an induced current on the wall of the beam pipe. A gap in the beam 

pipe is designed to disrupt the flow of induced wall current. Then a resistor is provided 

for the wall current to cross the gap. When the wall current encounters the gap, it will 

flow onto the resistor and induce a signal in the output cable. A high permeability ferrite 

core is used to increase the shunt inductance of the enclosure box. The enclosure box 

shields the monitor from outside noise. 

The equivalent circuit model of the resistive wall current monitor is given in Fig. 

2.14. The capacitance of the circuit is mainly contributed by the ceramic pipe, the 

inductance is contributed by the ferrite and the resistance is from the resistor across the 

gap. The 3 dB frequencies for the lower comer and the higher one are shown in Fig. 

2.14. Microwave absorbers were placed both upstream and downstream of the beam pipe 

to attenuate the beam induced signals in other accelerator locations whose frequencies are 

-
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above the cutoff of waveguide modes in the beam pipe. When the beam is off-center, the 

induced wall current will not be distributed uniformly around the beam pipe. To reduced 

the dependence of output signal on the beam displacement, four resistors are placed 

equally around the gap. The sum of signals from those four resistors gives the final 

output. The variation of output signd due to the barn displacement is only 1.5%, and the 

lower comer of 3 dB bandwidth is 3 kHz for the Main Ring resistive wall current 

monitor.17 

2. Transverse beam monitors 

Three transverse beam position monitors were built specifically to study transverse 

beam instabilities. Since there were indications of resistive wall instability, a beam 

position monitor (BPM) of capacitive type was designed to observe the low frequency 

spectrum. A BPM of resonant type was built to detect the transverse Schottky signal and 

tune spread, and a long stripline BPM was built to monitor the temporal profile of 

transverse beam signal for a single bunch. 

2.1 Low frequency capacitive BPM A detector at E49 location of Main Ring tunnel 

was built to couple strongly with the electric field induced by the beam. A schematic 

sketch of the BPM configuration is depicted in Fig. 2.15, and the mechanical layout is in 

Fig. 2.16. The detector electrodes were made from a concentric tube cut diagonally. The 

radius of the inner pipe is 2.5 inches, the length is 40 cm. The heliax cable is connected 

directly into a high input impedance op amp. The electrical parameters of the heliax 

cable are: C= 75 pF/m, L= 0.187 µHim. The equivalent circuit model corresponding to 

each output port is depicted in Fig. 2.17. 
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The measured capacitance between the electrode plate and the feedthrough is 

denoted by Cp, the capacitance of the heliax cable is Cc, the series resistor is R5 , and the 

op amp input impedance of is Rt. The total impedance looking into point a from the 

current source is given by Z: 

(2.40) 

The voltage across point a and the ground is lwZ. The final output voltage across the 

termination resistor Rt (point c) is: 

(2.41) 

For a diagonally-cut cylinder BPM, the induced wall current which flows onto the 

upstream end of the top electrode plate is: 18 

I _ -Ib(ro)(l oy) 
tl - +-

2 b 
(2.42) 

where lb= beam current, b= the radius of electrode pipe, and Oy= transverse displacement. 

The induced wall current flowing onto the downstream end of the top electrode plate is: 

I - -I e-iwf./c t2 - t1 (2.43) 

-

-
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where f.= the length of electrode plate. Therefore, the total induced wall current flowing 

onto the top electrode plate in the low frequency range is: 

I =-lb (l + oy)iwf. 
w 2 b c 

(2.44) 

In a similar fashion, the total wall current flowing onto the bottom plate is: 

1 . =-lb (i- oy)iwf. 
w 2 b c 

(2.45) 

The detector sensitivity is derived by taking the difference of two output voltages 

and divided by lwoy: 

(2.46) 

The calculated detector sensitivity S l. (f) is depicted in Fig. 2.18. The whole system is 

represented by the following scheme: 

E49BPM receiver 

beam s.L 
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The conceptual block diagram of receiver design is depicted in Fig. 2.19, and the 

measured frequency response of the receiver is depicted in Fig. 2.20. 

2.2 Main Ring Schottky detector Because Schottky noise is caused by the random 

fluctuation of discrete particles, the signal level is pretty low. A high sensitivity BPM 

can be achieved by making the system as a resonant circuit. The mechanical layout of 

Schottky detector is depicted in Fig. 2.21, and the equivalent circuit model is depicted in 

Fig. 2.22. The detailed design procedures can be found in an internal report.19 

The sensitivity of the Schottky detector is given by: 19 

S l. (f) = jv out! 
oyibCf) 

.f. Ro21tfcQO Q1oad (1- Q1oad) 

be ct Qo Qo 

(2.47) 

where Ro= 50 Q,fc= the resonant frequency of the Schottky detector, Qo= the unloaded 

quality factor of the resonant circuit model depicted in Fig. 2.22, Q1oad= the loaded 

quality factor of the resonant circuit model, and Ct= the total capacitance across the two 

feedthroughs. A list of detector parameters is depicted in Table 2.1. 

The detector sensitivity was calibrated by performing both bench and beam 

measurements, and the results are shown in Figs. 2.23 and 2.24 respectively. A 

conceptual block diagram of the signal processing scheme is depicted in Fig. 2.25. The 

measured signal is mixed down to the baseband by using the Main Ring tum-by-tum 

clock signal. The detector sensitivity was compromised to accommodate the large 

frequency drift during the acceleration process.19 



Table 2.1. The parameters of the Main Ring Schottky detector. 

parameter 

resonant frequency fc (MHz) 

length of electrode pipe f (cm) 

radius of electrode pipe b (cm) 

unloaded quality factor Qo 

inductance of primary inductor L (µH) 

total capacitance C1 (pF) 

value 

7.6 

40 

5.35 

400 

6.804 

48 
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2.3 Quarter wavelength stripline BPM A long stripline BPM was built and installed 

at the Fl4 location to monitor the transverse single bunch motion. The mechanical layout 

of the stripline BPM is depicted in Fig. 2.26. The electrode plate and the beam pipe form 

a transmission line. The characteristic impedance of this transmission line can be 

estimated by using the formula for the microstrip line. For the configuration of 

microstrip line as depicted in Fig. 2.27, the characteristic impedance is given by the 

following formula:20 

377 - x -'1 2 2 80 Zc(x) = -ln[l +-(x +x + 7t )], x = -
47t 2 w 

(2.48) 

where w= the width of electrode plate, and O= the gap between the electrode plate and the 

beam pipe. 
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When the incident voltage propagates from one device to another which has 

different characteristic impedance, a portion of the incident voltage will be reflected. 

This reflected voltage will alter the resulting voltage one measures. The reflection 

coefficient, r. for the incident voltage is defined by the following expression:21 

r = VR = ZL -Zo 
V1 ZL +Zo 

(2.49) 

where VR and Vi is the reflected and the incident voltage respectively, 41 and ZL is the 

characteristic impedance of the diagnostic device and the external load respectively. 

In order to transfer the most of the signal power to the measuring instrument, one 

needs to match the load impedance to the diagnostic device. This is known as the 

maximum power transfer theorem in electric engineering.9 

From the physical dimension shown in Fig. 2.26, we use w= 5.5 cm, the estimated 

gap height for achieving a 50 Q transmission line is O= 1.24 cm. The calculated result is 

depicted in Fig. 2.28. The actual gap height was determined by bench measurements, and 

the result was 0.5 inch, which is very close to the calculated value given by Fig. 2.28. 

When a bunch passes through the stripline BPM, the response is depicted in Fig. 

2.29. Because the downstream port is shorted, the induced voltage at the upstream port 

will get totally reflected and the polarity reversed when it propagate to the downstream 

port according to Eq.(2.49). 

From the illustrations shown in Fig. 2.29, the resulting voltage measured at the 

feedthrough is given by: 

-



V out= Re(v A - V Ae-i2wl'/c) 

= V A[l - cos(2wl' I c)] 

= 2V A sin 2(wl' I c) 
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(2.50) 

Therefore, the frequency response of a stripline BPM with one end shorted is given by 

the following relation: 

(2.51) 

where l= the length of electrode plate. For a given frequency/, the output signal will be 

the maximum if the length of the electrode is a quarter of the wavelength. By taking into 

·account the bunch length and frequencies of certain single bunch motions, the length of 

electrode plate was chosen to be the quarter wavelength of the rf frequency. 

To keep the distortion of the output signal to a minimum, efforts were made to use a 

copper taper to smooth the transition from the electrode plate to the feedthrough tip. 

High quality cables with low power dissipation and low frequency dispersion were used 

to relay the output signal to the experiment station. 
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C. Concepts of beam feedback 

1. Definitions 

I. I Transfer function The response of a system to external excitation is 

characterized by the transfer function, H, which is defined as the ratio of the output 

relative to the input:9 

(2.52) 

A canonical feedback system is depicted in Fig. 2.30, where the input goes through 

A (denoted by its transfer function), then feeds back through B to correct the input. The 

transfer function A is defined as the forward transfer function, and B is the feedback 

transfer function. The open-loop transfer function is defined as AB,22 and the closed-loop 

transfer function is defined as:22 

H = Vout = A 
Vin l+AB 

(2.53) 

1.2 Damper gain Consider a feedback system implemented in an accelerator for 

damping the coherent beam oscillation as depicted in Fig. 2.31. If one uses a 

macroparticle to represent a bunch and assumes that the kicker deflection is small 

compared with the external focusing force, then the equation describing the transverse 

motion of a bunch is given by the following: 

x(t) + ro~x(t) = G x(t - 1) (2.54) 

-

-
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where G is a positive quantity characterizing the response of the feedback system, and 't 

is the delay time from the BPM to the kicker. Note that G is a function of the frequency 

and the beam intensity. The right-hand side of Eq.(3.54) is the output signal of kicker 

which is derived from the input signal x(t- 't) measured by the BPM at a previous time t-

't. 

For a bunch undergoing Coherent oscillation in an accelerator, one expects the 

motion to be in sinusoidal form: x(t)= Ae-irot. When there is coherent beam oscillation in 

an accelerator, it will create a perturbation to the external focusing force. When the 

perturbation is small, Eq.(3.54) can be approximated as: 

The solution of Eq.(3.55) is given by: 

) 
-iro~t.Jl+z 

x(t = Ae 

z = -~ [ cos(ro~'t) + isin(ro~'t)] 
0013 

Using the following complex expansion,23 

the solution of Eq.(3.55) can be written as: 

( A 
-iro~t·Re(A) w~Um(A) 

xt)= e ·e 

(2.55) 

(2.56) 

(2.57) 

(2.58) 



.-

·-

-, 

where 

( J
l/4 

A= 1- 2~ cos(ffip't)+ G~ [cos(~)+isin(~)] 
rop rop 

8 = tan- 1 (~) 

G . b = - 2 sm(ffip't) 
rop 

a= 1- G2 cos(ffip't) 
rop 
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(2.59) 

(2.60) 

For a given value of G, the maximum damping occurs when sin(ro~'t) equals to one. This 

result imposes a constraint on the delay time 't between the BPM and the kicker with the 

following form: 

(l)maximumdamping: rop't = ~ + 27tn 

(2)maximumantidamping: rop't = 
3
; + 2nn 

(2.61) 

where n is any integer. Therefore, the delay time from the BPM to the kicker has to be a 

quarter of the betatron oscillation period for the feedback system to achieve a maximum 

damping effect. 

If the damping time is defined in such a way that the power of coherent oscillation 

is reduced by a factor of e-1 after one turn, Eq.(2.58) can be rewritten in the following 

form: 

x(t) = Ae -iropt·Re(A). e 2Trop/m(A)·t/(2T) 

= Ae -iropt·Re(A). e-gt/(2T). 
(2.62) 

-
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g = -2Troplm(A) (2.63) 

where T is the revolution period and g is called damper gain. The damper gain g satisfies 

the following relation: 

Td 2 
= 

T g 
(2.64) 

where T d is the e-1 damping time of the oscillation amplitude. From Eqs.(2.59), (2.60) 

and (2.63), one readily realizes that an inappropriate setting of delay time will reduce the 

effective damper gain. Therefore, both the delay time and the damper gain need to be 

carefully evaluated before the implementation of a feedback system. Figure 2.32 depicts 

the dependence of damper gain g on the delay time 't. If the delay time is properly set, a 

higher damper gain will result in a shorter damping time. Higher damper gain also places 

more demand on the power requirement of amplifiers in the system. 

To examine the effect on the beam motion caused by the kicker only, one considers 

the equation of motion given in Eq.(2.54) without the focusing term given by quadrupole 

magnets: 

x(t) = Gx(t - -c) (2.65) 

Suppose the deflection strength G remains approximately constant through the kicker 

area, the change in the slope of the particle trajectory is given by: 

.e .e 
f x"(s)ds =-\- f G x(s- ct)ds 
0 c 0 

(2.66) 
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~(x'(s))""' G
2
f x(s - er) 

c 
(2.67) 

where c is the speed of light, and R. is the length of the kicker electrode. As shown in 

Eq.(2.67), the change in the slope of the particle trajectory after each passage is 

proportional to th~ beam displacement x(s- c't) at the location of the BPM. If the beam 

does not undergo coherent oscillation, the measured displacement is zero. There will be 

no need for damping the beam motion. But there is a pitfall for such a simple feedback 

system. Suppose there is coherent beam oscillation and the beam happens to have zero 

displacement but maximum slope in its trajectory at the location of the BPM. The 

feedback system will not detect the coherent beam oscillation and will not apply 

appropriate correction to the beam. A remedy for such situation is to install a second 

BPM and a second kicker at a quarter of betatron period apart from the first ones. A 

schematic sketch of the 2BPM-2kicker system is depicted in Fig. 2.33. 

1.3 Power requirement of kicker For a given excitation mode of the beam kicker as 

depicted in Fig. 2.34, the input power Pk is given by: 

2 
P - vk 

k - 2Zo 
(2.68) 

where Zo= the characteristic impedance of input transmission line, and Vk= the excitation 

voltage for a given mode. 

From the definition of the kicker constant given by Eq.(2.38), one can rewrite the 

input power in terms of the angular kick received by the beam as the following: 
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(2.69) 

The angular kick per passage only presents a small perturbation to the beam motion. 

Therefore, one can approximate the transverse rp.umentum change as: 

~p .1 = p . sine 

= p·sin(~x') 

::::: p~x' 

(2.70) 

where e is the deflection angle. For relativistic beams, the input power of the kicker is 

given by: 

(2.71) 

where E= beam energy. For a given angular kick, the larger the kicker constant is, the 

less the input power is required. 

When one reverses the operation of a kicker, it can function as a BPM. The passage 

of off-centered beams will induce an output voltage, VP• at the output port of 

transmission line. In this case, the frequency response of BPM to the excitation created 

by the beam is given by the detector sensitivity, S .1 (f). This dual functionality can be 

described by the following relation:l3 

s (f) = iroZ0K l. (f) 
.i 2pc 

(2.72) 
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Equation (2.72) was derived by applying the Lorentz reciprocity theorem,21 p,,,, 1 for 

relativistic particles. By using Eq.(2.72), one can rewrite the expression of required 

kicker power as: 

(2.73) 

From Eq.(2.73), one finds that it takes more input power to create a given angular kick 

for a higher frequency mode. 

2. Stability of feedback system 

2.1 Nyquist stability plot The stability of a feedback system as depicted in Fig. 2.30 

is determined by its open-loop transfer function. When the denominator of Eq.(2.53) 

approaches zero, the closed-loop transfer function goes to infinity. The feedback system 

is unstable when the real part of the open-loop transfer function approaches -1. The 

stability condition of the feedback system can be expressed in terms of Nyquist stability 

plot,22 which is plotted as the imaginary part of open-loop transfer function vs. the real 

part. Figure 2.35 is an example of Nyquist stability plots and the corresponding plots of 

closed-loop transfer function for both the stable and unstable feedback systems. When 

the feedback system is unstable, the amplitude of output voltage will grow larger as 

shown in Fig. 2.35(4) and the phase near the resonance frequency will get distorted as 

shown in Fig. 2.35(6). 

2.2 Stability diagram Since the closed-loop transfer function is proportional to the 

output voltage, sometimes it is useful to examine the polar plot of the inverse of closed-

loop transfer function: 

-
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(~.74) 

The polar plot of the inverse of the closed-loop transfer function is called the 

stability diagram. The contribution of the feedback transfer function B is to displace the 

stability diagram away from the origin. Once the forward transfer function A, is known, 

one can derive the feedback transfer function B, by examining the stability diagram. 

Figure 2.36 is an example of the stability diagrams for both stable and unstable feedback 

systems. 

When the stability diagram is approaching the origin of the polar plot, the inverse of 

the magnitude of the closed-loop transfer function is approaching zero. In other words, 

the output amplitude of the feedback system is approaching infinity. Thus, the feedback 

system goes unstable. The corresponding plots of closed-loop transfer function for Fig. 

2.36 are depicted in Fig. 2.35. 
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Fig. 2.1. Frequency modulation (a) the time domain picture (b) the frequency domain 
picture. 

(a) 2 
(b) 

Fig. 2.2. Amplitude modulation in (a) the time domain picture (b) the frequency domain 
picture. 
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Fig. 2.3. The power spectrum of the transverse beam signal without a closed orbit error, 
and chromaticity= 0. The thick solid lines are the betatron sidebands. The thin solid 
lines nearby are the synchrotron sidebands corresponding to the betatron sideband. 
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Fig. 2.4. The power spectrum of the transverse beam signal without a closed orbit error, 
and chromaticity:;e 0. The thick solid lines are the betatron sidebands. The thin solid lines 
nearby are the synchrotron sidebands corresponding to the betatron sideband. 
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Fig. 2.5. The contribution of a closed orbit offset to the transverse beam spectrum. The 
thick solid lines are the results of injection offset. The thin solid lines are their 
corresponding synchrotron sidebands. The chromaticity is not zero in this case. 
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Fig. 2.6. The longitudinal beam spectrum for a single bunch. The thick solid lines are 
the revolution harmonic lines. The thin solid lines are their corresponding synchrotron 
sidebands. 
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Fig. 2.7. The induced signal on the BPM by a bunch undergoing betatron oscillation in a 
storage ring. The left picture is a train of discrete pulses induced on the BPM, the dashed 
line is one interpretation of the beam motion. 
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Fig. 2.8. The frequency spectrum from discrete sampling of an analog signal (a) the 
original analog signal and its frequency spectrum ( b) the analog signal sampled by an 

infinite train of a-function pulses and its corresponding spectrum. 

Fig. 2.9. The contamination of frequency spectrum due to undersampli11g. 
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S u(ro) 

c R L 

Fig. 2.14. Equivalent circuit model of the resistive wall current monitor and its frequency 
response. 

lM.Q 

- oy - ...... s 

output 2 

2 k.Q 
1 M.Q 

... .... 
46.685 m 

Fig. 2.15. The side view of the E49 capacitive BPM. The series resistor was connected 
to a 7 /8 inch heliax cable. The other end of cable was connected to an operational 
amplifier with high input impedance. 
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Fig. 2.10. The aliasing effect caused by undersampling a high frequency signal in the 
time domain. The solid line is the actual signal, and the dashed line is the aliased signal. 

imposing a window function 

y(t) 
l/'t .... y(t) 

data stored in the 
memory of instrument 

. I 

Fig. 2.11. The windowing procedure used by the measuring instrument to store sampled 
data points for later processing. 
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Fig. 2.12. The frequency spectrum of a rectangular window function. The ripples are 
caused by the truncation of the window function of finite length. 

c><) output cable 

beam~ ceramic vacuum seal 

microwave absorber 

Fig. 2.13. A side view of the Main Ring resistive wall current monitor at the E48 lattice 
location. The detector has axial symmetry. 
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~ feedthrough 

Fig. 2.16. The mechanical layout of E49 capacitive BPM. The left side is the cross 
sectional view and the right side is the side view. 
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Fig. 2.17. The equivalent circuit model for each output port (i) the detailed circuit 
diagram (ii) and (iii) the simplified diagrams represented by symbols. 
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Fig. 2.18. The calculated detector sensitivity of the E49 BPM. The sensitivity is 5.83 

[.Q/m] in the 3 dB bandwidth. The horizontal axis is a log scale. 
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Fig. 2.19. The conceptual block diagram of receiver circuit for E49 BPM. 
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E49 BPM receiver 

voltage gain= 3.7 

IO 100 1000 10000 
frequency [kHz] 

E49 BPM receiver 

IO 100 1000 10000 
frequency [kHz] 

Fig. 2.20. The measured frequency response of E49 BPM receiver (a) the amplitude of 
transfer function S21 ( b) the phase of transfer function S21. The total voltage gain is 11 
dB, the 3dB bandwidth is 460 kHz, and the horizontal axis is in log scale. 
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50 ohm cable 

Fig. 2.21. The mechanical layout of the Main Ring Schottky detector at the A 17 lattice 
location, b= the radius of the electrode, and f.= the length of the electrode. 

Fig. 2.22. The equivalent circuit model of the Main Ring Schottky detector, Cp= the 
capacitance between the two electrodes, Cg= the capacitance between the electrode and 
the beam pipe, Rs= the resistance of the mductor, and L= the inductance of primary 
inductor. 
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Fig. 2.23. The calibration of the Schottky detector perfonned by using the stretched-wire 
method on the bench. The solid line is the fit result. 
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Fig. 2.24. The calibration of the Schottky detector performed by using off-centered 
beam. The solid line is the fit result. 
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Fig. 2.27. The cross-sectional view of microstrip line. A conductor was laid on top of a 
uniform dielectric material with relative permittivity Er. 
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Fig. 2.32. Damper gain vs. delay time, where G/(wp)2= 0.008. The abscissa is the delay 
time normalized by the period of betatron oscillation, and the ordinate is the damper gain 
g defined in Eq.(2.63). Positive values for damper gain mean damping effect, and 
negative values for damper gain mean antidamping effect. 
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kicker is placed a quarter of the betatron period apart from the first one. 
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Fig. 2.34. A schematic sketch of the excitation of a kicker. 
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CHAPTER3 

BASIC CONCEPTS OF TRANSVERSE COLLECTIVE EFFECTS 

A. Mechanism of self-coupling 

When charged particles travel together in an accelerator, each individual particle 

will experience an electromagnetic force caused by the interaction between the vacuum 

chamber and all other charged particles. The net electromagnetic force is generated by 

charged particles acting coherently as a whole. This electromagnetic force will affect the 

particle motion and thus create a self-coupling effect on charged particles. Because of the 

requirement of causality, each particle only sees the electromagnetic force induced by 

preceding particles. Hence the self-coupling electromagnetic force generated by the 

interaction between the vacuum chamber and charged particles is named the wake force. 

The linear component of the transverse wake force only depends on the center of 

mass motion of particle beams. On the contrary, the nonlinear component of transverse 

wake force depends on the shape of particle beams. The linear wake force is the 

dominant effect in the transverse direction, and it presents a perturbation to the external 

focusing force provided by quadrupole magnets. Without proper measures being taken, 

the transverse wake force will cause the deterioration of beam quality or even beam loss. 

80 
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I. Concepts of wake function and impedance 

The kinetic energy of the protons at injection is 8 Ge V for the Main Ring. The 

corresponding speed of protons at injection is 0.994c, where c is the speed of light. It is a 

good approximation to treat protons as relativistic particles at the injection stage. For an 

off-centered relativistic par.icle traveling near the speed of light in free space, as depicted 

in Fig. 3.1, the radial electrical field in the comoving frame is given by:24 

(3. l) 

where "'(= the Lorentz relativistic factor, £{)= the dielectric constant of vacuum, q= the 

charge of particle, t= the time in the lab frame, 'U= the velocity of particle, and d is its 

radial position. The electromagnetic field in the lab frame is given by the Lorentz 

transformation:24 

(3.2) 

where ii is the transverse unit vector in the lab frame. 

Because of the Lorentz contraction, there is almost no longitudinal field in the lab 

frame; the transverse field is squeezed into a very narrow cone with the longitudinal angle 

roughly equal to 1/y. The pattern of field lines in the comoving frame and the lab frame 

is depicted in Fig. 3.2.24 For a proton of the injection energy in the Main Ring, the field 

lines are squeezed into a narrow cone with a temporal width blcy, where b is the radius of 

vacuum chamber. The temporal width of field distribution is approximately equal to IO 
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psec at a radius of 3 cm for 8 GeV protons. Inside an accelerator, the field lines are 

truncated by the metallic beam pipe. 

In reality the material of the beam pipe has a certain resistance. This will generate a 

retarded electromagnetic field behind the charged particle. But a relativistic particle will 

not see any electromagnetic field in front of it. Therefore, the electromagnetic field of a 

relativistic charged particle inside the vacuum chamber has to satisfy the requirement of 

causality. Because of the above characteristics, this electromagnetic field is called a 

wake field. A qualitative picture of wake fields is depicted in Fig. 3.3.25 Only the case of 

the relativistic limit where y ~ oo will be considered in this text. 

To study collective beam effects, one first needs to have a good knowledge of the 

wake fields generated by particle beams .. This involves solving Maxwell's equations with 

a charge distribution inside the vacuum chamber. Maxwell's equations are solved by 

assuming that the particle beam has not been affected by the wake field. Therefore, it is 

not a self-consistent solution for the wake field. Then the approximate solution of the 

wake field is used to solve the self-consistent equation of motion for charged particles. 

I. I Definitions Suppose there are two charged particles traveling along the 

longitudinal direction, the leading particle A has charge Q and the trailing particle B has 

charge q as depicted in Fig. 3.4. When the longitudinal position of leading particle A 

coincides with some reference point in the accelerator, the time is chosen to be t= 0. 

Particle A will be used as the source to generate wake fields and particle B will be the 

witness. 

Suppose particle B is at the location s on the longitudinal axis, it will see the wake 

field generated by particle A at a previous time t- (s'- s)/c. If one integrates the 
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instantaneous work done on particle B by the longitudinal wake force F11.of particle A, 

one can define the longitudinal wake function \Vii generated by a point charge as: 

t 

ff11(s,t' = t- s';5 )·cdt' = -qQWu(z) (3.3) 

The longitudinal effect caused by the wake force of particle A can be represented by the 

wake function Wu in the right-hand side of Eq.(3.3). The longitudinal wake function W11 

does not depend on the charge of the source particle. It only depends on the longitudinal 

separation z and properties of the vacuum chamber. From the requirement of causality 

one can readily get Wu= 0 for z> 0. The longitudinal wake function has the MKS 

dimension of volt per coulomb. 

When the wake force is generated by a charge distribution traveling near the speed 

of light, the witness particle will only see the wake force generated by those charges 

which passed by the reference location at a previous time. This results from the 

requirement of causality. Hence, the energy change of witness particles caused by the 

wake force of a charge distribution is given by: 

t ~ 

ff11(s,t' = t- s';s)·cdt' = -qflb(s,t')Wu(z)·dt' (3.4) 
-00 

where lb is the corresponding beam current of the source distribution. One can rewrite 

Eq.(3.4) as the following: 
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(3.5) 

The harmonic representation of the beam current is given by the following: 

(3.6) 

If one substitutes Eq.(3.6) into Eq.(3.5) and uses the requirement of causality, one will 

obtain the following result: 

t 00 • t Jf11(s, t') · cdt' = -lb(s, t) · [ J e-irozl c Wu(z) · dz/c] (3.7) 
-00 

The left-hand side of Eq.(3.7) has the dimensionality of voltage, and the right-hand side 

equals to the beam current multiplied by a bracket. This readily suggests one to use the 

concept of impedance to represent the wakefield effect. The equivalent voltage 

corresponding to Eq.(3.7) is: 

(3.8) 

Therefore, one can define a longitudinal impedance to represent the longitudinal effect of 

the vacuum chamber by using Eq.(3.8). The longitudinal impedance of an accelerator is 

defined as:25 
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1 
00f -ion I c z11 (co) = -[ e W11 ( z) · dz] (3.9) 

c 
-00 

The longitudinai impedance z11 has the MKS dimension of ohms. 

To describe the wakefield effect in the transverse direction, one looks at the 

integrated transverse kick received by the witness particle B due to the transverse wake 

force F J_ generated by particle A. Only the linear component of the transverse wake 

force which depends on the transverse displacement of the source particle is considered. 

The transverse wake function W J_ for a point charge is defined as: 

t 
f F j_(S, t' = t- s';s) · cdt' = -qQf · W j_(Z) (3.10) 

where f is the transverse displacement of the source particle. The transverse wake 

function W l. does not depend on the charge nor the displacement of the source particle. 

It only depends on the longitudinal separation z and properties of the vacuum chamber. It 

has the MKS dimensions of volt per coulomb per meter. 

When the source is not a single particle but a charge distribution, the integrated 

transverse kick received by the witness particle is given by: 

t 00 

JFj_(s,t' = t- 51
;

5 )·cdt' = -qf (f(t'))Ib(s,t')W.i(z)·dt' (3 .11) 
--00 t 

where (f) is the transverse displacement of the center of mass motion of the source 

charge distribution. If one substitutes Eq.(3.6) into Eq.(3.11) and repeats the same 

calculation as in the longitudinal case, one will get the following result: 

-

-
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t l: 1-(s, t') · c dt' = -(f)Ib (s, t)[ _Le-fo>zfr W 1-(z) · dz/c] (3.12) 

Similarly the left-hand side of Eq.(3.12) has the dimensionality of voltage, and the right­

hand side is equal to the beam current multiplied by the transverse displ~c.;ment and a 

bracket. The equivalent voltage corresponding to Eq.(3.12) is given by: 

(3.13) 

where the factor i indkates the sine-like feature of transverse wake function. The 

transverse impedance is defined as:25 

(3.14) 

The transverse impedance Z.l has the dimensionality of ohms per meter. 

1.2 General properties From the definitions of longitudinal and transverse wake 

functions given by Eqs.(3.3) and (3.10), one learns that the wake function is determined 

by the boundary condition (vacuum chamber), not by the beam properties. The 

impedance can be obtained by performing a Fourier transform on the wake function. In 

fact, the impedance is the frequency representation of self-coupling effects caused by the 

interaction with the vacuum chamber. The reciprocal relation between the wake function 

and the impedance is given by the following equations: 
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nr l 
00f ion I c z ( ) d v:t11(z) = - e II oo . w 

27t -00 

(3.15) 

• 00 

-i f ionlcz ( ) d W.L(z) = - e .L w · w 
21t 

(3.16) 
-00 

Since a charged particle can only see the wake force in front of it, on the average it 

sees only half of the electric field it itself generates. The net energy loss associated with 

the longitudinal wake force seen by a charge distribution itself is:25 

Q2 
AE=--Wu(O) 

2 
(3.17) 

where Q is the total charge of the distribution. This is a general result from the 

requirement of causality. It is referred to as the fundamental theorem of beam loading.25 

. If the beam pipe has axial symmetry, one will get a result which relates the 

longitudinal and transverse wake functions together by the following expression: 

(3.18) 

The above result means that the transverse gradient of an integrated energy loss is equal 

to the longitudinal gradient of an integrated transverse kick. This result is referred to as 

the Panofsky-Wenzel theorem. 25 

The wake functions have the following general properties:25 i) the longitudinal 

wake function is cosine-like and the transverse wake function is sine-like, ii) the wake 

function has to satisfy the requirement of causality, iii) right behind the source particle 

-

-
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the longitudinal wake force tends to retard the witness particle and the transverse wake 

force tends to deflect the witness particle away ffom the axis, iv) the source particle sees 

exactly half of its own longitudinal wake force and none from its transverse wake. A 

schematic sketch of wake functions vs. the longitudinal separation z is depicted in Fig. 

3.5. Because the wake function is a real quantity, one can get the following relations for 

the impedance from Eqs.(3.9) and (3.14): 

* Zn (ro) = Zn(-ro) 

* z .L ( (1)) = - z .L ( -(1)) 
(3.19) 

i.e., Re Zn and Im Z .L are even functions of ro; Re Z .L and Im z11 are odd functions of ro. A 

schematic sketch of the above results is depicted in Fig. 3.6. 

2. Impedances of various accelerator components 

Various vacuum components of accelerators have different geometries than a 

smooth beam pipe. Accelerator impedances can be cast into three major categories: the 

resonator impedance, the resistive wall impedance and the inductive wall impedance. 

Besides the vacuum chamber, the charge beam itself also presents an equivalent 

impedance caused by its own image charge flowing on the surface of beam pipe; it is 

referred to as the space-charge impedance. 

2.1 Reso.nator impedance For resonator structures, the longitudinal impedance can 

be modeled by a lumped element electrical resonant circuit. The impedance of the 

parallel RCL circuit depicted in Fig. 3.7 is given by: 
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R 
Zu=-------

1 + iQ(_w_c - _w_) 
(3.20) 

W We 

where Q = R~C/L is the quality factor, the shunt impedance R is in units of [Q] and 

We = 1/-JLC is the angular resonant frequency. 

The transverse impedance for a resonator structure can be modeled by the following 

expression: 25 

(3.2 I) 

where the transverse shunt impedance Rt is in units of [Q/m], and We is the angular 

resonant frequency. An example of transverse resonator impedance is depicted in Fig. 

3.8. When the resistive power dissipation is very small for the resonator structure (Q >> 

I), the corresponding wake functions can be approximated by the following equations: 

WcR 
W11(z=0)=-

2Q 

W11 (z < 0) = wcR eaz/ c cos(wzl c) 
Q 

2 
W..l(z < 0) = (l)~~t ea.z/c sin(roz/c) 

(3.22) 

(3.23) 

where a= Wcl2Q and w = ~ro~ - a 2
. An example of the transverse wake function 

generated by a point charge passing by a resonator structure is depicted in Fig. 3.9. 

-
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In an accelerator, the major source of transverse resonator impedance comes from 

the high order modes of rf cavities. In the high frequency range (around few GHz), the 

corrugations of the beam pipe at bellows may become an important type of resonator 

structure. They can contribute to resonator impedances in the high frequency range. 

2.2 Resistive wall impedance Besides the cavity-like structures, the resistance of a 

smooth beam pipe also contributes to the accelerator impedance. Suppose the entire 

accelerator is only comprised by the smooth beam pipe with circular cross section of 

radius b. The surface current Ks on the beam pipe is given by: 

K _ __!Q_ 
s - 2rtb 

(3.24) 

The average power dissipation per unit area due to the longitudinal impedance is given 

by: 

dP 2 
IbZ11 

dA 2(2rtb)(2rtR) 
(3.25) 

2 = ( 2 rtb ) Ks Z11 
2rtR 2 

where R is the mean radius of accelerator. From the definition of surface resistance Rs,24 

one has the following relation: 

(3.26) 

Therefore, the longitudinal resistive wall impedance is given by: 



21tR 
Zn =--Rs 

21th 

The surface resistance Rs is in units of [Q] . 
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(3.27) 

. V.1hen the frequency is sufficiently below the cutoff frequency of beam pipe, 0.4c/b 

approximateiylO, the formulas for calculating the surface resistance is listed for the 

following cases: 

i) when the skin depth is smaller than the thickness of the beam pipe24 

(3.28) 

ii) when the skin depth is comparable to the thickness of the beam pipe26 

R _ £. 
s -

d 
(3.29) 

where p is the resistivity of beam pipe, dis the thickness of beam pipe and~ is the skin 

depth. The formula for calculating the skin depth is given by: 10 

~[cm]= 6.611 p 
{l µrPc 

(3.30) 

where f= w/21t is the frequency in units of [Hz], µr is the relative permeability of 

conductor materials, µr= 1 for copper and other nonmagnetic materials, Pc is the 

resistivity of copper at the temperature 20 °C. 

-
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The most popular materials for accelerator beam pipes are stainless steel and 

aluminum. Table 3.1 summarizes the properties for some conductor materials. ID For the 

Main Ring beam pipe, the resistive component of the longitudinal impedance has a value 

of 182.6 [ohm] at the frequency of l MHz. 

Table 3.1: Resistivity of some conductor materials measured at temperature 20 °C. 
Resistivity 

Material ( x 1 Q-6 ohm-cm ) Form 

Copper 

Aluminum 

Steel, stainless 

1.7241 

2.62 

76 

solid 

solid 

solid 

For a circular beam pipe, the transverse impedance can be related to the longitudinal 

impedance through the Panofsky-Wenzel theorem. The transverse resistive wall 

impedance can be derived from the longitudinal impedance as:26 

Z _ 2c~ 
.l - b2 (l) 

or in terms of the normalized longitudinal impedance as: 

(3.31) 

(3.32) 
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where ~ is the normalized longitudinal impedance, n= ro/roo and roo is the angular 
n 

revolution frequency. Note that the above result is only valid for circular beam pipes. 

In the low frequency limit, when the skin depth is comparable to the thickness of 

beam pipe (thin-wall model), the transverse resistive wall impedance can be derived from 

Eqs.(3.27), (3.29) and (3.31 ): 

Z [Q/m] = cpR · sgn( f) 
l. rtdb3 f 

(3.33) 

When the skin depth is smaller than the thickness of beam pipe (thick-wall model), 

the transverse resistive wall impedance. can be derived from Eqs.(3.27), (3.28), (3.30), 

and (3.31): 

z [Q/m]= cpR·[sgn(f)-il ~ 
l. 6. 6 I 7tb3 J1 12 µ~12 ~Pc 

(3.34) 

Note that the signum function sgn(f) has been introduced in Eqs.(3.33) and (3.34). It 

results from the properties of wake functions. The real part of transverse resistive wall 

impedance for the Main Ring beam pipe is calculated and shown in Fig. 3.10. The 

material used for the beam pipe is stainless steel, and a circular cross section is assumed 

all around the Main Ring. The impedance is larger for the thin-wall model in the low 

frequency limit, where skin depth is comparable to the thickness of beam pipe. 

2.3 Inductive wall impedance It is inevitable to introduce some variations in the 

cross section of vacuum chambers in order to accommodate some accelerator components 

and particle detectors. In the low frequency limit, the depth of cross sectional change is 
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much smaller than the wavelength of induced wake fields. Variations in the cross section 

of beam pipes present a source of inductive impedance in the low frequency range. For 

example, the transverse impedance of bellows, as depicted in Fig. 3.11, in the low 

frequency range is given in cgs units as:27 

Z 
. dL 

1- =-i-3 
cb 

(3.35) 

Following from the conversion l il= l/30c = ~ X IO-I I s/cm, Eq.(3.35) can be rewritten 

in the MKS units as: 

Z [Q / m] = -i 30d[m]L[m] 
1- b3 [m] 

(3.36) 

Besides the corrugation of the beam pipe, some opening cuts on the surface of beam 

pipes are necessary for reasons of vacuum engineering. Circular holes and rectangular 

slots are common designs for the screens of vacuum pumps. In the low frequency range, 

they contribute to the inductive impedance only.28 Therefore, small variations in the 

beam pipe geometry do not cause significant power dissipation in the low frequency 

range. 

2.4 Space-charge impedance The image charge of a relativistic beam travels along 

the surface of beam pipe at the same speed. Even if the beam pipe is made of perfectly 

conducting material, the image charge still interacts with the particle beam through the 

electromagnetic field between them. This is a local effect to the particle beam. The 

effect of space-charge interaction in a perfectly conducting beam pipe is represented by 

the transverse space-charge impedance as:26 
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(3.37) 

where a is the radius of beam, b is the radius of circular beam pipe and Z.O= 377 .Q is the 

impedance of free space. In contrast to the impedance of cross-sectional variations of a 

beam pipe in the low frequency range, the space-charge impedance is capacitive. 

2.5 Broad-band impedance model In the frequency range above the cutoff of 

waveguide modes in the beam pipe, beam pipe corrugations could appear as resonator 

structures to the beam. Since their size are usually smaller than the pipe radius b, the 

resonant frequencies of those structures are generally well above the cutoff frequency of 

beam pipe. Those induced wake fields of resonator structures can propagate along the 

beam pipe and accumulate with each other. So one will expect the impedance to form a 

continuum in this frequency range. 

To describe the general property of this cumulative effect due to all these resonator 

structures in the high frequency range, a low-Q resonant circuit model was proposed to 

represent this effect. 29 It is an empirical model but proved to be a good approximation. 

·According to the broad-band impedance model, the whole accelerator impedance 

can be approximated by a Q= 1 resonator impedance. From Eq.(3.32), one readily 

realizes that the normalized longitudinal impedance ~ has the same property as the 
n 

transverse impedance. The broad-band impedance is calculated by setting Q= 1 in 

Eq.(3.21) and the result is depicted in Fig. 3.12. In the low frequency limit (f << cutoff 

frequency) the transverse impedance is mostly inductive. This inductive impedance is 

contributed by the variations in the cross section of beam pipe. In order to reduce the 

inductive impedance in the low frequency range, one needs to make the beam pipe 

-
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surface as smooth as possible. In the high frequency limit if>> cutoff frequency) the 

transverse impedance is mostly capacitive. 

2.6 Total accelerator impedance The broad-band impedance model needs some 

modification in order to account for the long-range wake force in the low frequency limit 

(j << cutoff frequency) and the high frequency limit (j >> cutoff frequency). Some 

vacuum components also need to be treated separately, e.g. the rf cavity and ferrite 

kicker. The impedances of those components can then be added to the broad-band 

model. 

In the frequency range close to de (j ~ 1 MHz), the resistive wall impedance has 

significant contribution to the resistive part. For rf cavities used for particle acceleration, 

they contribute to the sharp resonant impedances at discrete frequencies with high quality 

factor. 

In the frequency range below the cutoff of propagating waveguide modes in the 

beam pipe, some trapped modes with frequencies slightly below the cutoff frequency of 

beam pipe could develop in the vicinity of small beam pipe enlargements.JO These 

trapped modes could survive for many revolution periods. They could contribute to the 

sharp resonant impedances at discrete frequencies slightly below the cutoff frequency of 

beam ~ipe. At present, there is no reported observation on the trapped modes below 

cutoff frequency. But the theory has been compared with numerical codes and is in good 

agreement. 31 

When the frequency of induced wake fields in a resonator structure is above the 

cutoff frequency, the wake field leaks out of the structure and propagates in the beam 

pipe. But trapped modes with frequency up to three times the cutoff frequency has been 

reported in experiments.32 At present, the explanation of the origin of trapped modes 
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above cutoff has not yet been settled. A possible mechanism is that the mixture of 

degenerate cavity modes could generate a trapped mode.33 The trapped modes above 

cutoff frequency could contribute to sharp resonant impedances with high quality factor. 

Adding all those modifications to the broad-band model, one can get a qualitative 

description for the total accelerator impedance. A conceptual sketch is depicted in Fig. 

3.13. In the low frequency range, the impedance is mostly contributed by the resistive 

wall which decreases rapidly as the frequency increases. In the intermediate frequency 

range, some narrow resonance impedances due to the high order modes of rf cavities 

could exist. As the frequency approaches the cutoff frequency, some trapped modes 

below cutoff could show up in the form of narrow resonance impedances, which are 

caused by small enlargements on the surface of the beam pipe. In the region beyond the 

cutoff frequency of beam pipe, one may still encounter some narrow resonance 

impedances at discrete frequencies, which are believed to be caused by the mixture of 

degenerate cavity modes. 
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B. The physics of collective beam instabilities 

I. The response of a driven harmo11ic oscillator 

I. I The self-coup/in~ force and impedance From the definition of transverse 

impedance given by Eq.(3.14), one can rewrite the transverse wake force generated by a 

charge distribution in Eq.(3.12) as the following: 

t 
l. JFl.(s,t')·cdt' = i(f)Ib(s,t)Zj_(ro) 
q 

-00 

(3.38) 

where q is the charge of the witness particle. One can get the average wake force (F 1.) 

with the following form: 

(3.39) 

where (d(t)) is the average transverse dipole current derived from Eq.(2.6), R is the 

mean radius of accelerator, and a single mode excitation is assumed. 

A more general expression can be given by using the Fourier representation of the 

transverse current: 

00 

(d(s,t)) = Je-iwt(ct(s,ro))dro (3.40) 
--00 

Then the average wake force becomes: 
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00 

(F' .i (s, t)) = 2;7t~ J e -irot (Ci(s,ro) )z .i ( ro )dro (3.41) 

--
For a witness particle undergoing synchrotron oscillations inside a beam bunch, the 

longitudinal coordinate of the witness particle satisfies the following relation: 

s = Rro0( t - -r(t)) (3.42) 

where 't(t) is the deviation of longitudinal position of the witness particle with respect to 

the synchronous particle in the bunch, and the time reference t= 0 is defined when the 

synchronous particle passes the s= 0 reference location. The synchrotron oscillation of 

the witness particle 't(t) is described by Eq.(2.7). 

1.2 Single particle model Suppose there is only one frequency component in the 

induced wake force and no damping force exists in the accelerator. A single particle 

model can be used to study the general property of the self-coupling effect. From 

Eq.(3.39) the equation of motion is given by: 

(3.43) 

where mo= rest mass of witness particle, and y= Lorentz relativistic factor. 

The solution can be written in the harmonic representation: y(t) = ye-iilct. 

Substituting the harmonic representation into Eq.(3.43), one can get the solution for the 

equation of motion, which is given by the following relationships: 
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(3.44) 

(3.45) 

(3.46) 

From the above results, one finds that the growth rate of oscillation is given by the 

real part of the product of the beam power spectrum and the impedance. The coherent 

frequency shift is given by the imaginary part of the product of the beam power spectrum 

and the impedance. In reality the wake force has rich frequency content, the product of 

the power spectrum and the impedance is replaced by the convolution product of the 

beam power spectrum and the impedance. 

The stability criteria can be derived from results in Eqs.(3.45) and (3.46) given a 

simplified model. When the real part of the convolution product of the beam power 

spectrum and the impedance is negative, the motion is unstable. When the real part of the 

convolution product is positive, the motion is stable. From Eq.(3.46) one finds that the 

coherent frequency will be shifted downward (smaller than the unperturbed frequency), if 

the imaginary part of the convolution product is negative, i.e. the resulting reactance is 

inductive. If the resulting reactance is capacitive, i.e. the imaginary part of the 

convolution product is positive, the coherent frequency will be shifted upward (larger 

than the unperturbed frequency). The same conclusions for the stability criteria can be 

derived from a more rigorous treatment by using the Vlasov equation. 
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2. Single bunch instability 

2.1 Basic concepts When a harmonic oscillator is driven by an external force, a 

resonance occurs when the driven frequency is equal to the natural frequency of 

oscillator. The drive force and the displacement of the oscillator are 90° out of phase on 

resonance. Each constituent particle of a proton bunch can be represented by a harmonic 

oscillator. When the wake force is 90° out of phase with the transverse displacement of 

the particle, the particle motion will be driven on resonance and the motion becomes 

unbounded. 

When the coherent beam instability occurs, each constituent particle in a beam 

bunch conspires together to oscillate in a coherent way. This particle coherence also 

gives rise to some harmonic structures in the particle distribution in transverse phase 

space. A single bunch instability will give rise to some standing wave patterns in the 

observed beam signal. When the particle coherence exists, every particle has the same 

betatron amplitude for a given synchrotron amplitude. The signal from all particles on 

the same trajectory will add up coherently. 

For simplicity, one first considers an uniform bunch which has a constant betatron 

amplitude for all synchrotron amplitudes. When all particles have the same initial 

betatron phases around the trajectory in the longitudinal phase space, they will be 

deflected by the wake force in the same direction and result in a rigid bunch 

displacement. This is the case for the m= 0 mode head-tail oscillation. 

The m= 0 mode has nonzero center of mass motion and the frequency of bunch 

oscillation equals to the betatron frequency fp. An overlay plot for five consecutive turns 

of the observed bunch motion is depicted in Fig.3.14 for the m= 0 mode head-tail 

oscillation of an uniform bunch with zero chromaticity. 

-
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When the betatron phase of each particle along the synchrotron amplitude is 

arranged in such a way that the head and the tail of the bunch are l 8Qo out of phase, then 

the head of the bunch will be deflected by the wake force in the opposite direction as the 

tail of the bunch. This kind of structure for particle distribution gives rise to the m= I 

mode head-tail oscillation. An overlay plot for five consecutive turns is depicted in Fig. 

3.15 for them= l mode head-tail oscillation of an uniform bunch with zero chromaticity. 

There is a node in the middle of beam signal. This is the characteristics of the m= l 

mode head-tail motion. There is no center of mass motion for the m= I mode head-tail 

motion. 

The time evolution of the betatron phase of four equally spaced particles along a 

given synchrotron amplitude is depicted in Fig. 3.16 for the m= I mode head-tail 

oscillation of an uniform bunch. In Fig. 3.16 when t= 0, particle A and C correspond to 

the head and the tail of the bunch respectively, and particle B and D correspond to the 

center of the bunch. During one cycle of synchrotron oscillation, each particles gradually 

trades its place with others. After one complete synchrotron period T 5 , all particles 

resume to their original positions at t= 0. The projection of transverse displacement 

along the longitudinal axis for the m= I mode head-tail oscillation is depicted in Fig. 

3.17. 

For the m= 1 mode head-tail oscillation as depicted in Figs. 3.16 and 3.17, the 

bunch has made one complete betatron oscillation after one synchrotron oscillation 

period, which is one more cycle than it would in the absence of synchrotron motion . 

Hence the frequency of the m= l mode head-tail oscillation is f p+ f s· In general, the 

coherent signal of modem head-tail motion oscillates at fp± mf 534 where mis an integer, 

and the signal has m nodes along the temporal profile of the beam signal. The 

corresponding frequency spectrum for mode m head-tail oscillation has a maximum near 

Wm= 7t(m+l)/'tL for m:;t: 0,34 where Wm= 21tfm, and 'tL= full bunch length in time units. 
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When the chromaticity is not zero, the instantaneous betatron phase is given by 

Eq.(2.7). The phase difference between the head and the tail is given by ro~'tL + ('lfz-'lfi), 

where 'tL= the full bunch length, and 'lft, '1'2= the initial betatron phase of the head and 

the tail respectively. Because of the addition of chromatic phase shift ffi~'tL to the tail of 

the bunch, the signal of he:>d-tail oscillation will have different appearance. Using a 

bunch length of 5 nsec and the chromatic frequency given in Table 1.4, the overlay plots 

for the m= 0 and them= 1 mode head-tail oscillation are depicted in Figs. 3.18 and 3.19. 

When the chromaticity is large, the m= 1 mode head-tail oscillation begins to 

develop non-negligible center of mass motion which can be detected by a transverse 

feedback system. For the m= 0 mode, the motion gets distorted and no longer results in a 

rigid bunch displacement. The bunch begins to develop some wiggling motion due to the 

chromatic phase shift. As it has been discussed in Chap.2, the transverse beam spectrum 

of all modes will be shifted by the chromatic frequency f~. Various modes of head-tail 

motion derived from a more realistic particle distribution are depicted in Fig. 3.20.35 The 

line charge density is assumed to be ~('tL)2 - s2 , where 'tL= the full bunch length in time 

units, and s= the longitudinal coordinate in time units. This model of particle distribution 

is called a water-bag bunch. 

2.2 Sacherer's perturbation formalism A rigorous and unified treatment of the 

bunched beam instability is provided by the theoretical framework devised by Frank 

Sacherer35 at CERN. Since a beam bunch usually contains more than 1 X IQIO charged 
-

particles, the best approach to study their dynamics in a macroscopic scale is statistical 

mechanics and electrodynamics. Because the radiation damping effect is negligible for 

proton beams at 8 Ge V, Louville's theorem still holds for the phase space of particle 

motion. The particle population density in phase space is described by a 6-dimensional 

-
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distribution function which is a statistical average of the microscopic distribution of 

particles. From Louville's theorem, the distribution function A(x, u, t) has to satisfy the 

equation of continuity with the following form:35 

e - -at A(x, u, t) + u. V' x A(x, u, t) +-(E + u x B). V' u A(x, u, t) = 0 (3.47) 
' ')'1110 

where e is the charge of a single particle, mo is the rest mass of a single particle, X. is a 3-

dimensional displacement vector, and u is the time derivative of the displacement vector. 

Equation (3.47) is called Vlasov equation or collisionless Boltzmann equation. Because 

the fluctuations due to particle discreteness have been averaged out in the Vlasov 

equation, the Lorentz force used in the Vlasov equation is the ensemble average force. 

For the stored beams in an accelerator, the force term in the Vlasov equation is given by 

the wake force. 

To correlate the macroscopic observables with the distribution function in phase 

space, the measured transverse signal in a position monitor is given by integrating the 

single particle signal over the distribution function: 

(3.48) 

where d(t) is the transverse signal induced by a single particle, A.(Ap, 'ta, <l>o. 'l'o, t) is the 

normalized distribution function, A~= the betatron amplitude, 'ta= the synchrotron 

amplitude, <Po= the initial synchrotron phase, 'Jlo= the initial betatron, and P= the total 

number of particles. Only one transverse dimension is considered for the purpose of 

illustration. For the single bunch case, the transverse signal induced by a single particle 
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is given by Eq.(2.6). If the distribution function is known, the macroscopic observables 

can be calculated from Eq.(3.48). 

When the beam is unperturbed, the distribution function is stationary and it only 

depends on the betatron amplitude and the synchrotron amplitude in the equilibrium state. 

For a stationary distribution function :\o(Ap, 'ta). the transverse signal measured by a 

BPM is zero: 

(d(t)) =Pf d(t)A.0 (Ap, 'ta)Ap'tadApd'tad<l>od'l'o 

=0 
(3.49) 

When the beam is perturbed and the induced wake force is small compared to the 

external focusing force, the particle orbit is still periodic in phase space. Thus the 

perturbed distribution function can be expressed by the following form: 

(3.50) 

(3.51) 

where ~A.(Ap, 'ta, <l>o, 'I' o. t) is the perturbation added to the stationary distribution 

function. The transverse signal due to the coherent beam motion is given by the integral 

of single particle signal over the perturbation of distribution function: 

(3.52) 

-

-
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Substituting Eq.(3.50) into the Vlasov equation in Eq.(3.47) and keeping the first order 

terms of the perturbation only, the linearized Vlasov equation is given by the following: 

(3.53) 

The time derivative of the betatron amplitude is given by the transverse equation of 

motion: 

(3.54) 

. aAp aAp 
Ap = x(t) ox(t) + X.(t) ox(t) 

:::: sin\jlp(t) e (E+~xB) 
(3.55) 

cop "f"lo 

where x(t) and \jl~(t) are defined in Eqs.(2.6) and (2.7), and co~ is defined in Eq.( 1.45). 

When there is no coherent beam motion in the longitudinal direction, the 

synchrotron amplitude remains constant. Using the results in Eqs.(3.53) and (3.55), the 

linearized Vlasov equation becomes: 

-iQ · ~A.(A~, 'ta, <l>o. 'Vo. t) 

e ei'1'13(t) - e -i'1'13(t) - . - a 
= . . (E+xxB)-A.o(A~,'ta) 

'YffioCOp 2z oAp 

(3.56) 

In principle, the perturbation of the distribution function can excite different modes 

of azimuthal structure in phase space as indicated in Eq.(3.51 ). Each mode of excitation 
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will induce its corresponding wake force which in turn will affect the time evolution of 

other excitation modes and itself. As long as the wake force is a small perturbation 

compared with the external focusing force, the coupling between different excitation 

modes can be neglected. Then, it is a good approximation to treat each excitation mode 

as an eigenmode. Using those assumptions and. t!le linear transverse wake force in 

Eq.(3.41 ), the linearized Vlasov equation is further reduced to the following form for a 

single mode excitation:36 

2p 00 

-iillz.n(A~,'ta) = e :Limam(n)Z.L{(n +Qx)mo) 
4ymoQxR n=-oo 

x lm(Cn +Qx)roo'ta -ro~i:a)·-aa A.o(A~,'ta) 
A~ 

(3.57) 

where Qx is the betatron tune, lm is the Bessel function of the m-th order, and O"m(n) is 

given by the following: 

O" m (n) = i-m j Jz.n (A~, 'ta) lm ( (n + Qx )roo'ta - ro~ 'ta )A~'ta dA~d'ta 
0 

(3.58) 

Various techniques have been devised to solve the integral equation given in Eq.(3.57).36 

The solution for the complex frequency shift n for the m-th mode head-tail motion 

has some general characteristics of the following form: 26 

(3.59) 

-

-
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where <J'm(n) is the spectral amplitude of the transverse beam spectrum for the m-th 

synchrotron sideband at the frequency (n+Qx)COo- roi;, A is a constant depending on the 

accelerator design, lb is the beam current of a beam bunch, and 'tL is the full bunch length 

in time units. A summation over the harmonic alias is involved in Eq.(3.59). The square 

of the spectral amplitude gives the power spectrum of the beam. The numerator of 

Eq.(3.59) means the convolution of the power spectrum and the accelerator impedance. 

This is similar to the expression for power dissipation in a resistor, I2Z, where I is the 

current and Z is the resistance. For the single bunch instability, the coherent frequency is 

given by: 

fc = (n +Qx)/o + mfs +Q (3.60) 

where n is any integer. In the observed transverse beam spectrum, there will be 

prominent spectral lines at frequencies given in Eq.(3.60). 

Equation (3.59) can be rewritten as a formal expressjon: 

Q = -iAib I_ Fm(x(n)- 0>i;'tL) Zj_((n + Qx)O>o + m0>5 +11) (3.61) 
n=-oo 

and 

(3.62) 

n=-oo 

where x;(n) is in units of [radian]. The expression F m(X) is called bunch form factor of 

the m-th mode. The bunch form factor is an even function in the frequency domain. As 
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shown in Eq.(3.61 ), the bunch form factor F m(X) is being shifted along the abscissa by 

Wl;'tL ?ue to nonzero chromaticity. This is the same property as the transverse beam 

spectrum discussed in Chap. 2. 

Some general conclusions can be drawn from Eqs.(3.61) and (3.62). The real part 

of Eq.(3.61) gives the coherent frequency shift, i.e. the imaginary part of the convolution 

product of the power spectrum and the impedance gives the coherent frequency shift. 

The imaginary part of Eq.(3.61) gives the amplitude growth rate, i.e. the real part of the 

convolution of the power spectrum and the impedance gives the growth rate of the 

instability. Those conclusions are the same as the results derived from a single particle 

model discussed in Sec. B.1.2. The stability criteria can be summarized in a graphical 

format as depicted in Fig. 3.21.34 

When the chromatic frequency shift is positive, the form factor Fm(X) is being 

shifted towards the positive frequency direction as depicted in Fig. 3.21(ii). The 

convolution for them= 0 mode is positive, which results in a damping effect for them= 0 

mode head-tail motion. But the convolution for some higher order modes could become 

negative, which will result in an antidamping effect and lead to high order mode head-tail 

instability. 

On the contrary, when the chromatic frequency shift is negative, the form factor is 

shifted towards the negative frequency direction as depicted in Fig. 3.2l(i). The 

convolution for the m= 0 mode is negative, which results in an antidamping effect and 

leads to the m= 0 mode head-tail instability. But the convolution for some higher order 

modes could become positive, which will result in a damping effect for higher order 

mode head-tail motion. 

-

-
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3. Coupled bunch instability 

3. I Continuous beam instabifiry34 Suppose there is a continuous beam in a circular 

accelerator. A perturbation is applied to the beam such that each given slice of beam at 

the azimuthal location 0 is being displaced transversely by x(O, 0). The transverse 

perturbation can be decomposed into a Fourier series which is comprised by many 

oscillation patterns: 

x(0,0) = I. xeine (3.63) 
n=-oo 

where 0 is the azimuthal coordinate along the accelerator circumference. The time 

evolution of each oscillation pattern is described by: 

( 0) 
-i[(n+Q~ )oo0t-n0] 

x t, = Xne (3.64) 

A snapshot of the coherent beam oscillation for a given pattern is depicted in Fig. 3.22 as 

an example. 

Because an impedance source will sample the beam signal continuously, there will 

be no aliased spectral lines in the frequency domain. Therefore, the convolution of the 

power spectrum and the impedance has a nonzero solution only at the frequency 

(n+Qp)roo. There is no summation over the aliased spectral lines for the continuous beam 

case. For beam instability to occur, the frequency (n+Qp)ffi0 must fall in the negative 

frequency domain, where the resistive impedance is negative. For an oscillation pattern 

of harmonic number n which satisfies n+Qp< 0, the beam motion is unstable. If the 

coherent beam oscillation is observed at a fixed location, the beam signal observed by a 
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BPM is given by x(t, 80)= x0 exp[-i(n+Qp)mot+in8o] which has the same frequency of the 

signal observed by the impedance in the frequency domain. 

3.2 Bunch train with cyclic symmetry Suppose there are M equally spaced, equal 

intensity bunches in a circular accelerator undergoing coupled bunch oscillation. A EPM 

at a fixed location samples the oscillation pattern of the bunch train at every discrete time 

interval TIM, where T is the revolution period of the accelerator. The oscillating bunch 

train will induce a series of discrete pulses similar to the picture depicted in Fig. 2.7. The 

information about the coupled bunch oscillation is encoded in the oscillatory waveform 

of the induced pulse train. Instead-of a BPM, an impedance source at the same location 

will sample the beam signal at every discrete time interval TIM. According to the 

discussions about the spectrum aliasing in Sec. A.2, Chap.2; the impedance will observe 

the b~am spectrum not only at the fundamental frequency f N of the bunch train 

oscillation, but also at all alias frequencies fN + kfe, where fe is the bunching frequency 

MfT and k is any integer. If M equals to the rf harmonic number, then the bunching 

frequency equals to the rf frequency. Therefore, the convolution product of the power 

spectrum and the impedance needs to be summed over all alias frequencies at every 

frequency interval of fa. For M coupled oscillators, there are M different modes of 

oscillation pattern. The bunch train oscillation also has M different modes for a total of 

M bunches in an accelerator. 

The growth rate of a coupled bunch instability has the same form as the single 

bunch case given in Eq.(3.61), except the magnitude is M times larger and the 

convolution product is summed at every M-th harmonics of revolution frequency instead 

of every revolution harmonics. An explicit expression of the growth rate for a given 

coupled bunch mode is given by the following:26 

-

-
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00 

il=-iMAib L. Fm(X(Mn+µ)-ro~-rdz.l((Mn+µ+Qx)w0 +mw5 +Q) (3.65) 
n=-oo 

and 

X(Mn +µ)=(Mn+µ+ Qx )Wo'tL 

µ = 0, l, 2, ... , M -1 
(3.66) 

where µ is the coupled bunch mode number. The coherent frequency of the coupled 

bunch instability is given by: 

le= (Mn +µ+Qx)fo +mfs +n (3.67) 

where n is any integer. In the observed transverse beam spectrum, there will be 

prominent spectral lines at frequencies given in Eq.(3.67) for a given coupled bunch 

mode. In contrast to the single bunch instability, the spectral lines only show up at every 

M-th harmonics of the revolution frequency instead of every revolution harmonics. For a 

given coupled bunch modeµ, if one rotates by an azimuthal angle of 27tµ/M, one will still 

observe the same oscillation pattern in the snapshot. The coupled bunch coherence 

introduces a coherent phase shift between the adjacent bunches. The transverse motion of 

adjacent bunches only differs by a phase factor exp[-i27tµJM] for a given mode numberµ. 

There is cyclic symmetry in the coupled bunch oscillation of equally spaced, equal 

intensity bunches. Because of the cyclic symmetry, the signals induced by each bunch 

add up coherently at frequencies given in Eq.(3.67), and cancel out completely at other 

frequencies. 
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The coupled bunch oscillation can be thought of as the extreme case of the 

continuous beam oscillation, if one just stretches ·the bunch length to the limit of 

continuous beam. The main difference Is at the alias frequencies due to the discrete 

nature of the bunched beam. The cross-coupling among bunches is provided by a long 

r~nge wake force which decays slowly compared with the spacing between adjacent 

bunches. Because of the coherent phase shift between _adjacent bunches and the slow 

decay of the wake force, it becomes possible to have the necessary 90° phase difference 

between the wake force and the bunch displacement for a driven resonance.34 When the 

wake force decays in much less than the bunch spacing interval, it will only affect the 

single bunch motion. Then there will be no coupled bunch coherence in the bunch train. 

4. Landau damping 

Because synchrotron radiation damping is negligible for proton beams at 8 Ge V, 

each proton bunch can be represented by a collection of lossless identical oscillators. 

When an external driving force is applied to an ensemble of identical oscillators with a 

spread in their natural oscillation frequencies, the damping of center of mass motion may 

occur if the oscillators are coupled and the excitation frequency overlaps with the 

frequency spread of oscillators. 

Figure 3.23 qualitatively depicts a particle distribution p(ro) as a function of the 

betatron frequency ro for a proton bunch. When the coherent frequency of the wake force 

roe falls in the betatron frequency spread, those particles whose natural frequencies are 

close to the coherent frequency roe will be driven near the resonance. 

In the linear approximation, the amplitude of near-resonance particles grow as a 

linear function of time, and the number of near-resonance particles decreases as a linear 

function of time.34 Therefore, the ensemble average of betatron amplitude does not grow, 

-
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even though there is steady energy absorption by those near-resonance particles. Because 

the increase of energy is proportional to the square of time for nea~-resonance particles, 

the net increase of energy for all near-resonance particles is proportional to time. As long 

as those near-resonance particles can absorb energy faster than the wake force can 

provide, the c0herent beam motion is damped. This stabilizing mechanism is called 
• 

Landau damping. 37 

There is another mechanism which can also damp the center of mass motion called 

decoherence (also called filamentation or phase-mixing). Although decoherence can 

damp the center of mass motion, it is a totally different physical mechanism from Landau 

damping. When there is frequency spread among an ensemble of oscillators caused by 

the amplitude dependence, the particle distribution in phase space will smear out as the 

time evolves. Although the particle energy remains constant, the ensemble average of 

particle displacement decreases as the time evolves. The following example illustrates 

the damping effect due to the decoherence. Suppose the amplitude dependence of 

frequency is given by the following relation: 

f(A) = foO - a.A 
2

) (3.68) 

where A is the oscillation amplitude, a. is the decoherence coefficient, and f o is the 

natural frequency of linear oscillation. If one assumes fo to be unity, the displacement of 

each particle is described by: 

(3.69) 
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where x(O) is the initial position, and n is the number of turns. For a collection of 342 

particles randomly populated in a sector area in the phase space, the time evolution of 

particle distribution in the phase space is depicted in Fig. 3.24, and the ensemble average 

of particle displacement is depicted in Fig. 3.25. 

As depicted in Fig. 3.25, the particle oscillation is damped from a macroscopic 

point of view. The decoherence damping is due to the phase slip between particles. The 

dependence of frequency on the oscillation amplitude is a nonlinear effect. For bunched 

beams, the amplitude dependence is mainly caused by the octupole magnetic fields due to 

the imperfection of the magnetic fields in magnets. 34 

r lab frame r 

d c .. 
comoving frame 

q s* 
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Fig. 3.1. The coordinate systems for a charged particle travels with the speed of light in 
the free space. 
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Fig. 3.2. The spatial snapshot of electrical field for a moving charged particle in the 
vacuum (a) the transverse electrical field of a relativistic particle observed in the lab 
frame (b) the field lines in the comoving frame (c) the field lines in the lab frame. 

Fig. 3.3. The electrical field lines generated by a relativistic charged particle inside a 
resistive beam pipe. 
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Fig. 3.4. Two charged particles travel along the longitudinal direction in the beam pipe. 
The longitudinal separation between them is defined as z = s - s'. 

Wn(z) 

Fig. 3.5. Schematic sketches of the longitudinal and transverse wake functions. Both 
wake functions vanish for z> 0 as a result of causality. The longitudinal wake seen by the 
charge itself is half of W 11 at z= 0 as indicated by the solid dot, according to the 
fundamental theorem of beam loading. 

-
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Fig. 3.6. Qualitative illustrations for the longi•udinal and transverse impedance in the 
frequency domain. 

J_ R L 

Fig. 3.7. The resonant circuit model is used to represent the longitudinal impedance of 
resonator structures. 
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Fig. 3.8. The transverse resonator impedance vs. frequency. The solid line is the real 
part, and the dashed line is the imaginary part of impedance. 
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Transverse wake function 

z 

Fig. 3.9. The transverse wake function generated by a point charge passing by a 
resonator structure. 
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Fig. 3.10. Calculated resistive wall impedance for the Main Ring beam pipe. The solid 
line is the result of thick-wall model, and the dashed line is the result of thin-wall model. 
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Fig. 3.11. Schematic layout of the bellows. 
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Fig. 3.12. The frequency response of the broad-band impedance model. The frequency is 
normalized by the cutoff frequency of the beam pipe. The solid line represents the real 
part of the impedance, and the dashed line represents the imaginary part. 
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Fig. 3.13. A conceptual illustration of total accelerator impedance in the frequency 
domain. The solid line represents the resistive impedance and the dashed line represents 
the reactive impedance. The frequency is normalized by the cutoff frequency of beam 
pipe. 
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Fig. 3.14. An overlay plot of the m= 0 m0de head-tail oscillation for five consecutive 
turns. An uniform bunch is assumed for chromaticity= 0. 
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Fig. 3.15. An overlay plot of the m= I mode head-tail oscillation for five consecutive 
turns. An uniform bunch is assumed for chromaticity= 0. 
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Fig. 3.16. The time evolution of betatron phase along a given synchrotron amplitude for 
them= 1 mode head-tail motion. The x-y plane represents the longitudinal phase space, 

where x and y axes denote the bunch length 't(t) and the energy deviation i(t) I Ws 

respectively, and the z axis denotes the betatron phase in uni ts of 7t. The time interval 
between adjacent pictures is a quarter of the synchrotron oscillation period. Note that 
picture (iv) is viewed from the opposite direction of y axis. 
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Fig. 3.17. The time evolution of transverse displacement projected on the longitudinal 
axis for the m= l head-tail oscillation, where x denotes the longitudinal coordinate and 
y(x) denotes transverse displacement. The time interval between adjacent pictures is a 
quarter of the synchrotron oscillation period. An uniform bunch is assumed, and the 
chromaticity is zero. 
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Fig. 3.18. An overlay plot of the m= 0 mode head-tail oscillation for five consecutive 
turns. An uniform bunch is assumed. The chromatic phase shift between the head and 
the tail is 7t. 
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Fig. 3.19. An overlay plot of the m= I mode head-tail oscillation for five consecutive 
turns. An uniform bunch is assumed. The chromatic phase shift between the head and 
the tail is 1t. 
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Fig. 3.20. Overlay plots of transverse head-tail motion for nine consecutive turns. A 
water-bag bunch is assumed. The left column depicts the head-tail motion of zero 
chromaticity for a bunch length of 5 nsec. The right column depicts the head-tail motion 
for a chromatic phase shift of 7t between the head and the tail of a beam bunch. · 
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( i) (ii) 
real ( ZT) 

Fig. 3.21. The convolution of the power spectrum and the accelerator impedance in the 

frequency domain ( i) the bunch form factor Fm(X) is shifted towards the negative 
frequency direction when the chromatic frequency f ~ is negative (ii) the bunch form 

factor Fm(X) is shifted towards the positive frequency direction when the chromatic 
frequency f~ is positive. 
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snapshot of coherent oscillation 
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Fig. 3.22. A snapshot of a coherent beam oscillation for a continuous beam. 

p(ro) 

Fig. 3.23. The betatron frequency spread for a proton bunch, where <ro~> is the mean 

betatron frequency and We is the frequency of external driving force. The shaded area 
represents the near-resonance particles. 
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Fig. 3.24. The time evolution of particle distribution in the phase space where the 
oscillation frequency is dependent on the amplitude. The decoherence coefficient a is set 
to 0.01. 
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Fig. 3.25. The time evolution of the ensemble average of particle displacements. 



CHAPTER4 

RESULTS AND ANALYSIS OF BEAM MEASUREMENTS 

A. Operation of Main Ring during Run lb 

One first needs to know some jargon used in the operation of the Main Ring. The 

harmonic number of the Main Ring is 1113, as listed in Table 1.4. This means that there 

are 1113 rf buckets equally spaced along the circumference of the Main Ring. The 

complete injection of the Main Ring is achieved by 13 consecutive deliveries of proton 

beam from the Booster synchrotron. Each delivery from the Booster synchrotron is 

called one booster batch. Each booster batch can contain up to 84 bunches. Because the 

repetition rate of the Linac is 15 Hz, the Booster synchrotron can only send out one batch 

of proton beams every 67 msec. For antiproton production during the collider run, only 

one booster batch of 84 proton bunches is injected into the Main Ring. The protons are 

then accelerated to 120 GeV and directed to the target area. This is called the antiproton 

stacking cycle. In the fixed target run, 12 consecutive booster batches are injected into 

the Main Ring instead of 13. The empty gap is reserved for the risetime of the radiation 

safety abort kicker. 

Figure 4.1 depicts a typical setting of chromaticity values at different beam energies 

during the pbar stacking cycle. From the viewpoint of collective beam instability, this 

should not be a favorite choice. According to the present theory, a positive chromaticity 
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will make beam unstable at energies below transition, but stable at energies above 

transition. In Fig. 4.1 the vertical chromaticity is certainly set with the wrong sign at 

beam energies below transition. Nevertheless, this is the optimum setting found by 

operators in the main control room. 

To make sure the chromaticity values actually carry the sign as depicted in Fig. 4.1, 

a careful calibration was performed at the injection kinetic energy of 8 GeV (momentum= 

8.889 Ge V /c ). A small change of beam momentum is made by tuning a parameter of the 

rf system (M3ROF) which changes the rf frequency, then the betatron tune is measured 

by using the Main Ring Schottky detector discussed in Chap. 2. Knowing the fractional 

change of beam momentum, the actual machine chromaticity can be derived by using 

Eq.( 1.42) and the following relations: 

dfrf = h ·dfo 

dfo dp 
-=-T]-
fo P 

dp 
dfrf = -hrifo­

p 

(4. l) 

The calibration result of fractional change in beam momentum vs. rf parameter M3ROF 

is depicted in Fig. 4.2. The proportionality constant is derived by performing a linear fit 

to the measured data. 

The results of actual chromaticity vs. the nominal value are depicted in Figs. 4.3 

and 4.4 for the vertical and horizontal planes respectively. The measured vertical 

chromaticity does not show as good linearity as the horizontal. In order to get an estimate 

on the real zero of vertical chromaticity, data points corresponding to the nominal 

chromaticity of 2 and 5 are discarded. Then a linear fit is applied to the rest of data 

points. The fit results are summarized below: 
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(i) vertical chromaticity- actual value= nominal value - 3.6 ± 0.5 

(ii) horizontal chromaticity- actual value= nominal value + 2. 7 ± 0.2 

Similar measurements at different beam energies are repeated without error estimates. 

The results show that all settings in the chromaticity table as depicted in Fig. 4. l carry the 

correct sign. 

Figure 4.5 depicts a fast time plot of Main Ring parameters at the injection stage in 

a typical pbar stacking cycle. In Fig. 4.5, the parameter m:ibeamm represents the total 

number of protons, m:blmon represents the full bunch length (95 % of temporal profile) 

in units of [nsec], and m:ering represents the total energy of beam in units of [GeV]. As 

shown in Fig. 4.5, there is about 5 % beam loss at the injection energy. All dampers are 

turned on, and all parameters are optimized for the best beam lifetime and maximum 

stored beam intensity. 

A plot of beam intensity vs. time at the injection energy is depicted in Fig. 4.6, 

where all transverse dampers are turned off and the horizontal chromaticity is set to -25. 

According to the present theory of bunched beam instability, a negative vertical 

chromaticity will stabilize the beam and a positive one will destabilize it. When all the 

transverse dampers are turned off, the beam does behave as the present theory has 

predicted. 

When all the transverse dampers are turned back on and other parameters all keep 

the same, the beam lifetime is better for the case where the vertical chromaticity is set to a 

positive value given by the chromaticity table in Fig. 4.1. Figure 4.7 depicts the 

corresponding time plot of beam intensity. When all the dampers are turned on, a vertical 

-
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chromaticity value of IO gives a better beam lifetime below transition, which seems to 

contradict to the presented theory of bunched beam instability. 
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B. Observation of transverse instabilities 

1. Per/ ormance of existing transverse dampers 

I.I Time domain measurements The performance of transverse dampers presently 

installed in the Main Ring is evaluated by examining the turn-by-turn transverse beam 

position signals. Technical documents of transverse dampers are scarcely available.38, 39 

There is one bunch-by-bunch feedback system (super damper) and one narrow band 

feedback system (slow damper) presently installed in the vertical plane. The horizontal 

plane has only one slow damper system installed. 

The Main Ring tum-by-tum beam position display system only gives the average of 

beam positions from seven consecutive bunches.40 It is not a single-bunch, tum-by-tum 

beam position display system. . To remove the effect of head-tail damping, the 

chromaticity is set close to the real zero value according to the calibration, which is -2. 7 

for the horizontal plane and 3.6 for the vertical plane. The beam energy is set to 8 GeV, 

the injection energy of the Main Ring. The trigger time is set right after the injection of 

beams. One booster batch of 84 beam bunches is used for the measurements. The 

settings of betatron tune in a typical pbar stacking cycle are used. 

Figure 4.8 depicts the results where the vertical super damper is on and both slow 

dampers are off. The envelopes of horizontal and vertical oscillations are 90 degrees out 

of phase as depicted in Fig. 4.8, which is the signature of a coupled oscillation. This 

clearly shows the existence of linear coupling between the horizontal and vertical planes. 

The total beam intensity used for the measurement is 7 x 1011 protons. The e-1 damping 

time is about 200 turns. The revolution period at 8 Gev (injection energy) is 21 µsec 

according to Table 1.4. Note that there is only one super damper system installed in the 

Main Ring. Figure 4.8 shows that the super damper alone is able to suppress the coherent 

-



138 

beam oscillation in the vertical plane at this beam intensity. The damping of horizontal 

beam oscillation is caused by the vertical super damper through the linear coupling. The 

same accelerator parameters are used for the case where both slow dampers are on and 

the vertical super damper is off. The results are depicted in Fig. 4.9. 

Once the vertical super damper is off, both planes begin to show amplitude growth 

in the transverse motion, even though both slow dampers are on. Since the intensity 

threshold of horizontal instability is about five times higher than the vertical one,4 the 

amplitude growth of the horizontal motion shown in Fig. 4.9 should come from the 

leakage of vertical amplitude growth through the linear coupling between both planes. 

When the vertical slow damper is left alone to handle the coherent beam oscillation, 

Fig. 4.9 clearly shows the inadequacy of vertical slow damper. Apparently there is some 

coherent modes which are beyond the frequency bandwidth of the slow damper system. 

The total beam intensity of a typical pbar stacking cycle in the collider run is about five 

times larger than the one used for measurements in Figs. 4.8 and 4.9. 

When both slow dampers and the super damper are off, beam loss occurs. An 

example of this case is depicted in Fig. 4.10. When there is no damper system used in the 

Main Ring, both the horizontal and the vertical planes show the unstable beam 

oscillation. The beam loss is depicted in the time plot of total beam intensity in Fig. 

4. lO(c). 

1.2 Frequency domain measurements Since the vertical collective instability has an 

intensity threshold around 1 X 1012 protons,4 most attention is paid studying the vertical 

damper systems in the frequency domain. The experimental setup is depicted in Fig. 

4.11. The low frequency capacitive beam position monitor (BPM) discussed in Sec. 

B.2.1 of Chap. 2 is used to measure the induced signal from vertical beam motion in the 
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low frequency range. A swept type spectrum analyzer is used to measure the power 

spectrum of this signal. The data acquisition process is controlled by a control system 

console through the GPIB interface of the spectrum analyzer. The accelerator parameters 

used in the measurements are listed in Table 4.1. 

W!1en both vertical dampers are on and the chromaticity is set close to zero in the 

horizontal and the vertical plane respectively, the threshold intensity of vertical beam 

instability is found to be around 6 X 1012 protons. The corresponding fast time plot of 

Main Ring parameters is depicted in Fig. 4.12, and the vertical beam spectrum is depicted 

in Fig. 4.13. There are 8 empty rf buckets between adjacent batches for the beam used in 

Figs. 4.12 and 4.13. The choice of 8 empty rf buckets is to arrange 12 booster batches in 

such a way that the spacing between adjacent batches is approximately equal. 

Table 4.1. Parameters used for the vertical damper evaluation. 

parameter value 

beam energy (GeV) 8 

number of booster batch 12 

number of bunch per batch 84 

beam intensity per bunch 8 
(1 X 109 protons) 

In Fig. 4.13, there are many revolution harmonic lines with significant signal level. 

The revolution frequency of the Main Ring is 47.4 kHz at 8 GeV. Those revolution 
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harmonic lines indicate a substantial contribution of closed orbit offset to the measured 

vertical beam signal. The low-end betatron sidebands are quite pronounced in Fig. 4.13, 

which means a large amplitude in the vertical betatron oscillation. The spectral amplitude 

of 1- q13 and 2- q13 betatron sidebands is about the same as the adjacent revolution 

harmonic lines, wher.e 113 represents the fractional betatron tune. This phenomenon 

suggests the existence of resistive wall instability, which is detrimental only ir:i the low 

frequency range. 

A zoom-in picture of the vertical beam spectrum is depicted in Fig. 4.14. Both 

vertical dampers are on, vertical chromaticity= 0, and there are 8 empty rf buckets 

between adjacent batches. The spectrum analyzer is triggered at the injection of the 11th 

batch. The amplitude of betatron sidebands is comparable to the adjacent revolution 

harmonic lines as depicted in Fig. 4.14. 

For any spectral line existing within the bandwidth of a feedback system, the 

feedback system will try to damp it indiscriminately. When the feedback system tries to 

damp the revolution harmonic lines, it actually tries to correct the closed orbit offset. 

When the Main Ring is suffering from severe vertical instabilities, the diversion of 

system power to the correction of closed orbit offset is unwanted. The closed orbit offset 

ought to be corrected by using the correction dipole magnets which are built specifically 

for this purpose. From Figs. 4.12 to 4.14, one readily concludes that both vertical 

dampers are inadequate to suppress the coherent beam oscillation without invoking the 

head-tail damping by tuning the chromaticity value. 

To evaluate the performance of individual dampers, the power of a single betatron 

sideband as a function of time is measured by setting the frequency span of the spectrum 

analyzer to zero. Only a single damper is turned on at a time. Figure 4.15 depicts the 
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results when only the vertical super damper is turned on after the injection of the fourth 

·batch. 

Figure 4.15 is equivalent to the plot of betatron oscillation amplitude vs. time for a 

given frequency component. Each peak in Fig. 4.15 corresponds to the injection of one 

booster batch. An injection offset is created deliberately in order to induce the coherent 

betatron oscillation. The betatron oscillation amplitude is large at the beginning of every 

injection, then it is gradually damped out by the super damper. The effect of the super 

damper is clearly shown in Fig. 4.15(a) after it is turned on at 0.35 second. When the 

total beam intensity increases as the subsequent injections occur, the betatron amplitude 

begin to grow. After the injection of batch 9, the betatron amplitude grows to such an 

extent that it eventually hits the aperture limit of the vacuum chamber and beam loss 

occurs. The super damper is able to hold the beam until the injection of batch 9, which 

corresponds to a total beam intensity of 4.5 x 1012 protons. From Fig. 4. l 5(b ), the 

growth of betatron amplitude is clearly shown after the injection of batch 9 and then it 

drops away when the beam loss occurs. 

Repeating the measurement with the same parameters used in Fig. 4.15, Fig. 4.16 

depicts the result when only the vertical slow damper is turned on after the injection of 

the fourth batch . The beam becomes unstable after the injection of batch 7, which 

corresponds to a total beam intensity of 3.8 x 1012 protons. When both vertical dampers 

are turned off, the result of the measurement is depicted in Fig. 4.17. 

From Figs. 4.11 to 4.17, the conclusion is that neither the super damper nor the slow 

damper is effective enough to suppress the collective beam instabilities at large beam 

intensity. It is also found that the slow damper is less effective compared with the super 

damper. 

-
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2. Dependence on beam intensity 

Since the growth rate of collective instability is proportional to the beam intensity, 

measurements of growth rate vs. beam intensity can provide a direct proof whether the 

observed betatron amplitude growth is caused by the collective instability or not. The 

accelerator parameters used for the measurements are listed in Table 4.2. The 

experimental setup of measurements is depicted in Fig. 4. l 1. 

Table 4.2. Parameters used for the measurements of growth rate vs. beam intensity. 

parameter value 

beam energy (GeV) 8 

number of booster batch 12 

number of bunch per batch 84 

batch gap (rf bucket) 8 

horizontal chromaticity -12 

vertical chromaticity 0 

From the definition of the unit [dBm]4 ' and the expression of amplitude growth 

y(t)= Aeat, where A is the oscillation amplitude and a is the growth rate in units of [sec· 

I], the growth rate can be derived from the measured power spectrum of vertical beam 

signal by the following: 
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P1 -P2 
a=--~-~-

20logioe(t1 - t1) 

P1 -P2 = ---------"'---
(4.2) 

20(0.43429)(t 1 - t1) 

where P 1 and P2 are the measured power levels in units of [dBm] at two different time 

instants, t1 and t1 are their corresponding time indexes in units of [sec]. 

The oscillation amplitude of the 1- q~ betatron sideband vs. time for a beam 

intensity of 4 X 1 Q9 protons per bunch is depicted in Fig. 4.18. Both vertical dampers are 

turned on from the start until just before the injection of batch 6. In Fig. 4.18, the 

betatron amplitude begins to grow after the injection of batch 6 until it hits the aperture 

limit of vacuum chamber. The same measurement is repeated but the beam intensity per 

bunch is doubled, i.e. 8 X 1Q9 protons per bunch. The result is depicted in Fig. 4.19. All 

the settings of spectrum analyzer are kept the same for both Figs. 4.18 and 4.19. 

Comparing Fig. 4.19 with Fig. 4.18, the growth of betatron amplitude clearly 

increased significantly after the beam intensity is doubled. This gives an indisputable 

proof that the amplitude growth is indeed caused by collective beam instabilities. 

To demonstrate the dependence of growth rate on the total beam intensity, 

measurements are repeated with the same c'onditions as used in Fig. 4.18 except the 

number of bunches per batch. The number of bunches per batch is varied accordingly for 

each measurement of growth rate. The measured results as depicted in Fig. 4.20 show the 

dependence of growth rate on the total beam intensity. This indicates the existence of 

coupled bunch instability in the Main Ring. 
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3. Dependence on bunch length 

The dependence of growth rate on the bunch iength is investigated by varying the rf 

voltage, which in turn will change the bunch length accordingly. The higher the rf 

voltage, the shorter the bunch length. The accelerator parameters used for the 

measurements are listed in Table 4.2. The beam intensity per bunch used in the 

measurements is 4.6 X 109 protons. Figures 4.21 and 4.22 depict the effect on the stored 

total beam intensity for different bunch length respectively. As shown in Figs. 4.21 and 

4.22, the beam loss is more severe when the bunch length is shorter. The bunch length is 

recorded by using the real-time bunch length monitor in the Main Ring. 

As depicted in Fig. 4.21, the beam loss occurs after both vertical dampers are turned 

off right before the injection of batch 6 .. Since the threshold intensity is around 1 X 1012 

protons, the subsequent injections are not able to survive without substantial beam loss. 

The final stored beam intensity is below 1 X 1012 protons. In contrast to the results in 

Fig. 4.21, the bunch length used in Fig. 4.22 is increased by about 50 % and the results 

show a better survival of the total beam intensity, almost a factor of 2 increase. 

A quantitative result can be derived from measurements of growth rate for the 1- qp 

betatron sideband. The experimental setup is depicted in Fig. 4. 11. Both vertical 

dampers are turned on from the start until the injection of batch 10. The growth rate is 

calculated by measuring the oscillation amplitude of 1- qp betatron sideband during the 

injection of batch 10. The spectrum analyzer is set to the following state: resolution and 

video bandwidth= 3 kHz respectively, center frequency= 25.5 kHz, frequency span= 0 

Hz. The result of growth rate vs. rf voltage with error estimate is depicted in Fig. 4.23, 

and the result of growth rate vs. bunch length is depicted in Fig. 4.24. Note that Figs. 

4.23 and 4.24 use the same set of data. 
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Results from Figs. 4.21 to 4.24 exhibit a strong dependence of the growth rate on 

the bunch length. This indicates the existence of vertical head-tail instability, which is 

sensitive to the change of bunch length. 

4. Dependence on chromaticity 

The dependence of growth rate on the chromaticity is also investigated by 

measuring the oscillation amplitude of 1- q~ betatron sideband vs. time. The accelerator 

parameters used in the measurements are listed in Table 4.2. The beam intensity per 

bunch is 4.5 X 1Q9 protons. The bunch length is about 4 [nsec]. 

The growth rate of the betatron oscillation amplitude is measured during the 

injection of the 11th batch. Both vertical dampers are turned on from the start until just 

before the injection of the 11th batch. The measured growth rate is depicted in Fig. 4.25. 

Each data point in Figs. 4.25 is the average result of four repetitive measurements. 

From the theory of bunched beam instability, the dependence of growth rate on the 

chromaticity indicates the existence of head-tail instability. Knowing that a capacitive 

beam position monitor can only detect the center of mass motion, the growth of betatron 

amplitude for negative chromaticity can only be attributed to the coupled bunch 

instability. From discussions in Sec. B.2 of Chap. 3, a negative chromaticity at the 

energy below transition will results in a damping effect for the rigid bunch displacement 

(m= 0 mode head-tail damping). Therefore, the change of the chromaticity value will 

affect the measured growth rate, and it can be used to help tune the accelerator. 

5. Dependence on injection sequence 

The strength of coupled bunch instability replies on the coherent coupling between 

the bunches. If the coherent coupling between bunches is disrupted, the strength of the 

-. 
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coupled bunch instability will be reduced. Different injection sequences of booster 

batches into the Main Ring could provide a possible mechanism to help suppress the 

coupled bunch instability. 

Two different injection schemes are studies by using the accelerator parameters 

listed in Table 4.2. The beam intensity per bunch is 8.4 X 1Q9 protons. Two injection 

schemes used for the measurements are depicted in Fig. 4.26 schematically. Each booster 

batch is separated by 8 empty rf buckets except the first and the last batch. There are 17 

empty rf buckets between the first batch and the last batch. 

The oscillation amplitude of the 1- qp betatron sideband vs. time is measured. The 

results are depicted in Fig. 4.27. The alternate injection sequence as depicted in Fig. 

4.26(b) is able to deter the onset of beam instability and raises the threshold intensity by 

about 10 %. A random sequence for the injection of booster batches is expected to raise 

the threshold intensity of beam instability higher than the alternate sequence. But it is 

expected only to provide some marginal improvement. This method is not sufficient 

enough to support the ambitious goals for the coming fixed target run in 1996. 

6. Dependence on betatron tune 

The dependence of growth rate on the betatron tune is investigated by using the 

same accelerator parameters listed in Table 4.2. The growth of betatron amplitude is 

measured for the 1- qp betatron sideband during the injection of the 10th batch. Both 

vertical dampers are turned on from the start until the injection of batch 10. The initial 

value of betatron tune is 19 .48 for the horizontal plane, and 19 .49 for the vertical plane 

according to the readings of Main Ring control system. The result is depicted in Fig. 

4.28. 
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C. Coupled bunch instability 

The conventional theory of coupled bunched instability only provides results for the 

case where the accelerator is filled with a complete bunch train with equally spaced, 

equal intensity bunches along the circumference. A quantitative extension of the 

conventional theory26 is made in order to cover situations where the accelerator is filled 

with an incomplete bunch train or multiple bunch trains with gaps distributed around the 

circumference. 

1. One short bunch train 

1.1 Calculation ofsin~le batch form factor During the pbar stacking cycle only one 

booster batch is injected into the Main Ring, which takes up one thirteenth of the 

circumference. The bunch configuration of the pbar stacking cycle in the Main Ring is 

depicted in Fig. 4.29. 

When both vertical dampers are turned off, the beam suffers from vertical instability 

unless the vertical chromaticity is set to a large negative value (:::::: -30). The observed 

beam instability depicts characteristics similar to the phenomenon of beam breakup25 

observed in a linac. In other words, there seems to be an open-loop coupled bunch 

instability during the pbar stacking cycle where the first bunch is not affected by the wake 

force. The time evolution of vertical beam oscillation is recorded by a fast digitizer. The 

experimental setup is depicted in Fig. 4.30. 

The vertical chromaticity is set around -14 and the horizontal chromaticity is around 

-12. With those settings, the m=O mode head-tail instability will not occur. The intensity 

per bunch is 1.5 x 1010 protons, and the bunch length is 5 [nsec]. Both vertical dampers 
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are turned off during the measurement. The measured bunch oscillation triggered at 

different time instants are depicted in Fig. 4.3 l. The beam energy is set to 8 Gev. 

Note that the induced signal on a stripline BPM has a doublet structure.42 Figure 

4.31 depicts the vertical beam position of the first 42 bunches in the bunch train. In Fig. 

4.31, the envelope of bunch train appears to be modulating smoothly. The betatron 

amplitude of the first bunch does not seem to change noticeably, yet the amplitude of 

following bunches increased gradually. The results depicted in Fig. 4.31 suggest a 

coupled bunch motion driven by a wake force of intermediate range which is not able to 

cause cumulative effects on the first bunch. Hence, it is called open-loop coupled bunch 

instability. This is similar to the beam breakup instability observed in a linac. 

In order to interpret the observed vertical beam spectrum,_ an empirical theory is 

devised. Based on the observed phenomena, assumptions listed in Table 4.3 are used in 

the calculation of the transverse beam spectrum for a short bunch train. The 

nomenclature of bunch index for a short bunch train is depicted in Fig. 4.32. In order to 

make the analytical calculation possible, the betatron amplitude is assumed to be the 

same for all bunches which is not the case in reality. 
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Table 4.3: Assumptions used for calculating the transverse beam spectrum of an -
incomJ:Jlete bunch train. 

Assumptions 

1. each bunch is represented by a macroparticle 

2. considering the steady state only, no transient response 

3. coupled bunch coherence is established 

4. single mode excitation 

5. assuming the same betatron amplitude, the same closed orbit offset, 
and the same charge for every bunch 

The first bunch is denoted by the index number 0, and the last one is denoted by L- I 

for a bunch train of L bunches. For a bunch with index p, its induced transverse signal 

dp(t) on a BPM is given by Eq.(2.5) as: 

(4.3) 

where qi}::: the fractional betatron tune, Xe= the closed orbit offset, Ap= the betatron 

amplitude, h= the harmonic number of the Main Ring, and 'l'p== the initial betatron phase. 

The resulting signal is the sum of all signals induced by each bunch: 

L-1 
D(t) = L,dp(t) (4.4) 

p=O 

The Fourier transform of the resulting signal is given by the following equations: 
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L-1 00 
• 

D(ro) = I. 2
1rt J dp(t)e'wtdt (4.5) 

p=O -oo 

D-( ) _ e ~ ~l[ iw(nT+pT/h) A -i'l'p i(w-q~w0 )(nT+pT/h)J ro - - L... L... Xce + ~e e (4.6) 
27t n=-oo p=O 

Substituting the Poisson's sum rule given in Eq.(2.13) into Eq.(4.6), the transverse beam 

spectrum becomes: 

oo L-1 
D( ro) = e L L [Xe ei2rtnp I h 8( ro - nmo) + 

T n=-oop=O (4.7) 

Because of the coupled bunch coherence, the displacement of each bunch differs 

from its neighboring bunch only by a phase factor. The betatron phase for the bunch with 

index p can be derived from the following expression: 

'Vp = 8 + 'Vp-1 

= 28 + 'Vp-2 
(4.8) 

= p8 +'Vo 

where 8= the coherent phase of coupled bunch motion, and 'Vo= the initial phase of the 

first bunch. The coherent phase 8 is still given by the same expression used for the 

coupled bunch mode with cyclic symmetry25 (an accelerator filled with equally spaced, 

equal bunches): 
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27tµ 
0 = - ·µ e {0 1 2 · · · h - l} h ' ' ' ' , (4.9) 

where µ is the coupled bunch mode number in the range shown above. Substituting the 

expression of coherent phase into Eq.(4.7), the transverse beam spectrum becomes: 

oo L-1 
D(w) = ~ L, L, [Xe ei27tnp/ h B(w - nw0 ) + 

T n=-oop=O 
(4.10) 

From the formula of geometric progression: 

N-1 a(sN -1) 
L, ask= ,whens'# 1 

k=O s-1 

or ( 4.11) 

=Na, whens= 1 

Eq.(4.10) becomes as: 

e oo 

D(w) = - L,[F(n,L)xc B(w - nroo) + 
T n=-oo ( 4.12) 

F(n - µ,L)A~ e-i'l'o B(w- nroo -q~roo)] 

where F(n, L) is the envelope of spectral amplitude for the revolution harmonic lines, and 

F(n-µ, L) is the envelope of spectral amplitude for the betatron sidebands. Since F(n, L) 

results from the bunch configuration of a single bunch train, it is named single batch form 

factor. Its explicit expression is given by the following: 

-



or, 

ei27tnL/h _ 1 
F(n,L) = .2 lh ;for n '#hf 

e' 7tn -1 

F(n,L) = L ;for n =hf 
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(4.13) 

(4.14) 

where f is any integer. For the envelope of betatron sidebands, one simply replaces the 

variable n in Eqs.(4.13) and (4.14) by n- µ. The coherent frequency of coupled bunch 

oscillation is given by the following expression: 

f =(hf+ µ)/o + q~fo (4.15) 

where f= any integer,µ= an integer in the range from 0 to h-1, andµ is the mode number 

of coupled bunch motion. 

The transverse beam spectrum has maximum response at frequencies given by 

Eq.(4.15). The induced signals from all bunches interact coherently for signal 

components corresponding to frequencies given in Eq.(4.15); the signals are all in phase 

and they all add up. For those signal components not corresponding to the coherent 

frequency and its alias frequencies, they cancel with each other. Because of the missing 

bunches, the cyclic symmetry is broken and the cancellation is incomplete. In contrast to 

the case of cyclic symmetry, those spectral lines not corresponding to frequencies given 

in Eq.(4.15) could still have nonzero amplitude. For the case of cyclic symmetry, only 

those spectral lines corresponding to the coherent frequency and its alias frequencies will 
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show up, and others all have zero amplitude due to the complete cancellation of induced 

signals. 

From Eq.(4.12), one readily realizes that the form factor is the same for revolution 

harmonic lines and betatron sidebands, except that the form factor of betatron sidebands 

is shifted by the coupled bunch mode numberµ. 

1.2 lntervretation of single batch form factor To illuminate the meaning of single 

batch form factor given in Eqs.(4.12) and (4.13), an accelerator with four equally spaced, 

equal bunches is assumed. Suppose there is transverse coupled bunch oscillation in the 

accelerator, then the transverse beam spectrum measured by a BPM is given by the 

following result: 

(4.16) 

For any given betatron sideband, its amplitude is determined by the sum of four 

complex phase vectors, whose expression is given by exp[i27t(n-µ)p/4]. For those 

spectral lines not corresponding to the coherent mode numberµ and its alias (µ+ 4.f, f= 

integer), the exponent of phase vector is not zero. The sum of four phase vectors can be 

performed graphically on a unit circle as depicted in Fig. 4.33. 

As one will expect from the conventional theory of bunch beam instability, the 

amplitude of spectral lines at frequencies given in Eq.( 4.15) is four times the signal of a 

single bunch case. The amplitude of the spectral lines at frequencies other than those 

given in Eq.(4.15) is zero, because of the complete cancellation between signals induced 

-
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by each bunch. Those results are caused by the coupled bunch coherence and the cyclic 

symmetry. 

Now suppose the last bunch is missing, whose bunch index is 3. The transverse 

beam spectrum measured by a BPM will become: 

e oo 2 [ D(ro)=- L L xcei2 7tnp/ 4 b(m-nro0 )+ 
T n=-oop=O 

(4.17) 

, notice that the upper limit of sum over bunch index pis 2 instead of 3 in Eq.(4.17). The 

sum of three complex phase vectors is depicted in Fig. 4.34. 

In contrast to the conclusion for the case where the accelerator is filled with equally 

spaced, equal intensity bunches, the amplitude of the spectral lines at frequencies which 

are not given in Eq.(4.15), could be nonzero due to the incomplete cancellation of signals 

induced by each bunch. This is the meaning behind the mathematical expression in 

Eq.(4.13). 

The single batch form factor can also be understood from the perspective of discrete 

signal processing. Suppose the accelerator is filled with four equally spaced, equal 

bunches as the previous example, the signal of transverse coupled bunch oscillation 

observed by a BPM is depicted in Fig. 4.35. 

Now suppose that the last bunch (index= 3) is missing, and the coupled bunch 

coherence still exists. The observed transverse signal for a short bunch train is depicted 

in Fig. 4.36( a). Figure 4.36(b) depicts the periodic window function which gives the 

resulting bunch configuration for the case where the last bunch (index= 3) is missing. 

The observed signal from the transverse coupled bunch oscillation of a short bunch train 
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is equal to the convolution of the beam signal for the symmetric case depicted in Fig. 

4.35(a) and the periodic window function w(t) depicted in Fig. 4.36(b). This is 

equivalent to the windowing process used in discrete signal processing by any realistic 

measuring instrument (see Sec. A.2 of Chap. 2). The effect caused by the periodic 

window function w(t) on the observed beam sp~ctrum is the same as in the signal 

processing, it introduces the spectral leakage (see Sec. A.2 of Chap. 2) into the observed 

beam spectrum of bunch trains with gaps. This is the reason why those spectral lines not 

corresponding to the coherent frequency and its alias as given in Eq.(4.15) could have 

nonzero amplitude. 

1.3 Analysis of observed beam spectrum Using the experimental setup depicted in 

Fig. 4.11, the vertical beam signal is measured with the following accelerator parameters: 

one booster batch of 84 beam bunches, both vertical dampers are off, the chromaticity is 

set to zero for the horizontal and vertical planes according to the calibrated values, and 

the beam intensity is 1.2 x 1010 protons per bunch. The fit of the calculated spectral 

envelope to the measured vertical beam 1:1pectrum is depicted in Fig. 4.37. 

The fit of calculated spectral envelope to the measured vertical beam spectrum 

shows good agreement qualitatively. The location of valley in the measured spectral 

envelope of revolution harmonic lines is well predicted by the calculation, which is 

around the n= 13 harmonic line. The minor discrepancy between the measured spectral 

amplitude and the calculated value could be caused by the unequal population of particles 

in each bunch. There is about 50 % beam loss being observed during the measurement. 

Since the trailing bunches tend to develop amplitude growth earlier than those bunches 

moving in the front, the particle loss will occur to those trailing bunches first. This will 

result in the violation of one of the assumptions listed in Table 4.3. Since the growth 

-

-
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time of vertical instability is about 50 [msec] for the beam intensity used in Fig. 4.37, a 

spectrum analyzer with a shorter data acquisition time should further reduce the 

discrepancy between the calculated result and the measured data. Note that the frequency 

response of the receiver has been taken into account in the data fit. 

When the total number of bunches is reduced from 84 to I 1 and the beam intensity 

per bunch is doubled, there is only about IO % beam loss being observed during the 

measurement. The fit of measured vertical beam spectrum to the calculated spectral 

envelope is depicted in Fig. 4.38. No prominent betatron sidebands are observed for a 

bunch train of l l beam bunches. Figure 4.38 shows good agreement between the 

measured data and the calculation. This implies that there is coupled bunch coherence 

developed among bunches. Each bunch in the bunch train does not move independently. 

2. Multiple bunch trains 

2.1 Calculation of multibatch form factor During the fixed target experiments, 12 

batches of proton beam are injected into the Main Ring. An illustration of the multibatch 

configuration is given in Fig. 4.26. All the gaps between each batch account for 9.4 % of 

the circumference. An analytical tool is required for a proper interpretation of the 

measured vertical beam spectrum. The calculation of single batch form factor needs to be 

extended to the multibatch operation mode. The same assumptions listed in Table 4.3 are 

used. The nomenclature of bunch index for the multibatch configuration is depicted in 

Fig. 4.39. The gap between adjacent bunch trains is represented by g rf buckets, and 

there are L bunches per batch. The first bunch of the first batch is denoted by the index 

number 0. The index number of subsequent bunches is assigned in an ascending order. 

A new variable m is introduced to represent the order of batches. The first batch is 

denoted by the index number 0. Suppose there are m batches in a circular accelerator, .,,,,,. 
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each separated by a gap of g rf buckets. The transverse signal induced by a bunch with 

bunch index p is given by Eq.(4.3). With careful bookkeeping, the resulting signal 

induced by m batches with L bunches per batch is given by the following: 

L-1 (L+g)+L-1 2(L+g)+L-I m(L+g)+L-l 
D(t) = I,dp(t) + I,dp(t) + I,dp(t)+ ... + I,dp(t)+ ... 

p=O p=L+g p=2(L+g) p=m(L+g) 

m-1 m(L+g)+L-1 
(4.18) 

= L. I,dp(t) 
m=O p=m(L+g) 

The measured transverse beam spectrum is given by using Eq.(4.7): 

e oo m-1 m(L+g)+L-1 [ 
D(ro) = - I, I, I, Xe ei27tnp/ h 8(ro - nro0 ) + 

T n=~ m=O p=m(L+g) (4.19) 
-i'l'p i27tnp/ h ~ J Ape e u(ro-nroo-qproo) 

Substituting the expression of the coherent phase of coupled bunch motion in Eq.(4.9) 

into Eq.(4.19), the transverse beam spectrum becomes: 

e oo m-1 m(L+g)+L-1 
D(ro)=- L L I, [xcei27tnp/h8(ro-nro0 )+ 

T n=~ m=O p=m(L+g) 

-i ;27t(n-µ)p l 
Ape 'l'oe h 8(ro-nro0 -qproo) 

(4.20) 

Carrying out the sum over the phase vectors by using Eq .( 4.11 ), the measured transverse 

beam spectrum can be written as: 

-

-
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- e oo 

D(ro) = - L[F(n,L)B(n,L,g, m)xc B(ro- nroo) + 
T n=-oo (4.21) 

R ~•o~ ] F(n - µ,L) B(n - µ,L,g, m)Ap e u(ro - nro0 -qproo) 

where B(n,L,g, m) is a form factor containing information about the configuration of 

bunch trains. B(n,L,g, m) is n~med the multi batch form factor. The explicit expression 

of the multi batch form factor B(n,L,g, m) is given by the following results: 

B( L 
A) exp[i27tn(L + g)m I h] - I f hn n, , g, m = ; or n ~ .r.. 

exp[i27tn(L + g) I h] - 1 
(4.22) 

or, 

B(n,L,g,m) = mL;for n =hf (4.23) 

where f is any integer. The envelope of revolution harmonic lines is given by the product 

of the single batch form factor and the multibatch form factor, i.e. F(n, L)B(n, L, g, m ). 

The envelope of betatron sidebands is given by F(n-µ, L)B(n-µ, L, g, m ), whereµ is the 

coupled bunch mode number ranging from 0 to h- l. The spectral envelope is the same 

for the revolution harmonic lines and the betatron sidebands, except that the spectral 

envelope of betatron sidebands is shifted by the coupled bunch mode number µ. The 

coherent frequency of the coupled bunch oscillation is still given in Eq.(4.15). Equation 

(4.23) is· a quantitative extension of the conventional theory25 of bunched beam 

instability. 

2.2 Analysis of observed beam spectrum Multi batch injection is used to test the 

theoretical results given in Eqs.(4.22) and (4.23). Twelve batches of proton beams are 



159 

injected into the Main Ring. The experimental setup is depicted in Fig. 4.11. Figure 4.40 

depicts the measured vertical beam spectrum for the following accelerator parameters: 

horizontal chromaticity= 0, vertical chromaticity= -14, 84 beam bunches per batch, batch 

spacing= 8 empty rf buckets, both vertical dampers are on, intensity= 8.8 x l 09 protons 

per bunch, and the bunch configuration is depicted in Fig. 4.26( a). 

The agreement between the calculated spectral envelope and the data is better for 

the first three betatron sidebands. Since there is beam loss during the injection of 12 

booster batches, this could provide an explanation for the discrepancy between the 

calculation and the measured data. The long data acquisition time is also part of the 

reason for the discrepancy. The spectral envelope calculated by using Eq.(4.22) does 

predict the pattern of measured envelope pretty well in Fig. 4.40. Because of the 

inadequacy of damper systems, the beam still suffers from the coupled bunch instability 

even for vertical chromaticity= -14 and both vertical dampers are on. The mode number 

is fitted to be µ= 1, and the coherent phase is fitted to be 2n/l l l 3. This means that the 

frequency of unstable mode corresponds to the 1-qp betatron sideband, which is around 

26.5 kHz. A different perspective seen from the time domain is depicted in Fig. 4.41, 

which is recorded by a digital oscilloscope for five consecutive turns. 

Figure 4.41(b) depicts the vertical coupled bunch oscillation in the time domain. 

The envelope of the bunch oscillation has a periodicity about 20 µs. The batch spacing is 

about 160 nsec,. which makes it difficult to be resolved with the time scale used in Fig. 

4.4 l(b). Knowing that the induced signal on a stripline BPM has a doublet structure in 

the time domain, the actual period of coupled bunch oscillation in Fig. 4.4l(b) is around 

40 µs instead of 20 µs. This corresponds to an oscillation frequency around 25 kHz, 

which agree with the conclusion deduced from the measured beam spectrum in Fig. 4.40. 

Therefore, the observed coupled bunch oscillation is caused by the µ=I mode. 

-
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The electrical response of a stripline BPM to a train of bunches in the time domain 

is depicted in Fig. 4.42. The signal induced by a train of bunches on the electrode of a 

strip line BPM is depicted in Fig. 4.42( a). Each beam bunch induces a voltage pulse on 

the electrode. The induced pulse travels along the electrode plate with the beam and then 

gets reflected back at the downstream end. Because the downstream end is shorted, the 

reflected voltage pulse reverses its polarity. On an oscilloscope, one will see the reflected 

pulse being delayed by an interval of 2£/c, where R. is the length of electrode. Because of 

the reflected pulse, it gives one an illusion that the period of coupled bunch oscillation is 

20 µsin Fig. 4.41(b). Actually it should be twice the observed period. 

When the number of bunches per booster batch is reduced by half, the growth rate 

of the instability is reduced, as is the beam loss. The calculated spectral envelope of the 

betatron sidebands fits the measured data better in this case than in Fig. 4.40. Figure 4.43 

depicts the measured vertical beam spectrum for the case where 12 booster batches are 

used, and each batch contains 40 bunches. The coupled bunch mode is fitted to be µ=I, 

and the coherent phase is fitted to be 27t/1ll3. The coherent frequency corresponds to the 

1- q13 betatron sideband. The vertical bunch oscillation recorded by a digital oscilloscope 

in the time domain for five consecutive turns are depicted in Fig. 4.44. 

When the number of bunches per booster batch is reduced to 13, the total beam 

intensity is slightly below 1 X 1012 protons (the threshold intensity). The beam does not 

become unstable, but the coupled bunch coherence is "well developed. The calculated 

spectral envelope of the revolution harmonic lines fits quite well to the measured beam 

spectrum. The vertical bunch oscillation in the time domain is recorded by a digital 

oscilloscope for five consecutive turns, both results are depicted in Fig. 4.45. Since the 

beam does not become unstable, the vertical beam spectrum does not show any 

prominent betatron sidebands. 
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From results depicted in Figs. 4.40- 4.45, the unstable coupled bunch mode is 

found to be dominated by the µ= l mode which corresponds to the 1- q13 betatron 

sideband. The coupled bunch instability can still occur when both vertical dampers are 

turned on. The bunch length used in those measurements is about 6 nsec. One could use 

a longer bunch length and constantly tune the accelerator chromaticity to increase the 

threshold intensity, but this approach will not be sufficient to achieve the goals of next 

fixed target run. The head-tail damping mechanism could be invoked to alleviate the 

situation by setting the vertical chromaticity to a large negative value, but this will also 

reduce the dynamic aperture of the Main Ring. The empirical theory of multibatch form 

factor proves to be a useful tool for identifying the unstable mode of the coupled bunch 

instability. 

-
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D. Single bunch instability 

1. Observation of head-tail motion 

The experimental setup for measuring the single bunch head-tail motion is depicted 

in Eg. 4.30. Since the bunch length is on the order of 5 nsec, a high quality cable is 

required for this measurement. The Tektronix transient digitizer RTD720 is set to a 

sampling rate of 2 GSample/sec. The finest time resolution of the recorded trace is 0.5 

[nsec] per step. One booster batch of 84 proton bunches is used in the measurements. 

The beam energy is set to 8 GeV, the injection energy. The horizontal chromaticity is set 

close to -12. The vertical chromaticity is varied in order to induce different modes of 
p 

head-tail motion. Them= 0 mode (rigid bunch mode) and m= 1 mode head-tail motion 

are found in the Main Ring. Figures 4.46 and 4.47 depict the m= 0 mode head-tail 

oscillation for vertical chromaticity:::: 0 with different bunch lengths. Fig. 4.48 depicts the 

m= 0 mode head-tail oscillation for vertical chromaticity:::: 16. 

To investigate the effect of slow damper on the single bunch instability, 

measurements are performed by turning on the slow damper only. Results show that the 

slow damper has no effect on the single bunch head-tail instability. Figure 4.49 depicts 

the result for vertical chromaticity:::: 6 and slow damper on. 

As depicted in Fig. 3.19, the m= I mode head-tail motion can result in a non-

negligible center of mass motion when the chromaticity is large. Thus, the m= I mode 

head-tail motion can be induced by setting the vertical chromaticity to a large negative 

value and perturbing the beam with a kicker. Because the m= 0 mode head-tail motion is 

stable for a negative chromaticity below transition but the m= I mode is not, the m= 1 

mode head-tail motion will grow and can be detected later on. The measurement is 

triggered 5 [msec] after the excitation. Figures 4.50 and 4.51 depict them= 1 mode head- ...,,,, 
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tail oscillation observed in the Main Ring. The characteristics of m= mode head-tail 

oscillation is a node in the middle of induced signal. 

Because of the limitation on the time resolution set by the maximum sampling rate 

of the digitizer, attempts were unsuccessful to observe the head-tail motion higher than 

the m= 1 mode. Besides the limitation of instrumentation, it is also harder to excite the 

higher order mode of head-tail motion. Larger beam intensity and precise tuning of 

chromaticity are required. From the measured results shown in Figs. 4.46- 4.51 and the 

failed attempts to excite higher order modes, it is concluded that the m= 0 mode (rigid 

bunch mode) is the most detrimental single bunch instability in the Main Ring. 

Fortunately, the m= 0 mode results in a nonzero center of mass motion which can be 

detected and corrected by a fast feedback system working on a bunch-by-bunch time 

base. 

2. Measurements of bunch form factor 

To understand the single bunch instability, one needs to have a good knowledge of 

the bunch form factor Fm(X) and the accelerator impedance, where x= 27tf'tL, 'tL= full 

bunch length [sec], and f= frequency [Hz]. From discussions found in Ref. 34 and Ref. 

36, the bunch form factor is the same for both the longitudinal case and the transverse 

case. The difference only occurs when the chromaticity is not zero. In such cases, the 

transverse bunch form factor is simply shifted by the chromatic frequency, Fm(X-

27tfE,'tL), as depicted in Eqs.(3.61). Therefore, the transverse bunch form factor FrJ..X) 

can be determined by measuring the longitudinal bunch form factor. The experimental 

setup for the measurement of longitudinal bunch form factor is depicted in Fig. 4.52. In 

order to map out the bunch form factor, one needs to collect data points in a wide 

-

-. 
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frequency range. Therefore, a high quality cable with low power dissipation and low 

frequency dispersion is required for this measurement. 

Because of the bunch configuration of a booster batch and the existence of the 

coupled bunch coherence, the longitudinal beam spectrum will be complicated by the 

single batch form factor given in Eq.(4.13). As the result shown in Eq.(4.13), when the 

frequency is a multiple of the rf frequency, the spectral amplitude is simply L times the 

amplitude of the single bunch case, assuming there are L bunches in one bunch train. To 

simplify the data analysis, the spectral amplitude at multiple harmonics of the rf 

frequency is measured. 

To map out the bunch form factor Fo(X) for them= 0 mode, the spectral amplitude 

of revolution harmonic lines at frequencies equal to multiples of the rf frequency are 

measured. To map out the bunch form factor F1(X) for them= I mode, the injection 

phase of the rf system is deliberately mismatched so that the longitudinal dipole mode is 

induced. The amplitudes of the m= 1 synchrotron sidebands around the revolution 

harmonic lines of multiple rf frequencies are measured. To map out the bunch form 

factor F2<:1J for the m= 2 mode, the rf voltage is deliberately mismatched so that the 

longitudinal quadrupole mode is induced. Then the amplitudes of the m= 2 synchrotron 

sidebands around the revolution harmonic lines of multiple rf frequencies are measured. 

When the rf voltage is mismatched, it is also possible that other higher order modes could 

be induced. The amplitudes of the m= 3 synchrotron sidebands around the revolution 

harmonic lines of multiple rf frequencies are also measured. The form factor can be 

derived from the power spectrum of the beam by the following expression (see Eqs.(3.62) 

and (3.65)): 
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I O"m(X(µ + ph)) 1
2 

00 2 :LI crm (xCµ + ph)) I 
(4.24) 

p=--oo 

where O"m i<> the spectral amplitude of the longitudinal beam spectrum for the m-th 

synchrotron sideband,µ is the coupled bunch mode number, p is an integer, and h is the 

rf harmonic number. The measured power level of each spectral line needs to be 

normalized by the sum of power level over all alias frequencies. The measured bunch 

form factor F m(X) is depicted in Fig. 4.53. 

Assuming a water-bag model for the particle distribution in the longitudinal phase 

space, the power level of the m-th synchrotron sideband can be approximated by the 

following expression:43 

(4.25) 

where x= 21tf'tL. The calculated bunch form factor is depicted in Fig. 4.54. The 

measured peak location of each form factor is very close to the results predicted by the 

theoretical approximation. 

3. Answers to the puule raised by Main Ring operations 

Since the existence of the vertical head-tail instability has been confirmed from 

results shown in previous sections, the puzzling setting of chromaticity value for the 

Main Ring as depicted in Fig. 4.1 can be answered. From discussions presented in Chap. 

3, the transverse head-tail instability will occur if the convolution of the resistive 

-
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impedance and the transverse bunch form factor F m(X- 21tff,'td is negative for a given 

mode number m and the chromaticity. The typical accelerator parameters used at the 

injection stage of the pbar stacking cycle are: bunch length== I 0 nsec, vertical 

chromaticity::::: 8. Using the typical value of bunch length, the abscissa of measured bunch 

form factor can be convc1ted into the units of [MHz], the result is depicted in Fig. 4.55. 

At injection, the convolution of the accelerator impedance and the vertical bunch form 

factor is depicted in Fig. 4.56 qualitatively. The vertical bunch form factor is shifted by 

-46 MHz, according to the value of chromatic frequency given in Table 1.4 for one unit 

of chromaticity 

As depicted in Fig. 4.56, the convolution is negative for the m= 0 head-tail mode. 

Therefore, there will be the m= 0 mode head-tail instability at injection for an off­

centered beam. Because the m= 0 mode head-tail instability results in a nonzero center of 

mass motion, a bunch-by-bunch feedback system with enough voltage gain can cure this 

single bunch instability. This explains why the vertical super damper is so crucial in the ~ 

Main Ring operation. On the contrary, the convolution is positive for them= I head-tail 

mode. Hence, there will not be any m= 1 mode head-tail instability, which can not be 

cured by a resistive feedback system. As long as the super damper has enough voltage 

gain to suppress the m= 0 mode head-tail instability, the typical setting of chromaticity 

value as depicted in Fig. 4.1 remains as a favorite choice for the Main Ring operation. 

One may ask why not choose a small negative value for the vertical chromaticity to 

avoid the m= 0 mode head-tail instability? Since the injection energy is below transition, 

a negative chromaticity will shift the transverse bunch form factor toward the positive 

direction of frequency axis as depicted in Fig. 4.57. 

Although this setting does result in a damping effect for the m= 0 mode head-tail 

motion, it also sets the m= 1 mode head-tail motion unstable. Since a conventional 
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feedback system requires a nonzero center of mass motion as the input, it is ineffective in -

suppressing the m= l mode head-tail instability. One could, however, use a much larger 

negative value for the vertical chromaticity so that both the vertical bunch form factors of 

the m= 0 mode and m= 1 mode overlap with the impedance in the positive region of 

frequency axis. But this will make the m= 2 mode li~ad-tail motion unstable. 

There are other issues one needs to be concerned about. Suppose both the vertical 

bunch form factor of the m= 0 mode and m= I mode are being shifted to the positive 

region of frequency axis. This will require the vertical chromaticity to be set at -16 or a 

larger negative value. Knowing that each proton is also undergoing synchrotron 

oscillation, this results in a modulation of betatron tune with an amplitude given by 

~(dp/p). For a typical value of fractional energy deviation in the Main Ring, 0.3 %, the 

amplitude of tune modulation is about 0.05. The synchrotron tune is about 0.011 at 8 

Gev, i.e. the synchrotron period is about 90 turns. This means that the betatron tune of a 

single proton is sweeping across the transverse tune plane depicted in Fig. 1.9 within a 

range of tune value 0.1 in every 90 turns. From the transverse tune plane depicted in Fig. 

1.9, it is readily realized that several unstable high order resonance lines have been 

crossed. This will result in a deterioration of beam lifetime. Also, when a large 

chromaticity value is used, the stable area in the transverse phase space will be reduced 

due to the increasing contribution of nonlinearity. This is the reason why the setting 

shown in Fig. 4.1 is the optimum value found by operators in the main control room. 

-
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Fig. 4.1. A typical setting of chromaticity values at different beam energies during the 
pbar stacking cycle. From the right: the first column is the vertical chromaticity, the 
second one is the horizontal chromaticity, and the third one is the kinetic momentum of 
beam. 
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Fig. 4.2. The calibration result of fractional change in beam momentum vs. rf parameter 
M3ROF. 
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Fig. 4.3. The actual vertical chromaticity vs. the nominal value listed in the control page. 
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Fig. 4.5. The fast time plot of Main Ring parameters at the injection stage in a typical 
pbar stacking cycle. 
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Fig. 4.6. A plot of beam intensity vs. time at the injection energy. All the transverse 
dampers are turned off. The solid line corresponds to the negative vertical chromaticity, 
and the dashed line corresponds to the positive vertical chromaticity. 
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Fig. 4.7. A time plot of beam intensity at the injection energy, plotted in semi-log scale. 
All the transverse dampers are on. The solid line corresponds to the negative vertical 
chromaticity, and the dashed line corresponds to the positive vertical chromaticity. 
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Fig. 4.8. The tum-by-tum display of transverse beam position triggered right after the 
injection of beams into the Main Ring (a) the horizontal plane (b) the vertical plane. The 
vertical super damper is on and both slow dampers are off. The total beam intensity is 7 
x 1011 protons. 
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Fig. 4.9. The tum-by-tum display of transverse beam position triggered right after the 
injection of beams into the Main Ring (a) the horizontal plane (b) the vertical plane (c) 
the plot of total beam intensity, where the time delay is caused by the risetime of low­
pass filters and the delay in the readout system of DC current transformer. The vertical 
super damper is off and both slow dampers are on. The total beam intensity is 7 X 10 l l 
protons. 
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Fig. 4.10. The turn-by-tum display of transverse beam position triggered right after the 
injection of beams into the Main Ring (a) the horizontal plane (b) the vertical plane (c) 
the plot of total beam intensity. All transverse dampers are off. The total beam intensity 
is 7 X 1011 protons at injection, then gradually drops due to beam loss. 
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Fig. 4.11. The experimental setup for the measurements of vertical beam oscillation in 
the low frequency range. 
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Fig. 4.12. The fast time plot of 12 batches injected into the Main Ring with both vertical 
dampers on. The upper trace is the total beam intensity (m:ibeamm), and the lower trace 
is the bunch length (m:blmon). The chromaticity is set close to zero in both the 
horizontal and vertical planes. 
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Fig. 4.13. The vertical beam spectrum of 12 batches in the Main Ring, both the vertical 
dampers are on and chromaticity= 0. The spectrum analyzer is set to: resolution and 
video bandwidth= 3 and 10 kHz respectively, sweep time= 0.3 sec, triggered after the 
injection of batch 12. 
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Fig. 4.14. A zoom-in picture of the vertical beam spectrum, both vertical dampers are on, 
vertical chromaticity= 0, and horizontal chromaticity= -12. The spectrum analyzer is set 
to: resolution and video bandwidth= 1 kHz respectively, sweep time= 0.3 sec, triggered at 
the injection of the 11th batch. 
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Fig. 4.15. The oscillation amplitude of the 1- q~ betatron sideband vs. time, the slow 
damper is off and the super damper is on after the injection of the fourth batch (a) the 
injection from batch l to batch 7 (b) the injection from batch 7 to batch 12. The spectrum 
analyzer is set to: resolution and video bandwidth= 3 kHz respectively, frequency span= 
0 Hz, center frequency= 25.5 kHz. 
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Fig. 4.16. The oscillation amplitude of the 1- qp betatron sideband vs. time, the super 
damper is off and the slow damper is on after the injection of the fourth batch. The 
spectrum analyzer is set to: resolution and video bandwidth= 3 kHz respectively, 
frequency span= 0 Hz, center frequency= 25.5 kHz. 
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Fig. 4.17. The oscillation amplitude of the 1- q~ betatron sideband, both vertical dampers 
are off, and vertical chromaticity= 0. The spectrum analyzer is set to: resolution 
bandwidth and video bandwidth= 3 kHz respectively, frequency span= 0 Hz, center 
frequency= 25.5 kHz. 
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Fig. 4.18. The oscillation amplitude of the 1- qp betatron sideband vs. time for a beam 
intensity of 4 X 1 Q9 protons per bunch. The spectrum analyzer is set to: resolution and 
video bandwidth= 3 kHz respectively, frequency span= 0 Hz, center frequency= 25.5 
kHz. 
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Fig. 4.19. The oscillation amplitude of the 1- q~ betatron sideband vs. time for a beam 
intensity of 8 X 1Q9 protons per bunch. 
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Fig. 4.20. The dependence of growth rate on the total number of beam bunch. Each data 
point is the averaged result of four repetitive measurements. The averaging process is 
performed internally by the spectrum analyzer, no error bar is available. 
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Fig. 4.21. The fast time plot of Main Ring parameters for rf voltage= 1.5 MV, both 
vertical dampers are turned on from the start until the injection of batch 6. The parameter 
m:ibeamm denotes the total beam intensity in units of 1 X 1012 protons, and m:blmon 
denotes the bunch length in units of [nsec]. 
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Fig. 4.22. The fast time plot of Main Ring parameters for rf voltage= 0.5 MV, both 
vertical dampers are turned on from the start until the injection of batch 6. 
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Fig. 4.23. The growth rate of vertical betatron oscillation vs. rf voltage of the Main Ring. 
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Fig. 4.24. The growth rate of vertical betatron oscillation vs. bunch length. 
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Fig. 4.25. The growth rate of vertical instability measured at different chromaticity 
values. Each data point is the averaged result of four repetitive measurements. The 
averaging process is performed by the spectrum analyzer internally, no error bar is 
available. 
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Fig. 4.26. An exaggerated sketch of the batch configuration in the Main Ring for two 
different injection schemes. Each segment represents one booster batch of 84 beam 
bunches. The label of the first bunch in every batch is shown by the numbers inside the 
circle, and the label of each booster batch corresponding to their injection sequence is 
denoted by the number inside the bracket. 
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Fig. 4.27. The growth of betatron amplitude vs. time for different injection schemes. 
The spectrum analyzer is set to: center frequency= 25.5 kHz, resolution and video 
bandwidth= 3 kHz respectively, and frequency span= 0 Hz. Both vertical dampers are 
turned on during the measurements. 
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Fig. 4.28. The growth rate vs. the change of vertical betatron tune. 

Fig. 4.29. A schematic sketch for the bunch configuration of the pbar stacking cycle 
during the Collider Run I from 1992 to 1995. Only one booster batch of 84 proton 
bunches is injected into the Main Ring. 
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Fig. 4.30. The experimental setup for recording the time evolution of vertical oscillation 
of one short bunch train in the Main Ring. 
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Fig. 4.31. The time plots of vertical bunch oscillation for one short bunch train in the 
Main Ring during the pbar stacking cycle, horizontal unit= 1nsec, triggered at ( 1) the first 
turn after the injection into the Main Ring (2) the 12th turn (3) the 18th turn (4) the 69th 
turn. 
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Fig. 4.32. The nomenclature of bunch index for a short bunch train of L bunches. 
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Fig. 4.33. The vector sum of induced signals from four equal bunches undergoing 
coupled bunch oscillation. This depicts the resulting signal for those spectral lines not 
corresponding to the coherent frequency and its alias. A complete cancellation of 
induced signals is demonstrated for the case of equally spaced, equal bunches. 
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Fig. 4.34. The vector sum of induced signals from a bunch train of three equal bunches 
undergoing coupled bunch oscillation. This depicts the resulting signal for those spectral 
lines not corresponding to the coherent frequency and its alias. An incomplete 
cancellation of induced signals is demonstrated for tt.c case of one short bunch train. 
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Fig. 4.35. The transverse coupled bunch oscillation observed by a BPM (a) the signal 
induced by a train of four equally spaced, equal intensity bunches in a circular accelerator 
(b) the configuration of the bunch train. The first bunch is labeled by index 0, and the 
last bunch is labeled by index 3. Each bunch induces a delta-function like pulse on the 
transverse BPM. The dashed line depicts the envelope of bunch oscillation. 
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Fig. 4.36. The transverse coupled bunch oscillation of a short bunch train observed by a 
BPM (a) the signal induced by a bunch train which is comprised by three equal bunches 
in a circular accelerator ( b) the pedodic window function which causes the resulting 
signal as depicted in (a). The bunch index is labeled beneath the horizontal axis. 
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Fig. 4.37. The fit of calculated spectral envelope to the measured vertical beam spectrum 
of a short bunch train comprised of 84 beam bunches (a) the calculated spectral envelope 
of revolution harmonic lines caused by closed orbit offset (b) the calculated spectral 
envelope of betatron sidebands caused by coupled bunch oscillation. The coherent phase 
of coupled bunch motion is fitted to be 2rr/l 1 l 3. The spectrum analyzer is set to: 
resolution and video bandwidth= 3 and 10 kHz respectively, sweep time= 0.3 [sec], 
average= 5. 
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Fig. 4.38. The fit of calculated spectral envelope to the measured vertical beam spectrum 
for a short bunch train comprised of 11 beam bunches. The spectrum analyzer is set to: 
resolution and video bandwidth= 3 and 10 kHz respectively, sweep time= 0.3 [sec], 
average= 6. 
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Fig. 4.39. The nomenclature of bunch index for the multibatch operation in the Main 
Ring. The open circles represent the empty rf buckets between adjacent bunch trains, and 
the dark circles represent the proton bunches in each batch. 
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Fig. 4.40. The fit of calculated spectral envelope to the measured beam spectrum, the 
dashed line is the calculated spectral envelope (a) the spectral envelope of betatron 
sidebands (b) the spectral envelope of revolution harmonic lines. The spectrum analyzer 
is set to: resolution and video bandwidth= 3 and 10 kHz respectively, sweep time= 0.3 
[sec], triggered after the injection of batch 12. There are 12 batches, each containing 84 
bunches. The vertical chromaticity is around -14, and both vertical dampers are on. 
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Fig. 4.41. The signal of vertical coupled bunch instability in the time domain (a) the total 
beam intensity vs. time (b) the vertical difference signal observed by a stripline BPM 
with a digital oscilloscope (LeCroy 9354L) of 500 MHz bandwidth and 8 MB memory, 
horizontal division= 10 µs, triggered at 0.86 sec. Both vertical dampers are on, vertical 
chromaticity""' -14, and horizontal chromaticity""' 0. 



205 

(a) 

#3 

I induced pulse I 

#1 #2 
I reflected pulse r 

#3 

(b) 

induced signal of coupled bunch oscillation, no reflected pulse 

- _J J 

(c) 

induced signal of coupled bunch oscillation, with reflected pulse 

Fig. 4.42. The electrical response of a stripline BPM to a train of bunches (a) the induced 
voltage pulses on the electrode (b) the theoretical response of a stripline BPM to a train of 
bunches undergoing coupled bunch oscillation (c) the actual response of a stripline BPM 
to a train of bunches undergoing coupled bunch oscillation. 

-



(a) 
-30.00 

-40.00 

= 
-50.00 

"O .._. 

-60.00 

-70.00 

-80.00 

(b) 
-10.00 

-20.00 

-30.00 

,...., -40.00 

= "O .._. 
-50.00 

-60.00 

-70.00 

I \ 

0 

I\ 

batch spacing= 52 rf buckets, µ= 1 
ch-0, cv-0, both dampers off 

1\ 
I 
I t 

I 

I 

• 
I 

I I 

I 

I 
I I 

' I 
I 
I 

3 6 9 12 15 

n (rotation harmonic number) 

batch spacing= 52 rf buckets, 
ch-0, cv-0, both dampers off 

18 21 

I '1 r\ 
I:~ ! 

I ~ I 

0 

.. ,,/\ ,,, 
I I I I 

I I ' ·' " " I\ ,.. ,, I : I 
I I I I I I I ' I I I I ~I 1' 

I I II •' I, .. I: I I 

I : 1: '• ·: '• I 
I I I 

3 6 9 12 

I 

~.'\ II I ~ 
II I I 

I I Ir 
I I I I \ 

I I II·: " ........ , .. , 
It II 1 1 \ I \ I I,. ..... ,.,,',•' 
I •' •' " I I 

11 11 II 'I .. :: •, 

15 18 21 

n (rotation harmonic number) 

206 

Fig. 4.43. The fit of calculated spectral envelope to the measured beam spectrum, the 
dashed line is the calculated spectral envelope (a) the spectral envelope of betatron 
sidebands (b) the spectral envelope of revolution harmonic lines. The spectrum analyzer 
is set to: resolution and video bandwidth= 3 and 10 kHz respectively, sweep time= 0.3 
[sec], triggered after the injection of batch 12. There are 12 batches of beam, each 
containing 40 bunches. The vertical chromaticity is around 0, and both vertical dampers 
are off. 
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Fig. 4.44. The vertical coupled bunch oscillation in the time domain for five consecutive 
turns (a) both vertical dampers are off, horizontal division= 10 µs, vertical division= 50 

mV, triggered at 0.86 sec (b) both vertical dampers are on, horizontal division= 10 µs, 
vertical division= 0.1 V, triggered at 0.86 sec ( c) the total beam intensity vs. time. There 
are 12 booster batches of beams, each batch containing 40 proton bunches, both the 
vertical and the horizontal chromaticity are set close to zero. 
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18 21 

Fig. 4.45. The vertical coupled bunch oscillation observed in both the frequency domain 
and the time domain (a) the vertical coupled bunch oscillation in the time domain, 

horizontal division= 10 µs (b) the measured vertical beam spectrum, the dashed line is the 
calculated spectral envelope of revolution harmonic lines. 
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Fig. 4.46. The overlay plot of the m= 0 mode vertical head-tail oscillation for ten 
consecutive turns, horizontal unit= 0.5 nsec. Both vertical dampers are off, vertical 
chromaticity= 0, bunch length= 5 nsec, and beam intensity= l X 1010 protons per bunch. 
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Fig. 4.47. The overlay plot of the m= 0 mode vertical head-tail oscillation for ten 
consecutive turns, horizontal unit= 0.5 nsec. Both vertical dampers are off, vertical 
chromaticity= 0, bunch length= 7 nsec, and beam intensity= l X 1010 protons per bunch. 
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Fig. 4.48. The overlay plot of the m= 0 mode vertical head-tail oscillation for ten 
consecutive turns, horizontal unit= 0.5 nsec. Both vertical dampers are off, vertical 
chromaticity= 16, bunch length= 7 nsec, and beam intensity= l X 1010 protons per bunch. 

= ..... 

ch--16,tv-JO.J b••.alat an/...,. oTr 

40 

20 

a 

-20 

395 397.5 400 402.5 405 407.S 410 
naoll5DO ,SllXllll 

Fig. 4.49. The overlay plot of the m= 0 mode vertical head-tail oscillation for ten 
consecutive turns, horizontal unit= 0.5 nsec. The vertical dampers is off, slow damper is 
on, vertical chromaticity= 6, bunch length= 5 nsec, and beam intensity= I x 1010 protons 
per bunch. Beam loss still occurs during the measurement. 
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Fig. 4.50. The overlay plot of the m= l mode vertical head-tail oscillation for ten 
consecutive turns, horizontal unit= 0.5 nsec. Both vertical dampers are off, vertical 
chromaticity= -43, bunch length= 5 nsec, and beam intensity= 1.6 x 1010 protons per 
bunch. 
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Fig. 4.51. The overlay plot of the m= l mode vertical head-tail oscillation for six 
consecutive turns, horizontal unit= 0.5 nsec. Both vertical dampers are off, vertical 
chromaticity= -48, bunch length::.: 5 nsec, and beam intensity= 1.6 X 1010 protons per 
bunch. 
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Fig. 4.52. The experimental setup for the measurement of longitudinal bunch form 
factor. 
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Fig. 4.53: The measured bunch form factor F m(X) at the injection energy of the Main 
Ring. The bunch fom1 factor is symmetric with respect to the ordinate. 
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Fig. 4.54: The calculated bunch form factor for a water-bag bunch. 
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Fig. 4.55: The measured bunch form factor of the m=O and m=l modes for a bunch 
length of 10 [nsec]. 
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real( z T) 

-c/b 

c: speed of light 
b: beam pipe radius 

Fig. 4.56: The convolution of the resistive impedance and the vertical bunch form factor 
at t~e injection stage of the Main Ring in a typical pbar stacking cycle (with a positive 
vertical chromaticity). Them= 0 head-tail mode is unstable, but them= 1 head-tail mode 
is stable. 
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real( z T) 

-c/b 

c: speed of light 
b: beam pipe radius 

Fig. 4.57: The convolution of the resistive impedance and the vertical bunch form factor 
at the injection stage of the Main Ring, the vertical chromaticity is set to a small negative 
value. The m= 0 head-tail mode is stable, but the m= 1 head-tail mode is unstable. 
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CHAPTER 5 

MEASUREMENT OF WAKE FIELDS IN THE MAIN RING 

Because the knowledge of wake fields is essential to the understanding of observed 

beam instabilities both quantitatively and qualitatively, beam measurements are performed 

to determine the vertical wake fields in the Main Ring. Basic principles of measurement 

techniques as well as hardware setups are described. Measurement techniques in both the 

time domain and the frequency domain are explored, and the results are depicted. 

A. Impedance measurement- frequency domain 

The knowledge on the accelerator impedance is essential to the analysis of beam 

instability in the frequency domain. The impedance of individual accelerator components 

can be obtained by performing bench measurements44 before installation. For the overall 

impedance in an accelerator, beam measurements still stand as the most conclusive 

approach. The overall impedance is determined from the measured beam transfer function 

(BTF). Continuous beam is required for the BTF measurement. 

1. Basic principles of beam trans/ er function measurement 

The theory of continuous beam transfer function measurements was first published 

by D. Mohl and A.M. Sessler,45 and the first experimental results were obtained at 

CERN.46 The experimental setup for Main Ring BTF measurements in the vertical 

-
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direction is depicted in Fig. 5.1. As depicted in Fig. 5.1, an rf excitation is imposed on the 

beam by using the kicker of the existing slow damper system in the Main Ring. The 

frequency range of rf excitation only ·covers one betatron sideband. The feedback loop is 

disrupted so that an open-loop transfer function is measured. The response of the beam to 

the rf excitation is measured by a downstream beam position monitor (BPM). Since results 

shown in Chap. 4 clearly pointed to the resistive wall impedance, attention was focused on 

measurements in the low frequency range. The capacitive BPM at E49 location discussed 

in Sec. B.2. l of Chap.2 was used for the BTF measurements. 

The equation of motion for a single particle at the location of kicker is given by: 

2 
d y 2 ( ) G -int . elb Z .l (Q) ( ) 
- 2 +co~y t = e +i-- y 
dt ')'lllo 2nR 

(5.1) 

where e= the charge of a proton, lb= the beam current, mo= the rest mass of a proton, R= 

the mean radius of accelerator, <y>= the averaged beam displacement, il= the angular 

frequency of external rf excitation, co~= the angular betatron frequency, and Z .l is the 

vertical impedance. 

Assuming a wave solution y(t)= yoexp[i(n0- ilt)] and using the time derivative d/dt= 

CJ/CJt + rooCJ/CJ0, where COo is the angular revolution frequency. The transverse displacement 

of a single particle seen by the downstream BPM is: 

( 
-in0G . erb Z.L ( )) - e +i---= Yo 

')'Ill o 2 7tR 
(5.2) 
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where e is the azimuthal angle between the kicker and the BPM, and n is the revolution 

harmonic number. If the frequency range of rf excitation only covers one betatron 

sideband, Eq.(5.2) can be approximated as the following: 

( 
-in0G . elb z.L ( )) e +t--= Yo 

Yo=(-/+) rmo 27tR 

2( m~ )en -m) 
(5.3) 

where mis the angular frequency of either then+ Q~ betatron sideband (fast wave) or then­

Q~ betatron sideband {slow wave), and <ill~> is the mean angular betatron frequency. The 

sign (-/+)corresponds to the (fast wave/ slow wave) betatron sideband. If p(ro) is the 

normalized betatron frequency distribution of the particle beam, the averaged displacement 

of the particle beam seen by the BPM is given by the following: 

( ) = (e-i"eG+i e1b z~( ))(<-t+)f p<ro>droJ (5.4) 
Y 0 rm o 27tR Y 0 2( ro~) n-ro 

A beam transfer function (BTF) is defined as the measured frequency response of the 

beam normalized by the frequency content of the rf excitation. The measured frequency 

response by the BPM is given by <y0>ein0. Therefore, the explicit expression for the BTF 

is given by the following form:47 

(5.5) 

-
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Because the more relevant quantity is y(t) and the absorbed power is proportional to 

Gy(t), the factor -i is included in the definition of BTF. Using the definition for the BTF 

in Eq.(5.5), Eq.(5.4) can be reduced to: 

B(Q) = (i - elbZl. B(n))(-i(-/ +) J p(ro)dro) 
)'?no21tR 2 il-ro 

(5.6) 

When there is no self-coupling force caused by the impedance, the BTF is given by: 

B (Q) = -i(-1 +) J p(ro)dro 
0 2 n-ro (5.7) 

Suppose ro1 and ro2 are the lower and upper limits of betatron frequency distribution 

respectively, the dispersion integral in Eq.(5.7) is given by the followings: 

ro2 n-1:: ro2 

I p( ro )dro = J p( ro )dro + J p( ro )dro + J p( ro )dro 
n-ro n-ro n-ro n-ro 

ro1 ro1 n+e C 

= p roJ
2 

p( ro )dro + J p( ro )dro 
n-ro n-ro 

ro1 C 

contour C 

__ ...... G._ ..... .__ (J) 

n 
O ·e 

I p(ro )dro 1. J p(n+ee' ) . i9de 
Q-ro = - Im ;e zEe 

C E~07t Ee 

= i7tp(Q) 

therefore, 

(5.8) 

(5.9) 
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(5.IO) 

where Pf means the principle value integral. The contour C is chosen in such a way that 

the beain will become unstable if it is driven at then- Q13 betatron sideband (slow wave) by 

the rf excitation (see Sec. B.3.1, Chap. 3). The real part of the absorbed power is positive 

when the rf excitation is driving the beam at the frequency of roo(n- Q13), which means the 

amplitude of the transverse displacement is growing. 

If one combines Eqs.(5.6) and (5.7) together, one will arrive at the following 

relation, which has a similar appearance to Eq.(2.74): 

_I_ = _I_ +-e....;:Ib __ z""".L,_<n_) _ 
B(Q) Bo(U) )'ITio 2nR( ro~) (5.11) 

If one plots the imaginary part of [B(.Q)]-1 vs. the real part in a complex plane, one will get 

a contour called the stability diagram (see Sec. C.2.2, Chap. 2). The inverse of the BTF 

for an ideal accelerator without impedance, [Bo(.Q)]-1, will be displaced by a complex 

vector (impedance) in the complex plane, and the resulting contour in that complex plane 

represents the inverse of the BTF for a realistic accelerator, [B(.Q)]- 1. In engineering 

language, the accelerator impedance is the feedback transfer function of a closed feedback 

loop. The beam induced signal is fed back to affect its own motion through the accelerator 

impedance which serves as a self-coupling mechanism. The feedback loop corresponding 

to Eq.(5.11) is depicted in Fig. 5.2. From the expression of the closed-loop transfer 

function given in Eq.(2.53), one readily realizes that an impedance of negative value (then­

Q13 betatron sideband) will result in an unstable solution. 

-
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If one has the knowledge of the betatron frequency distribution p(ro), one can 

calculate the BTF without impedance, Bo(il). Then a BTF measurement can be performed 

in a real accelerator which contains various impedance sources. With careful calibration, 

one can determine the overall accelerator impedance in the frequency range of the rf 

excitation directly from tht stability diagram. The betatron frequency distribution can be 

measured from the transverse Schottky signal of a continuous beam (see Sec. A.1.1, Chap. 

2). This is the motivation for the construction of Main Ring Schottky detector (see Sec. 

B.2.2, Chap.2). The BTF without impedance, Bo(il), is calculated for a Gaussian 

distribution for both the slow wave and fast wave betatron sidebands, and the results are 

depicted in Fig. 5.3. 

2. Calibration and noise reduction of BTF measurements 

2. 1 Time gating technique Since the attention is focused on the low frequency range 

from de to 1 MHz, and the power level of beam signal is small in the low frequency range 

(see Eq.(2.45)), some efforts are required to enhance the signal-to-noise ratio. Besides the 

averaging of repetitive measurements, a time gating technique48 devised at CERN is 

adopted for the BTF measurement in the Main Ring. 

If one performs an inverse Fast Fourier Transform (FFf) on the measured BTF, one 

will get the response of the beam to the rf excitation in the time domain. The driven 

response will last for a certain time interval. After the time interval of beam response, the 

rest of the signal is mostly comprised by the noise from the outside environment. Since 

one is only interested in the physical content of beam signal but not in the rf noise from the 

outside world, one will get a better signal-to-noise ratio simply by applying a time gate to 

the measured signal in order to exclude the contribution of rf noise. 
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A brief summary of the time gating technique is given by the following procedures: I) 

one imposes a time gate on the signal in the time domain during the time interval of interest 

and excludes the rest of the signal which is believed to be rf noise only 2) then one 

performs a FFf on the gated time-domain signal back to the frequency domain. 

The time gate is achieved by weighting the time-domain signal with a properly chosen 

window function which does not distort the signal in the time interval of interest but greatly 

reduce the contribution of rf noise to the signal outside the width of the time gate. Recall 

those discussions given in Sec. A.2 of Chap. 2, the window function will introduce some 

unphysical response in the frequency domain called spectral leakage. Therefore, the 

window function must be chosen in a such a way that it keeps most of the physical signal 

unchanged and only introduces the spectral leakage to the least as possible. A test of the 

time gating technique is performed on a BTF which is measured for the betatron sideband 

around the rf frequency of the Main Ring (52.8 MHz). The stripline BPM of the vertical 

super damper is used for this test measurement. Because the frequency is much higher 

than 1 MHz, the signal level is higher than those measurements performed in the low 

frequency range from de to 1 MHz. Figure 5.4 depicts the measured raw data of BTF 

before applying the time gating process. 

In the subject of signal processing, the two most widely used window functions are 

the square window and the Hanning window. The mathematical expression of each 

window function is given by the followings:41 

i) square window: 

w(n) = 1, when 0$ n $ N (5.12) 

ii) Hanning window: 

-
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(5.13) 

where N is the width of the window function, and w(n)= 0 outside the range 0 Sn SN. 

Compared with other commonly used window functions, the Hanning window provides a 

better frequency resolution at the expense of less accuracy of the spectral amplitude. The 

window function for the BTF measurement is chosen to be a mixture of the square window 

and the Hanning window as described in the following form: 

w(n) = 1, when ts n S Ne (5.14) 

and, 

(5.14) 

where n is the bin number of data points, Ne is the time interval of interest, and N is the 

width of the time gate. Outside the width of the time gate, the window function equals to 

zero. The window function used for the BTF measurement is depicted in Fig. 5.5. The 

total number of data points for each record is 401, and the width of the time gate is chosen 

to be 300. Figure 5.6 depicts the measured BTF in Fig. 5.4 after the time gating process. 

2.2 Conversion ofphysical quantities Because the beam transfer function (BTF) is 

measured by means of various diagnostic hardware, the actual frequency response of each 

hardware element must be included in the calibration of the measured data. In reality, what 

one actually measured is the S21 parameter given by a network analyzer in Fig. 5.1. The 

S21 parameter is defined as:21, 41 
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(5.15) 

where Vs is the frequency (spectrum) content of the measured voltage at the input port B of 

the network analyzer, and VR is the frequency content of the rf driving voltage at the output 

port R of the network analyzer. 

Following the signal path depicted in Fig. 5.1, one will find the voltage across·the 

kicker electrodes as: 

Vk(Q) = D(Q)VR(Q) (5.16) 

where D is the voltage amplification factor of the amplifier in the feedback system. If the 

rise time of the kicker voltage is very short compared with the time of measurement, one 

can get an approximate expression for the deflecting force exerting on the beam as the 

following: 

F - Lip.t 
J_-~ 

eK.t vk 
= f. 

(5.17) 

where e is the charge of a proton, K 1- is the transverse kicker constant given in Eq.(2.38), 

and f is the length of the kicker electrode. Therefore, the deflection strength G in Eq.(5.1) 

is given by the following form: 

G _ eK.L vk 
- ymof. 

_ eK.tDVR 
ymof. 

(5.18) 

-
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The measured voltage Va at the input port of the network analyzer is given by: 

Va(Q) == T(Q)Vp(Q) 

= T lbs 1- (Yo)eine 
(5.19) 

where Tis the voltage amplification factor of the receiver, and S 1- is the transverse detector 

sensitivity given in Eq.(2.37). Substituting the definition of BTF given in Eq.(5.5) into 

Eq.(5.19), the measured voltage becomes: 

(5.20) 

Using the relation given in Eq.(5.18), one can relate the measured voltage Va to the driving 

voltage VR with the following form: 

V 
_ . elbD(Q)T(Q)SJ. (Q)KJ.(Q)a(Q) V 

a-l ( ) R 
"flTiof OOp 

(5.21) 

Therefore, the measured S21 parameter is given by the following result: 

S . elbD(Q)T(Q)S J. (Q)K J. (Q)a(Q) 

21 = l "flTiol( OOp) 
(5.22) 

If the cable delay between the network analyzer and the kicker or BPM is not 

negligible, there will be an additional phase factor exp(-iQ't) in the right-hand side of 

Eq.(5.21 ), where 't is the propagation time of electrical signal along the whole cable 

connection. The delay time~ will cause the phase of S21 to be tilted as depicted in Fig. 

5 .6( 3 ). Since one can simply compensate the effect by introducing a phase factor during 
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the data processing, the cable delay will not play any role in the physical conclusions of 

BTF measurements. 

By using Eq.(5.22), the equation of the stability diagram can also be rewritten in 

terms of S21 with the following form: 

(5.23) 

where S21 is the response measured in a real accelerator with the impedance source, and 

S21 is the response in an ideal accelerator without any impedance source. The ideal S21 

parameter can be calculated from Eq.(5.10). if the Schottky spectrum p(ro) can be 

measured in the Main Ring. Note that D, T, and Kl. are scalar functions of frequency 

which carry no physical units. But S l. and Z..L have the MKS dimension of [Q/ m] 

respectively. 

From Eq.(5.23) one readily realizes that once the frequency response of each 

hardware component is known, the transverse impedance can be derived from the 

measured S21 parameter directly. Unfortunately, technical documents of either the slow 

damper or super damper system are scarcely available. The knowledge on the kicker 

constant is not available for the Main Ring. But since the frequency span used in the BTF 

measurements is only 10 kHz, one can assume the proportionality parameter in Eq.(5.23) 

to be constant as long as the measurement is performed within the 3 dB bandwidth of each 

device. Therefore, the calibration process simply involves a data fit of the calculated 

stability diagram to the measured one by using linear regression. 

-
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3. Results of measured vertical impedance 

Because the sensitivity of the Main Ring Schottky detector was compromised to 

accommodate the large frequency drift during the acceleration process, the Main Ring 

Schottky detector is not sensitive enough to detect the transverse Schottky signal. A 

Gaussian function is assumed for the betatron frequency distribution in order to forego the 

data calibration. The BTF measurements were performed by using the capacitive BPM at 

the E49 location in the Main Ring tunnel (see Sec. B.2.1, Chap. 2). Because the low 

signal level, each record is averaged over 16 repetitive measurements for a usable signal-to­

noise ratio. A thin-wall model of resistive wall impedance is used to model the 

displacement of the stability diagram caused by the accelerator impedance. The impedance 

model used in the data calibration is given with the follow form: 

Zj_(/) = f +ia2f (5.24) 

where a1 and a2 are constants to be determined, and f is the frequency. 

An example of the measured S21 parameter is depicted in Fig. 5.7 for the l + q~ 

betatron sideband, where q~ is the fractional betatron tune. Notice that the stability diagram 

depicted in Fig. 5.1(3) has been shifted across the vertical axis which implies a large 

resistive impedance inside the frequency range of measurement. 

Because the low signal-to-noise ratio, only data points around the resonance 

frequency are used to determine the accelerator impedance. Some fit results of measured 

stability diagrams are depicted in Fig. 5.8. The fitted value of vertical impedance in the 

Main Ring is depicted in Figs. 5.9 and 5. IO for the resistance and the reactance 

respectively. The skin depth calculated from Eq.(3.30) for a circular beam pipe made with 

stainless ~teel is depicted in Fig. 5.11. 
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As depicted in Fig. 5.11, the thick-wall impedance model is not applicable for the 

Main Ring in the frequency range below l 00 kHz. Therefore, one expects to get the 

frequency dependence of vertical impedance with the following form (see Sec. A.2.2, 

Chap. 3): 

{ 

Z.i oc}; when/:::; lOOkHz 

Z.i oc Jy; when/~ lOOkHz 
(5.25) 

If one approximates the geometry of the vacuum chamber in the Main Ring as a circular 

beam pipe around the entire circumference, then the calculated resistance of the Main Ring 

impedance is depicted in Fig. 3.10. The measured results depicted in Fig. 5.9 do not show 

the kind of frequency dependence one would expect from the theory of a circular beam 

pipe. Besides the results of measured resistance, the measured reactance does not show the 

frequency .dependence given by the theory of a circular beam pipe which predicts the same 

dependence on the frequency as given in Eq.(5.25). According to the theoretical results, 

one should expect the reactance to be purely inductive and have the same magnitude as the 

resistance. Instead of large inductive reactance, the measured reactance depicted in Fig. 

5.10 clearly indicates a significant contribution from an impedance source which is purely 

capacitive. 

One possible source of capacitive impedance is the space-charge impedance (see Sec. 

A.2.4, Chap. 3). Because of the poor signal-to-noise ratio in the measured response from 

the E49 BPM in the low frequency range, a large beam intensity is used for the BTF 

measurements, around 1 x 1012 protons. The beam size used in the BTF measurements is 

estimated by performing a profile scan with the flying wire system.49 The parameters used 

to estimate the space-charge impedance is depicted in Table 5.1. The formula given in 

-

-
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Eq.(3.37) is used for the calculation. The estimated capacitive impedance due to the space­

charge effect is about i(23 l Mill m) which is sufficient to explain the results depicted in 

Fig. 5.10. 

Table 5. l. The parameters used for the estimation of space-charge impedance. 

parameter 

mean radius of the Main Ring [km] 

radius of proton beams [mm] 

relativistic factory (8 Ge V) 

radius of beam pipe [cm] 

value 

4 

10 

3 

Combining all the above results, the vertical impedance in the Main Ring can be 

attributed to the resistive wall impedance. But the frequency dependence does not show 

good agreement with the result predicted by the theory of a circular beam pipe. Besides the 

discrepancy in the frequency dependence, the measured resistance is about three times 

larger than the calculated value for a circular beam pipe. Even at frequencies above 300 

kHz the measured resistance still shows significant magnitude. If one uses this trend to 

project the resistive impedance, one will expect the resistive impedance still to be significant 

in the MHz range. It is possible that there may be other impedance sources besides the 

resistive wall in the vertical plane of the Main Ring. One possible suspect is the Main Ring 

kicker magnets. Another are the Lambertson magnets, which present bare steel laminations 

to the beam image current. Bench measurements have been performed to determine the 
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longitudinal impedance of kicker magnets and the results are alarming.50 The measured 

longitudinal impedance of Mairi Ring kicker magnets shows several low Q resonance 

impedances in the MHz range. Measurements of transverse impedance for kicker magnets 

have been performed at CERN and KEK, and the results are attributed to the horizontal 

instabilities observed in the CERN PS Booster and KEK Booster respectively.51, 52 

The measured vertical impedance, as depicted in Fig. 5.9, leads to a puzzling finding. 

Since the frequency dependence of the measured resistance is relatively flat, one will expect 

to see coupled bunch modes at frequencies other than (l-qp)fo. But the low frequency 

mode corresponding to 1-qp betatron sideband is the only mode observed so far (see Figs. 

4.41, 4.44 and 4.45). This strange phenomenon is not understood at present. 

-
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B. Wake function measurement- time domain 

1. Basic prillciples of wake function measurement 

If one uses a macroparticle to represent a bunch, the effect on the beam motion caused 

by the transverse wake force is a change in the slope of the macroparticle transverse 

trajectory. If one only considers the effect caused by the transverse wake force induced by 

a preceding particle, the change in the slope of particle trajectory can be given by Eq.(3.10): 

Sf Sf 

J y"(s)ds = ~ JF.i{t' = (s+z)/c)ds 
(5.26) 

L\y'(s) = F_1 qQy(t')W .l (z) 

where E and q are the relativistic energy and the charge of the witness particle respectively, 

Q is the charge of the source particle, and z is the relative position of the witness particle 

with respective to the source particle as defined in Fig. 3.4. Therefore, the change in the 

slope of particle trajectory over the distance of interest (Si-> sr) is proportional to the 

transverse wake function W .l · If one can vary the distance between the source and the 

witness particles at will, then one will be able to probe the transverse wake function in the 

time domain. This is the basic principle of a wake function measurement. The first 

measurement of this kind was performed at Argonne National Laboratory53 and later at 

ASSET in the SLC.54 

For a circular accelerator, the minimum bunch spacing is dictated by the frequency of 

the rf system used for particle acceleration. The transverse wake function can be probed by 

using a long bunch train with a closed orbit offset intentionally created at injection. If one 

has the information on all the lattice functions in a transfer matrix given in Eq.( 1.38), then 

the generic configuration of the experimental setup is depicted in Fig. 5.12. 
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If one labels a bunch train of N beam bunches in the following way: 

6 5 4 3 2 

I~ 
h 

where T is the revolution period, and h is the harmonic number of accelerator. The first 

bunch is labeled as one, and the last bunch is labeled as N. The slope change of th~ 

transverse trajectory for a beam bunch of index p in the first tum after the injection is given 

by the following expression: 

2 p 
~Y~ = -~ L W .L((j- p)Trr)Yj(t -(p- j)Trf) 

j=l 

(5.27) 

where Trt- Tl h, Q is the charge of each bunch, Eis the relativistic energy of each bunch, 

and a bunch train of N identical beam bunches is assumed. Note that the transverse wake 

function equals to zero if j- p;::: 0. 

If three beam position monitors (BPM) in Fig. 5.12 are placed at locations where the 

beta function ~y(s) is either at its minimum or maximum, then the slope of particle 

trajectory at locations A and B due to the transverse focusing can be related together by the 

following expression (see Eq.(1.38)): 

I -1 I 2 ( p )I I 2 I 

Yp(B) = -(~A~B) sin<j>- Yp(A) + p~ cos<j>- Yp(A) (5.28) 
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where <I> is the betatron phase advance from A to B. If one includes the change of slope 

caused by the transverse wake fields, then the complete expression is given by the 

following form: 

(5.29) 

From Eq.(1.38) one also has the following relation: 

(5.30) 

Since the transient waveform digitizer is capable of recording the transverse position of 

each bunch in the bunch train, the transverse positions of bunch p at locations A and B can ~ 

be measured in the same turn. Thus one can deduce the slope y(,(A) at location A for the 

bunch p from Eq.(5.30) with the measured positions at locations A and B. Then one 

substitutes the result of y(,(A) into Eq.(5.29). Up to now, there is still one piece of 

information missing in Eq.(5.29), i.e. y(,(B). By repeating the same procedures, one can 

use the measured positions at locations Band C to deduce y(,(B). Once all the information 

is available, one can determine the change of slope caused by the transverse wake fields 

only. If one uses the notation tiy'(B I A) to denote the change of slope from location A to 

B caused by the transverse wake fields, one can tabulate the result for each bunch in the 

bunch train as the followings: 
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.1y) (BI A)= 0 

I Q2 
.1y2(B I A)= --yW.L(-Trf)Y1(A) 

I Q2 Q2 
.1y3(B I A)= --y W _i(-Trf )y2(A)--y W _i(-2Trf )Y1(A) 

(5.31) 

There are N unknowns in a set of N algebraic equations given in Eq.(5.31 ). The unknown 

variables are listed in the following set: 

(5.32) 

Therefore, the transverse wake function is sampled at a time interval of Trf· The Fourier 

Transform of the transverse wake function gives the impedance of the accelerator. 

According to the Nyquist theorem, IO the maximum frequency bandwidth without spectral 

aliasing is from de to 0.5frf, where frf is the rf frequency of accelerator. The frequency 

resolution of the accelerator impedance derived from the measured wake function is f rf I 

(N-1).41 The discretely sampled values of the transverse wake function given in Eq.(5.32) 

can be solved by applying Cramer's rulelO in linear algebra to Eq.(5.31). To get a fine 

frequency resolution for the impedance from the FFf of the measured wake function, one 

should use a long bunch train for the measurement. 

If the reliable values of lattice functions in the transfer matrix are not available, one 

needs to measure the actual values of lattice functions first. Reports on the lattice 

measurement techniques55, 56 can be found in literature. To get good accuracy for the 

measurement of lattice functions, the beam intensity used in the measurement should be 
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small enough that the wakefield effect can be ignored but big enough that a reasonable 

signal level can be obtained. 

2. Observed phenomena 

Because of the lack of enough measuring instruments, quantitative results of vertical 

wake function in the Main Ring can not be obtained. Only qualitative measurements are 

performed at the injection energy of the Main Ring. The experimental setup is similar to the 

one depicted in Fig. 5.12 except that only one BPM and one waveform digitizer are used in 

the measurement. The experimental setup for the qualitative measurement of vertical wake 

fields is depicted in Fig. 5.13. The quarter wavelength stripline BPM at the F14 location 

(see Sec. B.2.3, Chap. 2) is used to measure the vertical displacement of the bunches. 

Two booster batches of proton beams are injected into the Main Ring. Both the 

vertical super damper and the slow damper are turned on from the start until the injection of 

the second batch. The purpose is to eliminate any possible wakefield effects induced by the 

first batch. Then the second booster batch is injected with intentionally created closed orbit 

offset. The off-centered second batch is used to induce the vertical wake fields. The first 

batch serves as the witness of the vertical wake fields induced by the off-centered second 

batch. Each booster batch contains 84 proton bunches, and the spacing between each batch 

is 8 rf buckets. 

Figure 5.14 depicts the time series of the vertical bunch oscillation at an interval of 

every 160 turns (- 3.4 msec) with the following parameters: horizontal chromaticity= -12, 

vertical chromaticity= 0, bunch length= 6 [nsec], and beam intensity= 3.3 x 1010 protons 

per bunch. The corresponding plot ofthe total beam intensity for Fig. 5.14 is depicted in 

Fig. 5.15, and the corresponding plot of the bunch length for Fig. 5.14 is depicted in Fig. 

5.16. 
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As depicted in Fig. 5.14, the injection of the off-centered second batch induces the 

vertical wake fields which last long enough to perturb the bunch motion in the first batch. 

The results suggest a long range wake field which can last over 19 [µsec] in the Main Ring. 

According to the envelope of bunch oscillation depicted in Fig. 5.14, this long range wake 

field is attributed to an impedance below the MHz range. Note that the beam motion 

depicted in Fig. 5.14 is a mixed result of the coupled bunch motion and the m= O mode 

head-tail motion. 

Figure 5.17 depicts the time series of the vertical bunch oscillation at an interval of 

every 160 turns (- 3.4 msec) with the following parameters: horizontal chromaticity::::: -12, 

vertical chromaticity::::: -13, bunch length= 6 fnsec], and beam intensity= 2.7 x lOIO 

protons per bunch. The corresponding plot of the total beam intensity vs. time is depicted 

in Fig. 5.18. 

As depicted in Fig. 5.18, the m= 0 mode head-tail damping helps to slow down the 

beam loss in comparison with the result depicted in Fig. 5.15 where the vertical 

chromaticity is set close to zero. The strength of vertical head-tail damping is not strong 

enough to counteract the amplitude growth due to the coupled bunch instability with the 

vertical chromaticity::::: -13. 

When the vertical chromaticity is set around -23, them= 0 mode head-tail damping is 

strong enough to counteract the amplitude growth due to the co.up led bunch instability. The 

total beam intensity as depicted in Fig. 5.19 no longer shows appreciable loss in 

comparison with results depicted in Figs. 5.18 and 5.15. The time series plot of the 

vertical bunch oscillation is depicted in Fig. 5.20. Because a large negative value is used 

for the vertical chromaticity, the coupled bunch oscillation is being suppressed by them= 0 

mode head-tail damping. As depicted in Fig. 5.20, the perturbance on the first batch due to 

the injection of the off-centered second batch is gradually damped out by them= 0 head-tail 
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damping. The slow beam loss depicted in Fig. 5.19 is mainly caused by the single particle 

effect. Because of the large value of chromaticity, the dynamic aperture becomes smaller 

due to the increasing contribution from the nonlinearity of magnetic fields. Also, the 

amplitude of betatron tune modulation due to the synchrotron motion is about 0.07 which is 

large enough to cross several high order resonance lines in the transverse tune plane. 

Those single particle effects contribute together to cause the deterioration of beam lifetime. 

Therefore, a large negative value of chromaticity will not be a desirable solution. 
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Fig. 5.1. The experimental setup for beam transfer function measurements with 
continuous beam in the Main Ring. 
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Fig. 5.2. The feedback loop corresponds to the self-coupling mechanism of particle beams 
in an accelerator. 
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Fig. 5.3. The calculated BTF without impedance, pictures on the left side are the stability 
diagram, the amplitude response of the BTF is in units of [dB], and the phase response of 
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BTF measurements in the Main Ring. 
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Fig. 5.9. The measured resistance of the Main Ring impedance in the vertical plane. 
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Fig. 5.10. The measured reactance of the Main Ring impedance in the vertical plane. 
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Fig. 5.11. The calculated skin depth for a circular beam pipe made with stainless steel. 
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Fig. 5.12. The generic configuration of the experimental setup for the measurement of 
transverse wake function. All the lattice functions are assumed to be known already. 
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Fig. 5.13. The experimental setup for the qualitative measurement of vertical wake fields 
in the Main Ring. 
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Fig. 5.14. The time series plot of the vertical bunch oscillation displayed at a time interval 
of every 160 turns (- 3.4 msec). Both vertical dampers are turned on from the start until 
just before the injection of the second batch. The accelerator parameters used for the 
measurement are: horizontal chromaticity= -12, vertical chromaticity= 0, bunch length= 6 
[nsec], and beam intensity= 3.3 X 1010 protons per bunch. One horizontal unit= 0.5 
[nsec]. 
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Fig. 5.15. A plot of the total beam intensity vs time in the Main Ring at 8 GeV. Both 
vertical dampers are turned on from the start until the injection of the second batch. 
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Fig. 5 .16. A plot of the bunch length vs time in the Main Ring at 8 Ge V. Both vertical 
dampers are turned on from the start until the injection of the second batch. 
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Fig. 5.17. The time series plot of the vertical bunch oscillation displayed at a time interval 
of every 160 turns (- 3.4 msec). Both vertical dampers are turned on from the start until 
just before the injection of the second batch. The accelerator parameters used for the 
measurement are: horizontal chromaticity:= -12, vertical chromaticity:= -13, bunch length= 6 
[nsec], and beam intensity= 2.7 X 1010 protons per bunch. One horizontal unit= 0.5 
[nsec]. 



E 
~ 2 
GI 

:S .. 
E 

Ch--12, Cv--13, 
2.7 ElO protons/ bunch 

dampers off 

O-+---''------+---------~-------+a--------+-

0.10 0.15 0.20 

time [sec] 

0.25 0.30 

255 

Fig. 5.18. A plot of the total beam intensity vs time in the Main Ring at 8 GeV. The thick 
line is the result when both vertical dampers are on all the time, and the thin line is the result 
when both vertical dampers are turned off right before the injection of the second batch. 
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Fig. 5.19. A plot of the total beam intensity vs time in the Main Ring at 8 GeV. The thick 
line is the result when both vertical dampers are on all the time, and the thin line is the result 
when both vertical dampers are turned off right before the injection of the second batch. 
The m= 0 mode head-tail damping is able to counteract the coupled bunch instability with 
the vertical chromaticity= -23. 
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Fig. 5.20. The time series plot of the vertical bunch oscillation displayed at a time interval 
of every 160 turns (- 3.4 msec). Both vertical dampers are turned on from the start until 
the injection of the second batch. The accelerator parameters used for the measurement are: 
horizontal chromaticity= -12, vertical chromaticity= -23, bunch length= 6 [nsec], and beam 
intensity= 2.7 X 1010 protons per bunch. One horizontal unit= 0.5 [nsec]. 
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CHAPTER 6 

DISCUSSIONS AND SUGGESTIONS 

Results of beam studies reported in Chapter 4 and Chapter 5 are analyzed and 

satisfactory explanations are found. Once one understands the physics behind the observed 

beam instabilities at injection in the Main Ring, some ideas for improvement are readily 

realized. It is the ultimate goal of this thesis work to apply those findings to the Main Ring 

for even better performance, and perhaps a better design for the upcoming Main Injector. 

A. Accelerator Tuning 

Since the vertical head-tail instability at injection has been confirmed and observed 

(see Sec. D, Chap. 4), one can use a longer bunch length for the antiproton production 

cycle in the Main Ring. Because the growth rate of the single bunch head-tail instability 

decreases as the bunch length increases, a longer bunch length will help to raise the 

maximum beam intensity per bunch. But one must also keep in mind other issues involved 

in the Main Ring. Issues like the user's requirement, bunch coalescing, and the 

longitudinal beam instability need to be taken into account. A compromise solution is 

expected on the choice of maximum bunch length used in the Main Ring. 

Although a negative value of chromaticity will provide the head-tail damping effect 

and help counteract the amplitude growth due to the coupled bunch instability, the value 
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required for an effective suppression of the amplitude growth is too large (see Figs 5.18 

and 5.19). From the viewpoint of long-term beam lifetime, one should not use a large 

negative chromaticity for the operation of the Main Ring. 

An ideal solution is to have a small positive value of chromaticity (below transition) 

for a stable m= 1 mode but unstable m= 0 mode head-tail motion. The unstable m= 0 mode 

head-tail motion can be cured by an active feedback system, provided the damper gain of 

the feedback system is large enough. This is the lesson learned from the explanation of the 

mysterious setting of chromaticity values found by operators in the main control room. In 

this way, one can get the amplitude damping for both the m= 0 and m= 1 head-tail motion 

which are the dominated single bunch effects observed in the Main Ring. 

For the fixed target experiments, multiple booster batches are used in the Main Ring. 

It is recommended that Main Ring accelerator physicists adopt an alternate injection 

sequence for the multibatch operation, e.g. the pattern depicted in Fig. 4.26. Studies show 

that a 10 % increase in the total stored beam intensity can be obtained approximately. 

It is also recommended that Main Ring accelerator physicists perform a measurement 

on the bunch form factor F m("XJ at the beginning of accelerator tum-on after each major 

shutdown. Knowing the bunch form factor will help to find the appropriate values for both 

the horizontal and vertical chromaticity in a shorter time. A shorter time needed for 

commissioning the accelerator will translate into a higher efficiency of operation. 

B. Hardware upgrade 

Since the results of studies show the indispensable role of active feedback system as a 

cure of the vertical beam instabilities in the Main Ring, an upgrade of the present damper 

systems is necessary. 
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From results shown in Sec. B. l .2 of Chap. 4, the common mode rejection ratio 

(CMRR) of the receiver in the feedback system needs to be improved. If the power level of 

revolution harmonic lines due to the closed orbit offset can be significantly reduced, the 

feedback system will be able to work on the suppression of coherent beam motion more 

efficiently. The use of the notch filter :lr adaptive bias electronics can help to improve the 

CMRR. 

The maximum damper gain g (see Eq.(2.64)) of the vertical super damper is found to 

be around 0.019 from beam studies with multiple booster batches. The vertical slow 

damper is not very effective, and its maximum damper gain is found to be around 0.0016. 

Since the growth rate of beam instability is proportional to the beam intensity, one can use 

the linear extrapolation to estimate the required damper gain for achieving the goal of next 

fixed target run and the Main Injector design. It is estimated that the damper gain of present 

feedback system needs to be increased by a factor of l 0, i.e. the required damper gain g ~ 

0.19. 

The results of impedance measurements in the low frequency range suggest other 

impedance sources besides the resistive wall. It is recommended that bench measurements 

of the transverse impedance for major accelerator components such as rf cavities, kicker 

magnets, bellows and flanges be performed. Since there are alarming results obtained for 

the longitudinal impedance of kicker magnets,50 it is important to perform bench 

measurements of the transverse impedance for the kicker magnets. To ensure the same 

problem will not appear in the future Main Injector, a better design to reduce the impedance 

of the kicker magnets should be pursued. A smooth change in the cross-sectional profile of 

vacuum chamber should be used for the Main Injector design. The design of beam 

diagnostic instrumentation should also adopt the same guide line as mentioned for the 

vacuum chamber. 
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