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Abstract

Inthisarticlewe study effectsof microbunch cooperative el ectromagnetic radiation in abend
on transverse beam dynamics. An overtaking radiativeinteraction between different parts of the
bunch resultsin three major forces variable along the bunch. Longitudinal force leadsto energy
loss and causes the bunch emittance growth in the bend due to the dispersion effect. Radia force
consists of logarithmically large “Taman” centrifugal force and smaller centripetal force. Due
to general radius-energy dependence in the bend, the “ Talman” force does not affect beam dy-
namics whilethe centripetal force leadsto projected emittance growth. Finaly, radial and verti-
cal focusing forceslead to trgjectory distortionswhich vary along the bunch. These cooperative
forces significantly affect the dynamics of short high-populated bunch in bends.

*present address: Phys. Dept., Univ. of Michigan, Ann Arbor, M1 48109
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1 Introduction

Several projectswith high chargemicrobunchesare currently under consideration. Examplesare
modern linac-based FEL s and damping rings and bunch compressorsfor futureLinear Colliders.
Thisarticledea swith effects of cooperativeforcesdueto synchrotron radiation of microbunches
in bends. Opposite to the well known collective effects in accelerators where the wake-fields
produced by head particles act on the particles behind, the cooperative radiation fields generated
at the tail of the bunch overtake its head if the bunch follows a curved trajectory.

Thelongitudinal effect of microbunch cooperativeradiativefield wasconsidered in Refs. [1,
2], and an overtakingtail-head interaction wasanalyzed. Thisinteractioninducesenergy spread
along the bunch. Apparently, this effect is accompanied by another unpleasant phenomenon —
excitation of the effective transverse horizontal (radial) emittance due to the radius-energy de-
pendence (dispersion) in the bend [1].

Besides that, there are transverse forces of the microbunch radiation. For instance, in acase
of coasting beam, the impact of radial “centrifugal space charge force” (CSCF, R.Taman, Ref.
[3]) was treated in the Ref.[4] and found to be compensated by the energy shift under the effect
of the Coulomb electric field.

This paper deals with transverse forcesin the microbunch. The below treatment is based on
the perturbative solution of the complete system of particle motion equations. The microbunch
collective electromagneticfieldsarederived under assumption of no shielding effect dueto metal -
lic beam pipe.

In this article we show, that:

—longitudinal overtake force dominatesin the radial disruption of the microbunch;

—the Talman's centrifugal force, itself, is extendible on the microbunch case;

—for relativigtic particles the centrifugal force effect on radial emittance is cancelled by the
energy shift under the effect of the Coulomb part of radial electric field, irrelatively to bending
magnetic field configuration;

—there is new radiative kind of radial force, with the same form as CSCF but with lower
magnitude (it has no logarithmic factor), with opposite sign, i.e.centripetal, but with no com-
pensating partner from the electric field (the residual of the centrifugal effect);

—there arethe gradient transverseradiation forces aff ecting the beam focusing with their own
wake functions.

The radiative effects grow rapidly when the bunch length decreases.

Besides thisintroduction, the article consists of four sections. Precise formulasfor the lon-
gitudinal and transverse particle motion are derived in Section 2. Using retarded potentials, in
Section 3 we find cooperative radiation forces and estimate their effect on the particles. In Sec-
tion 4 we present estimations of characteristic contributions of the cooperative radiation forces
to the increase of beam transverse emittances in the TESLA Test Facility Free Electron Laser
(TTF FEL) bunch compressors. Section 5 summarizes results.

2 Basic equations

Let us derive particle dynamics equations for arelativistic (4 = v/c¢ = 1) bunch that follows
curved trgjectory with radius R - see Fig.1. We use the following designations of coordinates:



x for radia, y for vertical (perpendicular to the bending plane O AB), = —aong trgjectory, s =
z — et isfor coordinate inside the moving bunch.

If a particle at the tail of the bunch radiates at the point A then the electromagnetic fields
can overtake another particle at the distance s ahead of the source particle, at the point B that
satisfies the following condition:
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s=uarc(AB)—|AB| = R0 —2Rsin(0/2) ~ v

S o<1, (1)
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Figure 1. Geometry of the retarding process

This condition determinesthreeimportant geometrical parameterswhich play important role
in the cooperative radiation interaction process [1]:

- overtaking angle § = 2(3s/R)'/3,

- overtaking distance L, = |AB| = 0R = 2(3sR?)'/3,

- characterigtic transverse distance r, = |DB| = L,0/2 = 2(9s*R)'/* - see Fig.1.

Under influence of the radiation forces the particle motion nearby an equilibrium trajectory
(for agiven energy £ and given momentum) can be described by the following equations [5]:

" /g/ F
vy tnyty' s =2 (2
g AE
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& = eEv/v., t'=(1+ Kz)/v.. 4

Here (') = d/dz, K(z) = 1/R istheequilibrium orbit curvature, n(z) is the external fo-
cusing quadrupolefield index, £, and £, are the Lorenz force components:

F=e(E+j3xB), (5)

and E, B are electric and magnetic fields, ¢ is the particles charge. Note, that parametric
dampingtermsof 3'&’, «’E" areimportant only if thereisan essential acceleration inthe external
RF-field, which is not our case.

To work out the perturbation of = and y motion under the effect of the microbunch field, we
transform Egs.(2,3) into equationsfor complex amplitudesC,, and C', accordingly to the standard
form of unperturbed motion [5]:

Y= C Ol =l e, ©)
AE AE
T = \Il?—I—(C;fl,—l—c.c.), = \I/'?—I—(C;f;—l—c.c.), @)

here f, , f, arethe complex solution (i.e. f = u; + tuy , whereu,, u are two independent
solutions) of equations

'+ (K?*=n)f, =0, fy +nf, =0, (8

with normalization f; > — c.c. = f, f> — c.c. = 2. The Floguet functions relate to beta-
functionsas |f..,|* = /3., and “Courant-Snyder invariant” ¢ relatesto C,. , ase,., = 2|C,.,|*.
The dispersion function V(=) satisfies the equation

U 4+ (K?—n)¥ = K. (9)
and can be calculated as
U(z) = Jo /Z feKdz + c.c. (10
2t ‘ ’
with the property
Wﬂ—@ﬁ:—/ﬁﬂ&z—ﬂﬁ (11)

From (6), (7) one can find the complex amplitudes asfunctionsof coordinates, vel ocities and
energy:

: / / : , , AE
200y =yfy =yt 2C.=cfi—a'fitn—7 (12)

These formulas represent the integrals of unperturbed motion, when £, = 0, £}, = 0, and
AE = const. Now, taking the time derivative of Egs. (12) we obtain:



20" = —f,(F,/€)(1 + Kz) (13)

21C! = —f(F/E)1 + Ka) +n&'/E. (14)
The second term in (14) takes into account the perturbation of = - oscillator with respect to
“an equilibrium position” « = W4E.
Our next step is to express the microbunch Lorenz force via the electromagnetic potential
(A,, A), according to general presentation
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E=-VA,—~—A,  B=VxA (15)
c Ot
We have to expand vector A and V in terms of co-moving frame:
= L P . e 0 .0 1 .0
A=Ay, +Ayey + Al V= exax + eyay + T ke eZaZ, (16)
with taking into account that
¢ =—Keé,, ¢ = Ké..
The microbunch current will not create the A, component. Then we have:
5, 0A
E, = ——A,, B, = == 17
0A, 10A, 1 04, O0A, K
Ey=-——2_--== = — — A, 1
Ox c Ot Vo l4+ Kz 0z Ox 1+ Kz (18)
DA, 10A, DA,
E,=— - === B =--= 19
dz ¢ Ot dy (19)
Thus,
5, v,
F,=—e—(A,— BA,) = ——, 20
av, dA, KA,
F““’__ax _ecdt —I_el—l—K:Jc’ (21)
and
. 0 dA
— =, Yo — —07 22
Sl TACR (22)
where the interaction Hamiltonianis V, = e(A, — S A.).
After the substitution of Eqgs.(20,21,22) into (13,14), we obtain:
2%EC, = —f, Ve _ eAl +eKA,| +n o _ eAll. (23)
oz cot

For further reduction, we reorganize the vector termsin (23) in the way as follows:

5



v,

2EC! = f, [ + ]&V] —e(nAo) + e(foAs) —efiAs + 77%‘/0 (24)

Introducing the displaced amplitudes

A foac 5
e g GO (29
and energy
E=E+cA,, (26)
then we derive the final equations:
o A n o
NEC! = pn + fx (1+ Kz)V, —eflA,, (27)
s, 10 oA 0
&= PN Vo(l + Ka), 20EC) = fya—yvo. (28)

Note, that substitution (25), (26) doesn’t change the - coordinate dependence on amplitudes
and energy. With respect to 2/, it is reduced to the simple canonic substitution ' 4+ ¢A,. /€.

3 Transverse microbunch radiative effects

To calculate the effective transverse forces and perturbation of amplitudes for microbunch in
compressor, we use the approach of [1] where it is assumed that the bunch length o, satisfies
conditions of a*“thin” bunch and absence of beampipe shielding:

O'J_\/O'J_/R<<O'5<<b b/R, (29)

where o istransverse bunch size and 6 is beam pipe size.
The electromagnetic potentials are given by the integrals as follows:

3
Aoz/ﬂp(rl,t—r) r=|F—r /e (30)

CT

e
A:/d rlﬂlp(r_{,t—T), (31)

CT

here p(7,t) isthe space charge density. The retarding distance ¢r for a constant bend radius R
can be presented in the form as follows (see Fig. 1):

1/2

|F—ﬂ|:(R+x)2+(1%+x1)2—2(R+x)(R+w1)cos%+(y—yl>2 . (3

where( = =z — 2.
Following Ref.[1], we may write the expansion:



& x+x1 (z —2)* + (y — )’
o e + 2

The subject of [1] wasto cal cul ate the parti cI eenergy change, therefore, theinteraction Hamil-
tonian Vp, wasfoundat « = 27 = 0, y = y; = 0. Inthispaper, we derive the effective transverse
forces with linear accuracy on = and y. Correspondingly, we have to calculate V4 with the sec-
ond order terms and also find the A,, component in linear approximation. Asin [1], we neglect
theintegration over ¢ < 0, small ultra-relativistic terms oc =2 and transverse dispersion of 7 in
denominator of the integrand in (30) and (31). Then we get

(33)

7 —r1| = €

z? 1o 1,.,a2* 0? &
Vo= Ne /zm[ B S Lyt 55@@&2]“5—@)7 (34)
e z 0 £3
Ax_/ﬁlugﬁ%b(s o) (35)

0
where A(s) = A(z — fet) isthe linear charge distribution along the orbit [ A(s)ds = 1. We
assume here that charge density p is an even function of x; and y; and ignore the small terms
of the order of ~ z%, y7. Thelinear term o x in (34) issimply integrated, whilethe last term is
reduced to be proportional to o« 9/dt by integration in parts, then we obtain final expression for
potential V,(x,y, z,1)

Vo= U()(1 + Ka) = Fo(s) + 50(s)(32 + o), (36)
where
2Ne? o dsy
U(s) = (31%2)1/3/0 A=) (37)
Fifs) = =222 (s) (39)
Ne? 0 >~ ds,
g(s) = W@/O @A(S — 1) (39)

Theradial vector potentia A, contributesin . with small termsof theorder of ~ (R%c,)'/?/ 3,
with respect to F(s) and ¢(s), and, therefore, they could be neglected in further consideration.
Then we have

GECL = - U(s) — FoFols) +3Lg(s)e (40)
2iEC! = fog(s)y (41)
- 0

Therefore, comparing with initial Egs.(13,14), one can see that
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1. 0U(s)/0s islongitudinal energy loss gradient originally foundin[1, 2],
2. Fy(s) iseffective centripetal radial force,

3. termswith g(s) describe focusing field distortionsin both transverse planes.

All these forces cause emittance growth.
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Figure 2: Transverse (solid line) and longitudinal (dashed line)

overtake functions Iy (s), [1(s) vs. coordinate s /o
along the Gaussian bunch.

For abunch with Gaussian linear charge density distribution A(s) = (1/v/270,)e™*"/2" the
energy loss gradient along the bunch is equal to [1]:
,, dE 2Ne?
g - @ - /_27'('(31[{20';1)1/3]0(8/0-5)7 (43)
wherethefunction Io(s/0) ispresented by dashed linein Fig.2. Asitisqualitatively under-
stood, the bunch head particles get some excess of energy while the tail and center part mostly

lose the energy.
Transverse forces within the Gaussian bunch are given by formulae:
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2Ne? 3Ne?

Fx(s) = R )‘(S) - x@(9R4U§)1/3]1(8/05)7 (44)
Ne?
FZ/(S) = _y@(9R4U§)1/3]1(8/05)7 (45)

where [, (s) isshown in Fig.2 by solid line.
One can see that particles at the head of the bunch are defocused by overtaking radiation
fields while other particles are focused.

3.1 “Talman force” - why it doesnot play arole.

Thepotential V, wefound containsall major effects of cooperative radiationimpact on thelongi-
tudinal and transverse motionin aconstant bend. Let usnotethat effectiveradial force —dV; /0«
isessentialy different fromtheinitial force F, in Eq.(21) —the differenceistheterm KA. /(1+
K=x). Infact, the later term dominatesin £, and it is the well known “Talman force” [3]. We
can deriveit directly from (31):

A = e/ Wp(ﬂ,t - 7). (46)

To caculate thisintegral we can apply the series of (33) —aswe did for calculation of V4 —
and we get:

/ dz dy df - (47)

where(? = (2 — 21)* + (y — y1)?. Evaluation of thlsmtegral under condition (29) gives us

212/3
A, ~ Ne)\(s)(ln (RUSQ)

(1+0./0,)), (48)

and consequently the centrifugal Talman forceis Frma, = ¢A./R.

Aswefound above, the effect of thisforce on the bunch particlesis cancelled by effect of the
particle energies deviation under the influence of the transverse el ectric field, and therefore does
not lead to the emittance growth. Similar cancellation effect in the particular case of a coasting
beam was found by E.PLee [4]. Now we can conclude that it isvalid for any relativistic bunch.

Nevertheless, thereis aresidual effect of centripetal force £, (38) which does not contain a
logarithmic factor but distorts particle motions. We should note that F, = 0 for coasting beam
(stationary ring current).

4 Example: TTF FEL bunch compressors

Let us apply the obtained results to the TESLA Test Facility Free Electron Laser [6], which re-
quiresthree bunch compressorsin order to shrink the bunch length down to 50 micronrmsval ue.
TheFEL bunch contains N=6.2-10” electronswith normalized transverse emittanceof ¢ =2 ym.



Table 1: Radiative Tail-Head Effects at the TTF FEL

Parameter CH2 CH#3 Units
I 144 516 MeV
R 13 13 m
Be 11 11 m
B 3.7 13.2 kG
o, 0.8—0.25 | 0.25—0.05 | mm
L, 0.32—0.22 [ 022—0.13| m
AFE 0.09 0.63 MeV
Aeygp 7 25 @m
B 0.22—0.73 | 0.73—365 | G
Ae, 2.2 12.5 ©m
frad 168— 24 87—6 m
Frt/Feo | 03—0.65 | 2.3—6.9

We compare the radiative longitudinal and transverse effects at the bunch compressors C#2
and C#3. —see Table 1. Vertical rows are marked as compressor number. Each 5-m long com-
pressor consists of four 50-cm-long bending magnets with vertical magnetic field B, which are
arranged accordingly tothescheme [+ B] — [dri ft] — [-B] — [drift] — [—B] — [drift] —
[+B].

Therelated parametersare: beam energy inthe compressor £, length of each of four magnets
L4, magnetic field B, curvature radius R in the magnets, horizontal beta-function 5,., and the
bunch length o, which decreases from the entrance to the exit of the compressor.

Then we compute the overtaking length L, = 2(3R%o,)"/? whichisfound to beless than the
magnet length L, and, therefore, the cooperative effects should take place. The estimated rms
value of the energy spread in the bunch A £ induced by longitudinal tail-head fieldsistaken from
Ref.[1] aswell as the corresponding rms emittance increase due to the dispersion in compressor
AédE.

The maximum centripetal field takes place at the center of the Gaussian bunch and can be
caculated as:

2Ne
BT = — . 49
¢ V27 Ro, (49)

As centripetal force depends on the position along the bunch, then it will induce the normal-
ized emittance growth of the order of:
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Ae. = Vﬂxez(%f&)zv
where §; ~ 0.38 rad is the bending angle in each magnet, and r.m.s. B. ~ 0.28 B7** for the
Gaussian bunch.

Transverse focusing forces due to cooperative radiation can be characterized by minimum
focusing length:

(50)

frad _ 7R4/30-§/3
T I3 N Ly
where 17"** ~ 1.3 isthe maximum value of the function /;(s) —see Fig.2.
1

For comparison, we also present the ratio of this focusing radiative force and the Coulomb
expansion force:

(51)

F;ad ,}/2]1max0.3 52
FOoul N 2R4/30'Z/3 ( )

Finally, Table 1 allows us to make following conclusionsfor TTF FEL:

1. the emittance growth due to both effects of longitudinal and transverse cooperative radi-
ation forcesis several times the design emittance of 2 um;

2. theemittance growth dueto transverseradiativeforcesissome 2-3 timeslessthan that due
to the longitudinal radiative effects;

3. focusing radiative forces are some 7 times the Coulomb expansion force at the exit of the
bunch compressor #3 and comparable with strength of the external focusing.

5 Conclusions

We have analyzed the microbunch cooperative synchrotron radiation in bend and found that it
essentially influences the microbunch dynamics. First of all, the longitudinal force redistributes
radiative energy losses along the bunch, so that head particles are somewhat accelerated by the
field radiated by tail particles. That effect can be described by longitudinal overtake-function
Wi(s):

2 1 0
T 31/3R2/3 41/3 9’
here 9/0s isan operator of derivative along thelongitudinal coordinate s (s = —oo corresponds
to the bunch tail). The energy lossis convolution of W, with linear charge density:

dg 2 5 ! ! ! !
— = Ne /_OO Wi(s — s)A(s)ds'. (54)

Therefore, the energy losses originate from derivative of the linear charge dengity, that is
characteristic feature of the effect. Aside of the energy spread along the bunch, the effect leads
to radial emittance increase due to dispersion.

Wols) = (53)
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The transverse radiative force consists of two components. The smaller term represents fo-
cusing forces which are produced by the back part of the bunch:

S

Flogy = =Boy)Ne [ Wi(s = $)A(s)ds, (55)

where transverse overtake-function W; (s) is equal to:

1 1 0
Note, that the radial focusing gradient isthree times the vertical one.
Finaly, thereisradia centripetal force F¢(s) = —2Ne*A(s)/R which is much bigger than
the focusing forcesand dependson local charge density A(s). Nevertheless, thisforce also orig-
inates from radiation of the particles behind:

Wl (S ) (56)

Fi(s) = = [ Wils = s)\(s)ds' (57)
with purely inductive centripetal overtake-function Wy (s):
. 20

The transverse forces aso cause the transverse emittance growth. We have found that the
combined effectsinthe TTF FEL bunch compressors can lead to many-foldincrease of theinitial
beam emittance.

Our results are applicable if the characteristic overtaking length L, = 2(30,k%)'/? isless
thanthebendlength L, = R6, andif thereisno shielding dueto metallicvacuum pipe(o2R)'/? <
b (for example, thelast conditionyieldso, < 2 mmfor £ ~ 2mand b ~ 2cm). Thorough stud-
ies of the beam pipe shielding are underway.
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