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Abstract

A formula is derived, which allows efficient analytical evaluation of the
long range beam-beam tune shifts and chromaticities with amplitude. It
assumes that the beams are infinitely short, oppositely charged, and with
Gaussian transversal profile. The formula employs an infinite sum with
favorable convergence rates, making it well suited especially for the long
range case. For a deeper understanding of the beam-beam effects, the
structure of the formula was analyzed. It is shown that the tune shifts
and chromaticities change sign at certain values of the separation and/or
amplitude, and folds in the footprints are predicted. Some special cases
were studied in more detail. Applications to the Tevatron are presented,
including some proposed compensation schemes.

1 Introduction

Beam-beam interactions play a major role in circular colliders, as, for example,
the Tevatron’s Run II [1]. Tune shifts with amplitude are used to quantitatively
characterize the strength of these interactions, which can be head-on, or long
range. The amplitude (and parameter) dependent tune shifts to any order can
be easily determined analytically from the map of a system using Differential
Algebraic methods [2, 3], if the potential has a good polynomial approximation
(usually the Taylor expansion). The beam-beam potential between protons and
antiprotons with Gaussian beam distributions is [4]:

U =
Nbrp

γp

∫ ∞

0

dq[
(2σ2

x + q)
(
2σ2

y + q
)]1/2

(1)

×
{

1 − exp

[
− (xβ + Dx)2

2σ2
x + q

− (yβ + Dy)2

2σ2
y + q

]}
,

where Nb is the number of particles per bunch, rp is the classical proton ra-
dius, γp is the relativistic factor, (σx, σy) are the rms beam sizes in the two
planes , (xβ , yβ) are the betatron coordinates of a test particle and the sepa-
ration between the two colliding bunches is ~D = (Dx, Dy) in the two planes
respectively. This potential does not admit a rapidly converging polynomial
expansion for amplitudes of practical interest. As a consequence of this form of
the potential, computation of the amplitude dependent tune shift often requires
tracking and subsequent postprocessing. Therefore, an analytical formula would
be useful for the fast evaluation of the tune shifts, and would provide insight
into the structure of the beam-beam effects. Moreover, an analytic formula for
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the computation of the amplitude dependent tune shifts can be readily modi-
fied to provide a useful tool for the determination of the amplitude dependent
chromaticities.

The expression for head-on tune shift is well known [4], and an approxima-
tion for the long range tune shifts of round beams, which is valid in the large
separation and small amplitude case, has been derived in [5]. In this note, we
show that a formula can be derived for the tune shift that is always valid, and
its evaluation is reduced to setting the truncation order in a reasonably fast
converging infinite series, and a quadrature. All operations can be readily and
quickly performed in, for example, Mathematica. The structure of the resulting
formula as a function of amplitude and separation can be analyzed, providing
asymptotic values for the sign changes of the tune shifts, and predicting folds in
the tune footprint. In the next few sections, the derivations of the formulae are
presented in some detail, and the theory is applied to the Tevatron in the last
section. Also, some compensation schemes are proposed, and their effect on the
dynamics is checked by tracking.

2 Long Range Tune Shifts

Technically, the amplitude dependent tune shift is the advance in angle along a
torus in normal form space, where a particle moves with amplitude dependent
frequency. Thus, the first step of the computation must be the transformation to
normal form. In the Differential Algebraic picture, the transfer map is subjected
to this transformation, while here, since the map is not easily computed, the
transformation is applied directly to the Hamiltonian. Assuming a linearly
dominated regime, it should be a very good approximation to make only a first
order normal form transformation, and then take an average over the angles.

The first order normal form transformation to action-angle variables is achieved
by the transformation

(
xβ , x′

β ; yβ, y′
β

)
7→ (Jx, φx; Jy, φy), with

xβ =
√

2βxJx cosφx, (2)

yβ =
√

2βyJy cosφy . (3)

Assuming that the beam-beam interaction is the only perturbation to an oth-
erwise simple harmonic motion with frequencies (νx0, νy0), the Hamiltonian be-
comes

H = νx0Jx + νy0Jy + U (Jx, φx; Jy, φy) δ (θ − θc) , (4)

where δ (θ) is the Dirac delta function, and θ is the independent variable. The
delta function signifies that we neglect bunch length effects, and the interaction
happens at a single collision point θc. Introducing the tune shift as ∆νi =
νi−νi0, where i stands for x or y, from Hamilton’s equations of motion we obtain
that the average change in phase advance is given by the following formula:

2π∆νi =
1

(2π)2

∫ 2π

0

∫ 2π

0

∂U (Jx, φx; Jy, φy)
∂Ji

dφxdφy . (5)

The smoothness of the potential allows interchanging various integration and
differentiation operations, and after performing the normal form transformation,
(5) becomes (for i = x, and analogously for y)

∆νx = C

∫ ∞

0

dq[
(2σ2

x + q)
(
2σ2

y + q
)]1/2

(6)

×
[

∂

∂Jx

(
e−pxI1 (Jx, Dx)

)] [
e−pyI2 (Jy, Dy)

]
,
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where C = −Nbrp/((2π)3 γp) < 0, and

I1 (Jx, Dx) =
∫ 2π

0

exp
(−sx cosφx + rx sin2 φx

)
dφx, (7)

I2 (Jy, Dy) =
∫ 2π

0

exp
(−sy cosφy + ry sin2 φy

)
dφy. (8)

We introduced the following shorthand notations:

px =
2βxJx + D2

x

2σ2
x + q

, rx =
2βxJx

2σ2
x + q

, sx =
2Dx

√
2βxJx

2σ2
x + q

. (9)

Expanding the exponential in its Taylor series,

erx sin2 φx =
∞∑

k=0

rk
x sin2k φx

k!
, (10)

we obtain that

I1 =
∞∑

k=0

rk
x

k!

∫ 2π

0

exp (−sx cosφx) sin2k φxdφx. (11)

If sx 6= 0, a standard formula from the theory of Bessel functions [6] can be
easily modified to give∫ 2π

0

exp (−sx cosφx) sin2k φxdφx = 2
√

πΓ
(

k +
1
2

)
Ik (sx)

(
2
sx

)k

. (12)

At this point it should be noted that sx vanishes if Jx or Dx does, and, as a
consequence, the final formula that will be obtained cannot be applied directly
to these cases. However, it will be possible to obtain the zero amplitude tune
shift values as limits. Here Ik (sx) is the modified Bessel function of the first
kind, and Γ

(
k + 1

2

)
is the Gamma function.

The final result is useful because the sum (11) converges for any value of
rx and sx, and it converges reasonably fast. The sum is positive definite, since
every term in the sum is positive; so the formula should be numerically stable.
Using the ratio test to study convergence, we obtain

Rn =
2rx

sx

1
n + 1

Γ
(
n + 3

2

)
Γ
(
n + 1

2

) In+1 (sx)
In (sx)

. (13)

Using the recurrence relation for the Gamma function we obtain

Γ
(
n + 3

2

)
Γ
(
n + 1

2

) = n +
1
2
, (14)

and from the series expansion of the Bessel functions,

In (sx) =
∞∑

t=0

(
sx

2

)n+2t

t!Γ (n + t + 1)
, (15)

it follows that
In+1 (sx)
In (sx)

≤ sx

2 (n + 1)
. (16)

Therefore, we obtain that

Rn ≤ rx
2n + 1

2 (n + 1)2
, (17)
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from which readily follows that the sum converges since

lim
n→∞ Rn = 0. (18)

The value of the infinite sum depends on the separations (Dx, Dy) but its rate
of convergence does not. This is important, since it gives a measure of how
many terms must be retained from the infinite sum. Comparing this ratio with
the ratio test of the exponential function expansion of rx,

Qn =
rx

n + 1
, (19)

it can be seen that (11) converges faster than erx , since Rn < Qn, for any value
of n. This is an important feature of the expansion which makes it suitable for
numerical evaluation.

Furthermore, notice that the maximum value of rx is Jx/εx, where εx =
σ2

x/βx is the emittance. It follows that in the infinite sum more terms need to
be retained in case of large amplitudes. In (17) an approximate equality sign
can be assumed in the small amplitude and separation case. Hence, for a fixed
amplitude, at large separations Rn is strictly smaller than rx

2n+1
2(n+1)2

, giving
better convergence in the long range case. That is why this form is well suited
in the case of the parasitic collisions. From the expression for the potential it is
clear that the tune shift vanishes at infinity.

Returning to the expression for the tune shift, we obtain that

∆νx = 4πC

∫ ∞

0

dq[
(2σ2

x + q)
(
2σ2

y + q
)]1/2

∑
x

∑
y
, (20)

where

∑
x

=
∞∑

k=0

Γ
(
k + 1

2

)
k!

∂

∂Jx

[
e−pxIk (sx)

(
2rx

sx

)k
]

, (21)

∑
y

=
∞∑

l=0

Γ
(
l + 1

2

)
l!

e−pyIl (sy)
(

2ry

sy

)l

. (22)

The next step is to perform the partial differentiation in (21). The result is
given by

∑
x

=
∞∑

k=0

(
2rx

sx

)k

k!
Γ
(

k +
1
2

)

×
[
Ik (sx)

(
2k

2Jx
− 2βx

2σ2
x + q

)
+ Ik+1 (sx)

sx

2Jx

]
, (23)

where the following recurrence relation has been used [6]:

sxI
′
k (sx) = kIk (sx) + sxIk+1 (sx) . (24)

The results can be expressed in a more elegant form if we change the in-
tegration variable from q to v by v = 1/[1 + q/(2σ2

x)], and introduce the ratio
of rms beam sizes r = σy/σx. It is also convenient to introduce dimensionless
variables for the amplitudes and separations according to

ax =
√

2βxJx

σx
, dx =

Dx

σx
(25)
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and similarly define ay and dy. Using these notations, we obtain the following
relationships:

px =
v

2
(
a2

x + d2
x

)
, py = f

v

2
(
a2

y + d2
y

)
,

rx =
v

2
a2

x, ry = f
v

2
a2

y,

sx = vaxdx, sy = fvaydy,

(26)

where

f =
r2

v (r2 − 1) + 1
. (27)

Putting everything together, the final expression for the amplitude depen-
dent tune shift in x is

∆νx =
4πC

εx

∫ 1

0

e−(px+py)

v [v (r2 − 1) + 1]1/2

∑
x

∑
y
dv, (28)

where

∑
x

=
∞∑

k=0

(
ax

dx

)k

k!
Γ
(

k +
1
2

)

×
[
Ik (sx)

(
2k

a2
x

− v

)
+ Ik+1 (sx)

sx

a2
x

]
, (29)

∑
y

=
∞∑
l=0

(
ay

dy

)l

l!
Γ
(

l +
1
2

)
Il (sy) . (30)

For completeness, the amplitude dependent tune shift in y is similarly

∆νy =
4πC

εy

∫ 1

0

e−(px+py)

v [v (r2 − 1) + 1]1/2

∑′

x

∑′

y
dv, (31)

where

∑′

x
=

∞∑
k=0

(
ax

dx

)k

k!
Γ
(

k +
1
2

)
Ik (sx) , (32)

∑′

y
=

∞∑
l=0

(
ay

dy

)l

l!
Γ
(

l +
1
2

)

×
[
Il (sy)

(
2l

a2
y

− fv

)
+ Il+1 (sy)

sy

a2
y

]
. (33)

In Appendix A an alternate derivation is presented, and in a limiting case the
connection with the method of this section is explored.

3 The Sign of the Tune Shifts

It is interesting to study the sign and extrema of the amplitude dependent
tune shifts as a function of amplitude and separation. The understanding of
this aspect may provide a correction scheme for the long range beam-beam
interaction and help in the design of a separation scheme. It is sufficient to
study the x tune shift only; the y can be done similarly.
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First, notice that from (6) it is clear that ∆νx is positive definite for head-on
interactions, ~D = 0, since it can be written as

∆νx = C
∂

∂Jx

∫ ∞

0

dq[
(2σ2

x + q)
(
2σ2

y + q
)]1/2

× [(e−pxI1 (Jx, 0)
)] [

e−pyI2 (Jy, 0)
]
, (34)

and the integral is a positive definite decreasing function of Jx. Hence, its
derivative with respect to Jx is negative definite. Combining this fact together
with C < 0 implies that the tune shift is always positive for head-on collision of
oppositely charged beams. For non-zero separations, the vanishing amplitude
case can be more easily studied. This is done in the next subsection, followed
by the case of non-zero amplitudes. It is also clear from (28), (29), and (30)
that the tune shift depends only on the absolute value of the separations in both
planes, so without loss of generality the separations are taken to be positive.

3.1 Long Range Tune Shifts at Vanishing Amplitude

The vanishing amplitude case can be studied fairly easily. The following results
are obtained from (28) by taking analytical limits:

lim
ax→0
ay→0

∆νx = ξ

∫ 1

0

e−
d2

x+fd2
y

2 v√
v (r2 − 1) + 1

(
1 − d2

xv
)
dv, (35)

where
ξ =

Nbrp

4πγpεx
> 0 (36)

is the beam-beam parameter. In the round beam case, r = 1, the integral can
be done analytically to give

lim
ax→0
ay→0

∆νx (r = 1) = ξ
2
d4

{
e−

d2
2
[
d2

xd2 +
(
d2

x − d2
y

)]− (d2
x − d2

y

)}
. (37)

where d2 = d2
x + d2

y. It is apparent from (37) that the loci of vanishing tune
shifts in the case of large enough separations are in the close proximity of the
diagonal in the (dx, dy) plane (or, equivalently θ = π/4 in the polar coordinates
dx = d cos θ, dy = d sin θ), since the first term in the curly brackets is suppressed
already at modest separations and the second term vanishes along the diagonal.
This is confirmed by an accurate numerical solution; the exact dependence of
∆νx on dx and dy for a few representative samples of vanishing amplitudes and
different aspect ratios is shown in Figures 1 and 2. Notice that the tune shifts
essentially depend on |dx| only if r � 1, and on d if r � 1. Figure 3 shows the
well-known projections of Figure 1 in the round case into the (dx, ∆νx/ξ) and
(dy, ∆νx/ξ) planes for dy = 0 and dx = 0, respectively.
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Figure 1: Horizontal tune shift dependence on the separations at zero amplitudes
in the case of the following aspect ratios: r = 0.1, r = 0.5, and r = 1 (round
beam). In the contour plots the tune shift vanishes on the border between the
dark and light regions. The dark areas correspond to negative values, while the
light area to positive values.
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Figure 2: Continuation of Figure 1 for the following aspect ratios: r = 2 and
r = 10.
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Figure 3: The zero amplitude horizontal tune shift in the case of a round beam,
as a function of (dx, 0) and (0, dy), respectively.
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The location closest to the origin where ∆νx changes sign is at |dx| ≈ 1.5852
for dy = 0; this is also the location of the maximum of the beam-beam force.
It is also worthwhile to note that if r > 1 then the maximum of the long-range
tuneshift max ∆νx < ξ, and if r < 1 then max∆νx > ξ.

Variations in the emittance occur naturally from bunch to bunch in a train of
bunches and it is also possible to control the average emittance to some extent.
Hence the scaling of the long range beam-beam effects with the emittance is
of interest. The Tevatron is currently operating with beams whose emittances
are about 25% larger than design values. Assuming that the two transverse
emittances are equal ε = εx = εy, the zero amplitude tune shift for round
beams is of the form

lim
ax→0
ay→0

∆νx (r = 1) ∝ a
[
e−

b
ε

( c

ε
+ 1
)
− 1
]
, (38)

where a, b, c are constants for fixed physical separations and beta functions.
Therefore, in the limit of the emittance going to zero, the tune shift tends to a
constant value, which in general is small but non-zero. An exception is when
D2

x/βx ≈ D2
y/βy, in which case

lim
ax→0
ay→0

∆νx (r = 1) ∝ const
e−

b
ε

ε
, (39)

and in the limit ε → 0 the tune shift vanishes. In the limit of the emittance
going to infinity the tune shift goes to zero in general. Therefore, the absolute
value of the tune shift must have a maximum as a function of the emittance. It
is straightforward to check that the maximum occurs at

εmax =
D2

x

βx
⇒ D2

x = σ2
x or dx = 1 (40)

and the tune shift decreases slowly for ε > εmax and fast for ε < εmax, as shown
in Figure 4. Therefore, according to (40), the situation when the separation
equals the beam size might be dangerous.

0 0.5 1 1.5 2 2.5 3
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-0.5
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D
Ν

x
@a.u.D

Εmax=
Dx

2
���������
Βx

Figure 4: Qualitative behavior of the zero amplitude, round beam, horizontal
tune shift with long-range interactions as a function of emittance, assuming
equal horizontal and vertical emittances. The physical separations Dx, Dy are
kept constant. Note that the scaling is qualitatively different from that in the
head-on case where ∆νx ∝ 1/ε.

The integral (35) cannot be done analytically if r 6= 1. The question arises
whether the loci of vanishing tune shift will still be in the proximity of θ = π/4.
Without presenting algebraic details, expanding the angle and aspect ratio to
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Figure 5: Contour of vanishing tune shifts for the following case: zero ampli-
tudes, the separations are: a) d = 6 (minimum separation in the Tevatron), b)
d = 10 (average separation in the Tevatron), c) d = 14 (maximum separation
in the Tevatron), and the contour represents the polar angle at which the tune
shifts vanish for aspect ratios in the range [0.25, 4]. Also shown is d) the func-
tion arccot(r), to which the contours apparently converge in the large separation
limit.

first order according to θmin = π/4 + δθ and r = 1 + δr, the integral can be
evaluated to give for the loci of vanishing tune shifts

δθ =
d2

2
(
2 + d2 − 2e

d2
2

) +
δr

2

(
2d2

2 + d − 2e
d2
2

+
6
d2

− 1
)

. (41)

As previously shown, if δr = 0, the deviation of θmin from π/4 is negligibly small
even for modest separations. In the limit of large separations we obtain that

lim
d→∞

θmin (δr) =
π

4
− δr

2
. (42)

Thus the locations of vanishing tune shift do depend on the beam aspect ratio.
This approximation breaks down if δr is not small or if d is not large.

The exact dependence can be computed by numerical integration. A useful
insight is obtained by inspecting the figures obtained using separations in the
range 6 ≤ d ≤ 14, and aspect ratios in the interval r ∈ [0.25, 4]. This is the
Tevatron’s case, the average separation being d ≈ 10. The simple estimate (41),
valid for d = 10 and around r = 1, gives θmin (r) = π/4 − 0.47 (r − 1). The
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global picture is revealed by the contours along which the long range tune shift
vanish, as shown in Figure 5. Clearly, the contours tend to the graph of

θmin = arccot (r) (43)

in the limit of large separation, and show only a weak dependence on d in the
range relevant for the Tevatron. Although it is not obvious analytically from
(35) why this happens, it has a simple intuitive interpretation. Notice that in
this case

Dx

Dy
=

dx

dyr
=

cot (θmin)
r

= 1. (44)

Therefore, it has the meaning of choosing equal physical separations for any
aspect ratio, if the separations are large. It can be understood if one considers
that from large distances the strong beam is point-like, regardless of its actual
aspect ratio, so the tune shift cancellation has the same symmetry as in the case
of round beams.

In the following we try to understand the behavior of the tune shifts at
non-zero amplitudes.

3.2 Long Range Tune Shifts at Non-Zero Amplitudes

Although the amplitude dependent tune shift is given by a doubly infinite se-
ries, it can be shown that its sign is determined by the first two terms in the
expansions. Indeed, in the case of vanishing amplitudes only the first two terms
of the expansion survive the limit ax → 0, ay → 0. In the case of non-zero
amplitudes the argument is based on analyzing the structure of (29).

Recall that the head-on tune shifts are positive at any amplitude. Thus,
one expects that this result persists by continuity, at least for sufficiently small
separations. Inspection of (28), (29), and (30) reveals that there is only one
term in the sums that is not positive, and thus must be the dominating one in
the small separation case. We observe that the term 2k/a2

x − v, appearing in
(29), is always positive for sufficiently large k, that is for k > a2

x/2. This shows
that the high enough order contributions for off-center beam-beam collisions are
always defocusing. Clearly, this threshold k = kt is actually lower than a2

x/2
due to the second term in (29), which is always positive, and the integration
over v. Moreover, once the threshold kt is reached (where the terms in (29)
become positive for k > kt), terms with k > kt cannot change sign anymore. It
follows that if kt = 0, the sign of the term with k = 0 determines the sign of
the tune shift.

On the other hand, if kt > 0, the sign still will be given by the terms that
contribute to the vanishing amplitude case, namely

E = −I0 (sx) v + I1 (sx)
(

sx

a2
x

+
v

sx

)
. (45)

The other terms in the expansion tend to zero for vanishing amplitudes. To
see that this is true, first consider the small amplitude case. As shown in the
preceding section, by (17) the convergence must be really fast in this case, so
the higher order contributions cannot change the sign of the tune shift. As the
amplitude increases, so does kt, hence the contributions with positive sign come
from terms with high values of k when again the corrections are tiny, and cannot
change the tune shift’s sign anymore. In summary, if kt > 0, the worst case is
for kt = 2, but this corresponds to small amplitudes, and the fast convergence
of the series prevents significant changes to the tune shift.
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3.2.1 The small separation case

Based on the previous reasoning, one expects that for dx sufficiently small, the
terms with k = 0, 1 can never be positive. To check this, we need to estimate

T =
∫ 1

0

e−(px+py)
∑

y

v [v (r2 − 1) + 1]1/2
Edv, (46)

Utilizing again the formula

I1 (sx) ≤ I0 (sx)
sx

2
, (47)

we obtain that

E <
I0 (sx) v

2
(
d2

xv − 1
)
. (48)

The integrand in T is a continuous function of v at every point except zero,
i.e. for v ∈ (0, 1]. Therefore, if we denote the integrand by λ (v), we can split T
according to

T = lim
v→0

λ (v) +
∫ 1

ε

λ (v) dv, (49)

for any ε > 0. It is easy to see that

lim
v→0

λ (v) = −
√

π

2
. (50)

Applying the integral form of the mean value theorem to the second part of the
right hand side of (49), we obtain that

T < −
√

π

2
+


 e−(px+py)

∑
y

[v (r2 − 1) + 1]1/2

I0 (sx)
2

(
d2

xv − 1
)

v=vm

, (51)

for some vm ∈ (ε, 1), or equivalently

T < −
√

π

2
+ K1

(
d2

xvm − 1
)
, (52)

where K1 is a positive number that depends on the amplitudes, separations,
and beam aspect ratio. In fact, it can be shown that vm < 1/2, so it follows
that T < 0 whenever |dx| <

√
2, that is

∆νx > 0 if |dx| /
√

2. (53)

Depending on the exact values of K1 and vm, ∆νx may stay positive even if
|dx| exceeds

√
2 (as previously shown, in the vanishing amplitude and vertical

separation case for round beams it is actually 1.5852). Therefore, the first
conclusion can be drawn: ∆νx > 0 if |dx| /

√
2, independent of the amplitudes

and the separation in the y plane, but in some specific cases the cutoff value
for |dx| could be somewhat larger. However, according to (37), this conclusion
must break down if |dx| is sufficiently large and ax is small.

3.2.2 The large separation case

At the other end of the spectrum, i.e. large separations and amplitudes, we can
use the asymptotic relation [6]

I0 (sx) ≈ I1 (sx) . (54)
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In this case we obtain that

E ≈ I0 (sx) v

ax

(
dx +

1
d2

xv
− ax

)
, (55)

and for the integral that

T ≈ −
√

π

2
+


 e−(px+py)

∑
y

[v (r2 − 1) + 1]1/2

I0 (sx)
ax

(
dx +

1
dxv

− ax

)
v=vm

, (56)

or equivalently

T ≈ −
√

π

2
+ K2

(
dx +

1
dxvm

− ax

)
, (57)

where K2 is a positive number. It follows that T < 0 if dx +1/(dxvm)− ax < 0,
that is if

ax > dx +
1

dxvm
. (58)

A close inspection of the range of validity of (54) reveals that the correction for
intermediate values of the separation is to slightly increase the right hand side
of (58). Therefore, we can conclude that for large separations

∆νx > 0 if ax ' |dx| . (59)

It is interesting to study the case ax < dx for large separations. The sign of
the tune shift in this case will depend on the specific value of K2. We already
proved that for a fixed large horizontal separation the tune shift is negative
for vanishing horizontal amplitude, and positive at large horizontal amplitudes.
This means that the tune shift must change sign at some intermediate horizontal
amplitude. The location of sign change depends on K1 and K2, that is the
vertical separation and amplitude, and beam aspect ratio. What can be inferred
is that, for a given value for |dx| and ax, which give negative tune shift at zero
vertical amplitude and separation, the values of both K1 and K2 tend to decrease
(since to first order they scale like e−(a2

y+d2
y)/2I0 (aydy), and have a maximum

at ay = |dy|) as the vertical amplitude and/or separation increases, making it
harder for the tune shift to stay negative.

3.2.3 Summary

It is reasonable to expect that the transition in the behavior of the tune shift
from small to large separations happens smoothly, and one can extrapolate the
asymptotic results to the following qualitative statement for the horizontal tune
shift:

For small enough horizontal separation the beam-beam effect is fo-
cusing at any amplitude and vertical separation. Above a certain
threshold of the horizontal separation, the beam-beam interaction
becomes defocusing for particles with small amplitudes and vertical
separation, and focusing for particles with large horizontal ampli-
tudes independent of the vertical separation and amplitude. The
exact location of the sign change depends on the vertical separation
and amplitude, and beam aspect ratio.

Therefore, for given (sufficiently large) separations and given beam aspect
ratio there is a boundary in the action space (ax, ay) where the tune shifts
must vanish, and the particles inside the boundary (smaller amplitudes) will

13



have dynamically different behavior than outside the core (large amplitudes).
Moreover, since the tune shift scales like the derivative of e−(a2

x+d2
x)/2I0 (axdx)

w.r.t. ax, the tune shift starts at a negative value at zero amplitude, might
have a minimum negative value, then cross zero and have a maximum positive
value before decaying to zero at infinite amplitudes. This may result in folds in
the tune footprint, and could result in significant resonance widths around the
folds’ locations. Another type of folding may occur around the maximum value
of the function e−(a2

y+d2
y)/2I0 (aydy) independent of the horizontal amplitude

and separation. The locations of these folds are independent of the tune. If the
tunes are such that the resonances occur at the folds, then we may have large
resonance widths because ∆Jres ∝ 1/∂(∆ν)/∂J .

Another interesting aspect is that the same value of ax gives the location
of vanishing horizontal tune shift and the critical point of the expression that
appears in the vertical tune shift (31). Being the only critical point of a positive
definite function that decays to zero at infinity, it follows that the vertical tune
shift will attain its maximum value at the location of vanishing horizontal tune.
This is also true if x and y are interchanged.

For a better quantitative understanding, we computed the horizontal tune
shifts as a function of the amplitudes (ax, ay), for round beams, for several
given separations (dx, dy) > 0. Figures 6 through 8 show pictures analogous
to Figures 1 and 2, but now the separations are fixed and the amplitudes vary.
The meaning of the contour plots is the same as before. If there is no contour
plot shown, it means that the tune shift is positive everywhere.

Finally, it is worthwhile noting that the cutoff value k = max
(
nint

(
a2

x/2
)
, 1
)

is a good choice for the truncation of the infinite series for practical computa-
tions. The abbreviation nint stands for nearest integer. If the resulting tune
shift is positive, the result of this truncation is a slight overestimation, while if
the tune shift is negative the result is a slight underestimation of the tune shift
with amplitude. If there are many long range interactions with different signs
to sum, the errors almost cancel out each other.
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Figure 6: Horizontal tune shifts as a function of amplitudes, with r = 1 and
the following separations (increasing order of dx): (dx, dy) = (0, 1), (0, 2), (0, 4),
(0, 6), (1, 0), and (1, 1).
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Figure 7: (Continuation of Figure 6) Horizontal tune shifts as a function of
amplitudes, with r = 1 and the following separations: (dx, dy) = (2, 0), (2, 2),
(4, 0), and (4, 4).
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4 Amplitude dependent chromaticity

It is rather straightforward to include chromatic effects into (28), to provide
a formula for the computation of the chromaticities. To this end, we split
the separation into two parts: one due to the closed orbits of on-momentum
particles, the other due to dispersion for off-momentum particles. Denoting the
dispersion (in units of rms beam size) at the location of the interaction by η,
first we make the following replacements in (28):

dx 7→ dx + ηxδ, (60)
dy 7→ dy + ηyδ, (61)

where δ is the relative momentum or energy deviation. By definition, the linear
chromaticities are given by

Q
′
x =

∂∆νx

∂δ

∣∣∣∣
δ=0

, Q
′
y =

∂∆νy

∂δ

∣∣∣∣
δ=0

. (62)

Unfortunately, the derivative of the tune shift with respect to momentum de-
viation is cumbersome and not very illuminating. However, using the symbolic
capabilities of Mathematica, the derivative can be calculated symbolically, and
then evaluated numerically. To this end, the horizontal chromaticity is given by

Q
′
x = − 2πC

axεx

∫ 1

0

e−(px+py)

[v (r2 − 1) + 1]1/2
×

∞∑
k,l=0

[
Γ
(
k + 1

2

)
Γ
(
l + 1

2

)
k!l!

(
ax

dx

)k (
ay

dy

)l

(AIl (sy) + BIl+1 (sy))

]
dv, (63)

where

A = 2dx (dxηx + dyηyf) vIk−1 (sx) − ax (3dxηx + 2dyηyf) vIk (sx)+ (64)

2ηx

(
a2

xv − k − 1
)
Ik+1 (sx) − sxηxIk+2 (sx) ,

B = 2ayηyfv (axIk (sx) − dxIk−1 (sx)) . (65)

The vertical chromaticity can be calculated similarly.
Note that the same cutoff values for k and l in the infinite series apply as for

the tune shifts, since the convergence does not depend on the separation (i.e.
dispersion). Despite the complicated structure of the formula, it can be seen
that, of course, the chromaticity vanishes if there is no dispersion (ηx = ηy = 0),
and also for head-on collisions, i.e.

lim
d→0

Q
′
x = 0, (66)

even for non-zero dispersions. Indeed, this follows from

lim
z→0

In (z)
zm

=




0, m < n,
1

2nn! , m = n,
∞, m > n,

(67)

as can be seen from the series representation of the Bessel functions (15). Using
(67), it readily follows that none of the terms in (63) survive the limit of dy → 0
and dx → 0, and it gives identically zero linear chromaticity independent of the
dispersions and amplitudes.
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On the other hand, for arbitrary dispersions and separations, but vanishing
amplitudes, the following simplified formula can be obtained from (35):

lim
ax→0
ay→0

Q
′
x = ξ

∫ 1

0

e−
d2

x+fd2
y

2 v

[v (r2 − 1) + 1]1/2
v× (68)

(
d3

xηxv + d2
xdyηyfv − 3dxηx − dyηyf

)
,

which in the case of round beams gives the result

q
′
x = lim

ax→0
ay→0

Q
′
x (r = 1)

= ξ
2
d6




2
(
d3

xηx + 3d2
xdyηy − 3dxd2

yηx − d3
yηy

)
+e−

d2
2


 −d7

xηx − d6
xdyηy − d5

x

(
2d2

y + 1
)
ηx − d4

x

(
2d2

y + 3
)
dyηy

−d3
x

(
d4

y − 2d2
y + 2

)
ηx − d2

x

(
d4

y + 2d2
y + 6

)
dyηy

+3dx

(
d2

y + 2
)
d2

yηx +
(
d2

y + 2
)
d3

yηy




 .

(69)

Therefore, for large separations of the closed orbits, the zero amplitude chro-
maticity is

q
′
x (large d) ≈ ξ

4
d6

(
dxηx(d2

x − 3d2
y) − dyηy(d2

y − 3d2
x)
)
. (70)

Notice that it decreases faster (∼ 1/d3) with separation of the closed orbits
than the corresponding tune shift. It is worthwhile to mention that along the
diagonal in the (dx, dy) plane, for large d, where the tune shift approximately
vanishes for round beams, the corresponding chromaticity becomes

q
′
x (large dx = dy) ≈ ξ

4 (ηy − ηx)√
2d3

. (71)

Therefore, it does vanish for equal dispersions in the two planes. More inter-
estingly, for fixed separation d, the polar angle along which the chromaticity
vanishes is given by solving (70) for the angle. One solution is given by

θmin = −1
3

arccot
(

ηy

ηx

)
. (72)

The vertical dispersion is typically much smaller than the horizontal dispersion.
In that case, when (70) is written in terms of the physical separations, then
there are three possible solutions:

(
Dy

Dx
)min =




1√
3

+ 4
9λ,

− 1√
3

+ 4
9λ,

−3 1
λ − 8

9λ.

λ =
ηy

ηx
(73)

The first two of these may be practically useful.
For fixed separation d and dispersions, the angle at which the chromaticity

vanishes varies with the aspect ratio. Again, it can be computed by numerical
integration, and the results show two different qualitative behaviors, as a func-
tion of the dispersions’ signs (same sign vs. opposite sign). In Figure 9 two
representative cases are presented, using data taken from the Tevatron. In the
case of same sign there is only one contour, while in the opposite sign case there
are two contours along which the linear chromaticities vanish. In the latter case,
the contour at smaller angles is always steeper than the contour at larger angles.
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Figure 9: Contour of vanishing horizontal linear chromaticity at zero amplitude,
d = 10, and the following dispersions: a) average dispersions in the Tevatron
(the horizontal and vertical dispersions have the same sign), and b) dispersion
values at one of the nearest parasitics (#55) (dispersions have opposite sign).

5 Application to the Tevatron

The tune shifts in the Tevatron are different from bunch to bunch [1]. For one p̄
bunch (# 6), using as separations the distances between the closed orbits at all
the 72 encounters (shown in Figure 10), we computed the amplitude dependent
tune shifts using (28) and (31) and summed up over all collisions. Inspection
of the separations reveals that over the 70 long-range interactions 6 /

∣∣∣~d∣∣∣ / 14
which entail tune shifts of different signs, according to (53) and (58). Comput-
ing the tune shifts at amplitudes of (ax, ay) = (0, 0), (0, 6), (6, 0), and (6, 6),
we obtained the distribution depicted in Figures 11 (for the horizontal case)
and 12 (for the vertical case). The distributions look similar for intermediate
amplitudes. The maximum long range tune shifts are encountered at the inter-
actions which are closest to the interaction points. Using tune shift information
from intermediate amplitude values, we got the tune footprints shown in Figure
13. Overall, there is a good agreement with tracking results [1]; the maximum
difference is about 10−3. As expected, the maximum value is obtained for zero
amplitudes, and it tends to zero as the amplitude goes to infinity. The “length”
of the footprint is given by the head-on interactions, while the main effect of the
long range collisions is to widen the footprint at predominantly large horizontal
and vertical amplitudes.

The scaling of the tune shifts and spreads with emittance have been assessed
by computing the footprints at emittances that are 50% larger or smaller than
the design emittance. The result is shown in Figure 14, where the resulting
footprints are also superimposed on the footprint with the design emittance.
Both the magnitude of the tune shifts and the size of the footprints increase
with decreasing emittance. It means that the characteristics of the footprints
are dominated by the head-on like interactions.

In order to explore possible correlations between folds in the tune footprint
and dynamic aperture, we computed contour plots as functions of amplitude for
three different cases: head-on and the four nearest parasitics, nearest parasitics
only, and all collisions. Figures 15 through 16 contain the results. Notice that, in
agreement with the analysis of section 3.2, folds appear at amplitudes of around
ax, ay ≈ 7 − 8 for the cases of parasitics only and all beam-beam. However,
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Figure 10: The separations |~d| at all the 72 collisions between the antiproton
bunch 6 and opposing proton bunches. head-on collisions occur at locations 30
and 54.

there are no folds for the head-on and nearest parasitics case. This confirms
the prediction that the folds are driven by the long range interactions and are
counterbalanced by the head-ons. A sufficiently large number and strong long
range collisions, which add up constructively, are necessary for the folds to form.
However, tracking shows [1] that the nearest parasitics largely determine the 4D
dynamic aperture, and the addition of the head-on collisions and/or the rest of
the long range interactions do not alter significantly this DA. Therefore, from
this point of view, the significance of the folds in the tune footprint is limited for
Run IIa, although the location of the folds with all the beam-beam interactions
is close to the dynamic aperture after 105 turns. Nevertheless, there remains the
possibility that the location of the folds in the nearest parasitics tune footprint is
correlated with the dynamic aperture. Since without the head-ons the footprint
is much smaller, it follows that the size of the footprint is also not correlated
with the DA.

Since tracking shows that the nearest parasitics dominate the nonlinear dy-
namics, in the following we concentrate on these interactions only, and perform
some studies aimed at unveiling correlations, if any, between this group of long
range beam-beam interactions and the dynamic aperture.

The numerical experiments at the two different emittances mentioned above
were repeated for the case of nearest parasitics only, to study the movement of
the folds in amplitude space. Since the nearest parasitics dominate the size of
the dynamic aperture, it is hoped that pushing the folds to larger amplitudes
would have a beneficial effect on the dynamic aperture. The results presented in
Figure 17 show that indeed the folds move in amplitude space as a function of
emittance. More precisely, reduction of the emittance would result in pushing
the folds to higher amplitudes. To obtain a more quantitative scaling law, we
performed several searches for fold amplitudes at different emittances, both
larger and smaller than the Tevatron RunIIa design emittance. The data points
have been fitted to a curve; see Figure 18. We find that

a(fold) ∝ 1√
ε

(74)

This fact might provide an explanation for the difficulties the Tevatron is experi-
encing with long range beam-beam interactions at larger than design emittances.
It is also worthwhile to note that, according to (40), the maximum values of the
tune shifts along the folds vary with the emittance, with a fairly wide absolute
maximum at a slightly smaller than the design emittance.
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Figure 11: Horizontal amplitude dependent tune shifts for particles with the
following amplitudes: (ax, ay) = (0, 0), (6, 0), (0, 6), (6, 6). head-on collisions
happen at interaction numbers 30 and 54, while maximum long range tune shifts
are at interaction numbers 55 and 31.
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Figure 12: Vertical amplitude dependent tune shifts for particles with the follow-
ing amplitudes: (ax, ay) = (0, 0), (6, 0), (0, 6), (6, 6). head-on collisions happen
at interaction numbers 30 and 54, while maximum long range tune shifts are at
interaction numbers 29 and 53.
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Figure 13: Tune footprints corresponding to the headon collisions only, to head-
on and nearest parasitic collisions, and to all 72 interactions. The left column
was obtained from the analytical calculation, while the right column is a super-
position of the left column with the tune footprints obtained by FFT of tracking
data.
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Figure 14: Left: Footprints at two different emittances: top figure - 50% smaller,
bootom figure - 50% larger than the design emittance. Right: Superpositions of
the footprints with the footprint obtained using the design emittance are shown.
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According to (66), the linear chromaticities induced by the head-on collisions
are zero. The horizontal and vertical linear chromaticities induced by the four
nearest parasitic interactions are displayed in Figure 19, where, as a function
of equal transversal amplitudes ax = ay, the chromaticities are plotted for
three different separations of the closed orbits, keeping the orientation of the
separations in the x−y plane unchanged. The figures show the same qualitative
behavior, only their magnitude changes with separation, in the expected way. At
amplitudes close to the dynamic aperture the chromaticities practically vanish,
suggesting that the nearest parasitics induced chromatic effects might not be
very important.

Nearest parasitic footprints were computed for both the tunes and the chro-
maticities. Figure 20 contains the results. Utilizing (43) and (72), an attempt
was made in minimizing the footprints, by compensating for the aspect ratios
or dispersions. Note that the compensating conditions were derived from the
zero amplitude expressions of the corresponding relations, and hence it is not
obvious a priori that the condition is useful for non-zero amplitudes, the case
which is too cumbersome to treat it analytically. However, compensation of
aspect ratios clearly reduces both the shift and the spread of the tunes, as can
be seen in Figure 21. On the other hand, compensation of aspect ratios does
not have a dramatic effect on the chromaticity footprint. Perhaps more impor-
tantly, aspect ratio compensation does not harm the chromaticity footprint, and
in combination with the effect it has on the tune footprint, it might be useful
in practice. The chromaticity footprint is mainly affected by compensation of
the dispersions; there is a significant reduction in the size of the footprint. The
results are contained in Figure 22.

A good check of potential correlations between these quantities and dynamic
aperture is now possible by comparing the DAs in the following cases: design
separations in the Tevatron, aspect ratio compensated nearest parasitics, and
dispersion compensated nearest parasitics. The changes necessary in the lat-
tice files are 8 numbers only: 4 horizontal and 4 vertical physical separations.
Since the conditions specify the absolute values of the separations, the signs
are arbitrary. It was found that keeping the original signs, and modifying only
the magnitudes give the largest dynamic apertures. The tracking was performed
with δp = 3·10−4, and otherwise similar conditions as in [1]. The results are pre-
sented in Table 1. It can be concluded that the compensations have a marginal
effect on the DA, increasing the average DA by up to ≈ 0.5 σ and the minimum
by 1 σ, but fail to show the dramatic effects similar to the footprint size reduc-
tion. A probable cause of the poor performance of the dispersion compensation
is that the chromaticity footprint with all the beam-beam interactions included
is still relatively large when only the nearest parasitics are corrected. As shown
in Figure 23, the rest of the parasitics induce large chromatic effects (see Figure
20b for the uncorrected nearest parasitic chromaticity footprint). Therefore, in
principle the total chromaticity footprint may be even more compressed if the
compensation scheme is applied to all beam-beam interactions. Indeed, as also
shown in Table 1, in this case the DA is increased by the significant amount
of almost 1 σ, while the minimum DA stays unchanged. The total corrected
chromaticity footprint fits into a 2 by 3 unit rectangle. Finally, we note that in
the 4D case, the aspect ratio compensation performs comparably with the 6D
case.
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Figure 15: Top two plots (left and right): Horizontal and vertical amplitude
dependent tune shifts (left) and corresponding contour plots (right) for the
case of head-on and nearest parasitic collisions. No folds in the footprint are
apparent. Bottom two plots (left and right): Horizontal and vertical amplitude
dependent tune shifts and corresponding contour plots for the case of nearest
parasitic collisions only. Folds in the footprint are apparent at amplitudes of
(ax, ay) ≈ (8, 7).
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Figure 16: Horizontal and vertical amplitude dependent tune shifts and cor-
responding contour plots for the case of all beam-beam collisions. Although
the folds have a different character than in the case of the nearest parasitics
only, they do appear in the footprint at approximately the same amplitudes of
(ax, ay) ≈ (7, 8), close to the dynamic aperture.

Case < DA > DAmin

Original Tevatron RunIIa configuration 7.4 6
Aspect ratio compensated tune and chrom. footprint 8.0 7
Dispersion compensated chromaticity footprint for:

Nearest parasitics only 7.7 7
All beam-beam interactions 8.3 6

Table 1: The effects of the footprint compensation schemes on the dynamic
aperture. The 6D dynamic aperture was computed after 100,000 turns.
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Figure 17: Top two plots (left and right): Location of the horizontal and vertical
folds in amplitude space and contour plots, computed at 50% smaller emittance
than the design emittance. Bottom two plots (left and right): Location of
the horizontal and vertical folds in amplitude space, computed at 50% larger
emittance than the design emittance.

27



0 1 2 3 4
Ε

������
Ε0

4

6

8

10

12

14

A
m
p
l
i
t
u
d
e

D
Ν

x,m
ax

D
Ν

y,m
a
x

Figure 18: Inverse square root fit of the location of fold amplitudes as a function
of emittance, when only the nearest parasitics are included in the computation.
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for the case of the nearest parasitic collisions at three different separations of
the closed orbits.
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Figure 20: a) Tune and b) chromaticity footprints of the nearest parasitic beam-
beam interactions in the original Tevatron RunIIa configuration for antiproton
bunch #6.
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Figure 21: Tune footprint compensation of the nearest parasitic beam-beam
interactions (shown in Figure 20a), by adjusting the physical separations in such
a way that the distances and the signs stay the same, and only the magnitudes
of Dx and Dy are modified, by the relation |Dx| = |Dy|, keeping D2
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the same. Here, and in the following three figures, dots represent the footprint
before correction, while the ‘+’ symbols represent the footprint after correction.
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Figure 22: Chromaticity footprint compensation of the nearest parasitic beam-
beam interactions (shown in Figure 20a), by a) the same method as in Figure 21,
and b) adjusting the physical separations in such a way that the distances and
the signs stay the same, and only the magnitudes of Dx and Dy are modified,
by equation (72).
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Figure 23: Left: Comparison of two chromaticity footprints: (i) All beam-beam
interactions included, no compensation. The spread in chromaticities spans
about 20 units horizontally and 11 units vertically. (ii) Nearest parasitics only
but compensated with dispersion correction. The spread in chromaticities spans
only about 2 units in each plane. Right: The footprint from all interactions
compensated for the dispersion at all interactions. This footprint now spans (2,
3) units in the two planes.
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6 Conclusions

We derived a useful analytical tool for the computation of the amplitude de-
pendent tune shifts and linear chromaticities due to beam-beam interactions.
The expressions can be used for efficient numerical evaluation at any amplitude,
separation, dispersion, and aspect ratio. The favorable convergence properties
make it especially suitable for studies of the parasitic beam-beam interactions.
The structure of the equations is well suited for studying sign changes (locations
of folds in the footprint), maxima and/or minima, and scalings of the tune shifts
and chromaticities with respect to beam parameters such as emittances.

These expressions are in general complicated but simplify when evaluated
for round beams and at zero betatron amplitude. The dominant contribution
to the zero amplitude tune shifts falls off as the inverse square of the beam
separation while the dominant contribution to the zero amplitude chromaticity
falls off as the inverse cube of the beam separation.

Applied to the Tevatron, we learned that, in general, keeping everything
symmetric helps in minimizing tune shifts and chromaticities. For example, if
the physical separation is along the diagonal in the (x, y) plane, the long range
zero amplitude tune shift (approximately) vanishes at reasonably large sepa-
rations. If, additionally the dispersions are also equal, the linear chromaticity
vanishes too. In the more typical case where the vertical dispersion is much
smaller than the horizontal dispersion, the ratio of physical separations which
minimizes the chromaticity is determined by the aspect ratio and the ratio of
the dispersions (see Equation (73) ).

We found that if the separations are chosen to minimize either the zero
amplitude tune shift or chromaticity, then the tune shifts and chromaticities at
non-zero amplitudes are significantly smaller as well.

The scaling of the long range tune shift with emittance is qualitatively dif-
ferent from the head-on case. At least for vanishing amplitudes, the absolute
value of the long range tune shift has a maximum at a certain emittance, and de-
creases for smaller emittances, contrary to the head-on tune shift, which always
scales like 1/ε. We also studied the location of the folds in the tune footprint
due to the parasitics nearest to the IPs as a function of emittance. We found
that the amplitude at the folds scales as 1/

√
ε. This implies that at larger emit-

tances, the effects of resonances closer to the beam core will be enhanced if they
coincide with the location of the folds.

We examined the impact of reducing the tune footprint on the dynamic
aperture. The nearest parasitics in the Tevatron dominate the contributions of
all the parasitics to the tune footprint. Separations at the nearest parasitics
were adjusted to minimize the footprint. This reduced the tune footprint sub-
stantially and also reduced the chromaticity footprint slightly. The dynamic
aperture was found to increase by about 0.6σ. This reinforces the conclusion
reached in [1] that the correlation between the size of the tune footprint and
the dynamic aperture is at best indirect.

Finally we examined the impact of reducing the chromaticity footprint. The
nearest parasitics do not dominate the contributions to this footprint. When
only the separations at the nearest parasitics were adjusted to minimize their
contribution, there was a negligible increase in dynamic aperture. However,
when the separations at all the parasitics were adjusted to minimize the chro-
maticity footprint, then the dynamic aperture increased by about 1 σ which is
significant. While this compensation scheme is not practical, due to the con-
straints on the Tevatron optics, it does point to mechanisms which may increase
the stable area available to the beam. For example, reducing the momentum
spread in the beam and the linear chromaticity in the Tevatron at top energy
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would be helpful.
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A Alternate Derivation of a Formula for the Am-

plitude Dependent Tune Shifts

There is an alternate way to derive a formula for analytical evaluation of the
amplitude dependent tune shift of long range beam-beam interactions. It uses
the generating function expression of the modified Bessel function of the first
kind

e−z cos θ =
∞∑

k=−∞
(−1)k Ik (z) cos kθ. (75)

With the slightly different shorthand notations

px =
v

2

(
a2

x

2
+ d2

x

)
, (76)

rx =
v

4
a2

x, (77)

sx = vaxdx, (78)

and similarly for the y case, the following relation is obtained:

∆νx = − Nbrp

4πγpεx

∫ 1

0

e−(px+py)

[v (r2 − 1) + 1]1/2
FxFydv, (79)

where

Fx =
∞∑

k=−∞
(−1)k

{[
I

′
k (rx) − Ik (rx)

]
I2k (sx) +

2dx

ax
Ik (rx) I

′
2k (sx)

}
, (80)

Fy =
∞∑

l=−∞
(−1)l Il (ry) I2l (sy) , (81)
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The rest of the symbols have the same meaning as before. A similar relation is
obtained for the vertical tune shift.

The infinite series in the tune shift’s expression does converge (the error is on
the order of magnitude of the first neglected term), but, due to the alternating
nature of the series, it is prone to numerical inaccuracies due to cancellation of
digits (occurrence of large terms of the same order of magnitude but different
signs), especially at large separations. That is why (28) is better suited for the
long range case. Moreover, it is not clear if an analysis similar to section 3 can
be carried out.

We conclude the paper with an interesting connection between this form
of the formula for the amplitude dependent tune shift computation and the
original, (28). As shown in section 2, the sum

S1 =
∞∑

k=0

(
ax

dx

)
k!

Γ
(

k +
1
2

)
Ik (sx) (82)

has a rate of convergence Rn satisfying

Rn ≤ a2
xv

2n + 1
4 (n + 1)2

. (83)

If the equal sign is assumed in (83), which is valid for small sx, the following
upper bound is obtained for S1:

S1 ≤ S2 =
∞∑

k=0

Ak = A0 + A1 + A2 + . . . (84)

= A0 + A0R0 + A1R1 + . . .

= A0 (1 + R0 + R1R0 + R2R1R0 + . . .)

= A0

(
1 +

∞∑
k=1

k−1∏
n=0

Rn

)
. (85)

This expression can be summed up knowing that

k−1∏
n=0

Rn =
(

a2
xv

2

)k Γ
(
k + 1

2

)
√

π (k!)2
. (86)

Combining this with
A0 =

√
πI0 (sx) , (87)

and utilizing the notation of this section we obtain for the infinite sum that

S2 =
√

πerxI0 (rx) I0 (sx) . (88)

Comparing (28) with (79), it follows that, using S2 for the infinite sum, the
approximation gives the same result with the truncation k = l = 0 in (79).
Therefore, the small amplitude and separation case is well represented by a
single term from the infinite sums, and from S2 being an upper bound it follows
that ∞∑

k=1

(−1)k Ik (rx) I2k (sx) ≤ 0 (89)

for any amplitude and separation.
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