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1.1.1 Introduction

In  high  energy  storage-ring  colliders,  the  beam-beam interactions  are  known to 
cause the emittance growth and the reduction of beam lifetime, and to limit the collider 
luminosity [1-6]. The long-range beam-beam effects can be mitigated by separating the 
beams to the extent possible. Increasing the crossing angle is a way of beam separation. 
It has several undesirable effects, the most important of which is a lower luminosity due 
to the smaller geometric overlap and the excitation of synchro-betatron resonance. In 
addition, in order to achieve a high luminosity, it needs to increase the beam intensity 
and often to focus the beam to smaller sizes at the interaction points. The effects of 
head-on interactions become even more significant. A tune spread is introduced by the 
head-on  interactions  due  to  a  difference  of  tune  shifts  between  small  and  large 
amplitude particles. The combination of beam-beam and machine nonlinearities excites 
betatron resonances which diffuse particles into the tail of beam distribution and even 
beyond the stability boundary.

It is therefore important to mitigate the beam-beam effects. Compensation of long-
range beam-beam interactions  by applying external  electromagnetic  forces  has  been 
proposed for the LHC [7]. At large beam-beam separation, the electromagnetic force 
which a beam exerts on individual particles of the other beam is proportional to r/1 , 
which can be generated and canceled out by the magnetic field of a current-carrying 
wire. Direct-current wires were installed in SPS [7-9], DAΦNE [10], and later in RHIC 
[11] for tests. In the contrary, low energy electron beam, so called electron lens, has 
been used in the Tevatron at Fermilab to compensate the tune shift due to the beam-
beam interaction [12-14]. The electron lens demonstrated the lifetime improvement of 
the Tevatron proton bunches. Its application to the mitigation of head-on beam-beam 
effects has been proposed recently in RHIC [15-16].

In  this  report  we  present  an  overview  of  computational  model  for  beam-beam 
simulation, and its applications to both the long-range and head-on interactions in RHIC 
and LHC.

1.1.2 Computational model

In  the  collider  simulation,  the  two  beams  moving  in  opposite  direction  are 
represented by macroparticles of which the charge to mass ratio is that of each beam. 
The  number  of  macroparticles  is  much  less  than  the  bunch  intensity  of  the  beam 
because even with modern supercomputers it is too time consuming to track the particle 
inside the bunch, for example, 1011 particles for the number of revolutions of interest. 
The macroparticles are generated and loaded with an initial distribution for a specific 
simulation purpose, for example, six-dimensional Gaussian distribution for long-term 
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beam evolution. The transverse and longitudinal motion of particles is calculated by 
transfer maps which consist of linear and nonlinear maps. 

The six-dimensional accelerator coordinates x=  x,x ' ,y,y ' ,z,δ 
T

 are applied, where 
x  and y  are horizontal and vertical coordinates, x '  and y '  the trajectory slopes of 

each coordinates,  z=−cΔt  the longitudinal  distance from the synchronous particle, 
and  δ=Δp / p0  the  momentum  deviation  from  the  synchronous  energy.  Coupling 
between the transverse planes is included in the transfer map between elements. We 
adopt the weak-strong model to treat the beam-beam interactions where one beam is 
strong  and  is  not  affected  by  the  other  beam  while  the  other  beam  is  weak  and 
experiences  a beam-beam force due to the strong beam during the interactions.  The 
density distribution of the strong beam is assumed to be Gaussian.

The bunch length effect needs to be considered in case of (1) the longitudinal bunch 
length σ z  is comparable to the transverse lengths σ x  and σ y , (2) the orbit function 
β x  and  β y  are not constant through beam-beam interactions, and (3) the transverse 

beta  functions  are  small  and  comparable  to  σ z .  The  finite  longitudinal  length  is 
considered by dividing the beam into longitudinal slices. We make slices of both beams 
moving in opposite directions. Each slice is integrated over its longitudinal boundary, 
and has only transverse charge distribution at the center of its longitudinal boundary. 
We take into account the collision between a pair of slices: the ith  slice of a beam and 
the j th  slice of the other beam. The collision is taken place at collision point which is 
usually different  from IP. For example,  ith  the slice of a bunch has the successive 
collisions with slices of a bunch in the other beam. In addition, electric field energy 
varies along the bunch due to the inhomogenity of beam parameters in the longitudinal 
direction,  and  couples  transverse  and  longitudinal  motions.  The  coupling  can  be 
modeled by the synchro-betatron map which includes beam-beam interactions due to 
the longitudinal component of the electric field as well as the transverse components 
[17].

When there exists a finite crossing angle between colliding two beams at interaction 
point,  the  beam-beam force  experienced  by a  test  particle  will  have  transverse and 
longitudinal components. The existence of longitudinal force makes it difficult to apply 
the result of no crossing angle. A transformation can be used to remedy the difficulty. It 
transforms a crossing angle collision in the laboratory frame to a head-on collision in 
the  rotated  and  boosted  frame  which  is  called  the  head-on  frame [18-19].  The 
transformation can be described by a transformation from the accelerator coordinates to 
Cartesian coordinates, the Lorentz transformation, and again a backward transformation 
to the accelerator coordinates.

It  is  well  known  that  for  a  large  separation  distance  at  parasitic  crossings,  the 
strength of long-range interactions is inversely proportional to the distance, as shown 
Fig. 1. Its effect on a test beam can be compensated by current carrying wires which 
create just the 1/r  field. The advantage of such an approach consists of the simplicity 
of the method and the possibility to deal with all multipole orders at once. For a finite 
length of a wire embedded in the middle of a drift length L , the change in slopes of a 
test beam at the wire is [20]

Δx
'

Δy ' =
μ0

4π

I w lw
Bρ

u−v
x2+y2 

x
y  (1)



where  I w  is  the  current  of  wire,  u  and  v  are   L /2+lw 2+x2+y2  and 

 L /2−lw 
2
+x2+y2  respectively. Taking into account the wire placement including 

pitch and yaw angles, the transfer map of a wire can be written as

M w=S Δx ,Δy °T θ x , θ y
−1 °DL/2°M k°DL/2 °T θ x ,θ y (2)

where  T θ x ,θ y  represents the tilt  of the coordinate system by horizontal  and vertical 

angles  θ x ,θ y  to orient the coordinate system parallel to the wire,  DL /2  is the drift 
map with a length L /2 , M k is the wire kick integrated over a drift length, and S Δx , Δy  
represents a shift of the coordinate axes to make the coordinate systems after and before 
the wire agree. For cancelling the long-range beam-beam interactions of the round beam 
with the wire, one can get the desired wire current and length by equating the kicks 
from the wire and the strong beam at the large amplitude; the integrated strength of the 
wire  compensator  should  be commensurate  with the integrated  current  of  the  beam 
bunch, i.e.,  I w lw =nqc , where n  is the beam intensity, q  the beam charge, and c  
the speed of light.

Figure 1: Beam-beam force of round Gaussian beam and a current-carrying wire.

A  space  charge  force  of  low-energy  electron  beam  is  acting  as  a  focusing  or 
defocusing lens depending on the high energy bunch. A proton bunch colliding with a 
counterrotating proton bunch experiences a defocusing force which can be canceled out 
by a counterrotating electron beam having the same parameters as the counterrotating 
proton  bunch.  The  transverse  electron  beam  profile  and  its  beam  current  are  key 
parameters. The longitudinal electron beam profile is not really important because the 
betatron  phase  advance  is  negligible  over  the  bunch  length.  Two  electron  beam 
distribution  functions  are  commonly  considered  as  shown  in  Fig.  2.:  (i)  Gaussian 
distribution and (ii) Smooth-edge-flat-top (SEFT) distribution. The transverse kick on 
the high energy beam from the electron beam is given by

Δr '=
2nr 0
γ

r ⊥

r ⊥
2
ζ  r⊥ :σ  (3)
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where  n  is  the number of  electrons  of the electron  beam adjusted  by the electron 
speed, r 0  is the classic proton radius, and γ  is the Lorentz factor. The function ζ  is 
given by 

• for Gaussian distribution

ζ=1−exp− r⊥
2

2σ2  (4)

• for SEFT distribution

ζ=
2 ρ0

8 [ 1
2

log  θ
21

θ−
21 tan-1θtan-1θ−] (5)

where ρ0  is a constant, and θ±= 2 r /σ 2±1 .

Figure 2: (top) Transverse electron beam distributions: (black) 2σ p  Gaussian distribution, 

(blue) 2σ p  Gaussian distribution, and (red) constant distribution with smooth edge; 

ρ  r  ~ 1/ 1 r/4σ p 
8
 . (bottom) Kicks from the electron beam distribution. Note that the 

number of particles of three distribution is the same. 

Following the above physical model, a beam-beam simulation code BBSIMC has 
been developed at FNAL over the past few years to study the effects of the machine 
nonlinearities and the beam-beam interactions [21]. If required, time dependent effects 
such as tune modulation and fluctuation, beam offset modulation and fluctuation, dipole 
strength fluctuations to mimic rest-gas scattering etc can be included in the model. The 
code  is  under  continuous  development  with  the  emphasis  being  on  including  the 
important  details  of  an  accelerator  and  the  ability  to  reproduce  observations  in 
diagnostic  devices.  At  present,  the  code  can  be  used  to  calculate  tune  footprints, 
dynamic apertures, beam transfer functions, frequency diffusion maps, action diffusion 
coefficients, emittance growth and beam lifetime. Calculation of the last two quantities 
over the long time scales of interest  is time consuming even with modern computer 
technology. In order to run efficiently on a multiprocessor system, the resulting model 
was implemented by using parallel libraries which are interprocessor Message Passing 
Interface standard [22] and Portable, Extensible Toolkit for Scientific Calculation [23].



1.1.3 Applications

Relativistic Heady Ion Collider
At store energy the Relativistic Heavy Ion Collider (RHIC) has nominally two head-

on beam-beam collisions at IP6 and IP8. There are no long-range interactions. In order 
to investigate the long-range beam-beam interactions and test the compensation scheme, 
two current carrying wires, one for each beam, were installed between the magnets Q3 
and Q4 of IP6 in the RHIC tunnel [11].  The impact  of a  wire can be observed by 
measuring the orbit change, tune shift, the beam transfer function and the loss rates. The 
tune shift is one of the fundamental observables and it  can be directly verified with 
analytical  calculation.  However,  numerical  simulations  allow  us  to  calculate  other 
quantities not easily observable but which give valuable insight into the beam dynamics 
and can complement the experiments. These numerically calculable quantities include 
the tune footprint, the frequency diffusion map, the dynamic aperture, and the diffusion 
coefficients to characterize the diffusion in action. These are discussed in detail in ref. 
[21]. In this letter we will present the  effect of the wire on the beam loss rates as the 
beam-wire separation is changed. In the simulation, the loss rates are estimated from the 
asymptotic limit by extrapolating the simulated loss rate because in the beginning of the 
simulation, the loss rate decreases exponentially rapidly and then approaches a constant 
rate at later times. The onset of beam losses, seen in Fig. 3, is observed at 8 σ and 9 σ 
for gold and deuteron beams respectively. In both cases, the threshold separation for the 
onset of sharp losses observed in the measurements and simulations agree to better than 
1 σ. It is also significant that the simulated loss rates at 7 σ and 8 σ separations for the 
gold beam and 8 σ and 9 σ for the deuteron beam are very close to the measured loss 
rates.

Figure 3: Comparison of the simulated beam loss rates with the measured as a function of 
separations. (left) gold beam at collision energy, (right) deuteron beam at collision energy. Wire 

strength is 125 Am.

The electron lens has been proposed in particular for a reduction of the large tune 
spread of proton beam and emittance growth in RHIC [15,16]. The tune spread can be 
fully compressed by the electron lens with an electron beam profile which matches to a 
proton beam. Simulation studies, however, showed that the electron lens leads to an 
increase of beam loss when the electron beam profile matches a proton beam at the lens 
location and its  intensity  is chosen to fully compress the tune spread [24]. The full 
compensation of betatron tune is not a necessary and sufficient condition for improving 
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the beam lifetime because the beam stability can get worse from footprint folding. In 
order to investigate the effects of different electron lens profiles and intensities on the 
beam  dynamics,  we  calculated  dynamic  apertures,  frequency  diffusion  maps,  and 
particle  loss [25,26].  We observed a  small  increase in the dynamic aperture of off-
momentum particles  at  small  compensation  strength.  There is  however  a  significant 
reduction in beam loss.  A wider  electron  beam profile  than the proton beam at  the 
electron lens location is found to increase beam life time. In addition,  the tune scan 
shows that the electron lens reduces the particle loss over the wide range of betatron 
tune for wide electron beam profile while no increase of beam lifetime is indicated for 1 
σ Gaussian profile, as shown in Fig. 4. This looser tolerance on the allowed variations 
in electron intensity is likely to be beneficial during experiments.

Figure 4: Plot of beam loss relative to the loss of no wire case: (left) 1σ Gaussian and (right) 
SEFT electron lens.

Large Hadron Collider
The Large Hadron Collider (LHC) has at most four interaction points. Due to the 

design goal of highest luminosity, the LHC operates with a large number of bunches at 
high intensities. The beams in the LHC experience a large number of up to 120 long-
range  interactions  on  either  side  of  collision  points.  The  long-range  interaction  is 
expected to limit the LHC performance. In order to mitigate the nonlinear effect of the 
long-range collisions,  one can employ a current-carrying wire at  the location  of the 
long-range encounters. The wire's locations are proposed where the beta functions in 
both transverse planes are equal [6]. The average phase advance between the location of 
the wire and the location of the long-range interaction points is about 3º. The integrated 
current for optimal tune compression is 82.8 Am. At the nominal LHC the beam-beam 
separation distance normalized by the transverse rms bunch size varies from 6.3 σ to 
12.6 σ and is asymmetric with respect to the interaction points. The resulting beam-
beam force is not identical to that generated by a single or multiple wire(s). The wire-
beam separation distance  is  therefore  one of major  parameters  which determine  the 
performance of a wire compensator. Figure 5 shows the results of proton beam loss for 
different  wire-beam separations.  The particle  loss saturates  at  large separation while 
there is a sharp increase of particle loss at small separation. The minimum particle loss 



is observed between 8 σ and 9 σ wire-beam separations which are close to the averaged 
beam-beam separation on each side of the interaction points.

Figure 5: Plot of particle loss according to wire-beam separation distance with wire strength 
82.8 Am. 
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