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OBJECTIVE:

A powerful and useful method for heat exchanger analysis is the effectiveness-
NTU method. The equations for this technique presented in textbooks, however, are
limited to the case where all of the heat transfer occurs between the two fluid streams. In
an application of interest to us, cryogenic heat exchangers, we wish to consider a heat leak
term. Thus, we have derived equations for¢HdTU method with heat leak involved.

The cases to be studied include evaportators, condensers, and counter-flow, with
heat leak both in and out.

DEFINITIONS:

variables: A= heat transfer surface area
C= heat capacity
Q= overall heat transfer
Q': overall heat transfer per unit area
0g= heat transfer into differential element
T=temperature
U= overall heat transfer coefficient

subscripts: c= cold side fluid
h=hot side fluid
leak= pertaining to heat leak portion of total heat transfer
hx=pertaining to heat exchanger portion of total heat transfer

ASSUMPTIONS:
1. U is known and is constant
2. Fluid properties are constant
3. Heat leak is constant, spread uniformly throughout exchanger
4. Heat leak entirely added to single phase fluid
5. Steady state
SOLUTION:
I. SINGLE PHASE TO TWO PHASE EXCHANGERS
A EVAPORATOR WITH HEAT LEAK IN

a) Physical description of problem:
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b) Energy balance: energy in = energy out

dT,
ChTh + Mgk = Ay + G T + Chd_Ah oA
dT,

O_qeak - O_th = Chd_:: oA (1A)

The heat leak, based on a constant energy per unit area:
6qeak = Ql'eakdo‘ (2A)

Rate equation for the heat exchanger:
6qf1x =U 6A(Th - TC) (3A)

Combining (1A), (2A), and (3A):
Quak=U(Ty = To) =Gy B (4

c) Solve this differential equation:

A Th2
fid A= . dt
oG TthIeak_U(Th -Te)

A=A T,
1 4 __In[-U(Th —Te) + Qear]
Ch a0 U T,=Ty

LCJ:_':‘ =—In [—U (Tho —To) + Q’eak] +1In [—U (T —-To)+ Q'eak]

=Ty,

UA _ U (T = To) + Qe |
Ch |_U(Th2 = To) + Qiear |

(5A)

d) By definition, the "number of heat transfer units" for an exchanger is:
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For evaporator with =00, and G=Cmin

AU UA
dA=— = NTU 6A
[ c. (6A)

0 len
e) Combine (5A) and (6A)
NTU = In |U(Thl _ Tc) _ q'eak |
U(Tha ~ Te) ~ Qea |
-NTU = |U (Th2 c) Qeak |
" 10Tt~ To) - Qe
_aNTU U(Thp — Te) — Qeak
U(Thy = Te) — Qeak
o NTU _ U(Th = Te) = Qeak = YU(Thp = Te) + Qieak
U(Thl - Tc) - Qeak

1-eNTU — _ UMy = Thp)
U(Th1 ~ Te) ~ Qeak

dA=NTU

1_

f) Since Qi = Qeak we can say:
- Ty =T
1-e NTU _ (T hZ(% ,
T =T =
(The=Te) - UA
Thinking in terms of a transposed maximum possible temperature difference:
_ T — T,
1-eNTU _ _ (T = Thp) (7A)

Qeak
Thy — (T, +—22K
hl (c UA)

Qact

max
Kays (and other sources) show that for an evaporator or condenselr- e NV

g) Introduce definition of effectivenesss =

Thus we see from (7A) that the effect of heat leak is to modify the maximum possible
heat transer for the single phase fluid, and consequently, the net cooling heat transfer from
the single phase fluid is reduced.

Solving (7A) for the actual net single phase heat tranfer and final single phase temperture
yields the following results:

Quetp = & T = (T, + 3ek) (&)




Thp =-¢€ :Thl — (T + QJZK) I T (9A)

Note: The above equation addresses what is happening with the single phase fluid in
computing a net single phase heat transfer. If one wishes to consider another Q term, one
can go back to the energy balance relationship (1A), with the sign conventions noted in
this analysis (positive Q in directions shown in the control volume diagram) and get:

Qeak =~ Ghx = ChldTh = —Qactg

If the heat leak is in the opposite direction (heat leak out), then the sign of the heat leak
term is simply the opposite of that show in all the above derivations.

B. CONDENSER WITH HEAT LEAK IN

a) Physical description of problem:

temperature profile control volume
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b) Energy balance: energy in = energy out

dT,
CcTc + &Ileak + &Ihx = CcTc + Cc < oA

) dA
TC

A 1B
A (1B)

5qeak + 5qhx = Cc

The heat leak, based on a constant energy per unit area:
6qeak = Ql'eakdb‘ (ZB)

Rate equation for the heat exchanger:
Ohy =UOA(Th = Tc) (3B)

Combining (1B), (2B), and (3B):
Qear *U(Ty ~To) = G5 (48)



c) Solve this differential equation:

Al Tez dT,
lcr=lg T
0 TleIeak-l'U( h c)
A=A T.=T,,
ip{ __ |n[_U(Tc —Tp) + Q'eak]
Ce la=o U T.=Ty
UA . '
C— =—In [—U (Tc2 - Th) + Qeak] +1n [_U (Tcl - Th) + Qeak]
(o
U_A\ =In |_U (Tcl_Th)+Q'eak | (5B)
Cc |_U(Tc2 - Th) + Q'eak |

d) Recall definition for the "number of heat transfer units" of a heat exchanger applied to
a condenser with g=co, and G=Cmin

A
[ YU ga=22_N1uU (6B)
OCrnin Cc

e) Combine (5B) and (6B)
—NTU =In |U (Tc2 _Th) _ Qeak |
[U(Tey = T) = Qea |
_aNTU _ _Y(Teo = Th) = Qeak
U(Ter = Th) — Qeak
1-e-NTU = Y1 = Th) = Qear = U(Tep = T) + Qleac
U (Tcl - Th) ~ Qeak
1oeNUu - U g ~Tep)
U(Tcl - Th) ~ Qeak
— Qeak

f) Since Qloak = e we can say:

1oeNU_ _ (Tea- Tcz(%
T _ T _ eak
( cl h) UA
Thinking in terms of a transposed maximum possible temperature difference:
1-NTU (Tcé ~Ta) (7B)
(Th +ULZF )= Tt
g) Recalling the definition of effectiveness = Quct
max

And recalling that for an evaporator or condenser 1 - g NTY



Thus we see from (7B) that the effect of heat leak is to modify the maximum possible
heat transer for the single phase fluid, and consequently, the net heat transfer to the single
phase fluid is increased.

Solving (7B) for actual net single phase heat tranfer and final single phase temperture
yields the following results:

Qactlga = ‘Scc I(Th + %) - Tcl I (8B)
Teo=¢ I(Th +%) —Ta I +Ty (9B)

Note: The above equation addresses what is happening with the single phase fluid in
computing a net single phase heat transfer. If one wishes to consider another Q term, one
can go back to the energy balance relationship (1B), with the sign conventions noted in
this analysis (positive Q in directions shown in the control volume diagram) and get:

Qeak * Qnx = CATe = Qactig

If the heat leak is in the opposite direction (heat leak out), then the sign of the heat leak
term is simply the opposite of that show in all the above derivations.

[I. COUNTERFLOW EXCHANGERS

A HOT SIDE MIN CAPACITY/ HEAT LEAK IN COLD SIDE
a) Physical description of problem:

temperature profile control volumes
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Notice that in the sketch for the cold fluid, the cold fluid energy out has ac-téiim, not
+. This is minus because | define the difference, or the differential on the infintesimal
scale, to be "section 2" - "section 1" . In the case for the cold fluid, to make the
differential "outlet" - "inlet" correspond correctly with "section 2" - "section 1", a
negative sign is required.

b) Energy balance

dT, dT
ChTh = &nx + ChTh + Chd—ph\ A CeTe + Meak + I = GeTe = G~ 2 OA
dT, dT
Ohy = _Chd_Ah\ A Ohx = ~Oeak ~ Ccd_pc\ A
Subbing in exchanger rate equation (3A) and leak rate equation (2A) gives:
U(Ty - Tc)d—CA = dT, (1) Qleak +Uc(:CTh ~To) ga= dT, )
—C, _

c) Subtract (2) from (1)

ot — a1, = 900 =To) , U0h = To) , Qeai lgp
-Gy G Ce

1 1

d(Th—Te) = |y

ok |
U(T, - Te) + ch:k |dA



d) Integrate this expression
T Te, d(Th — TC)
1 1

Cc Ch

A
= [dA
0

U(Ty = To) + sk

C

1 1 | _
—i__l a—a‘U(Th—Tc)| =A
G G T -

G -G
GG

Ch - Cc
GCh

Ch -G
cC,

Qeak +

C.

e
Uy~ Tep)|-In [ +

| |
In | ? U(Thl - Cl) | =UA
|

Qe [1- T~ Te)
In |

‘ Q’eak +

1 _Ce
G,

|

|

|: UA ‘1_&
U(Th ~Ta) ‘

Ql'eak +

1—% UTh2-Te2)  —nTU ’1—&
h _ c

Qeak + UMy —Ta)

L Ce
G,

e) Continue to manipulate by adding (-1) to each side

-NTU !l—&

(3

, C , C
_Qeak - ‘1_ac ‘U(Thl_ Tcl) + Qeak + l_ac ‘U(ThZ - Tc2)

~1+e

Q'eak +

1—% ‘U(Thl ~Ta)

‘1 —% ‘U [(Th2 —Te2) = (Thi - Tcl)] _NTU ’1_&
=-1+e «

Qeak +

C
1_ac ‘U(Thl _Tcl)

G
-NTU |1-=2
(T = Te) =(Tho = Ted) _;_ ' C,
% H(Th = Ter)
‘1——(: UA
C,

3




f) Recalling the energy balance:

th = Ch (Thl - Thz) (4a) th + Qleak = Cc (Tcl - TCZ) (4b)
Thus:
1 1
(The = Te) = (Th2 = Te2) = (The = Th2) = (Ter = Te2) = Quy c cl” Qé:k (5)
C
g) Substitute (5) into (3)
C.-C
Qhy (o h|_ Qeak _NTU 1—&
CcCh Cc C
0 =1-e ’
—ek — + (T~ Tey)
‘1—& UA
1| C. |
E |_th 1_a ~ Qeak —NTU’l—%
< 3 =1-e :
%ak +(Thy —Ter)
‘1——° UA
G
h) We want only inlet temperature terms in denominator, so use (4b) to elimigate T
1| |
- _QhX 1_& - Qeak ~NTU 1_&
Cc | C'n | -1-¢e C.
Qleak +To. T _h_Qleak
C hi c2 C Cc
1-=5 |UA ¢

1) Algebraicly simplify:



—Qhx [1- & ~ Qeak -NTU l—&
Ch C
=1-e :
| |
| o, |
k
Cc |Thl —Teot éa | —Qnx ~ Qleak
‘ 1-—=C|UA ‘
| —NTU‘l—& | : : | —NTu’l—& | —NTU’ S
Ce Cl|_ Qleak C. C.
Qhx a_e ‘_Cc|Thl Teot C. |:|-_e + Qeake
| ol
C,
| C | | | |
G, —NTU'lT: ) | | —NTU’l——“ C —NTU’l—“’
QO |1-="¢€ =Ch [T~ T2 # Qléak ||1-e C ‘-I_C_thake C
‘ 1-= UA‘ c
C,

Substitute in for @x using (4a)



| |
—NTu’l—& | —NTU’ e | |
h C, 1 cl_ Qeak
(Tha = Th2) 1—ae ‘aQeake = Ty —Teo + C. |l1-e
-— |UA
| G 1|
| C, —NTU’l—% | 1 -NTU ’1—%
(The ~ Th2) 1_ae ’ ‘_aQeake : —NTU’l——“
1-e ©
| | - C,
c | c. -NTUp-2
| || —NTU!l——h 1-She )
C
T = To2 + Qé:k | 1—%e : G
-—|UA
| G, 1]
1
(Thl_ThZ)_E | Q?k i
c NTU'l——“
Sel g
C. —NTU’l :
_ 1-e ¢
Th]_ _Tc2 + Qeak c:h —NTU!l——h
-=C|UA 1—€e ‘
h C
(The = Tho) + | Qeatd Gy |
NTU ’1——h
1- G e ¢ C,
G, —NTU!l—E
1-e ©
= <
Ty —Teo+ _ Qeax c, ~NT ’1—;
1-Le lua e C
G,

J. Recalling definition of hot and cold fluid inlets, and recognizing that the right hand side
of this equation is the effectiveness of a counterflow exchanger with the hot fluid being the
minimum capacity side:

C
(Th,in _Th,out) + | Qeak/ h c |
CC N‘I’U’l?h
1-=e : :
C, -NTU [1-=2
— 1_ e i —
= &cf
Thin— Tein + Qeak c. ~NTU !1——h
’ ’ Cc 1- h e
1~ |uA C.




B COLD SIDE MIN CAPACITY/ HEAT LEAK IN COLD SIDE

Still take heat leak into the cold side. Now take minimum capacity as cold side.

a) Physical description is unchanged
b) Energy balance equations (1) and (2) are unchanged

c) Integration is the same, but algebra grouping different

| Q'eak Cn B Cc
+

U(Tpo - T,
|nICC coC, (Thz c2)|_UA c,
Qéaka % U(Th1— Ter) ‘ Ce “
(o c>~h
r CC C
Qeak * 1-="U(The = Ta)  _nTU '1__c
Gy e c,
Qleak * 1‘0% U(Th2 —Te2)
d) Add (-1)
! CC CC
~Qeak = |1= = [U(Th2 = Te2) + Qeax + |1 = U (T = T) -NTU !1_&
G =-1+e G
C
Q'eak-l' 1-—= U(Th2 _Tc2)
h
1-Z U[(Th1 = Ter) = (Tha = Te2)] c
Ch hl cl h2 c2 —-NTU ’1_66 ’
S =-1+e h
Qeak * 1‘C—h U(Th2 = Te2)
CC
(Teg ~Teo) = (T = Tha) _ 4 _ NTU’l G, 3)
Qleak
T t(Tha = Te2)
‘1—& UA
G,
e) Recall Energy balance (same as in part A)
th = Ch (Thl - Th2) (4a) th + Qleak = Cc(Tcl - Tc2) (4b)

Thus:



1 1 Qeak
(Ter=Te2) (T = Th2) = Qu | = = ‘ +=22 (5)
C Cc X CC C:h CC
f) Sustitute (5) into (3) and then eliminatg,Zterm
th CE:C_C:CC + Q|éak _NTU 'l_&
h C C
=1l-e "
Qeat +(Th2 ~ Te2)
‘1—& UA
G,
1| C. |
a |an _C—h +Qeak| . —NTU’l_c
=l-e
Qleak + Th]_ _ Tc2 QhX
‘1—& UA h
G,
g) Algebraicly simplify:
C
Chx 1_ac + Qeak —NTU!l—&
=1- h
| |
| |
Cc |Thl — Tc2 + Qeak |_ Qrc\;(cc
‘ 1-Se UA‘ h
G
| ‘NTU‘l‘& | I I' —NTu’l-& |
Chx 1_%3 © +Qeak:Cc|Thl_Tc2+&|l_e &
‘ 1—a UA ‘
Qn + Qleak
X
-NTU |1—=
1- < e ’ h -NTU 'l—“
G, _1-e h
—NTu!l——c
1-Zee h
G,




h) Removing the @Qx term with the energy balance relationship (4b), recognizing on right

hand side the effectiveness of a simple counterflow exchanger, and clarifying in and out
oints...

| |
O 1 |
Tc out Tcm + eak | _l
’ C C_ -NTU 1—&)
|:|_——°e G ‘ -NTU [1-=¢
" G, _1-e o,
T _T Qeak C -NTU 1& o
hin c,in ‘ CC UA l _Ece Ch
C, "

C COLD SIDE MIN CAPACITY/ HEAT LEAK IN HOT SIDE

a) Physical description of problem: Same as before except now the heat leak is into the
warm side instead of the cold side.

b) Energy balance

dT,
ChTh+dJ|eak—51hx+CnTh+Chdh5°~ CcTe + Ay = Cc T Cc C5A
dTy dT,
Ohy ~ Deak = Cha A Ny = ~Ce dAc\ oA

Subbing in exchanger rate equation (3A ) and leak rate equation (2A) gives:

‘U (Th=To) - Qeak dA=dT, (1) U, —Te) dA=dT, (2)
-C, -C;

c) Subtract (2) from (1)

dT,, - dT, = IU(T_hC‘th) + U(Thcc‘ To) , Qe idA

d) Integrate this expression



Tha=Te2

d(T, - T) _ Td A
T = Tea i__l ‘U('IL _Tc) +%< 0
C. G C,
Tho = Te2
S Qs | L —i‘U(Th 1})| =A
1 1], 16 'l g
Cc Ch
Th1—Ta
| C |
|Q:eak+ Eh_l‘U(Thz_TczH UA C
In | CC hirs 1—€°
‘Q;ak-l_ Eh_l‘U(Thl_Tcl) ‘ ’ "
. C
Qeak + Eh _1‘U(Thl _Tcl) ~NTU 1—&
C — Ch
Qo+ 2 -1]u(T, - T
C.
e) Add (-1) to both sides and simplify:
CC
(Thg ~Tea) =(Tha=Tea) _4_o NTU’l !
Caneak +(Tha ~Te2)
— -1|UA
C
f) Recall energy balance:
th - Qeak = Ch(Thl - Th2) (4a) th = Cc(Tcl - Tcz)
Thus:
1
(Tea=Tea)~ (T ~Tog) = Qo - = |+ (9

g) Subbing (5) into (3) and eliminatinghp term gives:

()

(4b)



Ch—Cc |, Qeak
e e, kg
=1-e :
Q
c oAk — +(Thp — Teo)
— -1{UA
Ce
11 g, |
~ |th =1 +Qleak| —NTU’l—&
Ch Ce S 16 C,
Qleak +T _%_l_Qeak_T
hi c2
S _1lua G G
CC
g) Algebraicly simplify:
Cq
Qnx ‘a —1| + Qeak —NTU!l—&
=1-e G
| |
| |
Ch |Th1_Tc2 +& |_th + Qeak
‘ ——-1{UA ‘
C
| c || | | | c ||
G, —NTU‘l—EC | Quar | -NTU ’1_€C —NTU’l——C
Chx F_e =G |Thl_Tc2 +¢| 1-e " |~ Qeak® "
(o h
— -1{UA
| G 1™
C
C —NTUYl—Eh
E(;‘Qleake
Qu + '
-NTU|1—==
1_& e h —NTU'l—C
G, _1-e "
| N —NTU!l——C
| | 1-%e h
Cc |Thl - Tc2 + quak | Cn
| c
Ce

h) Substituting for @y, recalling definition of hot and cold fluid inlets, and recognizing
that the right hand side of this equation is the effectiveness of a counterflow exchanger
with the cold fluid being the minimum capacity side:



Qeak/C
(Tc,out_Tc,in) + | < CC |
NTU‘ZI.——h
&e Cc 1
CC ‘ —NTU’l——C
- = &cf
Thin = Tein + Qeak c ~NTU !1——6
G 1-Ge G
UA G,
CC

D HOT SIDE MIN CAPACITY/ HEAT LEAK IN HOT SIDE

a) Physical description: same as in l1IC
b) energy balance: same as in lIC
c) integration same as in IIC, but now group a little differently

Co G N
i IQeak+ a 11U(Ty, Tc2)|_ UA Cn_l‘
C C
‘Qeak"' ?h_l‘U(Thl_Tcl)‘ G 1Ce
C
Qleak * S _1‘U(Th2 —Te2) _NTU '1—&
G _ G,
. C
Qeak+ ?h_l‘U(Thl_Tcl)

C
d) Add (-1) to both sides and simplify:

G
-NTU |1-=2
(T = Te) =(Tho = Ted) _;_ ’ C.
q\QI¢ +(The = Ter)
UA

C

e) Recall energy balance (same as in 1IC):
th - Qeak = Ch(Thl - Thz) (4a) th = Cc(Tcl - Tcz)

Thus:

1 1
(The = Th2) = (Ter = Te2) = Qux

G C

_M5
Cn()

f) Subbing (5) into (3) and eliminatingch term gives:

3

(4b)



Qn Cc _ Ch _ Qeak
| CCy Cy

—Qleak +(The ~ Tea)

-NTU !1—_
=1l-e

ey |
‘ Qeeak | -NTU ’1%

+Th1‘%"rc2

G 4
i'
G, |
_ Qeax
G 4 Ce

g) Algebraicly simplify:
Qeak

C
-NTU '1——“
1-She C

C 1-e ¢

C —

Qhx —

| |
| | 1-=h
Qeak | Cc

Ch T~ T2 *
~h_g
| :

h) Substituting for @y, recalling definition of hot and cold fluid inlets, and recognizing
that the right hand side of this equation is the effectiveness of a counterflow exchanger

with the hot fluid being the minimum capacity side:
| |
| |

1
(Th,ln Th out) t— Qeak : +1|
h —NTU’l——h
‘1_&8 2 ‘ —NTU’l
Ce _1-e ©
Qeak - ! h o
Th T.. + -NTU |1-=
in c,in 1—&e )






