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Recent studies in the Tevatron have measured the tune
shift as a function of the displacement from a closed arbit.
The measured values of tune shift are much smaller than one
would expect from the measured distribution of the normal
octupole moments in the Tc—:-v&ttron.(l We have performed
tracking studies (using Tevlat) to see if, and under what
conditions, the observed results could be obtained.

The particle to be tracked was given an initial
displacement (xo, yo) and followed through the Tevatron
lattice for 4096 turns. The phase space coordinates (x,x’'),
(y.v’') we recorded as the particle passed the initial
location in the lattice. Thus, 4 sequences of values {xn},
Cxﬁ}, £yn}, £yﬁ} were recorded where n represents the turn
number. The sequences {xn} and {yn] were Fourier analyzed
to determine the tunes of the motion. These tunes are then
compared with the tune corresponding to zero initial
displacement (xo =¥q " 0). The tune shift is defined as
the tune with non-zero initial displacement minus the tune
with zero initial displacement.

In a simple model whgre there is no linear coupling it
is possible in a straight forward way to calculate the tune
shift due to any distribution of multiples in the lattice

(Appendix I). Because our interest lies in understanding
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the failure to observe the effect expected from the octupole
moments we consider only the octupole moments of the
dipoles. This is done to facilitate comparison of the
tracking results with the calculated tune shift. The
comparison is found in Table I and is gquite good; the
tracking reproduces the tune shift that one can ca.lr:v..tlalt:e.(2

We introduce couprling by including the skew gquadrupole
circuit RO into the tracking. The value of Ro can be varied
and the smear(3 calculated by tracking. The tune shift éan
be computed as a function of RO. Figure 2 shows the tune
shift as a function of RO when X, = 3 mm. The only non-
linear elements are the normal octupole components of the
dipoles. It is clear that the amplitude dependent tune
shift decreases ag the coupling increases. Figure 2 also
shows the tune shift as a function of smear.

In order to understand the tracking results we
construct a simple model (alsc described in Appendix I) in
which we include linear coupling so that ey and gy vary but
gy * By is constant. The result of this coupling is to
reduce the average value of Ey but more importantly to
introduce a contribution of Ey to the tune shift Voo Since
the distribﬁtion of octupole moments in the Tevatron is such
that the shift in Vo due to Ey and €y are comparable in
magnitude but opposite in sign a coupling such that <ev> is
comparable to (eH> can significantly reduce the coefficient

of the xz dependence of the tune shift. Numerical
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calculations of the size of the effect are compared with the
tracking calculations are found in Table II and are in fair
agreement., We therefore, conclude that linear coupling can
significantly reduce the coefficient of xo2 of the tune
shift. Therefore, it could be very useful in the
interpretation of the experimental data to measure the
linear coupling at the same time that the tune shift is

measured.(4

In Appendix I also a relation between the
strength of the coupling and the "smear" is calculated.

Appendix I

In this Appendix we calculate:
A. The dependence of the tune shift on the initial
coordinate of a particle in the presence of a

distribution of octupole moments in an

accelerator.
B. The effect of a linear coupling on the tune shift.
C. The "smear" as a function of the linear coupling.
A, Qur discussion is simply a rewriting of that of E.J.N.

HWilson in CERN 77-13 pp 111-138.
Consider the motion of a particle in an accelerator
with only linear elements and without coupling. It is well

known that the motion is given by
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Now we consider a kick au’ (au = 0)

AU z=0= Aa cos(f+5)—asm(P+§) ad
AV =fAr'= -AQ M(¢+{)—am(¢+5)é¢

Al = a s (P+7) Aﬂ |
cos (G +4)
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Next we assume that Au is generated by a normal

octupcle field
B, = Bot by (xP-3x4*)  ax'= ~B.2bs (xP-3xy’)
&py
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We next average a0, and Amy over many turns (i.e. over o¢) to

get the average A9 per turn.
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where Qg =$,€, ay:f,q,



We next sum over all the N magnets in the accelerator
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For the dipole magnets only used in the calculations

performed using Teviat we find

A=-6808 mt
B = - 4586 m !
C=- 4231 @t

Avx = - 2553 Ey + 3440 €y
vy = 3440 ey - 1587 ey I.7
HWe both start the tracking with x; = y; = 0 and Yy T

1.6776 x 1072, Y, = 1.6721 x 1072 n7t,

AV, = ~4283x" + 5751 3."
AV,= *57 Tox}- 2¢.54 a: t



B. To incorporate the effect of linear coupling we

recognize that €y and ey are no longer constants and we

write r
€v =€ (1-4 i 8)

* a .I
ev'-'- eugiwg I ©

z is a

where we are assuming that initially €ro 0. k
measure of the strength of the coupling and ® represents the
phase of the coupling between the x and y motion.

HWe substitute these expressions 1.10 into the equations
I.8 and find

4V, = [~2563 (1-4'528) + 3440l s4m8] €,

AV, = [3440 (1= A 5 0)= 15874 sun 0] €4,

AYy = [=2553+ 59934 s8] €y,

Avy = [34%0 -50274 18] 1o
averaging over © we get the results
AV = (~42.83+450.2T L' )X, T.1
(5770 ~84. 334 ) Xy
eHo Yox

C. We use a modified definition of the smear from that
defined by the SSC Aperture Working Group. Our definition

follows with the smear dencted by R.

gx 3/53=-/€ (WA"JL'-‘ *I'v-u. n O c.a-—u.)
hed aEPV(BuXtQ“"xﬂxx'ﬁ‘X')’/‘: J_n?
L= f’ (5.3'3 + ey /‘33 /U) J-7
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We track the particle for many turns and at the end of

turns i compute ay and bi'
Then when we have completed the tracking
- . —— h L
e, To = ot -&  and E) U; are calculated from the

individual Q. o bl.
R= \l T+ T,

1
ENS

For a linear system without coupling R=0. HWith linear

coupling

a’iﬁeuof'-ﬂ‘sm‘ﬁ
b= j/g €ve 11 Sm' &
Averaging over ©
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Substituting I.12 into I.11 we find
AV = [-492.83+ 53075 R [ xa
avy: [ 5770 -8%0.35¢ ],

FOOTNOTES
1. Memo of Sho Ohnuma (January 16, 1986) to Rol Johnson
2. If we include in the tracking the contribution of the
octupole moments of the quadrupoles they increase the
tune shift by ~18%.
The skew quadrupole moments of the magnets is next
included in the tracking while the skew quadrupole
circuit (whose strength 1s given by RO in ampsg) is
ad justed to minimize the smearB. The tune gshift as a
function of X, (the initial displacement of the

particle, Yo = 0.0) shows an x2 dependence (Fig. 1)
*
AV, T CX

and that C has the same value it had before the
introduction of the skew gquadrupole components of the
magnets. We therefore, conclude that when the skew
quadrupole current is adjusted to minimize the smear
that the distribution of skew quadrupole moments in the
lattice does not effect the x2 dependence of the tune
shift,

3. The smear is defined in the report of the Aperture

Workshop Group (1985) of the 3SC Central Design Group.
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Qur method of estimating the smear is to compute after

each turn in the tracking the following two quantities

‘ - ) 7
QL:J X, + (ﬁxxcﬁ-c*x&\
— ey

L

Auzj ‘e ({37%1 *%j%j

! ki

Where X; ¥y X3 » ¥, are the phase space coordinates

of the particle after tracking for i turns. Bx’ B., o,

Y X

my are the values of the lattice functions at the point

at which we start the tracking and at which we

calculate ai and bi'

From the sequences {ai}, (bi} we calculate a, b, o and

Ob.

The smear is then estimated by

i et g

R =jm“+:ﬁ,"

TrTm———— !

2
\ + 4

The original motivation for these calculations were
measurements of the amplitude dependence of the tune

shift. The data are collected in Table III and plotted
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in Figure 3. The preceding calculation and discussion,
based as they are, on a simplified model of the
Tevatron do not quantitatively confront the
experimental data. Accordingly Tevlat was run with all
the multipole moments included, using the MTF values
measured at 2000 A which corresponds to the 400 GeV
energy at which the data were taken. The current in
the skew quadrupole circuit was adjusted to given
" minimum smear and the particle was tracked from E17.
The value of the tune shift avx resulting from the

3

tracking in Tevlat is av, -4.38x10"

for an initial

H

amplitude of 5.4 mm. The measured value is Avxm =
+7%10°+10"%.  The agreement is obviously very poor.
If the skew quadrupole current is deliberately moved
away from its optimum value so that the smear is ~0.3
we find from the tracking for x_ = 5.4 mm Av_ = _ax10”?
which is in approximate agreement with the measurement.
I therefore would conclude that if the actual smear was
small (i.e. small linear coupling) when the measurments
were made then the current model of the Tevatron (which
means Tevlat plus the MIF data) is unable to explain
the measurements., On the other hand if the smear was

in fact large then the measurements may be in agreement

with the Tevlat calculations.
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TABLE I Comparison of the Calculated Tune Shift
with the Tracking Results - No Linear Coupling

xo(mm) Avx(tracking)x104 Avx(calculated) X 104 %diff

2 -1.725 -1,713 .7
4 -6.896 -6.853 .6
6 -15.515 -15.419 .6
8 -27.568 - -27.411 .6

TABLE II Compariscn of the Calculated Tune Shift
with the Tracking Results - Linear Coupling
Model X, = 3 mm

R(smear)x Avx(tracking)x104 A\)x(model)xlo4 diff

0 -3.88 -3.85 .7
4.55%107 2 ~3.71 -3.76 1.3
9.27x10™ 2 -3.20 -3.44 6.3
1.43x10° 1 -2.43 -2.87 15.3
2.02x1071 -1.52 ~1.90 25.

TABLE III
kick {mm) Vi Vo
0 0 0.36146 0.46292
2 3.2 0.36150 0.46293
3 5.4 0.36153 0.46300

4 7.4 0.36158 0.46290
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