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Abstract 

A detaile<l study of the betatron stochastic cooling in tlw DPl>nnclwr 
1s presented. First, a. complete theonetica.l mocld iucluding tlw ernittance
de1>endent signa.l-to-noise ra.tio as \vell a.s ti111f'-depeudf'nt n1ixi11g is cou
strncted. Tlue emit.ta.nee measurements in the 0Plnmd1er are d<'scrilied aud 
it is showu that thP model is in excellent a.greenwnt with the ex1wrinwnL1l 
data .. The idea. of gain shaping is proposed and it is showu that tlw gaiu 
shaping would improve the cooling of the beam. Several proposals for fn
ture improvements a.re studiPd and appraised, in particular, gaiu sha.ping, 
ramped ·11, and cryogenic and "smart" pickups and kickers. Finally, t.lw de
mands which tlue Ma.in Injector will impose on the Ot>lnu1clwr are ana.lyz<ed 
arid a design of the beta.trou stochastic cooling syst.f'nl for tlie IVL:1i11 111.it'ct.or 

era. is outliwerl. 



1 Introduction 

Presently, the Ferrnila.b Anti proton Debuncher accepts 4 x 107 antiprotm" 
every 2.4 seconds and prepares them for injection into the Accnnrnlator fm 
stacking. Besides the hunch rotation, the stochastic cooling of the <rntiprn
ton beam is the essential part of this process. The initial nns emittance of 
the antiprotm1 beam injected from the target is approximately 7.5 7f mm 
mrad, while the emittance of the extracted beam is a.bont l 7f mm nnad. 
With the advent of Ma.in Injector, the number of a.ntiprotous inject.Pd into 
the Debuncher is expected to increase threefold, while at the same time the 
period betweeu injPctions should dtecrease to 1.5 sec. Since the cooling ratP 
is inversely proportional to tllf' number of partidPs in thP !warn, this will in
evitably lead to slowing down the rate at which the a.nt.iproton beam is cooled 
and in a.ddition allow less time for the cooling process. Ba.sPd upon tlwsP ob
servations au upgradte of the stochastic cooling systf'ms in the Dehnnclwr is 
necessary. 

In Section 2, tlw question of gain optimization in the pre.«•nt systPlll is 
examined and the notion of gain shaping introduced. A brief description 
of the nwa.surement results is given in Section :J. It is showu that tlws<> 
results a.re in excellent agreement with the theoretical mocld. lu SPctiou 
4, the theoretical model is further improved by including tlw pffect of time 
dependent mixing which is due to the momentum cooling in the D<"lrnuclwr. 
Next, a detailed discussion of gain shaping is taken up in Section ri. Iu 
Section 6, the betatron cooling system equipp<>cl with "smart"picknps all<l 
kickers whose gap is dPt..ermined by the <emit.ta.nee of the beam is st111lie<l. 
They offer a dramatic improvement of the performance of tlw system arnl 
will presumably hav<e to be implemented in the Ma.in Injector er;i. 

Sectiou 7 deals with the rlemands on the Delnmcher in the ~fain Injector 
era. It is shown that major upgrade of th<e cooling system will h.e uecessa.ry .. 
a.n(l 111a.in options for the upgrade a.rP cliscns::;ed. Fi11a1ly, an outline is giv(~u 
of what might be th" only possible design of tlw stochastic cooliug syst1,111 
for the Main lujector era.. 
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2 Which optimal gain? 
The process of betatron cooling is described by the differential eqnation 

de \V - = -g- (2 - g(M + U)) ,, 
dt N 

( l ) 

where W = };""" - f,,,;,, is the amplifier bandwidth, N is the n11mher of 
particles in the beam, g is the system gain, 1'v! is th<> mixing factor, arnl / r is 
the noise to signal ratio. 

The mixing fact.or is basically the number of turns a pa.rticl<' nf'ecls to 

make in order to leave the original sample. It is thus detenninecl hy tlw 
amplifier bandwidth, the moment.nm spread of thf' beam and the slip factor 
ry of the ma.chine, 

1'0.fo1/l(p) In ~ M = J.n .. , 
2r1WN ' 

( :! ) 

where 1/;(11) is the momentum distrib11tion of the particles, )'u the P1iergy of 

the central orbit, and .fo the revolution frequency. The n11mf'rical val1w of 

the mixing factor with £;i> = O.:J')'(, is a.bout 10. D1w to monwntmn cooling i11 ,, 
the Delnmcl1er, the momentnm spread is rP<lncPcl by a.bout a. fact.or of two 
during the cooling cycle. This time dependence of M is discussPd in S<'dion 
4. 

Since the signal is proportional to the emittance of tlw beam, while tlw 
noise is generated by the electronics hardware, it is convenient to writ<' tlw 
noise-to-signal ratio a.s 

/.! - fth 
- ' t 

( l) 

where the ''thermal emittance" Eth is a. hardware pa.re.met.er wl1ich represenl.s 
the thenna.l uois" of t.!w system. Eth is given by tlw fonnula 1 

2k(TF1 + T,,,,,,,)h 2 

't"= 12z zt· NP, ' oe . o·n 1i 1J 

( 4) 

where k is the Boltzmann constant., Tn and T,,,,,P the absolute t.empier;,t1n·es 
of the resist.ors am! tlw amplifier, h the pickup and kick<Cr gap, ti the pick11p 
and kicker sensitivity, Zo pickup and kicker characteristic impedancP, ' lite 
electron clrnrge, np t.lw irnmber of pickups and kickers, am! /1 tlw Vitim· of 

2 



(3 function at the position of picknps and kickers. Usua.lly, U is ta.kt•11 to lw 
constant, in which case the cooling rate is a.lso constant., 

l w 
- = g- (2 - g(l\1 + U)). 
T N 

In the Debuncher, however, the emittance cha11ges by an orclt,1 of rnag11it11dt· 
during the cooling cyde and U =const. is a. poor a.pproximat.io11. Bec<rn'<' of 
this, the optimal value of the gain cam10t be determin<"d from t.he crnefficie11ls 
of the differentia.l NJUa.tion (1) a.lone. R.a.ther, we have to solve the equation 
and stucly the en1it.tauce evo111t.io11 for fiuitt~ tin1e::1. As V..'f' shall st·t~, 1l11t· to 
the rapid change of emittance cl ming the cooling process, the noise tern1 '''' / r 
becomes thf' dominant. limiting factor toward t.he end oft.he cooling cycle. 

The differentia.I equation (1) can he solver! ana.lytically and t.he '<Jintion 
IS 

( t) ( ( t') !J ) n!1'.(2-•1M)(t'-t) + !I fl'= fn. - t/ f"N. . fJ. 
"' .,,,. 2-gl\1" :2-y!i1'" 

where t' is an arbit.ra.rily chosen time. Beca11se t(q, 0) = t(O, f) = '" it is 
convenient to choose t' = 0, i. t'. 

( I) ( 
!J . ) -9!1'.(2-,,M)t + !J (:'i) 

f[/,- = fo-2-g/i1ft/, C N • 2-y/ifft/•· 

The three dimensional plot f(!J, I) is showu in Fig. 1. The nwaniug of t.lw 
optima.! gain is now clt>ar: if the gain is too small th" time constant 

is large a.nd tlw cooling; is slow; if it is too large, t.lw asymptotic ,·a.liw of tlw 
e111itta11ce 

!I 
'= = 2 - gl\1 ft/, 

is la.rg<e, dPspitP tlw fact tha.1. thf' initial cooling rat<> may lw high. 
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FIGURE 1 1'Jip Pll1ittaurP as a f11IH·tio11 of g;.1iu n11d tinH·. 



In concl11sio11, the COITPd ddinition of the optimal ga.iu is: 

The opfimnl gain i.s tilf' gain which h:ruls to thr: mi11.imul oulu1 ofth1 1111il
tance of the rwl of the cooling eye/,_ 

The optimal gain clearly depends not only on hardware paranwt<'rs l111t 
a.lso on how long the cooling cycle is - for short cooling cycles w1~ should 
use a. larger gain, for long cooling cycles a smaller gain sho11ld lw llSt'<l. If 
the cooling cycle has a clma.tion t,, the optimal gain is tlw sol11tio11 of t lw 
equation 

ih(g,t,) 
--'~~ - [) 

{}g - . 

After so1ne algPbra, this eqna.t.iou hf'c.0111f'.s 

N(e91*-(z-yM) - 1) <u, = 1111,(l - gi\1)(2 - g!i1)(2 - gM - g fu, ), (fi) 
fo to 

wl1ere t-0 = t(O). For tlu~ prPsPnt valuf~S of the barclwart-' para.111<-'tt->rs aud t.ht' 
beam intensity, the optimal ga,in as a function of tlw duration of t.lw cooling 
cycle is showu in Fig. 2. 
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FIGURE 2 Tht-: optin1al roust.ant g<1i11 a.-.; a f11111tio11 nf t.l1e dtiratiou of t.lu· cooliu;; 

cyrle. 



In pract.ice, one dea.ls with power rather than with tlw gain. If tlw gain 
phase is less than :)D° throughout. th<' passbaud (and in pradic<> it is less tha11 
that), the power i;; approximately proportional t.o tlw square of tlw gain: 

. ' P = c!J , 

where C depemb both on hardware and lattice para.irnetPrs. Wit.Ii this, Eq. 
(5) becomes 

This expressioll c~a.11 h(-' dirPctly co111pared witl1 111ea.s11r~111P.11t.. 

(i 



3 Measurement Results 

Both transverse eI11itt.ar1ces \Vere 111Pa.sured:i a.t the end of thf' cooling cyrll' 
for a range of stochastic cooliug power levels. An e1nit.tancP 1r1easnre111Pnt 

was performed in the following way. The power in the desirted cooling syst<em 
was set aJ a given va.lu<e, the beam was inj<ect.P<I and the cooling was t11nwd 
off after 2.:l S<'Conds. The emittance wa.s then mea.sunecl by using tlw scraper 
(see Appendix). This procedure was repeated at a new value of th« power, 
while the power in the other system was kept at the coustant setting. Th<ese 
111easure1nents were <lone in l)ot.11 transver!'e cooling sy::-;te1ns at thf' intf'rvals 
of about 100 Watts from () to 1500 Vvatts. The res11lts <lr<' shown in Figs. :l 
and 4. 
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result, Eq. (7), with'"' and C as Ill Eqs. (8) and (lU). 

FIGURE 3 

7 



8 

7 

6 

5 

4 

:l 

2 

0 
0 :.oo 1000 1500 211011 

Vertical C:ooliug Po\v1~r (''Vat.ts) 
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kept at 1250 \rVat.ts throughout the 1nP;1snre111e11t The solid li11e is tl1e t,heon·tical l't':'\llt. 

E<t- (7), with'"' arnl C ;cs ill E<ts- (U) alld (10). 

From the emitt.a.nce mesnrements the values of <th and C: were dteriv<Ccl i>y 
fit.ting t.lw curve c(P) at t =2.3 seconds to tlw data .. For J\f the compntPcl 
value of 10 was US<,d. Thte best. fit is obtained fot 

ft1,(horizonta.l) = 72.2 7T mm mrnd, ( ~) 

ft11.(vertica.l) = 7.1.D iT 111111 111rad, ( 'l) 

and 
C: = 4.44 x rn" Wa.t.ts. ( j()) 

The corresponding cmves are shown with th<> data in Figs. :J and 4. Based 
upon the obsPrv<ed fit, we conclude that. the tlworet.ica.l modd, Eq. ( J ). is i11 
excellent agr<eement with the expPrimental data. 
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4 Time-Dependence of Mixing 

Due to 1110111entun1 cooling in tl1e Debuncher, th<=: 111011H-'1ttu1n sprf'ad is 
reduced by a.bout a factor of two during the cooling cyclte. Sincte the mixing 
factor M is inversely proportional to the moment.um spread, it increases 
by the same fact.or. How does this time depemlencte of mixing afft'Ct t.lw 
perform an etc of the cooling system? 

The cooling equation ( 1) now has to be replaced by 011<> with !11( I) = 
Mo(l + t ), where Mo= M(O) ,::; 10 is the constant va.lue we'"'"! befon, arnl 
t, the duration of t.he cooling cycle. The new equation is 

dt w ( t ft/, ) -
1 

= -g-
1 

2 - g(Jl.1o +Mo-+-. ) ' 
( .t ]\ t, ' 

( 11) 

It turns out tha.t. this equation, too, ca.u lie solved exact.ly, leadin.e; t.o the 
solution 

( I) - __ 2_-~g_Jl._1_u __ { (. g . ) -y~t(2-yM<>-7YAf<>.!_) + 'I. . } f g . - fu - fth (: r, flf1 • 

' -2-!JMu(l+t) 2-gMu 2-qMu 
(12) 

As expected, tlw <emit.ta.nee is going to he larger due to the larg<"r mixing 
factor. Tl1is effect is illustrated clearly in Fig. 5, in which the emitt.a11n"s fm 
the constant and t.im<e-dependent. mixing are comparf'cl for tlw typical valiws 
of the Delnrnclwr parameters. It is import.ant. to underst.anrl t.lw magnitude 
of the effoct of tinw dependent. mixing. At t.lw optimal gain, t.lw elllit.t.ann· 
with a constant mixing factor turns out. t.o lw l:l '1.1 smaller tba.n witli tll<' 
tin1e depend<'~Ht Oil('>. rfhis is the size off.ht~ iIIlproVelllf>llt that- C.illl he <"XJH-'Ctt-•d 

under a proposed scl1teme·3 in which the Debuncher lattice is ramped dmiug 
the cooling cycle such t.ha.t the mixing fact.or remains constant. (Note that 
tl1e change in ·11 can off:.;et a. cl1a.nge i11 Ti :.;uch that fl.1 rP111ains co11st«:1111., 

Eq.(2).) 
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5 Gain Shaping 

The optimal gain so far was defined as the optimal constant gai11. This 
gain is 1 l1owever, opti111a.l only in the average sense 1 siuce the cooling is po\\'<''l" 
limited at the beginning of the cycle and noise limited in the sPCOJ1<l half of 
the cycle. \Ve may try to vary the gain in time such that the cooling ml,. 
is maximized at every instant tl1roughout. the cycle. This is the idPil of yaiu 
shaping. 

The stochastic cooliug system with the gain shapiug ca.u lw nH>delbl 
in the following way. From the diffon>ntial equation (1) we sPe that. t.!w 
. t f , . I ,o, . . . j f. ins ,an .auf:o-u.s coo .111.9 ratt: -; at is 111ax11111ze< or ga.111 

f 

The opti1nal gain 1s a f11nctlon of the en1ittance a.ncl, as \Ve a11t.icip.a.t.t-'d. 

increases with the emittance. The diffrrent.ial eqna.tiou for t.l1P t.inw <'V<>lnl ion 
of the .emitta.nc.e with this optimal gaiu is 

( ft/,) tit w l M +- - = --11. 
' ' N 

This equation can be solved analytically, albeit only iu the implicit form 

M 1 
fu ft11 lll f'th n-+- = -t+
f f N tu 

( J:l) 

This, of course, can lw solved n11merically (sec> Fig. G), !mt. evn1 1rill1onl 
that \Ve can s<'~<· that th(~ e111itta11ct' is au ever derrea.si11g f11uct.io11 of tinH-·: 

Hle 2 

t=-----
Afe + c,,, 

which is 11.r:911tivr: for all times I. For loug cooliug t.iirnes the emit.t.ilun, go<'' 
to zero (and not t.o a finite value) 

tCN = 0 

as can be directly verified from (l :l). 
ThP en1itta.11cf' as a. functiou of t.irne i:-; 8ho\\'B iu Fig. (i aud t IH-' co1T('

sponding gain ~haping ill Fig. 7. 

j j 
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6 S111art Pickups and Kickers 

Pickup:-; aud kickPr:-; ca.11 be IllC1.de such that tll(•ir gci.p increa.sP.:-: or decr(-'a.s1·s 

proportiona.l to the beam size (i.e. t.o t.he square root of the <'mitt.ance). [11 

the Debuncher, this would increase the signal-to-noise ra.tio up to a factor of 
sPven - a dran1atic i1nproverr1ent, particularly rele:va.nt for the I\1a.in Iujf"cto1 

era, as \vill he discussed in Section 7. C~onsider a.11 t~xa1nple of <:t 1.ypic<i.l 

improvement. of the Delmncher perfonnance under tl1e JHO]JOS<"d sclwmce. If 
the present Delmncher W<"re equipped with smart pickups and kick<"rs .. " h11al 
emittance> of I rr mm mrnd could lw achieved with only :);,() v\latts per pla1w 
which is less tha11 a third of the present power, Fig. 8. 
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FIG URE 8 Fin<1l e1nitf.auce v.~·. gai11 plot. for the prPst-•nt Deln1ucher st.orhastir cooliug 

syst.ern equipped with srnart. pickups a.nd kickers. Thf' final en1it.t.n.H\PS of 1 ;r 1n1n nn;id 

ra11 hP. achit~ved with :ir.o VVat.ts pPr planP, h'f'S tl1a.n a. tliircl of t.!tt~ 1nt>se11t po\V!'l" (lT:-;t' 

gain-t.o-po"·er co11v1~n.:ion fro111 St>ct.ion :~.) 



By rnnning at 1500 \"latts, the emittawe would nead1 0.2 7r mm mrad <ti 

t.hc end of t.he 2.4 seconds cycle, Fig. !J. 
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FIG URE 9 Ti111e evolntiou of Prnitt.a11ce \Vit!t tht> prPSPnt Di,hllrt\her st.ncliast.ic n1oli11µ; 

systern P<Jl1ipp1~d \vit.h sn1art. pickups and kirkPrs ;:illd ru11 at th1· ro11st.ant. JHnYi-cr nf l :)()() 

Wat.1.s. 

Here it \V<:ts a.ssu11it~d tha.t the· n1otio11 of pickups a.ud kicl..;:ers fully con1pe11sci.t<'." 

the emittance dependt'nne oft.hie signal-to-noise ratio. In that cas<' tlw 1.,,rm 
tt1r/t in Eq. (1) is consta.11t a1H-l tl1e optin1al gain is a.lso constant. ()ne ca.u 
also envisage a. systen1 in \vhich th<~ needed con1pensatio11 is partly acliit>vt•d 

b.Y using tlH°' sn1a.rt pickups a.nd kick~rs and partly by using the ga.i11 shaping,. 
As will be point.Pd out in Sect.ion 8, the smart pickup aud kicker proposal will 
bte a strong candidate amclllgst tlw design possibilities in the lV!ain Iujt>dor 

era. 
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7 Debuncher in Main Injector Era 
As mentioned before, in the Main Injector era. there will be a tlueefold 

increase in the beam intensity in a 40'/f, shorter cooling cycle. It is intPrPsti11g 
to study the performance of the present. stochastic cooling system nnd<'r t.lw0<· 
new conditions. The time f'volut.ion of the emittance is shown in Fig. 111. 
As ca.11 bP SP.en clearly from the figure, the value of the emittance after J.01 

SeC011<ls is approxin1a.t.eJy four tin1es lil rger than p~r111issi blP. 
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The list of upgrade options indndes: 

1. Increase in cooling power. 
2. Ga.in shaping. 
3. Cooling of tlw nesistors to 20 deg. KP-lvin (gas<eous helium). 
4. Smart pickups arnl kickers. 
5. Increasing the bandwidth to 4-8 GHz. 

Any upgrade scheme will undonhtPdly consist of a combination of sevpr;i] 
of these. It is of interP.st tlwn'fol"f' to examine t.hP limits of Pach option. 

Hi 



1. Increase in cooling power 

The (horizontal) emittance at the end of the 1.5 seconcb cycl<' as a hrnc
tion of gain is shown in Fig. 11. The model also includes the time dqw11dt>11cr· 
of mixing (see Section 4). The optimal ga.in corresponds to (ij()[) Watts 1"" 
plane, achieving the emittance of 3 7f mm mra.d at the end of the cycle. 
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FIGURE 11 ThP liorizoutal t~1nit.t.allC1~ iu tilt' DPlntnchPr as a f1111rtio11 of g;1i11. Tiu' 
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2. Gain shaping 

The gain shaping would lower the <·mittance to 1.8 re mm mrad lnit lT· 

quires enormous peak power of 25 kilowatts p<>r pbne at the hq;inning of 
the cycle. The average power is 15 kilowatts. 
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3. Cooling the resistors 

Cooling the resistors to T = 20 "K (instead of present 80 °1\) will c!Pcrease 
Eth by a factm 

40 +so = 2 
40 + 20 ' 

cf. Eq. ( 4). The final emittance is reduced by only an insignificant amo1111t, 
as can be ste<'n in Fig. 14. If combined with increased power, tlw ernittann· 
can be further reduced to about. :3 7r mm mrad as shown in Fig. l!i. It tnrns 
out, however. that this improvement. is not sufficient for the Main lnjPc.t.or 
era, unless mw uses very high bandwidth (f:.g. 8~l(i GHz) amplifi<'rs. as 
discussed i11 Sect.ion 8. 
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4. Increase the bandwidth 
Doubling t.he ba.ndwidth to 4 GHz doubles the cooling ra.t<·. Tlw optim;i] 

constant. power turns out to be 4800 Watts p<er plan<', leading 1o 1lw <'mit.
tance of 1.5 ir mm mra.d, Fig. 16. 
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FIGURE 16 Emittance "'· gaiu wit.h W = 4 GHz. 
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5. Smart pickups and kickers 

Smart pickups and kickers offer dramatic improvement in achievable Pmit
tances. Actually, they are the only possibility if we do not contemplate exotic 
bandwidths. The resulting emittance ·11s. gain curve is given i11 Fig. 17. Th<" 
optimal power is about 25 kilowatts and the final emittiu1cP l.2 7r mm rnrad. 
Note that. by running a.t only 2000 Watt.s the emit.ta.net> is only hrgn by " 
fa.ct.or of L.5, Fig. 18. This ca.n PC1sil:y be reclucPd to l iT 111111 n1rad hy 11~i11g 

higher bandwidth as will he slwwn in Section 8. 

'"' ~ E 
E 
E 
:§ 

~ 
.E 
E 

"' .. 
c 
u; 

8 

7 

6 

5 

4 

' 
2 

0 ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

0 fUll 0.02 ().();\ 0.04 0.05 
Gain 

0.06 (J.07 0.0~ 0.0') II I 
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and kickt~fS. rf}u~ optirnaJ pO\Vt"f j:-; a.bout ;lf) kiJo\Vatt.s. 
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8 A Design for the Main Injector Era 
The present study suggests that the final emittance of the order of 1 TC 

mm mrad can only be achiteved with the bandwidtl1 increase accompani<e<l 
by a signal-to-noise enhanctement., such as smart pickups and kickers or cold 
resist.ors. It. is import.a.nt to point out that donbliug the barnlwidth to 4 
GHz effectively excln<les tlw optio11 of cold resistors as the re<1uire<l power 
is impractically high. Thf' Pmittance in this caste cannot he lowered to I 7f 

mm mrad with less than about GODO \\latts per plane, as slwwn i11 Fig. l'I. 
If one chooses a higher bandwidth, the possibility of using the cold resist.01.s 
becomes a.gain viable. Therd"ore, it appears that the smart pickups and 
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FIGURE 19 En1itta11cP v.'>. gain for ltl-1 
:::: 4 (~Hz and cold l'Psist.ors. '!'lit-> :-:111;1llP:-:t 

achiPvahlf' e1nittancP is 1 ;r nun 1nrad at po,Vt'T level of ()000 \\'att.s per pl<111t'. 

kickers remain as the only possibility if we do uot. wish to nsc liarnl wi<lt.l1s 
higher than 4-8 GHz a11<l power l1igher than ahont. :lOOO \Vat.ts iu e;iclt pla11<'. 
As a.n exa.n1ple 1 if the pickups and kickP.rs a.re coustr11ct1~d \Vit.h t.lie ga.p v<i.ry

ing bet.\-veen 1.1 a.ud :~ c.111 the ~yst.eu1 1vo11ld ha.vt_, a con~ta.nt. signa.l-to-Hoi:-;e 
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ratio throughout the cycle and the optima.I gain sha.p" would he coustant. 
The cakula.tion shows that warm pickups and kickers providP satisfactory 
perfonnauce, thus there is no need to build smart and cryogeuic pickups and 
kick<>rs which would be technologica.lly much mon' difficult to realize. Tlw 
out.line of a design of a viable system and its calculated performance ;ire givP11 
in the Table I and 1.llP corresponding emittance "-' 1 inw plot i11 Fig. 20. 

PARAMETER VALUE 
Amplifier bandwidth 4 GHz 

Maximal power 2800 Watts per plane 
Pickup/kicker gap variable 1.1-:l.O cm 

Pickup temperature 80 + 40 oI( 

Final emit.I.a.nee 1 7r 111111 111ra.d 

TABLE I Tltt_~ basic JHtran1eters of the het.at.ron cooli11g syst.PJll for tlie 1vlai11 Iujector 

era. 
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Appendix 

Measuring Transverse Emittance by Using Scrapers 

Considn the beam with a Gaussian distribution in phasP spilCt': 

(-. , ·') - L ,-(:r'.1+((1:r 1+n.r) 2 )/2(T:.! p .[,' J. - ' t . 
211a 2 

The rms f'1nitta11cf' of the !warn is dPfiiwd as f = rr1 
/ (1. How does Ollf' dP

tern1ine tlH~ r111s Pn1itta.ncP fro111 the scraper 111ea.surf'lllf'llf! .A.s t.lie scraper 

r11oves to\va.rd the center of t.l1f~ bea.n1, thf' outer layers <1.re ':pet·l<~<l off'' ;is 

shovvH i11 Fig. 21. "flu-· n1ea.sured bea.111 current is proport.iona.l t.o t li(-' 

:r:' 

;r:S( !'rlf•I r ./" 

fraction of the lwam iusi<le the ap<ertme ddined by tlw scraper positio11 :r·_, 

f= (j l / / .' -(oc2+(1fr'+n,)2)/lo' -- ( :r<.:r t· 
') 2 . 
_. 1f(T • ~lil{JSf> 



The fractional bea.111 curreut as a function of .Ts/ a is Hho\Vll in Fig. '2'2. This 
is t.o be compared wit.h a. t.ypica.l mea.'11r,,ment. shown in Fig. :n. 
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The goal is to obtain the rr of thee distrihntion as a function of :r, and f, 

;>;2 2 .• 5 
rr = -~-

2ln121 

The nns emittance is then 
Tl 

t' = --·~'~-
2(1111121 

This is the formula used in the mea.sur<>ment of emittance discussed in Section 
3. The proC'f'dure in thPse n1eas11re111P11ts consists of rf'a.cling ./" a.ud :r.~- fron1 

the data such as those in Fig. 23. Since the f3 function at the position of the 
scraper is kno\vn, the rn1s e111it.ta.nce ls obta.ine(l fro111 thf' a.hov(' expr<·ssioH. 
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