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I. INTRODUCTION
An experiment was carried out by Jim Crisp1 to
observe microwave signals of the bunched beam in the
Fermilab Main Ring. The purpose of this paper is tec analyze

the experiment and attempt a computation of the longitudinal
impedance per unit harmonic Z/n of the Main Ring. The
result of the analysis indicates Z/n = 8.6 {1 if the driving
impedance is a broad band at fyyw = 1.646 GHz. However, if
the driving impedance is a high-Q resonance at 1.646 GHz
with RMS width less than ~0.13 GHz (or Q 3 50), Zgh/Q of the
resonance is 5.2 kil.

In Section II, the experiment is briefly reviewed.
In Section III, we demonstrate that the proton bunches are
of Gaussian shape. In Section IV, the time at which the
microwave amplitude starts to grow is determined. We find
that this occurs when two adjacent bunches overlap each
other. A stability criterion is derived for the overlapped
bunches in Section V. Then Z/n and 7ZgL/Q are computed.
Finally in Section VI, the source of the driving impedance

is traced and some discussions presented.



II. THE EXPERIMENT

The method of debunching? is used in the
experiment to generate microwave signals. Nine bunches each
of intensity N = 0.636x1010 protons were accelerated te 150
GeV. Each bunch had a bunch area (95%) of 0.231 eV-sec

1113 RF bucket with RF voltage equal to

sitting in a h
1.079 MYV. The RF voltage was turned off suddenly. The
bunches tended to shear. As the energy spread became
smaller and smaller, Landau damping failed and microwave
signals started to grow.

A coaxial directional ccupler designed by Jim
Griffin3 was used to pick up the microwave signals. The
detector consists of two concentric pipes a quarter
wavelength long having a characteristic impedance of 12.5
ohms. Each end has four symmetrically spaced 50 ohm ports.
The signals were transported from the enclosure via a 177
nsec long 7/8" heliax cable. A spectrum analyzer in zero-
span mode was used to monitor the amplitude of the 31st
harmonic of the h = 1113 RF frequency (fyw = 1.646 GHz).
Zero-span mode basically plots the amplitude of the signal
that passes through an equivalent filter with the center
frequency and bandwidth specified. The peak detector was
not used because it has the disadvantage that the signal

must overcome the diocde forward voltage drop before it can



be detected, whereas the spectrum analyzer has a linear
response to small signals and a logarithmic scale. The
photos in Figure 1 compare the displays of the spectrum
analyzer and peak detector for a typical run. The diode
detector indicates a time of 60 msec feor the onset of the
microwave growth but the analyzer shows a clear minimum at
about 30 msec.
ITIT. BUNCH SHAPE

Figure 2 shows the bunch shape in the last few
turns before the RF voltage was turned off. A typical bunch
shape is selected and is fitted by a2 Gaussian curve with RMS
time spread 3¢ and also a parabolic curve with maximum half
spread 4. The results are: for Gaussian, 37 = 0.635 ns with
ERROR = 0.0035 and, for parabolic 7 = 1.278 ns with ERROR =

0.0299. Here, the error of each fitting is determined by

_frj;hO"fkﬁQJﬁdr

ERROR =
J fE('c) dz

(3.1)

where fp and fg represent the fitted and experimental bunch
shapes respectively. The fittings are displayed in Figure
3. The frequency response of the detector to a 30 psec
electron bunch is shown in Figure 4. We see that the
response is relatively flat and rolls off after 2 GHz. We

believe that the bunch shape would not be distorted very



much by the detector. The result of the fittings shows
clearly that the bunch is relatively Gaussian in shape with
RMS spread 37 = 0.635 ns. The RF voltage was 1.074 MV.
This leads to a RMS energy spread of SE = 0.0192 GeV and an
emittance of 6%37&E = 0.230 eV-sec.

IV. DETERMINATION OF STARTING TIME OF MICROWAVE GROWTH

It is tempting to identify the start of microwave

instability to be tg, ~30 msec when the microwave amplitude
in Figure 1(a) reaches a minimum. In fact, the growth may
start well before that time. Since ocur bunch is Gaussian in
shape, a dispersion relation at time t = t,(1+x) after the
RF is turned off can be written in the closed form (see

derivation in Appendix 1),
. . *
{ +ca(l+x)[/—¢'/;uw@.)]= o, (4.1)
where w(u) is the complex error function,

w = AL (4.2)

and

a = %%ZEE%E?E%E . (4.3)



In above, Afl is the coherent frequency shift (Im(AQ)>0
implies a growth), ¢, the RMS revolution frequency spread of
the bunch at time t = tg5(1+x), 3T and gE the RMS time and
energy spreads before the RF is turned off, e the electric
charge of the proton, N the number of protons per bunch, and
Z/n the longitudinal impedance per harmonic driving the
growth. At the thresheld, x = 0, solution of Eq. (4.1)
gives Re(u) = 0.92414 and Im(u) = 0. Thus a = 1.4341.
Therefore from Eq. (4.3), Z/n can be evaluated once tg is
known .

Solving Eq. (4.1) numerically, the power growth of

the amplitude from A(tg) to A(to(l+x)) can be written as

A Alto 14 %) 2

(4.4)

I

2T by 0 Fx)

where wyw/27 is the microwave frequency and

I+ X

F[X) = f Im(&) dx }) (4.5)

which is plotted in Figure 5. We see that F(x) has a
turning peint at x = 2.25 where its slope 0.2194 is at a

maximum and varies very slowly. In Figure 1(a), we see that



the power growth has a maxigum slope of ~0.154 msec~l at ~65
msec after start of debunching. This implies that tg
~65/(1+2.25) = 20.0 msec. However, the slope at 20.0 msec
is ~-0.052 msec~l. Thus the maximum slope should have been
~0.206 msec™l instead. With wyy/27 = 1.646 GHz and 37 =
0.635 nsec, Egs. (4.4) and (4.5) give a theoretical maximum
slope of 4.075/t, = 0.204 msec™! with t, = 20 msec. Because
of such a nice agreement, we take ty ~20 msec. With gE =
0.0192 CGeV and N = 0.636x1010, we obtain Z/n = 8.63 0
through Eq. (4.3).
V. OVERLAPPING

If we regard the half length of the bunch as vBo,,
from Figure 6 and Eq. (A.2) in Appendix A, two adjacent

bunches start touching each other when

¢ = /0.7 msec (5.1)

_ r
N e (V€3 /€)

after the RF is turned off. In above, wrp/27 is the RF
frequency (~53.1 MHz). The growth of the microwave
amplitude begins when t, %20 msec or when two adjacent
bunches completely overlap each other. As overlap occurs,
one may expect the bunch becomes more stable because the
energy spread Of which is small before overlap suddenly

. . A
increases to the order of magnitude Of, the value before



debunching. 0On the other hand, the overlapped bunches have
a higher local peak current which therefore makes the bunch
less stable. This problem is examined in detail in Appendix

B, where we find that, as long as

0z |2 .
E
— << (5.2)
(AE) Lo
where AE is the energy difference between the overlapped

bunches at some position, the stability criterion is still

governed by og; i.e.,

Z < (1434) ”'7(’%)/"") (5.3)

with I, equal to the larger of the local peak currents of
one of the bunches. As shown in Appendix A, the sheared
bunch remains Gaussian, the peak current still occurs at the
center of the bunch. In other words, the stability
condition is exactly the same as that of a single bunch.

The threshold curve is plotted in the stability
diagram in Figure 6(a). As Re(Afl/n) increases from -® to

+©, the curve wraps around the origin twice (for two

overlapped bunches). The threshold of Eq. (5.2) corresponds

to point B where the driving impedance is real. Point C

corresponds to Eq. (5.3) with the factor 1.434 reduced to



unity. This is the situation when Z/n is capacitive (above
transition) and Re(Afl/n) ~ 2 half of the difference in
revolution frequencies of the two overlapped bunches%.

Point A is when Re(Afl/n) ~ O and Z/n inductive4. This point
actually corresponds to the AE, the difference in energies
of the two bunches, and is (AE/QJEUE)z away from the origin
relative to peint C. The threshold curve for cone bunch is
plotted in Figure 6(b) for comparison. Note that the
positions of point B and C in two threshold curves are very
nearly the same, although for one bunch, point C corresponds
to Re(A{l/n) = O instead. Usually point C is selected in a
stability criterion, (sometimes point B if Z/n is definitely
real). Therefore, for overlapped bunches, we have exactly
the same criterion with I equal to the peak current of just
one bunch.

For our experiment,

Iz I
-z £ = .03
4F VikA 4
independent of time once overlap occurs. In above AT = 9.4

nsec is the length of the half stationary bucket. Thus the
condition (5.2) is satisfied and the stability criterion
(6.3) is valid. So the broad band impedance driving the

growth at 1.646 GHz is still Z/n = 8.63 (1.



When the driving impedance exists as a2 high-Q
resonance narrower than the spectrum spread of a bunch, the
bunch will see only an effective impedance, the Z that
appears in Eq. (5.3), depending on the length of the bunch.
When the microwave signal starts to grow, the RMS bunch

length is

a = % 7./8 msec. (5.4)

Thus, the high-Q resonance that we are talking about has a

quality factor

W W OF
—_— 5.5
Rz G w47 (5.5)
For a narrow resonance, a more meaningful parameter to quote
is Zgh/Q which is independent of the bunch length. For the

growth to beat Landau damping, we must have®

%ﬂ 2 (r434) %{Q[ﬁgz,

where Ipyv is the average current of one bunch and the factor
1.434 comes about because the shunt impedance Zgh is real.
The experimental results indicate a narrow resonance of

Zgh/Q = 6.37 kii at 1.646 GHz in the Main Ring.
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VI. DISCUSSIONS

(1) The longitudinal impedance per harmonic Z/n of the Main
Ring has been estimated®. There does not appear to be any
broad band around and above 1 GHz with Z/n = 8.6 1. Thus,
the driving impedance of the growth in this experiment must
come from some narrow resonances. There are quite a lot of
narrow resconances in the 1.6 GHz region. These include the
resonances of the bellows and beam monitors. For example,
there is a bellow resonance of Zg,/Q ~2.4 kil at 1.6 GHz
according to the crude estimation of Reference 6, and also a
monitor resonance of Zgh/Q ~6.4 kil at 1.28 GHz. Also the
pickup of this experiment has a peak response at ~1.5 GHz.
All these can be the source of the driving force.

(2) There are things in the experiment that we do not
understand. As scon as the RF is turned off, the amplitude
should drop exponentially. However, we can see an increase
from the exponential right from the start according to
Figure 1(a). But we do not believe microwave instability
starts immediately as the RF is turned off. Alsoc, the
microwave amplitude grows to a maximum value roughly equal
to that before the RF is turned off. This is another
mystery that we cannot explain. As a result, we should not
believe so much in ty ~ 20 msec, the time when the growth

begins. It appears that this time is definitely less than
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30 msec; but it is possible that it is something in between.
A change in tg will affect the value of Z/n or ZghL/Q
computed in Sections IV and V.
APPENDIX A

In the longitudinal phase space, if we let x represent
the time T relative to a synchronized particle and y =
AE&T/EE the normalized energy spread, the contour enclosing
95% of the bunch becomes a circle. At time t, this circle
becomes a elongated cigar as shown in Figure 7. Any
particle with energy y will be ahead of the synchronized

particle by an extra

A0 40z
A'Z,’ = e ~ f > .
Akd 7t iE (A1)

where wg/27 is the reveolution frequency. The shear angle €

is therefore

£4
colr = ._?_. = LA .
& T 76‘;5 (A.2)

Thus every point at x becomes x-y/cotf, and the distribution

in phase space is

Foogydudy = L exp - [yleofo)s 47] fadsfdudy, 0.3)

which can be written as
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f(x,y)d[xd{j = ﬁ__"’;‘ﬁ?‘;" .up[: (y-xwﬂsd.é)%eo%‘cos?] " (A.4)

Cosé
o et — - 2 2 42‘.
G o exp [-x%eosie/2c; ] drdy .
We see that the sheared bunch remains Gaussian. The

instantaneocus RMS energy spread and bunch length can be read

off from Eq. (A.4):

Of = 04; eosé (A.5)
03 = & feosé (A.6)

We note that when instability begins or t = to5 ~20 msec, Eq.
(A.2) gives cotf ~0.089 or & very near to 7/2. As a result,
in Egs. (A.5) and (A.B), cosf can be replaced by cotf.

The coherent shift in microwave frequency Afl at time t

is given by the dispersion relation
i/
- () [ L a.

where

- W20z
Floy = 4 o 7% (A.8)

T 05
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is the revolution frequency distribution of the bunch
derived from Eq. (A.4) with the RMS frequency spread given

by

= 4o
0, = “BE (A.9)
By equating F(w) to a 6-function, it is clear that Allg is
the frequency shift without Landau damping. It is related
to the driving impedance Z/n by

(A.10)

7

()" - < gk &

where I, = eN/V2%o,+ is the peak current of the bunch and g

the velocity relative to that of light. Putting

« = 42 (A.11)

The dispersion relation (A.7) can be simplified to

[ = )f Cl) 4, (A.12)

with

i
Bk

-2
Glz) = 7 2e . (A.13)
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At time t = to(1+x), the integral in Eq. (A.12) can be
carried ocut in terms of the complex error function w(u),

giving
/ = -eial(/-l-x)[jn'—(.'q/‘f_r',a,lfv""@x,)]J (A.14)

where

2
a A.Qa) _Z elW"a (A.15)

P00ttt T 7 (am)VR6r;

Use has been made of Egs. (A.2), (A.B), (A.6) and (A.9).
When x<<1 or a short time after the growth has started, the

integrated growth F(x) defined in Eq. (4.5) is
- X_7T.
Fix) = (0-5‘/8/)[&(/”) f+x] (A.16)

However, the maximum slope of F(x) occurs at a point where x

is not small. Thus, exact numerical solution of Eq. (A.14)
is necessary. The exact F(x) is plotted in Figure 5.
APPENDIX B

We start from the dispersion relation (A.7)

[ = - (dga)zfdﬂ/‘fﬁ’i) deJ . (B.1)

The current IT in
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40,)* _ - enw?l
G- cgek g ®.5
is
I, = I, + I, (B.3)

the sum of the local currents of the first and second
bunches at some location in the overlap. There, the

revolution frequency distribution is

e -t Vo e 2 B ARRY L Y
e (w 1)/20; s e / w2 ]

2

ol

L) = =—t— B.4
Flw) = =0 |9, ; (B.4)
where wy and w9 are respectively the mean deviations of
revolution frequencies of the bunches from that of the
synchronized particle. Here, we consider w1<0 amd w9>0, so
that the mean difference in revolution frequencies is Aw =

wo+|wy|. We also assume
24205 )2
(2Z5)" « 1 - (B.5)

The parameters

(B.8)
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represent the fractional contributions of the bunches and
F{w) is clearly normalized to unity.
Let us consider the case when Z/n is imaginary; i.e.,

(Alg/n)2 is real. Then, the thresholds are given by

_ Asz___F_’(a&
| = '(0£)¢)AQ@,M POy (B.7)

where A{l/n are the zeros of F’(w). From Figure 7, we see
that there are three zeros: (All/n)q1 ~w1, (Al/n)go ~ws and
(A1/n)3 in between. With (Afi/n)1, say, the integral in Eq.
(B.7) receives contribution nearly entirely from the bunch
at w; because of Eq. (B.5). Thus, the threshold criterion
derived from this zero should correspond to the bunch at wj
only and is therefore determined by oy (or o). The
principal value of the integral is positive and therefore
(Aﬂo/n)z is negative corresponding to point C of the
threshold curve of Figure 6. In the same manner, the zero
(AQ/n) o ~wo will lead to contribution mostly from the bunch
at wg. Therefore, this also corresponds to peint C. As for
the third zero, the principal value of the integral is
negative. Since (Afl/n)3 is far away from both bunches, this
principal value is small also. If we let ay = ag = 1/2 and
lwy] = wg, (AM/n)3 = O, then (Aflo/n)2 ~ (Aw)2/4 which

corresponds to point A in Figure 6. All the above
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discussions hold for any frequency distribution for F{(w)
with two narrow but widely separated humps.

If we take the Gaussian distribution of Eq. (B.4)
seriously, the threshold curve can be soclved exactly. From

Eg. (B.1) at threshold, we get

(8)" = L, [ 1+ cavmamwte) - afrawiaw)] @
W

where
_ 40w,
L VEag 200
(B.10)
w, - 42w
Y2Inom V20
and w(u) is the complex error function. At uy = O,
2 ()”“a’-
- 20w
{-45112-*9 = - [1 24, Aue 2% e (B.11)
When (AN/vZ0y,)2 >>1, this becomes
AQ) — I O*-?
() =~ { 1=« Lo+ ()]
(B.12)

A, Mz
g:).z (AB)J

|

Similarly, at ug = O
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For the third zero, taking a1 = ag,

(1_1;%)-2 - @%)2 . (B.14)

The threshecld criterions of Eq. (B.12) and (B.13) are
obviously more stringent than that of Eq. (B.14). Taking
Eq. (B.12) and neglecting the (Aw)~2 term, we get using Eq.

(B.2),
. 2 2
¢ %7:;’:5[ -2 (B-18)

Noting the definitions of I and @7 in Egs. (B.3) and (B.8)
and also the relation between oy, and o in Eq. (A.9), we

arrive at

A Mzr,cf/eg{%2’ (B.16)

3

which is just the threshold condition for the first bunch
since the local current Iy for the first bunch appears in
the formula. Using Eq. (B.13), we get exactly the same
threshold as Eq. (B.16) with the only exception that Io

appears instead of I;. Because according to Eq. (A.3) the
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sheared bunch remains Gaussian both in time spread and

energy spread, the peak local current is again at the center

of the bunch. Thus, in Eq. (B.16) for the limit of Z/n, we
should put I = eN/v270,. In other words, the threshold
criterion for overlapped bunches is exactly the same as that
for a single non-overlapping bunch. A typical threshold
curve for two overlapped bunches with ay = ag, |w1| = wo and

(wl/Jﬁdw)z = 10 is computed according to Eq. (B.9) and is

plotted in Figure 7(a). We see that, near the origin, the

threshold curve is nearly identical to the one for a single
bunch plotted aleongside in Figure 7(b). This is because the
contribution to the first curve in that region comes mostly

from only one bunch as is indicated in Eq. (B.12).
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This criterion can be proved easily if the resonance is
assumed to be a &-function without any imaginary part.
However, causality will be vioclated.
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(a) Zero span mode 10 MHz bandwidth analyzer.
Scales are 5db/div and 20ms/div.
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(b) Diode detector. Scales are 2V/div and 20ms/div.

Figure 1. Comparison of the starting growth times by zero-span

analyzer and diode detector
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Figure 3. Bunch shape fittings., Solid curve is the measured bunch shape.
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Dot=dashed curve is the best parabolic fit with half bunch
length = 1.278 nsec. Dashed curve is the best Gaussian fit

with RMS time spread &;= 0.635 nsec,
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Figure 4, Time and frequency domain response of detector to

30 psec electron bunch at Argonne National Laboratory.



F(x)

Figure 5,

The normalized integrated growth rate F(x) of Eq. (4.5).

The turning point is at x=2.25 where the slope is 0.2194,

25



26

Figure 6.

Threshold curves for (a) two overlapped bunches and (b) a
single bunch. 1In each case, the abscissa and ordinate are
the real and imaginary parts of(AQo/nowfrespectively. The
real cocherent frequency shift ﬁk(AQ//ZnOm) is marked along
the curves, For (a), because of clarity, only half of the

curve is plotted. We have taken o, = a,, |m1| = w,, and

(wll/ch)z = 10 (see Appendix B).
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The sheared bunch. The point A goes to A'.

of AA' =y tan 9 , where 0 is the shear angle.
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