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Beam-Beam Interactions

Hyung Jin Kimn

Abstract

In high energy storage-ring colliders, the nonlinear effect arising from beam-beam interactions is a major source
that leads to the emittance growth, the reduction of beam life time, and limits the collider luminosity. In this
paper, two models of beam-beam interactions are introduced, which are weak-strong and strong-strong beam-beam
interactions. In addition, space-charge model is introduced.
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I. WEAK-STRONG BEAM-BEAM INTERACTION

In a weak-strong (or incoherent) beam-beam interactionehade assume that one beam is strong and is not
affected by the other beam while the other beam is weak andriexiges a beam-beam force due to the strong
beam during the collision. The force which the strong beaertson individual particles of the weak beam moving
with a velocitycﬁ and a charge is given by

—

F:q(E+ch§). Q)

Here,E and B are electromagnetic fields induced by the strong beam mowitiga velocitycﬁ*. The magnetic
field B can be easily obtained in the rest frame as folloWs= . x E/c. Then, Eq. (1) becomes

ﬁzq(ﬁ+5x (@xﬁ)),
—q|(1-F-3)E+(6-E)4]. (2)
Note that the coordinated or (x,y, z), denote the rest frame of the strong beam. If the two beanh®nfahe

different trajectories (say, the beams are separated bstaundistancel), the force which the weak beam will
experience should be considered as follows:

F(F):F(ﬂ—f)—ﬁ(ﬁ). 3)

The beam-beam kickr’ is obtained from the momentum change of a test particle ik beam by integrating
the force over the collision time:

- AP
Ar' = —p,
p
1 [ -
= —/ dtF. 4)
PJ-x
In this paper, we will consider a Gaussian distribution asdtrong beam’s charge distribution:
Nags oy 2P )
p(r,y,2) = ——p———exp <————— ; (5)
(2m)>/? 020y0 207 205 207

where N is the total number of particleg, the electric charge, and's are the rms beam sizes alongy , and
z respectively. The electrostatic potential of Gaussiatridigion bunch can be found from solution of Poisson
equation as follows [see Appendix A on page 16]:

O (z,y,2) = (6)

N.og. /oo —1+exp (—202% - gongrg - 2crzg+c>
3/2
473/2¢y Jo \/(20§+g) (202 +¢) (202 +¢)

where the—1 term in the numerator of the integrand is added to removeitigulrity atx =y = z = 0.

A. Infinite Longitudinal Bunch

If it is assumed that the bunch length is much larger than the transvensas length o, and s, the charge
distribution of the bunch can be given by

N 2 2
p(z,y) = —d eXP<—$—— Y > (7)

2 2
2wo 0y 20 20,

which gives the two-dimensional potential:

(8)

(I)(l‘,y) =

N /"Od —l+exp <_20:§+C - 20%+C)
dmeo Jo \/(20'% +¢) (202 +¢)
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Figure 1. Electric field strength (r) = 2xd=1 (1 — exp (—;0—22))
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Note that in case of infinite longitudinal bunch, the transeelengthss,, and o, are assumed to be constant at
near the interaction point, i.es,, ando, are not function ofs. The electric fields of transverse Gaussian bunch is
given by:

1) Round beam withr, = o, = o

>

- NG« xi%—y' ;L'2_|-y2
E = 1— — . 9
(x7 y) 27'('6() xz n y2 < exXp < 202 >> ( )
or
E(@,y) = o= (1 :
X — — ex _
Y 2meq 12 P\ 7552
2) Elliptical beam witho,, > o,:
. Ny x + iy —-i o TGy
Ey + ’LE = w - v —e 20% 2(ry w T Yy , (10)
2e04/2m (02 — 02) 2 (02 —02) 2 (02 —02)

wherew (z) is the complex error functiony (z) = e=*" (1 + 2[5 dt et2>.
Notice that variableg andgq, contain their electric charge sign.

1) Head-On Beam-Beam Interactionif:two beams are moving in opposite direction without offaatl without
crossing angle, they will experience head-on collisionsdse of head-on collision without crossing angleg, =

- ‘ﬁ‘ ‘5*‘ andﬁ- E = 0. From Eq. (2), the Lorentz force acting on a test particlehwibargeg; is given by

—

Fey) =a(1+|3]|6]) £ (11)

Since the strong bunch is moving with veloc'ttﬁ* and has longitudinal charge distribution, a test partialbi¢h
is moving with ¢g) will experience the force from the bunch as follows:
2
))

ﬁ(w,y,s:t):(zigl%exp _(s—i—c(‘i‘a_;

B

(12)



The beam-beam kick\r” is obtained by Eq. (4):

5 1 =
i (F A R
_ q(1+‘g‘ 5:) Floy).
e T (=)

Note thatffoOO emat® = \/g Hence, we get the beam-beam kicks due to Gaussian beams:
1) Round beam withr, = o, = o

, 2% 2 2
voox2 492 202

. 20rg 22 4 o2
A =— 2 [1- —
y vooa? 4y < P < 202 ’

or

2) Elliptical beam witho, > o,:

where

) _ = % 9y 4 ;Y%=
w (ﬂj‘,y) = w H—Zy —e 202 2a§w Oz 0y .
2 (UJZE - 0'33) 2 (0'2 — 0'2)

3) Elliptical beam witho,, < o:

where

) 22 Yoo 4 L%
w (l‘,y) =w y—i_—m —e 202 26%”(0 oy, "o ‘
2 (032/ — U%) 9 (032/ _ 0326)

i) (| + |7

-1
Here, new constants are definedras= qq./4megmoc? andn = n, (‘5‘ +

*

off-momentum particles with = Ap/p, the factorn, should be replaced by
g* E&‘
18 (1+0) |B|+ |5

Ty L+

n ;

Where‘ﬁg‘ = \/fjr—ﬁ: pr = ‘5‘ (146)~.

(13)

(14a)

(14b)

(15a)

(15b)

(16)

(17a)

(17b)

(18)

). Note that for



2) Long-Range Beam-Beam Interactiofhe beam-beam kicks due to long-range beam-beam intemagiibout
crossing angle can be easily obtained by Eq. (3) and thetsesuESec. I-Al on page 3, say Egs. (14)-(15). When
the separation distance between the strong and the weakshisagiven byl = (L., L,), the beam-beam kicks
are given by [1]

Ay, (2,y) = Az (@ + Lo,y + Ly) (192)
Aypp (2,y) = Ay (2 + Loy + Ly), (19b)
whereAz" and Ay’ are defined in Eq. (14) and Eq. (15) for round and ellipticadroe respectively.

3) Linear Beam-Beam Tune Shiffo determine the effect of beam-beam interaction, we apgly, the transfer
matrix for the beam-beam interaction int the revolution nimat\ :

M = Mp My,
_ cos 27, B, sin 27(Q), 1 0
N < Brlsin27Q,  cos27wQ, > < J 1 )’ (20)
_ < oS 27 (Qz + 52) Bz sin 27w (Qz + gz) )
= 3 :

“lsin2m (Q, + &) cos2m (Q, + &)

wherez is the horizontalz) or vertical (y) plane,27@. the phase advancg, the amplitude function at collision
point, andd the beam-beam kick factof.is defined as

d (Ar/)
r=0
where
5= % , round beam 22)
B m , elliptical beam
The trace of the map yields the perturbed tune:
Tr (M) =2cos2m (Q. + &) = 2cos 21Q, — 6 B, sin 27Q). (23)
The linear beam-beam tune shif, < 1) in the z-plane is given by
_ B:6
&= T
Z’;‘j{g 2 , round beam
T B elliptical beam 24
2nyo.(oxtoy) p

Note that the rms beam size for the elliptical bearais= o, (0, + 7y).

B. Finite Longitudinal Bunch

The bunch length effect needs to be considered in case ofh¢llphgitudinal bunch length, is comparable to
the transverse lengths, ando,, (2) the orbit function3, andg, are not constant through beam-beam interactions,
and (3) the transverse beta functions are small and compamb,. The synchro-beam map includes beam-beam
interactions due to the longitudinal component of the eledield as well as the transverse components. The



transformation is given by [2]
ou

2"V =x+5(z,2) —| , (25a)
oz |4
oU
pgew =Py — a_ , (25b)
g
oU
new __ + S 2, 2y) — 25¢c
y Y+ S (z,2) 3y (25¢)
oU
pzew =py — a_y , (25d)
S
Znew — Z, (25e)
new 10U 1 90U 1 90U 1 90U oU

Here, S (z,z,) = %(z — z,) is the collision location of the test particle , the subsctipstands for the strong
beam, | represents the evaluation at collision pofitz, z,), the transverse coordinates iz, z) is (X,Y) =

(x +p2S (2, 24) ,y + pyS (2, 24)), the number of particles in the strong sliee = N\, (z.), and the electric
scalar potential of the strong slié¢é. Notice thatU is the normalized potential energy, s&y— q®/E,. Consider
the strong bunch moving with velocmyﬂ* and the test particle of the weak bunch moving with veloeyﬁy If

B, and 3 are parallel and in opposite direction, the electrostatiteptial which the test particle experiences is as

follows:

<1>=(11r ~5*>i) (26)
(I2]+

A.|)
whered is the electrostatic potential at the rest frame. The étepwtential energy/ is given by
q (1 + |5 |5, ) )
U= — D,
moC2’7 (‘5 +
q (1 + |8l |5,
_ V) /dF*G(F—F*)ﬁ(F*;s). (27)
mocy (|] + |.])
The density distribution function of the strong bunch atgitmdinal distances can be described by Gaussian
distribution:

2 2
- ] N x Yy
p(z,y;04(s),0y(s)) = 2oLy exp <—@ - @) ) (28)
which gives the electrostatic potential at the rest frame:
N w —ltexp (~pE - i)
& (2,00 (5) 04 (5) = 22 / dc 2t Tte) (29)
dmeo Jo \/(20';% +¢) (205 +¢)

Note that Eqgs. (28)-(29) are similar to Egs. (7)-(8) excépt v, (s) ando, (s) are function ofs.
1) Round Gaussian Distributiontn case ofs, = o, = o (s), the potential energy is given by

= o —1+exp Uj_y
U(x,y;cr(s)):@/o d (&) (30)

ot 20‘2+C ’



. —1
whererg = qq./4negmoc? and i, = n, <‘ﬁ‘

a)/ (3l+

) One can get easily the derivative of the

potential energy/ at collision pointS (z, z,):

ou 2.0 X X2 4v?

e I N R L 31
o7 | 4 Y X24Yv? < eXp( 207 (5) )) (312)
oU Zn*ro Y X2 4y?

ol N AT+ YT 31b
y | y X2+Y2< eXp( 202<S>>>’ (31b)
ou 1 do T X2 4Yy?

ozl b%LM oy P (——2(,2 <s>>- (310)

Substituting Eq. (31) into Eq. (25), one get the transforomatap for round Gaussian beam.
2) Bi-Gaussian Distribution:The potential energy is given by

V(202 +0) (202 +)

ﬁ*T‘O

U (2,502 (5) 0y (5)) = /Ooodc

/(|7 +

in the infinite longitudinal bunch case, we can get easilytthesverse derivative of the potential energy as follows:

(32)

wherery = qq. /4Tegmoc? andn, = n, ‘E‘_

) Since we get the integral of above equation

ou

a_x . = —Azx (X,Y7S (Z,Z*))v (33a)
W Ay (X,V:5 (5 2)), (33b)
9y |g

whereAz" and Ay’ are given by Eq. (15). The longitudinal derivative of thegudtal energy which is related to
the longitudinal beam-beam kicks is expressed by

ouU 1 do2 OU 1 do} oU
= =53522% +o =L : (34)
Oz |g 2 ds 00F|,_g(,,) 2 ds oy s=S(r22)
where foro, > oy, 802 and 55 6U are given by [see Appendix E]
oUu 1 ’ ’ 2n*T0 g e v
= A A Ye @i 25 ] 35a
o2 2(0%—05) [aj S 0l <Uxe )]7 (359)
ou 1 : P20y (00 i
== _ A A —Ze ¥ 7 —1]]. 35b
007 2 (0% — o) [ FTE T ( )] (350)

Substituting Egs. (33)-(34) into Eq. (25), one get the tramsation map for bi-Gaussian beam distribution. For
o, < oy, We have

8U 1 ’ ’ 2771/*7‘0 O —T'—22—y—22

= A A —e *E -1 36a
902~ 2 (02— o) [”” T YAy +— <0ye >] (36a)
aU _1 ’ ’ 277)/*7‘0 g, —i—i
57 = 573 3y |*A A e Ery — 1. 36b
902~ 2 (02— o) [m T YAy +— (af >] (36D)

C. Beam-Beam interaction with a crossing angle

When there exists a finite crossing angle between collidimg beams at interaction point, the beam-beam
force experienced by a test particle will have transverse langitudinal components because- E term is not
zero anymore. The existence of longitudinal force makedfiitcdlt to apply the result of previous sections. A
transformation can be used to remedy the difficulty. It tfeamms a crossing angle collision in the laboratory
frame to a head-on collision in the rotated and boosted frarieh is called the head-on frame [3], [4]. The



Figure 2. Definition of crossing angles and ¢: « is the crossing plane angle in the— y plane andy is the half crossing angle in the
T — s plane.

transformation can be described by a transformation frognaitcelerator coordinates to Cartesian coordinates, the
Lorentz transformation, and again a backward transfoonat the accelerator coordinates:

z* (s%) z(0)
z*(s*) | - x (0)

o = A"LA 0 ; (37a)
y* (s%) y (0)
32 e £
Py (s* Do, Pz (0

e = p—gb’ | P : (37b)
Py (%) py (0)

where A and B are the matrices which transform the accelerator coorglinttt the Cartesian coordinates, atd
is the Lorentz boost which transform the crossing anglesioii to the head-on. They are defined as follows:

-1 010 10 0 O
0 100 01 0 O
S _p-1_
A=A = 0 01 0|’ b=5"= 10 -1 0 |’
0 0 01 0 0 0 1
1/ cos ¢ —cosasing —tan¢sing —sinasing
r—| - cos atan ¢ 1 cos atan ¢ 0
- 0 — cos asin ¢ cos ¢ —sinasing |’
—sinatan ¢ 0 sin atan ¢ 1

whereq is the crossing plane angle in the- y plane andy is the half crossing angle in the— z plane. Equation
(37) becomes

2* (s%) 1/ cos ¢ 0 0 0 z(0)
*( Y | | cosatan¢ 1 0 0 x (0)
s* N 0 —cosasing cos¢ — sin asin ¢ 0 ’ (392)
y* (s¥) sin a tan ¢ 0 0 y (0)
Pt (s%) 1 —cosatan¢ tan? ¢ —sinatan ¢ p- (0)
py(st) | _ |0 1/ cos ¢ — cos a;f;j P (0) (39b)
h* 0 0 1/ cos® ¢ h
Py (s (s*) 0 0 —sin atcirsli 1/ cos ¢ Py (0)
Sinces = 0 is not always transformed te* = 0, a transformationz* (s*) — #* (0*) has to be performed as

follows:
(s*) — his™, (40a)
(%) + hising [z (0)cosa+ 1y (0)sinal, (40b)



wherew; = (z,y,2), hf = g—]’;‘, and h* = h (p}, p},p;). From Egs (39) and (40), we obtain

Z(0) = Z* (0%) or Z(0) — &* (s%) — &* (0%):

where the Hamiltoniar is & (py, py, p.) = p- 1 — (pz + 1) —
) = (0):

pr = Pz _ peosa an ¢
¥ coso cos ¢’
= Py psina no
Y coso cos ¢’

Pr =Dz —pxcosatan(b—pysinatan(b—i-htan2 o,
¥ = zcosatan ¢ + z [1 + h), cos asin ¢] + yh), sin asin ¢,

y* = zsinatang +y [1+h2sinasin¢] + ahy, cos asin ¢,
= + h [z cosasing + ysinasin¢],
cos ¢

of Eq. (41), i.e.,z* (0*) — Z(0) or &* (0 Z(0
z(0) 2*(0*) + his*
z (0) 1 x* (0%) + his*
) LA)” . ,
y (0) y* (0%) + hys”
p= (0) P (0%)
Pz (0) -1 Py (0%)
3 EB B .
Py (0) Py (07)
Here, (A‘lﬁA)_l and (8—158)_1 are given by
cos ¢ 0 0 0
_1 -1 — cos asin ¢ 1 0 0
(A EA) | —sin¢gtan¢ cosatang Coi 3 sin a tan ¢
—sin a:sin ¢ 0 0 1
1 cosasing 0 sin asin ¢
1 -1 10 cos ¢ COS « sin ¢ cos ¢ 0
(B7LB) = 0 0 cos? ¢ 0
0 0 sin ¢ sin ¢ cos ¢ cos ¢

Equation (42) can be rewritten by

r=2x"+hys" — (2" + hls")cosasin g,
y=y*+hys" — (2 + h}s")sinasin g,
z=(2"+ hls")cos ¢,

Pz = Py cOS ¢ + h* cos asin ¢ cos @,

py = P, cos ¢ + h* sin asin ¢ cos ¢,

Pz = Py cos asin ¢ + p, sinasin ¢ + p7.

[I. STRONG-STRONG BEAM-BEAM INTERACTION

A. Poisson Solver
Poisson equation is

a transformation

(41)

pg. Now, we can get the inverse transform

(42a)

(42b)

(43)

(44)
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where ¢ is the electrostatic potential andthe density function. The solution can be obtained by

o () = /G 7 r dr (45)
whereG is the Green'’s function and is given by, in two dimension aiitth & boundary condition off (oo, Y; x',y') =
G (w,oo;x/,y/) =0,

G e L [ R (R ()
T,Y 1T,y | = 211 Tr—x y—1y .
Note thatG (7,7') = 41”’#—1_,’ in three dimension and> (7 ?)hﬁ]_}oo = 0. Equation (45) can be efficiently
calculated using convolution theorem and inverse Fourarsform:
o) =F " (G@)p <w>) , (47)
whereG (&) = (%) Jge G (7) e 7di" and p (&) ( ) Jge p (7) e~ 7di" in two dimensional space.

[Il. SPACE CHARGE
A. Approximate model

We assume that the bunch length is much larger than the transverse beam ragliiand o,. (Locally the
bunched beam is similar to a coasting beam.) A test particileside the bunch and experiences the field generated
by the bunch and the test particle itself. The bunch is mowiith a veIocitycﬁ. The Lorentz force acting on a
test particle with charge is given by

= —2qu + qﬁ\\‘ (48)
v

The beam-beam kick\r is obtained by Eq. (4):
N 1 L/v o

Ar' = — F(z,y,z:t)dt
b Jo
L -
_LF
p’U (;U’ y7 z) )
gL = L =
Ey, (49)

moc? 323 moc? B2y
whereL is the length of accelerator ring. Note that mv = mgcB~y. Since the bunch is moving with velocitﬁ

and has longitudinal charge distribution, a test partielbi¢h is moving withcﬁ) will experience the force from
the bunch as follows:

al . _ ﬁ(l’,y) 22
F(z,y,z:t)= (277)1/2 . exp < 207 )" (50)
The beam-beam kick\+” is obtained by Eq. (4):
N L/v o
Ar':l F(z,y,z:t)dt
P Jo
1 Le#"/20%
=———7p—F x, )
v (2m) %o, (@)
q Le—zz/Zoz .
E (z,y). (51)

- moc? By (2m)Y? o,
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Note thatp = mv = mocSy. Now we can write down the explicit formula of beam-beam Kkidkr transverse
kicks:

1) Round beam withr, = 0, = o

A7 ng®  Le /% ¢ <1 - <_T_2>>
2megmoc? /8273\/%0'2 r2 202 ’
B onroLe %" /272 7 ) r?
e (- ()

i r?
= KSCLﬁ <1 — eXp <—F>> 5

where
K. = Inroe* /202
B2v3\ 270
, x z2 4+ y2
AZJ‘ = KSCLW (1 — eXp <— 20_2 >> 5 (528.)
2, .2
, Yy 7ty
2) Elliptical beam witho, > o,:
At = KoY SW (a.y), (53a)
2 (a% - O'Z)
Ay = Kl—Y" W (2.). (53b)
2 (O‘% - O‘Z)
where
j LIS e
W (z,y) = w H—Zy —e 2% | 2= 9w | (54)
2(03 —o}) 2(03 —o})
3) Elliptical beam witho, < 0:
At = KoY R W (a.y), (55a)
2(05 —03)
Ay = Kal—YT W (z.y). (55b)
2(of - of)
where
Y +1x _=? 2 yoi& + Z.w;&
w (.Z', y) =w —_—— e 0% 203 w —L = . (56)
2(0f —03) 2(0j —3)

Here, new constants are definedras= qq. /4megmoc?.
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Figure 3. Plot of square bracket term in Eqs.58-59 for diiferbeam pipe radius

1) Longitudinal space-chargeAssume that we have a beam with a radial distributiofr). Then for the
linearity of Maxwell's equations, we can calculate its l@dndinal space-charge electric field as the superposition
of the contributions given by the various rings composing dctual distribution.

b
E; (r,s — fet) = _27T5072 N (s — Bet) [lng - / 2nrin (r1) In :—1(17‘1] , (57)

whereb is the radius of the beam pipe. Assuming the Gaussian rouachbee.,n (r) = #exp (—%) one
can simplify the integral result inside square bracket #isvic

q b b 1 T'% 1
Brtrs) = —ptn @) [ [ e (5 Jm T an (58)
q ' b b2 1 b2 1 r2
T > {1 5,2 T{055)—5T (0,55 59
2776072>\ (2) [n . ( + exp < 202)) +50( 0,55 5T (0522 )| (59)

whereT (a,z) = fz°° to~le~tdt is the incomplete Gamma function. The square bracket terfge. 58-59 for
different beam pipe radius is plotted in 3 Fig. .

For longitudinal space-charge kick, see [5]. The longiadiispace-charge force causes both an energy shift and
an energy variation along the bunch, which depend on beae B&am-pipe radius, and bunch population. The
space-charge induced energy variation changes with totatid thus may affect the chromatic correction. Because
it is intensity-dependent, a limit on the bunch intensitysexbeyond which the resulting spot-size increase will
degrade the final-focus performance.

Let us consider a relativistic charged bunch transverditigeacenter of a perfectly conducting circular beam pipe
which is assumed to be at zero potential. It is conveniemtroduce a 'bunch rest system’, by which we mean the
inertial reference frame moving along the (sufficientlyaight) beam line at a velocity equal to the time-averaged
velocity of the bunch centroid. In the such-defined rest &aand for typical parameters, the instantaneous velocity
of the bunch centroid is non-relativistic, and thus, in thystem, magnetic fields generated by the beam can be
neglected. Hence, the tilde quantities will refer to therbeast frame and the no-tilde quantities to the laboratory
system. Suppose now that the bunch passes the locatiof at timet = 0. Consider a particle on the beam axis
(x,y) = (0,0) at a longitudinal distance = s — vt from the bunch center. Here, is the velocity of the bunch
centroid. In the beam rest frame, the electrostatic pateatiergye® (z, 7, z, 3) of this particle is given by

qé(o,o,z,g)qu(g) <g+ln2—2ln<w>>, (60)

47eg R(3)

where g ~ 0.577215665 denotes Euler's constan, the electric chargeR (s) the beam-pipe radiusy, (5) and
oy (5) the horizontal and vertical rms beam sizes, respectivaty \athe charge line density at longitudinal position
Z within the bunch.
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The line density in the laboratory frame is simplyz) = v\ (Z). The electric potential transforms ds= .
Thus, in the laboratory system the electric potential aation s and positionz within the bunch is

_ A (3) N 0x (5) + 0y ()
q® (0,0, z,s) = Irg <C’ +In2—2In < R ) (61)
Next, the longitudinal component of the magnetic vectoreptal in the laboratory frame reads
As(m7y7z7s):/Blyé(x7y727§):5¢($7y7z7s)7 (62)

wheref is the particle velocity. Considering the positioand timet as the independent variables, the corresponding
potentials ared (x,y, s, t) = ® (x,y,s —vt, s), As (z,y,s,t) = As (z,y,s — vt, s). The longitudinal electric field
in the laboratory frame can be expressed in terms of the ater@s of the electric potentia} (x, vy, z, s)

p_ 0% 104 o0 100
o 0s 20z

9s ¢ ot (63)

The last term describes the normally considered comporfethieospace-charge force which arises from the non-
uniformity of the longitudinal distribution and is very imagant at lower energies. The first term is the space-charge
force due to changes in the transverse beam size or the bipemagius which are encountered as the beam travels
along the beam line. In case the first term is negligible, itee transverse beam size and the beam-pipe radius do
not change, the longitudinal electric field is

g dX
_— oz 64
4megy? dz (64)
Hence, the longitudinal kick is given by
Bl g
P moc2f2ydmegy? dz’
___ abg  dA
dmegmoc2 323 dz”
Using Gaussian charge distribution, i.2.= \/‘IZLZZ exp (—%) one can get
Aé_p _ NyrogL 2 ox <_z_2>
P B*y3 \2ra3 P 202

B. Three dimensional model
We will consider a Gaussian distribution:

Ng 72 Y2 52
p(2,y,2) = —7————exp <————— : (65)
(2m)% % op0y0; y

where N is the total number of particleg, the electric charge, and's are the rms beam sizes alongy , and
z respectively. The electrostatic potential of Gaussiatridigion bunch can be found from solution of Poisson
equation as follows [see Appendix A on page 16]:

0 —1l+4+exp|(— :22 — %2 — 222

N o o o

b (gj,y, z) = 3/3 / dC ( 207+C 205+ 2 Z+C> ’ (66)
Am32eo Jo V(2024 0) (202 +¢) (202 + O)

where the—1 term in the numerator of the integrand is added to remove itlgukarity atz = y = z = 0. The
variablez is defined asx = s — ¢t with s the longitudinal coordinate, assuming that the centroithefbunch is
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ats = 0 at timet¢ = 0. The longitudinal component of the vector potential 4s,(x,y, z,s) = 8P (x,y, 2, 8) =
BP (z,y,s — cft,s). We can calculate the electric field, [6]

0P
E, (x7y737t) = _£7
0P
Ey (x7y737t) = _a_yy
0P 099z 10A;
Es(z,y,s,t) = s 920s < ot
Using 25« = B (—cB) 92, one gets
0P 1 09
Es ($7y737t) - _g - ?57
_ _do3 00 doy 00 do?0® 109
~ ds 9o} ds Qor  ds D02 A% 0z’

1
=es(z,y,2,8) + ?ez (z,9,2,8).

The Lorentz force acting on a test particle with chagge given by

1) Round Gaussian and, = o,

—

F:q<E+ch]§>,

q<E+5x (ExE)),
(57 5+ (5-5)4].
q(1-B%) EL +qE),

1 - ,
= —SqE +qE).
Y

= o, is comparable te

1

)

Er(r“g’t):ﬂL/ldq( q >2exp (_qr2 B qz>
213/2¢y 202 ) 202 4+ 2q (02 — 0?) 207 202 +2q (02
e, (r,z,8) = Ng = lal ¢ — ¢r —
ST w32¢0 V20, /0 q2a§ +2¢% (02 — 02) P ( 202 4 2¢* (0] — 02)

90 Ng ) /1d 712 (rz_%) ) (_ o’ -

0%~ 23 (202)7 Jo (207 4 2g (02— o)) 2 T\ 207 207 +24 (02

0P Ngq 1 1 222¢* — 2034? 9 o 22¢*

902 273/2¢ (20_2)3/2 /0 dqQU% gy (Ji _ 02) exp <—7” q — Tﬁ) .

z 3
2 2

€s (7", 2, 8) = _%% - d;:: %7

ES (T7 87 t) = eS (r7 Z, 8) +

Here the change of variable is applied=

1
?ez (r,z,s).

22 [ 202 \1/2
02+t 4= 222 ) -

- qL o
A?", = 4’/’)’1/0@252’}/3 Er,
A= g

moc232y°

(67a)
(67b)

(67c)

(68)

(69)

)
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2) Round Gaussian andl, = o, = o, is much smaller thaw,: 202 +t — 202

5 Ngq =% /200 F 1 2
= _— — @ _—— s
" 2me0 270, 1 < Xp< 20'i>>

Nq 6—22/202 202 <
€= 27‘(’60 \/27102 20 / C

0P Nq e /2921 2
_ d _ ¢r
803_ 2mey 270, 2 / ‘ (T C) e ’

o® Nq e #1292 1 /2011 ac ( 9 2) e’
— = 2 -0 ,
do?  2mey 270, 202 = (¢

> T r?
AT = KscLﬁ <1 — exXp <_ﬂ>> s

INrge %" /272
B2~3\ 20,

3) Elliptical Gaussian and transverse beam size is muchlenthbno,: 202 +t — 202

where

Ksc =

=P gy,
2e04/2m (02 — 02)
A
B =2 (ey),
2e04/2m (02 — 02)

Ngq 1 exp <_ 2034‘2[‘11?0}25 _0'3)> exp <_ 2034—233(/0'5—03))
—22)(2) / dq
0

dmeg q\/202 +2q (02 — o—g)\/2o—§ +2q (02 — 02)
ex %) ex (—L>
o® _ Ng A(2) /1 dgq 2qo? b ( 20742407 —o7) ) P\ 20212q(0307)
2 z
07 Ameg 0 (202 + 29 (02 — 02))/* /202 + 2 (07 — 02)

qz® _ qy®
oP exp ( 202+2q(02— 02)) eXp ( 20’3""2(](0’5—0’3))
do2 471'6 / dq 240 P PR 2 2 _ -2))%/2
y 0 V202 +2¢ (02 — 02) (202 + 2q (02 — 02))

gz eyt
9 N 1 2 eXp( 2a§+2q(og—og)) exp < 202+42¢(02—02 >
q)\(z)/dq<qz _1> a( )
0

902 2 ’
02 dmeo 207, q?\/202 +2q (o2 — Jg)\/Qag +2q (02 — 02)

where

. Loy 1Yoz
9
2(0% —o3) 2(0% - o})
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APPENDIX
A. Derivation of Electrostatic Potential
The Fourier transform of Poisson equativi® = —%p is given by
- 1
(k2 + K+ k2) @ (ko ky, k) = 5p(kx, ky k),
where
~ 1 : 1 )
d — — /dmdydz o (x7y7 Z) ez(kmx—l—kyy-‘rkzz)’ b= — /dwdydzp(w,y, Z) el(kmx—i-kyy-‘rkzZ).
(2) (2m)
Since, for a Gaussian beam distributigin= Jﬁe‘%"iki‘é"iki‘é"fkf, ® is given by
& Nq ~lo2k2-1o2k2—Lo%k?
(2m)3/% €o (K2 + k2 + k2)
USing g = 5 Jo o dC e~ i¢(BHkHR) & becomes
o= _Ng 1 /OO d¢ o~ i (02 HOR2+ (202 +C) k2 +(202+0)k2)
27)*% ¢4 Jo

The electrostatic potentia} is obtained by inverse Fourier transform ®f
®(z,y,2)=F ! (Ci)) ,

- J)Vg;z2 i / e (em3@iras) ot (=33t it) Fo1 (30t
T €0 0

~_ Ng /°° —1+exp <_20:§+C - 20%4—( - 2oZg+<)
T Ag3/2
Am2eo Jo V(2024 0) (202 +¢) (202 + C)
where the Fourier transfori (e—mz) — L iTis used, and the-1 term in the numerator of the integrand is

: : V2a
added to remove the singularity at=y = z = 0.

For one-dimensional case,

o (z) B Nq /oo -1 + exp <_—2UZ;+C>
- 47‘1’1/260 0 (20‘3 —|—<) '
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The electric field is given by

a®  Ng /ood 5, P <——2Cfg+<>
Cdz 4\/_60 (202 + ¢)%? 7

Nq2 /foz _2
260\/7

260 (\fa)

B. Integral of Eq.(12)

B )t)2

/OO dtﬁ(m,y,z:t):M/oo dt exp _(C<‘g‘:’:

—o0 (27?)1/202 —o0 2072 7
- - 2
B| F | B«
F [ o[- (( 1202 ):) )
ml 00 2
N g(:?%i (27?)1/202 /—ood< =P <_2€f§>’
_ Fay
Bl T |5

C. Derivation of Finite Beam-Beam Map (E(5))
The map fromx;,, to x;* (note: the collision takes place at the collision paipt but the map is represented
atip) is given by
X, = exp (: —U (x) :) Xip,
=exp(: =D (S) )exp(: =U (X) :)exp (: D (S) :) Xip,
Here, U (x) is the normalize potential energy defined Giyx) = ¢®/E,, whereq is electric charge of particle,

E) total energy of particle, and electrostatic potential at. A new canonical variablX = [X, Px,Y, Py, Z, Py|
is defined by

X =x+p.S(z2"), Px = pg,
Y:y+pys(272*)7 PY:pZ/’
P2+ 1l

Z =z, Py, =6+
and can be related to the original varialklaising Lie operator:

X =exp(: D(S) 1) x,

My 0 0 1 S 1 0
[ o M o |, Mt:< ) M, = , s pnt |
0 0 M 0 1 0 1+ sign(S) (I%)



whereD (s) = px;pys The Lie operator is simply defined as
(59 = 34
SEE [f,:f:k—lg},
eoeit-x (Bl 20

Hence, we get

X

Px -3¢

Y
exp(: —U(X) )X~ (I+:-U )X = p,_ U
Y — oy

VA

P, -9
Since the drift map is
oUu ou
exp (: D (=5) 3) <Pz - a_z> ~ (I+:D(-S):) <PZ - a_z>
ou 90D 0 <P 8U>

—p, -2 2= 9 -
2= 97 Tazar, \"? " oz

SINATN AR XAN )

9Py 0X 97 ) " opy oy Y
B oU P+ P2 92U 82U
Pr—oz7 - — 1 T%%xaz T V%vaz

we can get the map ap:

Px — %%
BRI
= U

Py — 5v ’

A
PZ_g_g pX+p¥
w+58—%
pm_%_g](
B y+Sg—g
= U
Py — 5y
z
pz_g_g

D. Derivatives of the Potential of Round Gaussian
From Eq. (30), one can get

2 Y2
6_U _ 271*7‘0X/ exp 202(—5)4-()
83: =S(z,2« 202 + C)

18
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By applying change of variables=

8_U
ox

1
3577 One get get

~ 0
_ 2”*“)(/ dt e~ (XYL
s=5(z,2.) " 77

29 X - X+ Y?
T T, X2iye P\ 202(8) ) )

ou 2n,rg Y < < X2+Y2>>
Dy = zoyvz \LmePl o2y ) )
8y 825(272*) ’Y X +Y 20' (S)
Finally, %—g\szs(z ..y ¢an be obtained as follows:
ou _ld?|  oU
0z s=85(z,2x) 2 ds s=S do* s:S’
do? farg [*° X2 +Yv? X24+Y? 2
= — dC2exp | — 53 3 — 5|
ds |,—5 27 Jo 202(S)+C) [(202(S) +¢)°  (202(S) +¢)
- [ < ()
o? ds s=S(z2) 2V 202 (9)

Note that the transverse coordinates follow the sign camwerof the strong beam: in the head-on collisions, it
does not matter, but it is important in case of long-rangeratdtions.

E. Derivatives of the Potential of Elliptical Gaussian
From Eq. (32), we have

ou 1 U o 1 U
do2 4 (02 - 02) da?’ do?  4(02 - o) ob?’

wherea = —2% andy= —2 . Sincel = ,/2(62 - 02)2Y we can get
@ 2(03—05) 4 2(05—05) da (O-x Jy) z g

02U / o,
W:_ 2(0’%—0'22/)%AZ' (a,b).

Here, Ay’ (a,b) +iAz (a,b) is given by
w (a +1ib) — e_(%_ay)<¥+¥>w <&a + i&b>] .

M

o 2ﬁ*r0 \/7_1'
Oy Oy

v 2 (0:% — 05)

To proceed, we need the derivative of complex error function

%w(a—l—ib):—? [(a+ib)w—\/%}a
%w(a+ib):—2z’ [(a%—ib)w—%]’

The term%Ax/ (a,b) can be easily obtained by

a ’ Y a ! y !
%Ax (a,b) = S5a (Ay +iAx ) )
_ 21T VT %g w (a +ib) — e_( I_Uy)(ng%)w <E + &b>] )

v 2 (0:% — 05) da



where

%w(a—l—ib):—? [(a+ib)w—\%=

(52_g2) [ a2 2 (2 2\ ([ a2 | % 2
s oy e s 5]
(9& Oz Oy 0%

= -2 [(a—l—ib)w - Z_zx/i%} o

Then, we can get

’ 2~* . . - 02_03 % =
gAx (a,b) = =2 el VT (a+1b) [ w(a+1ib) —e ( )<"I+"
Oa v 2 (02 —02)
z = %
i, oy e ()
N Oy

=29 (a+z‘b)<Ay/+z‘Aw/) 2”*7"0 o ( y, (2
U — 0

-9 2 . 22 2
Z—[xAx +yAy + nr0< i Eg—l)].
2 (0% - 05)
Hence, we have
oU -1 iy o2 g2
a5 = acAac—kyAy—knrO P e
doi  2(c2—-02) | v\ o

Similarly, we have

e = —— |zAz +yAy +
doy  2(03 - o) | v

In case ofo, < oy, we have

aU _1 [ ’ ’ 2~* —x Y
_ 3 = xAx _|_yAy + 110 &6 202 Eg -1
80m 2(0-5 _0926) L Y y

aU 1 [ ’ / 27~1*T0 <Ux _%_2122

—_—— = xAx +yAy +




21

F. Derivation of space charge formula

P (z,y,2) =

Ngq /°° —1+exp <_2o€+< - 20%+C - 2UZ§+C>
3/2

mPado 7 o2 +¢) (202 +0) (202 +)
1) o, ando, are comparable to,

z

0P Ng o0 CXp (‘202% - 20%+C - 2a§+<)
% = 1 3/2 dC 2z 3,
meo o (202 4 ¢) (2024 ) (202 + )

2 2 2
Ngq L 92 P <_2U§+2ZQ(EU§—0§)) exp <_2a§+2g?(402_03)> exp (_%>
= 2 / dg —£ v .
3/2 2
Ao Jo T q=5/2\/202 + 2¢q (0’%—03)\/2034—% (02 —02) (203)3/2
qz? qy® qz?
P (_2oz+2q(az—a§>) eXp <_—2o§+2q(g§_g§)> exp (—w)

V2074 2q(07 — 02) /202 + 2q (0} — 02) /207

€, = —

/ dg22/q

7T3/260

2) o, ando, are much smaller than,

Ngqz / exp 20m2+C - 2ay2+c - 2022+C)
€z = "5, T 532
9z 2 ¢ 202 + <> (202 +Q) 202+ 0

~ Nq ~* eXp 202 / eXp 2a2+< - 2ay2+c>
B 3/2 3/2 53
273/ 2¢ 23/2¢3 \/202+C (20'2+C)

_ qz? _ ay?
~ Ngq z)\(2) /1 dq 202 exp ( 20§+2q(0§—0§)) xp < 2a§+2q(o§—a§)>
- 4 2 )
o 7E 120220 (07— 0%) /202 + 24 (03 — 02)

qz qy®

Loaa ) [ o o0 (o) o ()
47760 0 q\/20%2 +2q (02 — o2 \/202+2q (02 —02)

z

0 exXp | — 0'12:2 - o'?é2 - 0’22
% 1 ]?Y/Z / d¢ (22* — 202 — () ( ol e 2 Z+C) ;
02 4732¢y Jo V(202 + 07 (202 +€) (202 +¢)

2 2 y2
Ngq &XP (‘2%) o0 exp <_2UQ§+C - 2ag+c>
= a7 / d¢ (22 — 202 — () = ,
€ V2mo. Jo V(202 +0)° (202 + ()

qz? qy’
XP| 57— | XD | "5
¢ P( 20§+2q(aa—oz>> ¢ p( 2ag+2q(og—a§)>

- i 03 (202 + 20 (0% — 02)°/* /202 + 2 (03 - 02)
Y ey

N A 1d 2 2eXp ( 203+2q(a§—0§)> exXp < 203—}-2(1(05—03))

= Treo (2) /0 q2q0;

5/2 ’
(202 +2g (02 — 02))"* | [202 + 24 (0 — 02)
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gz S —
oP / dq 2 eXp ( 207 12q(02— 02)) P < 203”‘1("3—”3))
il q2qo? ’
do3 47T60 V202 +2q (0F — 02) (202 + 2q (03 — o))"

OP N 00 eXp (_ 205,52 - 20%2 — 5 )
902 = 4TZ / d¢ (22* — 207 — () ==
o2 m3/2¢q Jo \/(20% + () (2032, + C) (202 + C)5

> S eyt
Ny o (-55) [0 (222 ) o (ot o0 ()
. _
0

= 1.3/2 5/2 3 2 )
4m3/2¢g (202) / q 207 q_l\/Qag +2q (02 — ag)\/%'g + 2q (05 — Jg)

_ qz® _ qy®
N 1 2 exp ( 2‘73"‘2‘1(0}%_0—3)) eXp < 202+2q(02—02 )
qA()/ dq<2qz _1> a(03—02)
0

2 )
~ dreg 207 q*\/202 + 2q (o2 — ag)\/%g +2q (02 — 02)

G. Collision scheme of sliced beams

1) Collision between 3-sliced beam and 1-sliced bedrhe collision scheme of sliced beams is demonstrated
in the following. We assume that the beams are sliced by aaldgngth of which isAz. First we consider the
collision of the last slice of a test beam and the other bedm.cbordinates of the last ince(iS, z,5,7,—Az, 5).

1) Move the slice to the IP and find the transverse coordirattéB:

T T—(—A2)T =T+ Az7T,
T 7.
2) Calculate the beam-beam kicks from the other beam.

1 1
L= =(-Az—-0)=—=Az,
S 2( z—0) 5%

! ! 1 7’ !
Tpew =X+ 5,0 =T+ AzZ —iAzi =T+ =-AzZT

)

N =

(calculate Am1>
T x— S, Ay =7+ Az <w/+%Ax/1>,
T x4+ Az =7 + Az,
3) Move the slice to the original location and find the tramseecoordinate at the original location:
T a+ (—Az) 2,
=T+ Az <x/ + %Awi) - Az (@l + Am1> ,
_ 1 /
=I— §Az AV

T T + Ax;y.
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2) Collision between 3-sliced beam and 3-sliced bedrhe collision scheme of sliced beams is demonstrated
in the following. We assume that the beams are sliced by aaldgngth of which isAz. First we consider the
collision of the last slice of a test beam and the other bedra.cbordinates of the last slice(is, 5,7, —Az, 5).

1) Move the slice to the IP and find the transverse coordirattéB:
T T—(—A2)T =T+ Az,
T 7.
2) Calculate the beam-beam kicks from the other beam.
a) Collision with the first slice of the other beam.

S, = %( Az — Az) = z,
X:x—i—S ' £+Az£/—Az£/:£,
X =z =7,

/N

calculate Aw/l)

Xnpew = X =17,

Xpow =X + Az} =7 + Az,
T Xpow — 82Xy = T+ Az (i'/ + Aw/l) ,
T Xy =T + Az,

b) Collision with the second slice of the other beam.

1
( Az — 0) = —§AZ,

H [\:Jl»—\

4 S =74 Az (:c n Ax’l) - %Az (3: + Ax’l) —z+ %Az (:z + A:c’l) ,

S,
X
X =4 =7 +Axy,

Y

calculate A:L',Q)

Xnew =X =T+ %Az (gz + Ax;) ,

X =X +Awvy =7 +Az] + Axy,
T4 Xpew — S Xnew =T+ Az <x/ + Axll + %Awé) ,
X, ., =7 + Azj + Axy.

c) Collision with the third slice of the other beam.
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S, = = (=Az — (~Az)) =0,

N =

’ ’ ’ 1 ’
X=x+85 ::E—I—Az<:f —|—A3:1+§A3:2>,

X =z =7 + Az| + Az,

/N

calculate Ax},)

Xpew =X =T+ Az <3‘: + Az + %Awé) ,

X;Lew =X + Aw;, =7 + Aw/l + Aw/z + Axio),
T Xpew — SZX,/ww =T+ Az <w/ + Aw/l + %Awé) ,
T Xy =T + Axy + Axy + Axy.

3) Move the slice to the original location and find the tramseecoordinate at the original location:

rx+(—A2)7T
! ’ 1 ’ ’
=T+ Az <w +Aw1+§Aw2> — AzT,
_ P B
=T+ Az <A:E1 + 5A:p2> ,
¢ T 4+ Ax) + Axy + Axy.
Second we consider the collision of the middle slice of a bestm and the other beam. The coordinates of the
slice is (2,2, 9,7 ,0,9).
1) Move the slice to the IP and find the transverse coordirattéB:
47— (07 =2z,
T 7.
2) Calculate the beam-beam kicks from the other beam.
a) Collision with the first slice of the other beam.

(calculate A:L',l)
1 ,
Xnew:X:j—iAZj,
X0 =X +Az) =7 + Az,

7 Xpow — S X,

new

’ 1 ’ ’ 1 !
Azz + iAZ (f + Ax1> =T+ §Az Az,

N —

=7 —
’ ’ 7 ’
=X =T + Axy.

b) Collision with the second slice of the other beam.
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(calculate A:L',Q)
Xnew =X =7+ %Az Az,
X =X +Axy =7 +Az] + Axy,
T 4 Xpew — SzX;ew =TI+ %Az Axll,
€ X =T + Az + Ay,
c) Collision with the third slice of the other beam.
_!

2

1
(0—(-Az) = §AZ
’ _ 1 ’ 1 7 ’ ’ _ 17/ ’ 1 ’
X=ax+ S :w+§AzAx1+§Az <x +Ax1+Ax2> =T+ Az <§x +Aw1+§Aw2>,

Sz

/ /

X =2 =7 + Az| + Axy,
(calculate Amé)

Xpew =X =T+ Az <%w/ + Aw/l + %Azé) ,

X;Lew =X + A:L';) =7 + A:L',l + A:L',Q + A:pé,
T Xnpew — 52X e = T+ Az <%Ax/1 — %Az&) ,
T Xy =T + Ax) + Ay + Axy.

3) Move the slice to the original location and find the tramseecoordinate at the original location:

x4 (0)7
=z+ Az <1A:L',1 — lA:L’é) ,
2 2
¢ T 4 Ax) 4 Axy + Ay,

Third we consider the collision of the first slice of a test imeand the other beam. The coordinates of the first

slice is (2,2, 9,7, +Az,6).
1) Move the slice to the IP and find the transverse coordirattéB:

T T— (+A2)T =T — Az,
T T
2) Calculate the beam-beam kicks from the other beam.
a) Collision with the first slice of the other beam.



<calculatc Axi)
Xpew=X=T—Az7,
X,p=X +Az) =7 + Az,
T — Xnew — SZX;MU =z — Az i/,
T X;Lew = + AZE,I.

b) Collision with the second slice of the other beam.

’ ’ 1 ’ ’ ’ ’
X=zx+S5zr=2—-AzZ% +§Az<:f —|—A3:1>::f— Az(:ﬁ —A:L'l),

1
2
X =z =7 + Az,

(calculate AZE,Q)

1 ’ ’
chw:X:i'—iAZ(f —Awl),
X .w=X +Ax, =1 + Az} + A,
! ’ 1 !
T 4 Xpew — 52X e =T — Az <x + §Aw2> ,
X, =T 4+ Ax) + Az,

c) Collision with the third slice of the other beam.

S, == (Az—(—Az)) = Az,

(calculate Amé)
Xnew=X=T+ Az <A3:/1 + %Amé) ,
X ow=X +Auy =7 + Az| + Az, + Ay,
T Xnew — SZX;Lew =z Az <:E, + %Amé + A:Eé) ,
T Xpew =T + Axy + Axy + Axy.

3) Move the slice to the original location and find the tramseecoordinate at the original location:
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T+ (+A2) T
=7 — Az <:E, + %Amé - A:L';,) +Azz
=7— Az <%Aw/2 + Awé> )

& T+ Azy + Azy + Az

3) Collision between 1-sliced beam and 5-sliced bedihe coordinates of the slice i, z, 7,7 ,0,0).
1) Move the slice to the IP and find the transverse coordireattéB:

47— (07 =2z,
T T
2) Calculate the beam-beam kicks from the other beam.
a) Collision with the first slice of the other beam.

(calculate Aw/l)
Xpew =X=2—AzZ,
X . o=X +Az] =7 + Az,
7 Xpow = S Xy = = A28 + Az (7 + Ad ) =7+ Az Ad),

’ ’ 7 ’
T — Xy =2 + Azy.

b) Collision with the second slice of the other beam.

1 1
S, = 3 (0—Az) = —EAz,

’ ’ 1 ’ ’ ’ ’
X=x+Sxx :3_:+AzA3:1—§Az<:Z" +A:E1):3_:— Az(a‘: —Aa:1>,

1
2
X =4 =7 + Az,

(calculate A:L',Q)
1 ’ ’
Xnew:X:j—iAZ(’f —A:L'l),
Xow =X +Azy =T + Azy + Ay,

7 Xpow — S X,

new — &

Az (92/ — Ax/1> + %Az <92/ + Axll + Axé) =TI+ Az (Axll + %Azé) ,

N | =

T — Xpew =2 + Az + Axs.

c) Collision with the third slice of the other beam.



(calculate Aazg)
Xnew =X =7+ Az <A:17,1 + %Amé) ,
Xw =X +Axy =T + Az + Azy + Ay,
T Xpew — 8. X e = T + Az (Ax’l + %m;) ,
& Xy =T + Axy 4+ Axy + Ay,

d) Collision with the fourth slice of the other beam.

1 1
5: =50 (-4z2)) = Az
X=z+8S.2 =7+ %Az (aé +3Az; + 24z, + A:c;)> :

X =2 =7 +Azy + Azy + Az,

/N

calculate Axé)

Xpew =X =7+ %Az <9E/ + 3Axy + 20z, + Aazg) ,

Xpow =X +Azy =T + Ay + Azy + Ay + Az,
x4 Xpew — 82X,y =T+ Az <Ax’1 + %Ax’z — %m;)
z X;Lew =7 + Aa:/l + Aazé + Aazg + Aa;/4.

e) Collision with the fourth slice of the other beam.

S

N —

(0 —(—2A%2)) = Az,
’ _ 7 ’ 3 ’ ’ 1 ’
X=2+852 =2+ Az (az +2Aazl+§Ax2+Ax3+§Aa:4> ,

’

X =12 =7 + Az) + Azy + Axy + Az,

/N

calculate Amé)
_ 7/ !’ 3 ! ! 1 !
Xpew =X =T+ Az <x + 2Az; + §Aa:2 + Azg + §Aaz4> ,

Xipw = X'+ Azy = T + Az + Azy + Az + Az + A,

! ! 1 ’ 1 ’ ’
T Xpew — 52X oy = T+ Az <Aa;1 + éAa:Q — —Az, — Aa;5>

new

2
T Xy =T 4 Ax) + Ay + Azg + Ay + Azg.
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strong beam

weak beam
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r+—x+(0)z

Figure 4. Diagram of beam-beam collisions of sliced beanashEbeam is sliced into three chunks.stands for the IP (interaction point)

3) Move the slice to the original location and find the tramseecoordinate at the original location

o1, 1

=T+ Az <A3:1 + §A$2 Az, A:E5>
¢ T + Ax) 4 Az + Axy + Az, + Az
H. Complex error function

erf(x

f/ et

erfe(x)=1—erf(x

f/ e

w(z) =e “erfe(—iz),

(z) is the complex error function and= = + iy, w (z) = e~ (1 + 2 fo dt et )
« Property ofer f (z) with a complexz
—erf(—z)=—erf(z):
—erf(z) =erf(z)

odd function



—erf(=2) =—erf(z) = —erf(2)
— Let z = |z| + i |y|, then

erf (= l|z[ —ilyl) = —erf (Jz| +ily]) = —Rerf (2) - Serf (2),

erf (lz| —ilyl) = erf (2) = erf (2) = Rer f () = Serf (2),
erf (=lel+ilyl) = erf (=2) = —Rerf (2) + Serf ()

« Property of complex error functiom (z)
—w(—2) =27 —w(z)
- w(2) =w(=2)
—w(=2)=w(z)
« Property of functionF' (z)
— F(=2)=-F(z)
- F(2) =-F(2)
- F(=2)=F(2)
— Let z = |z| + ¢ |y|, then

F (e —ilyl) = —F (2] +ily]) = —RF(
F (2| —ilyl) = ~F () = —RF (=) + SF (2),
F (= |e| +ily) = F () = RF () — SF (2)
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