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One-Turn Map Investigation on Space-Charge M odulation of
Betatron Tune by Synchrotron Oscillation

K.Y.Ng
Fermi National Accelerator Laboratory, P.O. Box 500, Batavia, IL 60510

Abstract. The modulationof the betatrontune by the space-chaye force asa resultof synchrotronoscillationis studied.
A one-turn-mapnodelis devisedandis appliedto thevariousdesignf theInternationaLinearCollider (ILC) dampingring.

INTRODUCTION

The betatronspace-chaye tune shift experiencedby a
beamparticleis ata maximumat thelongitudinalcenter
of the bunch.As the particle movesaway from the lon-
gitudinalcenterundersynchrotroroscillation,the space-
chagetuneshiftbecomesmaller Thusthebetatrortune
is constantlymodulatedby the space-chaye force at at
leasttwice the synchrotronfrequeng. Suchmodulation
hasbeendiscussedy Decking and Brinkmann[1] for
the TESLA dampingring. Here we wish to study the
sameproblemusinga one-turnmapof thedampingring
with the modulatedspace-chaye force addedat the end
of eachturn. This methodhasthe merit thatit is sim-
ple andfastin determiningwhetherthe synchro-betatron
couplingis large or not.

THEORY

We givein thissectiornthetheoryunderlyingthemodula-
tion anddeterminethe variouspossibleresonance® be
encountered.et usstartfrom the Hamiltonianincluding
the contribution of the normalsextupoles:
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Here, u representghe horizontal/ertical displacement
of the particle and p, the canonicalmomentum,Ky is
the quadrupoldocusingstrength,v, is the basetune of
thelattice, Fju is the linear space-chayeforce to be de-
finedlaterin Eq. (7), Bp is themagneticigidity, anng
is the sextupolefield. The independenvariableis s, the
distancealongtheidealorbit. Becaus¢hebetatrorfunc-
tionsaredefinedin a linearlatticeindependenof beam
intensity the space-chaye and the sextupoletermsare
treatedasperturbationPerforma canonicaperturbation
from (u, py) to (U, R,) usingthegeneratindunction
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wherewe have deliberatelyintroducedsomereference
B, sothatU = u,/B,/Bu retainsthe dimensionof a
displacementTheresultof thetransformations
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where the independentvariable has been changedto
6 = s/R, Rbeingthering’s radius,andthe definition of
betatronfunctions, BB, — 1B, + KuBZ = 1, hasbeen
used Next theunperturbedHamiltonianis solvedexactly

in theangle-actiorvariableq ¢y, ;) usingthegenerating
function

G (au Pu;;0) = Z

u
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cot(Qu + du), (4)

whereQu(8) = [?Rd8/B,— w0 is periodicin 6. We get

2BylucosQu+du), Pu= —4/ B_ Sln(Qu+ Pu),
0
(5)

andthe Hamiltonianbecomes
H =3 1o {v - 3RRIA[1+co2(Qu+ du)l)
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Thus the betatron space-chaye tune shift is Ay, =
(%RFJBLQ, where(- - -) denotesveragingoveraturn.

Space-Charge Tune Shift

For corveniencewe concentrat®ntheverticalspace-
chage tune shift only and let Avy, = 0. This is well-
justified becausehe the ratio of horizontalto vertical
normalizedrms emittancess typically &/&, ~ 400in a



dampingring. Omittingfirstthemodulationcomingfrom
synchrotronoscillation, the vertical linear space-chaye
forceis givenby
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where re is the classical electron radius, B =
V2mo,/(2nR) is the bunching factor g, is the rms
lengthof the bunchcontainingN, particles,y andf are
the Lorentzfactors,oy y arethermstranswerseradii, and

(7)

atrans\ersebi-Gaussiardistribution hasbeenassumed.

Thustheverticalspace-chayetuneshift is givenby
Npre
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While o, = /Bygy/yB receves contritution from the
betatronoscillation amplitude, oy receves contribution

from thedispersiorD aswell:

Bx&x
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05 being the rms momentumspreadof the bunch. In
mary acceleratorsespeciallyhadronrings, the space-
chagetuneshiftshave beencomputedisingsimply
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wherethe beamradii arederivedfrom the corresponding
emittancesisingthe average betatronfunctionsfyy:
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with D = andBXy B)gy) = Vyy/R Someproper
tiesof mary designfthelLC dampingring arelistedin
Tablel. We seethatthe vertical space-chayetuneshifts
computedusingthe simpleformulaof Eq. (10) do differ
significantlyin mary instancedrom the resultsof inte-
gratingover the latticesof therings, Eq. (8). Thisis es-
pecially truein designsPFA andOCS.We find thatthe
differences big andthe simpleformulaof Eq. (10) fails
wheneer the contribution of the dispersionto the hor-
izontal beamsize is much larger than the contribution
from the horizontalbetatronoscillations.
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Space-Charge M odulation

The effect of synchrotronoscillation is now intro-
duced For aparticlewith maximumenegy-offsetexcur-
sion E, thevertical space-chayetuneshift is modulated
by synchrotroroscillationsaccordingo

(Ecosvs@ )2/(20E)

Avy = Avge™ (12)

where o is the rms enegy spreadof the bunch and
Vs is the synchrotrontune. Here, Avg. representshe
maximum vertical space-chaye tune shift experienced
by thesynchronousarticlein Eq.(8). Lett = 7 (E/0g)?.
Multipole expansionis thenperformedo arrive at

+Z

wherel, (t) representshe modified Besselfunction of
orderk. Thusthespace-chayetermin Eq. (6) becomes

— AVyly [1 + COSZ(Qy + ¢y)]
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The first termin the curly braclets on theright sideis
a shift in the vertical betatrontuneandmay be included
in the unperturbedHamiltonian.The secondermis the
space-chagyemodulationof the betatrortuneby the syn-
chrotronoscillation. The third term hastwo parts:one
is aboutthe vertical half-integer stopbandandthe other
is the vertical half-integer stopbandundersynchrotron-
oscillation modulation.The third term will be dropped
becauseve are not interestedn half-integer stopbands
here.Thusthe Hamiltoniancanbe simplifiedto

Avy = Avge ! [ 1)k21, (t cosZkvse], (13)

H = uyly+ [vy . Avsce*tlo(t)} ly+He+Hsoi,  (15)
where
Hee = — 2Avglye™ Z(fl)klk(t) cos2kvsh,

Hooc = @Qﬁxl 12(2B,1,)x

x [cos(Q++ ¢,)+cosQ +¢.)].  (16)

In above, Q. = 2Qy+ Qx and ¢, = 2¢y + ¢x. We have
also droppedthe other threefirst-order sextupole reso-
nanttermsthatdo notinvolve the verticalbetatronoscil-
lation. Now the usualprocedureis followed by an har
monicexpansionin the periodicpartof Hge, leadingto

Hsec = —(215)Y/2(21y) x
> [B+mcos(¢++[3+m—m6)+B,mcos(¢,+B,m— mo)|,

m
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p

andthe summatiorrunsover all sextupolesat 8y, which
areconsideredo beshort,with strengths

Sp= I|m (Eép Bxl/zﬁy> (19)



TABLE 1. Somepropertiesof the various designsof the ILC dampingring. Beamradii are computedassumingey =

8x 10°% mrmandey = 2x 108 rm.

PRA oTwW OCs BRU MCH DAS TESLA
CircumferencenR (m) 2824 3223 6114 6333 15935 17014 17000
Enegy E (GeV) 5.00 5.00 5.066 3.74 5.00 5.00 5.00
Horizontalbasetune vy 47.810 45.164 50.84 65.783 75.783 83.73 76.31
Verticalbasetunevy 47.680 24.157 40.80 66.413 76.413  83.65 41.18
Momentumcompaction(10-2) 2.83 3.62 1.62 11.9 4.09 1.14 1.22
Trans./longdampingtime (ms) 20/10 12.1/6.07 22.2/11.1 25.5/12.8 26.9/13.4 27/13.5 27.9/13.9
Rf voltage(MV) 17.76 21.78 19.27 23.16 33.7 48.17 50.00
Rf frequeny (MHz) 500 714 650 650 650 500 497
Synchrotrortunevs 0.0269 0.0418 0.0337 0.120 0.150 0.0668 0.071
Naturalbunchlengthg, (mm) 6.00 6.00 6.00 9.00 9.00 6.00 6.00
Naturalmomentumspreado (1078) 1.27 1.36 1.29 0.973 1.30 1.30 1.29
ParticlesperbunchNg (100) 2.0 2.0 2.0 2.0 2.0 2.0 2.0
AveragedispersionD) (m) 0.2453 0.0777 0.3227 0.1480 0.0588 0.0404 0.0153
Space-charge tune shift, vertical, vg:
by integration 0.0208 0.0447 0.0534 0.0775 0.139 0.243 0.273
by approx.formula 0.0118 0.0442 0.0292 0.0757 0.143 0.241 0.337
Beam sizefrom Eq. (11) oxy (um)
horizontal from betatron 87.7 96.4 124.3 129.4 165.4 162.6 170.3
horizontal,from dispersion 3115 105.7 416.3 144.0 76.5 52.5 19.7
total 323.7 143.1 434.4 193.6 182.2 170.9 171.4
vertical,from betatron 4.39 6.59 124.3 6.44 8.24 8.13 11.6

andlengthstp. In orderfor the sextupolesto couplewith
the space-chaye modulation,a second-ordeperturba-
tion is required.We thereforesolve the Hamiltonianex-
actly to the first ordervia the canonicaltransformation
from (¢y, lu) to (@i, Ju). Thegeneratindgunctionis

G3(u.Ju; 0) = dxdx+ dydy
— (23)Y?(23,) > Zi % sin(¢;+B,,—m8), (20)

wherev, = 2vy £ v,. Theverticalactionis transformed
accordingto

=y (230"%(23) 5 O cosf+ -m6).

(21)
Whenthisis substitutednto Hg: in Eq. (16), we obtain

Hee = —20vgdye Z(—l)klk(t) cos2kvsO+
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where @, = 2@, £ @. Thusto first orderin sextupoles
andspacechage,all possibleresonanceareevidentand
they happenvheneer

2vy £ v £ 2kvs =m (23)

is satisfiedwherevy = vy — Avge 'l (t). Nearacertain
resonanceye pick out thatparticularresonantermand
therestwill dropout afteraveraging.Let usconsider

_ . a a
(H) = wx+ Wy + TXXJ§+ Oy Jxdy + TW{%+
+ AL IY/23 cos(2@+ @t-2kvs8—mO+B. ), (24)

whereA,, . = 2%/2Avge (1)K, (1)By /(M- v.). We
have includedin above alsothe second-ordeamplitude-
dependensextupole detunings.The resonantondition,

Eq. (23),is now modifiedby thereplacements:

Vy — Vy+OxyJx+Qyydy.

(25)
We now transformto the framerotatingwith the modu-
lation usingthe generatingunction

Gy, 31, 33 0) =3y [ F 268+ (2kvs+m) OF Boy] + 3,08,
(26)

Vx — Vx+a)0(Jx+anyy,

wherethe signsaresochoserto ensure
J=Xk and @ =gq,.
Theothercoordinatesre

@ = 2@ (2Kkvs+m) O+ By,
Thenew Hamiltonianis

A =6,0,+ “BR 4+, + 23
(J,%2J;)cosg,, (29)
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where the proximity of resonanceds 8, = vx =+ 2vy +
(2kvs — m) + (0xy + 2ayy)J, and ay; = O £ 4ayy +
4ayy. The Hamiltonianis now independenbf 6 and @,;
H andJ, arethusconstantof motion which determine
the particle motion completely The differenceandsum
resonancearesignifiedby A, F 2AJ, = 0. For thesum
resonancelJy = 2AJ; and the vertical and horizontal
emittancesncreasewithoutlimit. For thedifferenceres-
onancetheemittancesireboundedvith AJy = —2AJ,.

(27)

J,=3,72). (28)



SINGLE-PARTICLE SSIMULATION

To seethe effects of synchro-betatromesonancesywe

performsingle-particlegrackingsfor the variousdesigns
of the ILC dampingring. In orderto incorporatesex-

tupolecontrikutions,a one-turnmapis derived from the

lattice of eachring up to the third order, [2] sothatthe

positionof the particlein the (n+ 1)th turn canbe ob-

tainedfrom the positionin thenth turnvia

Xi(n+1) — 2 Rijxgn)_i_ %Tij pxgn)xgjn)_F Z}Qijpﬂxﬁn)x%n)x§n)’
Ipe

(30)
wherethe indicesi, j run from 1 to 6 representinghe
6-dimensionaposition: horizontaldisplacemenk, hori-
zontaldivergencex, verticaldisplacemeny, verticaldi-
vergencey, longitudinaldisplacemenf\z, andfractional
momentumoffsetd from the synchronougparticle. The
index p runsfrom 1to j andtheindex £ runsfrom 1 to p.

Vertical space-chaye effect is includedup to the lin-
eartermby the additionof a quasi-quadrupolkick once
every turn, affecting the vertical but not the horizon-
tal. Sincespace-chayecontributescontinuouslyat every
moment,the representatioby merelya kick every turn
may not be agoodapproximationHowever, this is what
we candowith theone-turnmap.In ary casethis canbe
viewedto bejustamodelof quadrupolenodulation Be-
causeof the ratherlarge space-chaye tune shift, we do
not computethe requiredquadrupolestrengthKg. from
the tuneshift usingthe formulaKg = 41Avy/ By, where
By is thevertical betatronfunctionattheentry of thelat-
tice atwhich thekick is to beapplied.Insteadwe derive
the quadrupolestrengthfrom the 2-by-2 transfermatrix,
which, afterthekick, undegoesthe change

cosy,  Bysiny,
—WSing,  cosp,
. ~ COSily Bysinp
—¥Sinpy + K COSL,  cospy + KeefBycospyy /-’
(31)

where 1, is the vertical phaseadwancein aturn in the
absenceof spacechage, and we have chosena point
of entrywith ayx = ay = 0, zerodispersionand B, ata
maximum.Knowing that the phaseadvanceis changed
to 4 = Ly — 2mAvy, it is easyto obtain

2(cosu — cospl,)
Bysing,
Radiationdampinghasnot beenincludedin the one-
turn map here.However, we needto track for only one
transwersedampingtime, becauseeffects that shav up
on atime scalelongerthanthatareirrelevant. The parti-
cleisinitially athorizontalandverticaldisplacementsf
oneoy andoy correspondingo the designechormalized
rmsemittancesx = 8 x 10 ® mmandey =2 x 10 8 m
with zerolongitudinaloffsetandenegy offsetfrom zero

Ke = (32)

to 50;. The chromaticitiesof the latticeshave beencor
rectedto zero.In the numericaltracking, Eq, (12) has
beenusedto representhe modulateduneshift Avy. Us-
ing the computedmaximumvertical space-chaye tune
shifts listed in Table 1, we find the exhibition of reso-
nancesn all the designsexceptfor PR\, probablybe-
causeof its smallestspace-chaye tune shift amongall
the designsOhviously, its smallestsizeplaysanimpor-
tantrole. Figure1 shows the trackingsfor the threede-
signsOTW, OCS,andBRU. Theresonaneffectsfor the
otherthreedesigns MCH, DAS, and TESLA are very
much larger (overflows occurin computation)and are
thereforenot shawvn. Obviously, thisis dueto their large
vertical space-chaye tune shifts. The designwith the
next leastresonaneffectis the FermilabdesignedOCS.
We seein Fig. 1 thatthereis only oneresonanceeak
with theverticalactionJy increasingonly twofold, andit
occursonly attheratherlargeenegy offsetof ~ 4.39 ;..
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FIGURE 1. Single-particletrackingof designsOTW, OCS,
andBRU of thelLC dampinging usingtheircomputedrertical
space-ch@getuneshifts. Theabscissanaximumenegy offset,

is essentiallythe amplitudeof synchrotroroscillation.
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DesignsPRA andOTW areroughly of the samesize,
but their space-chaye tune shifts have beenvery differ-
ent, the latter is more thantwice the former. This may
explain why we seeresonance designOTW, but not
in designPFA. Although designBRU is roughly of the
samesizeof designOCS,theresonantffectshave been
very much larger However, we have someresenation
in the one-turnmap of designBRU becausehe linear
transportmatrix produceshorizontaland vertical beta-
tron tunediffering significantly from thoseobtainedvia
MAD evenin the seconddecimaldigits. Becausef this,
we do notdiscussdesignBRU any more.

Somecommentof thetrackingresultsarein order

1. Becauseof the horizontal-ertical couplingdriven
by thesextupolefields,thehorizontalandverticalactions
Jx andJy (or emittancesarenot constant®f motion. As
aresult,Jy variesfrom turn to turn during the tracking.
Whatis shavn in Fig. 1 is theratio of themaximumver
tical actionto theinitial verticalactionduringonetrans-
versedampingtime. For this reasonthis ratio deviates
from unity evenfar away from resonancediVe alsosee
thatthis ratio tendsto increasewith the enegy offset of
theparticle.Theincreaseemainsevenwhenzerospace-
chage tuneshift is substitutedThis is probablydueto
thedependengof the Twissparametersn enegy offset,
becausdhe actionsor emittanceshereare alwayscom-
putedusingthe Twiss parametersitthe nominalenepy.

2. For eachdesign,we arevery surethattheresonant
effectsarecausedy boththe sextupolecontributionand
the space-chaye modulationdriven by synchrotronos-
cillation. Whenwe turn off eitherthe synchrotroroscil-
lation or sextupolesof thering, all resonancedisappear

3. The contribution of quadrupolemodulation,using
only the k = 1 and dc termsin Eq. (13) for Avy in-
steadof Eq. (12), playsonly a partialrole in driving the
resonanceslhe next multipole modulation k = 2, con-
tributessignificantly asmay alsothe k = 3 modulation.
We show in Fig. 2 the contribution to designOTW of
only the quadrupolemodulation(k = 1), thek = 1 plus
k = 2 modulationsandk = 1, k = 2, plusk = 3 modula-
tions. Thisis to be comparedvith thefirst plotin Fig. 1.
We have zoomedn theregionbetweerenegy offset1 to
3o sothata clearcomparisorcanbe made.Fromthe
plot, it is obviousthatthe quadrupolenodulationalone
contribtutesverylittle to theresonaneffects.In fact,each
of thek = 2 andk = 3 modulationsalsocontributesnot
verymuch.lt istheirsumin certainphaseshataddsupto
thelarge contribution. The contributionsof variousorder
of the Besselfunctionareshawvn in Fig. 3. It is unclear
why the resonancesf the different multipole modula-
tionsoccuratthe sameenegy offset,in contradictionto
theresonanceequiremenbbtainedn Eq. (23).

4.The actual emittance growth should be much
smaller than what is depictedin Fig. 1, becausethe
turn-to-turnchangen trans\ersebeamsizehasnotbeen
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for designOTW in theenegy offsetof 1to 3 o.. It is clearthat
themodulationsof mary multipolesarerequiredto producethe
effectsof the synchrotrormodulation.
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FIGURE 3. Relatve strengthsof multipole modulations
2e*tlk(t) in Eq. (13) aredepictedthek =1,k =2,andk =3
modulationsTherelative average amountof space-chajetune
shiftel,(t) is alsoshawn.

updatedduringthetracking.lt is interestingto point out
thatgivensufiicienttime, the emittancegrowth reverses
andthe emittancegoesbackto zero,asif the particlehas
embarledon anexcursionin alargeisland.

IDENTIFICATION OF RESONANCES

We concentratéfirst on the resonanceof designOTW
when the enegy offset is 2.87 o (seefirst plot of
Fig. 1). Thetranserseemittancegor onedampingtime
(~ 1100turns)areshavn in the top two plots of Fig. 4.
We seeboththehorizontalandverticalemittancegor ac-
tions) increasejmplying that this is the sumresonance.
Notice that the scalesin the two plots are very differ-
ent becauseof the much larger emittancein the hori-
zontalthanthe vertical. However, we do not understand
why the growth of the verticalis exponentialwhile it is
roughlylinearfor thehorizontal For theresonancef de-
signOTW at1.23 g, theemittanceshown in thelower
two plotsof Fig. 4 alsorevealasumresonancsinceboth
emittancesncreaseHere,boththe horizontalandverti-
cal growths areroughly linear, with the horizontalat a
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at resonanenegy-offset 2.870; (top) and1.23 g (bottom).
Both aresumresonancebecauséoth horizontaland vertical
emittancesncrease.

rateroughlytentimestherateof thevertical. Thereason
is unknawn.

We have alsoanalyzedthe resonancef designOCS
at4.39 o in Fig. 5. We seeboth horizontalandvertical
emittancedncreaseindicatingthe occurrenceof a sum
resonanceAgain, we do not understandvhy the hori-
zontalincreasedy aboutl0timesthevertical.
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FIGURE 5. Horizontal (left) andvertical (right) emittances
of a particlein the OCS bunch as functions of turn number
at resonantenegy-offset 4.390, revealing a sumresonance
becausdothhorizontalandvertical emittancesncrease.

Although no resonanceshav up with design PRA
at its vertical space-chaye tune shift of Avg; = 0.0208,
however, resonanceslo occur when the space-chaye
tune shift is increasedto say 0.05, asis illustratedin
the top plot of Fig. 6, wherea resonancet enegy off-
setequalto 2.41 o is evident. The resonancenalyzed
in the lower plots shows a differenceresonancéecause
the horizontalemittancedecreasewhile the vertical in-
creasesHowever, it is unclearwhy the horizontalemit-
tancedecreasesalmostlinearly while the vertical emit-
tanceincreasegxponentially
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zontal(left) andvertical (right) emittanceof a particlein the
PRA bunchasfunctionsof turn numberat the resonanenegy
offset2.41 0. Thisis adifferenceresonance.
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CONCLUSION

A one-turn-mapmodel is devised to study the space-
chage modulation of the betatrontune due to syn-
chrotronmotion. Only designPRA hasbeenfound free
of resonancebecaus®f its low space-chayetuneshift.

Resonancearecontributednotonly by quadrupolenod-
ulation; k = 2, 3, --- modulationsdo play animportant
role. Someresonancebsave beenidentifiedassumand
differenceresonance®y monitoring the increasesand
decrease®f the trans\erseemittancesHowever, there
still remainmary unansweredjuestionsconcerningthe
identifications Althoughtherepresentatioof the space-
chage force by merely one quadrupolekick per turn

is nonideal,however, the model doesprovide a simple
way to suney resonaneffectsin emittancegrowth with

negligible computertime. This model canbe improved
easilyby includingthe nonlinearspace-chayeforceand
by introducinga smallnumberof space-chayekicks per
turn. Radiationdampingcanalsobe addecturn by turn.
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