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One-Turn Map Investigation on Space-Charge Modulation of
Betatron Tune by Synchrotron Oscillation

K.Y. Ng

Fermi National Accelerator Laboratory, P.O. Box 500, Batavia, IL 60510

Abstract. The modulationof the betatrontuneby the space-charge force asa resultof synchrotronoscillation is studied.
A one-turn-mapmodelis devisedandis appliedto thevariousdesignsof theInternationalLinearCollider(ILC) dampingring.

INTRODUCTION

The betatronspace-charge tune shift experiencedby a
beamparticleis at a maximumat thelongitudinalcenter
of the bunch.As the particlemovesaway from the lon-
gitudinalcenterundersynchrotronoscillation,thespace-
chargetuneshift becomessmaller. Thusthebetatrontune
is constantlymodulatedby the space-charge force at at
leasttwice the synchrotronfrequency. Suchmodulation
hasbeendiscussedby DeckingandBrinkmann[1] for
the TESLA dampingring. Here we wish to study the
sameproblemusinga one-turnmapof thedampingring
with themodulatedspace-chargeforceaddedat theend
of eachturn. This methodhasthe merit that it is sim-
pleandfastin determiningwhetherthesynchro-betatron
couplingis largeor not.

THEORY

Wegivein thissectionthetheoryunderlyingthemodula-
tion anddeterminethevariouspossibleresonancesto be
encountered.Let usstartfrom theHamiltonianincluding
thecontributionof thenormalsextupoles:

H � ∑
u� x � y

p2
u

2
�

Ku � F �u u2

2
� B� �y

6Bρ
x3� 3xy2 � (1)

Here, u representsthe horizontal/vertical displacement
of the particle and pu the canonicalmomentum,Ku is
the quadrupolefocusingstrength,νu is the basetuneof
the lattice,F �uu is thelinearspace-chargeforceto bede-
finedlaterin Eq. (7), Bρ is themagneticrigidity, andB� �y
is thesextupolefield. The independentvariableis s, the
distancealongtheidealorbit.Becausethebetatronfunc-
tionsaredefinedin a linear lattice independentof beam
intensity, the space-charge and the sextupole termsare
treatedasperturbation.Performacanonicalperturbation
from � u � pu 	 to � U � Pu 	 usingthegeneratingfunction

G1 � U � pu;s 	 � ∑
u

β �u
4β0

U2 � βu

β0

1
 2

U pu � (2)

wherewe have deliberatelyintroducedsomereference
β0 so that U � u β0 � βu retains the dimensionof a
displacement.Theresultof thetransformationis
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R
2βu

β0P2
u
� U2
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� ∑
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RF �uβuU2

2β0
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6Bρ
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βxβ 2
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β 3
0

1
 2

XY 2 � (3)

where the independentvariable has been changedto
θ � s � R, R beingthe ring’s radius,andthedefinitionof
betatronfunctions,1

2βuβ � �u � 1
4β �u2 � Kuβ 2

u
� 1, hasbeen

used.Next theunperturbedHamiltonianis solvedexactly
in theangle-actionvariables� ϕu � Iu 	 usingthegenerating
function

G2 � au � Pu;θ 	 � ∑
u

β0P2
u

2
cot� Qu

� ϕu 	 � (4)

whereQu � θ 	 � θ Rdθ � βu � νuθ is periodicin θ . We get

U � 2β0Iu cos� Qu
� ϕu 	 � Pu

� � 2Iu

β0
sin� Qu

� ϕu 	 �
(5)

andtheHamiltonianbecomes

H � ∑
u

Iu νu � 1
2RF �uβu � 1 �

cos2 � Qu
� ϕu 	�

� RB� �y
6Bρ

� 2βxIx 	 3
 2cos3 � Qx
� ϕx 	

� 3 � 2βxIx 	 1
 2 � 2βyIy 	 cos� Qx
� ϕx 	 cos2 � Qy

� ϕy 	 � (6)

Thus the betatron space-charge tune shift is ∆νu
�� 1

2RF �uβu � , where
������� � denotesaveragingovera turn.

Space-Charge Tune Shift

For convenience,weconcentrateontheverticalspace-
charge tune shift only and let ∆νx

� 0. This is well-
justified becausethe the ratio of horizontal to vertical
normalizedrmsemittancesis typically εx � εy � 400 in a
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dampingring.Omittingfirst themodulationcomingfrom
synchrotronoscillation,the vertical linear space-charge
forceis givenby

F �yy � Nbre

2πγ3β 2B
y

σy � σx
� σy 	 � (7)

where re is the classical electron radius, B ��
2πσ� � � 2πR 	 is the bunching factor, σ� is the rms

lengthof thebunchcontainingNb particles,γ andβ are
theLorentzfactors,σx � y arethermstransverseradii, and
a transversebi-Gaussiandistribution hasbeenassumed.
Thustheverticalspace-chargetuneshift is givenby

∆νsc
� RF �yβy

2
� Nbre

2πγ3β 2B
βy

σy � σy
� σx 	 � (8)

While σy
� βyεy � γβ receives contribution from the

betatronoscillationamplitude,σx receivescontribution
from thedispersionD aswell:

σx
� βxεx

γβ
� � σδ D 	 2 � (9)

σδ being the rms momentumspreadof the bunch. In
many accelerators,especiallyhadronrings, the space-
chargetuneshiftshavebeencomputedusingsimply

∆νsc
� Nbreβ̄y

2πγ3β 2Bσy � σy
� σx 	 � (10)

wherethebeamradii arederivedfrom thecorresponding
emittancesusingtheaverage betatronfunctionsβ̄x � y:

σx
� β̄xεx

γβ
� � σδ D̄ 	 2 and σy

� β̄yεy

γβ
� (11)

with D̄ � �
D � andβ̄ � 1

x � y � �
β � 1

x � y � � νx � y � R. Someproper-
tiesof many designsof theILC dampingring arelistedin
Table1. We seethattheverticalspace-chargetuneshifts
computedusingthesimpleformulaof Eq. (10) do differ
significantly in many instancesfrom the resultsof inte-
gratingover the latticesof the rings,Eq. (8). This is es-
pecially true in designsPPA andOCS.We find that the
differenceis big andthesimpleformulaof Eq. (10) fails
whenever the contribution of the dispersionto the hor-
izontal beamsize is much larger than the contribution
from thehorizontalbetatronoscillations.

Space-Charge Modulation

The effect of synchrotronoscillation is now intro-
duced.For aparticlewith maximumenergy-offsetexcur-
sion Ê, theverticalspace-chargetuneshift is modulated
by synchrotronoscillationsaccordingto

∆νy
� ∆νsce ��� Ê cosνsθ � 2
 � 2σ2

E � � (12)

where σE is the rms energy spreadof the bunch and
νs is the synchrotrontune. Here, ∆νsc representsthe
maximumvertical space-charge tune shift experienced
by thesynchronousparticlein Eq.(8).Let t � 1

4 � Ê � σE 	 2.
Multipole expansionis thenperformedto arriveat

∆νy
� ∆νsce � t I0 � t 	 �

∞

∑
k� 1

� � 1 	 k2Ik � t 	 cos2kνsθ � (13)

where Ik � t 	 representsthe modified Besselfunction of
orderk. Thusthespace-chargetermin Eq.(6) becomes

� ∆νyIy � 1 �
cos2 � Qy

� ϕy 	�
� � ∆νscIye � tI0 � t 	 1

� ∑
k

2 � � 1 	 k Ik � t 	
I0 � t 	 cos2kνsθ

� cos2 � Qy
� ϕy 	 1

� ∑
k

2 � � 1 	 k Ik � t 	
I0 � t 	 cos2kνsθ � (14)

The first term in the curly bracketson the right side is
a shift in theverticalbetatrontuneandmaybeincluded
in the unperturbedHamiltonian.Thesecondterm is the
space-chargemodulationof thebetatrontuneby thesyn-
chrotronoscillation.The third term hastwo parts:one
is aboutthe vertical half-integerstopbandandthe other
is the vertical half-integer stopbandundersynchrotron-
oscillationmodulation.The third term will be dropped
becausewe arenot interestedin half-integer stopbands
here.ThustheHamiltoniancanbesimplifiedto

H � νxIx
� νy � ∆νsce � tI0 � t 	 Iy

�
Hsc

�
Hsex � (15)

where

Hsc
� � 2∆νscIye � t ∑

k

� � 1 	 kIk � t 	 cos2kνsθ �
Hsex

� � RB� �y
8Bρ

� 2βxIx 	 1
 2 � 2βyIy 	��
� cos� Q� � ϕ� 	 � cos� Q � � ϕ � 	 � (16)

In above, Q� � 2Qy � Qx andϕ� � 2ϕy � ϕx. We have
also droppedthe other threefirst-ordersextupole reso-
nanttermsthatdonot involvetheverticalbetatronoscil-
lation. Now the usualprocedureis followed by an har-
monicexpansionin theperiodicpartof Hsex, leadingto

Hsex
� � � 2Ix 	 1
 2 � 2Iy 	 �

∑
m

B� m cos� ϕ� � β� m � mθ 	 � B � m cos� ϕ � � β � m � mθ 	 �
(17)

where

B� meiβ! m � 1
8π ∑

p
spei � Q! � mθ � p � (18)

andthesummationrunsoverall sextupolesat θp, which
areconsideredto beshort,with strengths

sp
� lim�

p " 0

B� �y #
2Bρ

β 1
 2
x βy

p
(19)
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TABLE 1. Somepropertiesof the various designsof the ILC dampingring. Beam radii are computedassumingεx $
8 % 10& 6 πm andεy $ 2 % 10& 8 πm.

PPA OTW OCS BRU MCH DAS TESLA

Circumference2πR (m) 2824 3223 6114 6333 15935 17014 17000
Energy E (GeV) 5.00 5.00 5.066 3.74 5.00 5.00 5.00
Horizontalbasetuneνx 47.810 45.164 50.84 65.783 75.783 83.73 76.31
Verticalbasetuneνy 47.680 24.157 40.80 66.413 76.413 83.65 41.18
Momentumcompaction(10& 3) 2.83 3.62 1.62 11.9 4.09 1.14 1.22
Trans./long.dampingtime (ms) 20/10 12.1/6.07 22.2/11.1 25.5/12.8 26.9/13.4 27/13.5 27.9/13.9
Rf voltage(MV) 17.76 21.78 19.27 23.16 33.7 48.17 50.00
Rf frequency (MHz) 500 714 650 650 650 500 497
Synchrotrontuneνs 0.0269 0.0418 0.0337 0.120 0.150 0.0668 0.071
Naturalbunchlengthσ' (mm) 6.00 6.00 6.00 9.00 9.00 6.00 6.00
Naturalmomentumspreadσδ ( 10& 3 ) 1.27 1.36 1.29 0.973 1.30 1.30 1.29
ParticlesperbunchNB (1010) 2.0 2.0 2.0 2.0 2.0 2.0 2.0
Averagedispersion* D + (m) 0.2453 0.0777 0.3227 0.1480 0.0588 0.0404 0.0153
Space-charge tune shift, vertical, νsc

by integration 0.0208 0.0447 0.0534 0.0775 0.139 0.243 0.273
by approx.formula 0.0118 0.0442 0.0292 0.0757 0.143 0.241 0.337

Beam size from Eq. (11) σx , y (µm)
horizontal,from betatron 87.7 96.4 124.3 129.4 165.4 162.6 170.3
horizontal,from dispersion 311.5 105.7 416.3 144.0 76.5 52.5 19.7
total 323.7 143.1 434.4 193.6 182.2 170.9 171.4
vertical,from betatron 4.39 6.59 124.3 6.44 8.24 8.13 11.6

andlengths# p. In orderfor thesextupolesto couplewith
the space-charge modulation,a second-orderperturba-
tion is required.We thereforesolve theHamiltonianex-
actly to the first ordervia the canonicaltransformation
from � ϕu � Iu 	 to � φu � Ju 	 . Thegeneratingfunctionis

G3 � ϕu � Ju;θ 	 � ϕxJx
� ϕyJy

� � 2Jx 	 1
 2 � 2Jy 	 ∑
m

∑
i� �

Bim

m � νi
sin� ϕi

� βim � mθ 	 � (20)

whereν� � 2νy � νx. Theverticalactionis transformed
accordingto

Iy
� Jy � � 2Jx 	 1
 2 � 2Jy 	 ∑

i� �
Bim

m � νi
cos� ϕi

� βim � mθ 	 �
(21)

Whenthis is substitutedinto Hsc in Eq.(16),we obtain

Hsc
� � 2∆νscJye � t ∑

k

� � 1 	 kIk � t 	 cos2kνsθ
�

� � 2Jx 	 1
 2 � 2Jy 	 ∆νsce � t ∑
k �m � � 1 	 kIk � t 	 ∑

i� �
Bim

m � νi
�

� cos� φi
�

2kνsθ � mθ � β� m 	 ��
cos� φi � 2kνsθ � mθ � β� m 	 � (22)

whereφ� � 2φy � φx. Thus to first order in sextupoles
andspacecharge,all possibleresonancesareevidentand
they happenwhenever

2ν̄y � νx � 2kνs
� m (23)

is satisfied,whereν̄y
� νy � ∆νsce � t I0 � t 	 . Neara certain

resonance,we pick out thatparticularresonanttermand
therestwill dropout afteraveraging.Let usconsider

�
H � � νxJx

� ν̄yJy
� αxx

2
J2

x
� αxyJxJy

� αyy

2
J2

y
�

�
A� kmJ1
 2

x Jy cos 2φy � φx
�

2kνsθ � mθ � β� m � (24)

whereA� km
� 23
 2∆νsce � t � � 1 	 kIk � t 	 B� m � � m � ν� 	 . We

have includedin abovealsothesecond-orderamplitude-
dependentsextupoledetunings.The resonantcondition,
Eq. (23), is now modifiedby thereplacements:

νx - νx
� αxxJx

� αxyJy � ν̄y - ν̄y
� αxyJx

� αyyJy
�
(25)

We now transformto the framerotatingwith themodu-
lationusingthegeneratingfunction

G4� φu � J1� J2;θ 	 � J1 φx . 2φy � � 2kνs
�

m 	 θ . β� m
�

J2φy �
(26)

wherethesignsaresochosento ensure

J1
� Jx and φ2

� φy
� (27)

Theothercoordinatesare

φ1
� 2φy � φx � � 2kνs

�
m 	 θ � β� m � J2

� Jy . 2Jx
� (28)

Thenew Hamiltonianis

H̃ � δ1J1
� α11

2
J2

1
� ν̄yJ2

� αyy

2
J2

2�
A� kmJ1
 2

1
� J2 � 2J1 	 cosφ1 � (29)

where the proximity of resonanceis δ1
� νx � 2ν̄y �� 2kνs � m 	 � αxy � 2αyy J2 and α11

� αxx � 4αxy
�

4αyy. TheHamiltonianis now independentof θ andφ2;
H̃ andJ2 arethusconstantsof motion which determine
the particlemotion completely. The differenceandsum
resonancesaresignifiedby ∆Jy . 2∆Jx

� 0. For thesum
resonance,∆Jy

� 2∆Jx and the vertical and horizontal
emittancesincreasewithout limit. For thedifferenceres-
onance,theemittancesareboundedwith ∆Jy

� � 2∆Jx.
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SINGLE-PARTICLE SIMULATION

To seethe effects of synchro-betatronresonances,we
performsingle-particletrackingsfor thevariousdesigns
of the ILC dampingring. In order to incorporatesex-
tupolecontributions,a one-turnmapis derivedfrom the
lattice of eachring up to the third order, [2] so that the
positionof the particle in the � n �

1 	 th turn canbe ob-
tainedfrom thepositionin thenth turnvia

x � n� 1�
i

� ∑
j

Ri jx � n�j
� ∑

jp
Ti jpx � n�

j
x � n�p

� ∑
jp� Qi jp� x � n�j

x � n�p x � n�� �
(30)

wherethe indices i � j run from 1 to 6 representingthe
6-dimensionalposition:horizontaldisplacementx, hori-
zontaldivergencex� , verticaldisplacementy, verticaldi-
vergencey� , longitudinaldisplacement∆z, andfractional
momentumoffsetδ from the synchronousparticle.The
index p runsfrom 1 to j andtheindex # runsfrom 1 to p.

Vertical space-chargeeffect is includedup to the lin-
eartermby theadditionof aquasi-quadrupolekick once
every turn, affecting the vertical but not the horizon-
tal. Sincespace-chargecontributescontinuouslyatevery
moment,the representationby merelya kick every turn
maynot beagoodapproximation.However, this is what
wecandowith theone-turnmap.In any case,thiscanbe
viewedto bejustamodelof quadrupolemodulation.Be-
causeof the ratherlarge space-chargetuneshift, we do
not computethe requiredquadrupolestrengthKsc from
thetuneshift usingtheformulaKsc

� 4π∆νy � βy, where
βy is theverticalbetatronfunctionat theentryof thelat-
ticeatwhich thekick is to beapplied.Instead,wederive
thequadrupolestrengthfrom the2-by-2transfermatrix,
which,afterthekick, undergoesthechange

cosµ0 βy sinµ0� γy sinµ0 cosµ0

�/- cosµ0 βy sinµ0� γy sinµ0
�

Ksc cosµ0 cosµ0
�

Kscβy cosµ0
�

(31)
whereµ0 is the vertical phaseadvancein a turn in the
absenceof spacecharge, and we have chosena point
of entry with αx

� αy
� 0, zerodispersion,andβy at a

maximum.Knowing that the phaseadvanceis changed
to µ � µ0 � 2π∆νy, it is easyto obtain

Ksc
� 2 � cosµ � cosµ0 	

βy sinµ0

� (32)

Radiationdampinghasnot beenincludedin the one-
turn maphere.However, we needto track for only one
transversedampingtime, becauseeffects that show up
on a time scalelongerthanthatareirrelevant.Theparti-
cle is initially athorizontalandverticaldisplacementsof
oneσx andσy correspondingto thedesignednormalized
rmsemittancesεx

� 8 � 10� 6 πm andεy
� 2 � 10� 8 πm

with zerolongitudinaloffsetandenergy offsetfrom zero

to 5σE . Thechromaticitiesof thelatticeshave beencor-
rectedto zero. In the numericaltracking,Eq, (12) has
beenusedto representthemodulatedtuneshift ∆νy. Us-
ing the computedmaximumvertical space-charge tune
shifts listed in Table 1, we find the exhibition of reso-
nancesin all the designsexcept for PPA, probablybe-
causeof its smallestspace-charge tuneshift amongall
thedesigns.Obviously, its smallestsizeplaysan impor-
tant role. Figure1 shows the trackingsfor the threede-
signsOTW, OCS,andBRU. Theresonanteffectsfor the
other threedesigns,MCH, DAS, and TESLA are very
much larger (overflows occur in computation)and are
thereforenot shown. Obviously, this is dueto their large
vertical space-charge tune shifts. The designwith the
next leastresonanteffect is theFermilabdesignedOCS.
We seein Fig. 1 that thereis only oneresonancepeak
with theverticalactionJy increasingonly twofold, andit
occursonly attheratherlargeenergyoffsetof � 4� 39σE .
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FIGURE 1. Single-particletrackingof designsOTW, OCS,
andBRU of theILC dampingring usingtheircomputedvertical
space-chargetuneshifts.Theabscissa,maximumenergy offset,
is essentiallytheamplitudeof synchrotronoscillation.
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DesignsPPA andOTW areroughlyof the samesize,
but their space-chargetuneshiftshave beenvery differ-
ent, the latter is more than twice the former. This may
explain why we seeresonancesin designOTW, but not
in designPPA. Although designBRU is roughly of the
samesizeof designOCS,theresonanteffectshavebeen
very much larger. However, we have somereservation
in the one-turnmap of designBRU becausethe linear
transportmatrix produceshorizontaland vertical beta-
tron tunediffering significantlyfrom thoseobtainedvia
MAD evenin theseconddecimaldigits.Becauseof this,
we donot discussdesignBRU any more.

Somecommentsof thetrackingresultsarein order.
1. Becauseof the horizontal-verticalcouplingdriven

by thesextupolefields,thehorizontalandverticalactions
Jx andJy (or emittances)arenot constantsof motion.As
a result,Jy variesfrom turn to turn during the tracking.
Whatis shown in Fig. 1 is theratioof themaximumver-
tical actionto theinitial verticalactionduringonetrans-
versedampingtime. For this reason,this ratio deviates
from unity even far away from resonances.We alsosee
that this ratio tendsto increasewith theenergy offsetof
theparticle.Theincreaseremainsevenwhenzerospace-
charge tuneshift is substituted.This is probablydueto
thedependency of theTwissparametersonenergyoffset,
becausethe actionsor emittancesherearealwayscom-
putedusingtheTwissparametersat thenominalenergy.

2. For eachdesign,we arevery surethattheresonant
effectsarecausedby boththesextupolecontributionand
the space-charge modulationdriven by synchrotronos-
cillation. Whenwe turn off eitherthesynchrotronoscil-
lationor sextupolesof thering, all resonancesdisappear.

3. The contribution of quadrupolemodulation,using
only the k � 1 and dc terms in Eq. (13) for ∆νy in-
steadof Eq. (12), playsonly a partial role in driving the
resonances.Thenext multipolemodulation,k � 2, con-
tributessignificantly, asmayalsothek � 3 modulation.
We show in Fig. 2 the contribution to designOTW of
only the quadrupolemodulation(k � 1), the k � 1 plus
k � 2 modulations,andk � 1, k � 2, plusk � 3 modula-
tions.This is to becomparedwith thefirst plot in Fig. 1.
Wehavezoomedin theregionbetweenenergyoffset1 to
3σE so thata clearcomparisoncanbe made.From the
plot, it is obvious that the quadrupolemodulationalone
contributesverylittle to theresonanteffects.In fact,each
of thek � 2 andk � 3 modulationsalsocontributesnot
verymuch.It is theirsumin certainphasesthataddsupto
thelargecontribution.Thecontributionsof variousorder
of the Besselfunction areshown in Fig. 3. It is unclear
why the resonancesof the different multipole modula-
tionsoccurat thesameenergy offset,in contradictionto
theresonancerequirementobtainedin Eq. (23).

4. The actual emittance growth should be much
smaller than what is depictedin Fig. 1, becausethe
turn-to-turnchangein transversebeamsizehasnot been

1D 2
E

3
F

Energy Offset in units of σE/E

 10
0

 10
1

 10
2

 10
3

 10
4

R
el

at
iv

e 
Ve

rti
ca

l A
ct

io
n 

J

G

y  

all multipolesH
k=1
k=1,2
k=1,2,3

OTW

∆ν
I

sc=0.0447

FIGURE 2. Single-particletrackingresultsof variousmulti-
polemodulationsmakingupthesynchrotronmotionareshown
for designOTW in theenergy offsetof 1 to 3 σE . It is clearthat
themodulationsof many multipolesarerequiredto producethe
effectsof thesynchrotronmodulation.

0
J

1K 2
L

3
M

4
N

5
O

Energy Offset in units of P σE/E

0.0

0.2

0.4

0.6

0.8

1.0

R
el

at
iv

e 
M

od
ul

at
io

n 
 A

m
pl

itu
de

s 
 

Q
k=1
R

k=2
R

k=3
R

Tune shift e
S −t

I0(t)      [t=(E/σE)
2
/4]

Modulation Amplitude

2e
T −t

Ik(t)

Tune shift e
S −t

I0(t)     [t=(∆E/σE)
2
/4]

FIGURE 3. Relative strengthsof multipole modulations
2e & t Ik ( t ) in Eq. (13) aredepicted:thek $ 1, k $ 2, andk $ 3
modulations.Therelativeaverage amountof space-chargetune
shift e & t I0 ( t ) is alsoshown.

updatedduringthetracking.It is interestingto point out
thatgivensufficient time, theemittancegrowth reverses
andtheemittancegoesbackto zero,asif theparticlehas
embarkedon anexcursionin a largeisland.

IDENTIFICATION OF RESONANCES

We concentratefirst on the resonanceof designOTW
when the energy offset is 2.87 σE (see first plot of
Fig. 1). Thetransverseemittancesfor onedampingtime
( � 1100turns)areshown in the top two plotsof Fig. 4.
Weseeboththehorizontalandverticalemittances(or ac-
tions) increase,implying that this is the sumresonance.
Notice that the scalesin the two plots are very differ-
ent becauseof the much larger emittancein the hori-
zontalthanthevertical.However, we do not understand
why thegrowth of the vertical is exponentialwhile it is
roughlylinearfor thehorizontal.For theresonanceof de-
signOTW at1.23σE , theemittancesshown in thelower
two plotsof Fig.4 alsorevealasumresonancesinceboth
emittancesincrease.Here,boththehorizontalandverti-
cal growths are roughly linear, with the horizontalat a
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FIGURE 4. Horizontal(left) andvertical (right) emittances
of a particle in the OTW bunch as functionsof turn number
at resonantenergy-offset 2Z 87σE (top) and1.23σE (bottom).
Both aresumresonancesbecausebothhorizontalandvertical
emittancesincrease.

rateroughlytentimestherateof thevertical.Thereason
is unknown.

We have alsoanalyzedthe resonanceof designOCS
at 4.39σE in Fig. 5. We seebothhorizontalandvertical
emittancesincreaseindicating the occurrenceof a sum
resonance.Again, we do not understandwhy the hori-
zontalincreasesby about10 timesthevertical.
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FIGURE 5. Horizontal(left) andvertical (right) emittances
of a particle in the OCS bunch as functionsof turn number
at resonantenergy-offset 4Z 39σE , revealing a sum resonance
becausebothhorizontalandverticalemittancesincrease.

Although no resonancesshow up with designPPA
at its vertical space-charge tuneshift of ∆νsc

� 0� 0208,
however, resonancesdo occur when the space-charge
tune shift is increasedto say 0.05, as is illustrated in
the top plot of Fig. 6, wherea resonanceat energy off-
setequalto 2.41σE is evident.Theresonanceanalyzed
in the lower plotsshows a differenceresonancebecause
thehorizontalemittancedecreaseswhile thevertical in-
creases.However, it is unclearwhy thehorizontalemit-
tancedecreasesalmostlinearly while the vertical emit-
tanceincreasesexponentially.
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FIGURE 6. Top: Resonanteffectsof designPPA whenthe
vertical space-charge tuneshift is increasedto ∆νsc $ 0Z 05. A
resonanceat energy offset 2.41 σE is evident. Bottom: Hori-
zontal(left) andvertical (right) emittancesof a particlein the
PPA bunchasfunctionsof turn numberat theresonantenergy
offset2.41σE . This is a differenceresonance.

CONCLUSION

A one-turn-mapmodel is devised to study the space-
charge modulation of the betatron tune due to syn-
chrotronmotion.Only designPPA hasbeenfound free
of resonancesbecauseof its low space-chargetuneshift.
Resonancesarecontributednotonly by quadrupolemod-
ulation; k � 2, 3,

�����
modulationsdo play an important

role. Someresonanceshave beenidentifiedassumand
differenceresonancesby monitoring the increasesand
decreasesof the transverseemittances.However, there
still remainmany unansweredquestionsconcerningthe
identifications.Althoughtherepresentationof thespace-
charge force by merely one quadrupolekick per turn
is nonideal,however, the model doesprovide a simple
way to survey resonanteffectsin emittancegrowth with
negligible computertime. This modelcanbe improved
easilyby includingthenonlinearspace-chargeforceand
by introducingasmallnumberof space-chargekicksper
turn.Radiationdampingcanalsobeaddedturnby turn.
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