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I. Introduction

The purpcose of this note is to review the
longitudinali coupling impedance for the Fermilab Booster,
and to estimate the energy loss in the magnet laminations.

land

The work is a review of earlier calculations by Snowdon
Ruggiero.2

II. Coupling Impedance

The longitudinal coupling impedance of beam pipe
has been calculated by many persons3. The result for a pipe
wall of arbitrary surface impedance c¢an be written4, for a

beam radius a, and pipe radius b, as

1 - 2-F(x)I4(x) .
(z,/n2,) = (21/35)( 7 ) (2.1)

where

= (Rw/v) (2.2)
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and where Il(x) is the usual modified Bessel Function.
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The functiocn Fl(x) is

Fﬁx) = K1(x)+ o H(x) (2.3)

where o 1s determined by the boundary condition at the beam

For a perfect conducting wall., one has

pipe.
Ko(ob)
o = — (2.4)
Io(ob)
leading to the well-known-result at large < (ob((l)5
@z = Girey® s+ on ) (2.5)

For a wall with small but finite wall impedance Zw

{defined as the ratio -Ez/He), one has

Ko(ob) _ BZYz c Zw (2.6)

@ = Ioiobj 1 wb —2_0-

The corresponding coupling impedance is

. z
. ¥ 1. b v oW
(ZL/nZO) = g;-z- ( s+ &n a ) + b ZO (2.7)

For a smooth wall with finite conductivitiy, the wall

impedance is given by



so that the contribution to the coupling impedance is

(a7 /nZ) = 12_‘_ ﬁbé (2.9)

III. Wall Impedance

If the wall consists of laminations of thickness D,
permeability Mo conductivity o, corresponding to a skin
depth 8§, separated by a dielectric of thickness h, permittivity
€1 conductivity ay . the equivalent wall impedance can be
calculated by treating the "crack", which extends from r = b

=b, tor = b 1.2

1 5 a3 a radial transmission line. For the
parameters appropriate to the Booster one can neglect losses
in the dielectric. and consider the end of the transmission
line to be a short. The geometry of the crack is as shown

in the figqure:
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The field components for the azimuthally symmetric

{outgoing! radial mode are given by



Region (1) Jzi < h/2

£, = A cosh(g;z) H'' (k)
£, = ~(9;A/k) sinh(g;2) W1 (kr)
Hy = (-1 we]A/k) cosh(g]z) H%l)(kr)
Region (2)
e, =8 e %207l (D)
E, = (g,8/k) e %2} w{D(kr)
Hy = (0,B/Kk) e_g2lz'H§])(kr)
where
2ol gl
% = wlie,

2 2

K& = (21/8%) + g,
For the parameters of interest

|gzi >> k.I

{3.1)

(3.2)

(3.3)

(3.4)



Continuity of Er and He at z = h/2 leads to

0,7 = 1+ D) ko), g, = 1 (3.5)
Assuming a short at r = b2, we can write for the "crack"
impedance

_ - (1) (2 ) 1)
I Elreby) ke, Hg (kby JH “(Kb,) = HEX(kby )Hy (kb))
o Zofe(r=dyl eyl 1 Blkb,) - HE kb, Y kb))

]

_ ikceo Jo(kbz)No(kb1) - Jo(kb1)N0(kb2)
WE

1 Jo(kbz)N](kb1) - J1(kb1)N0(kb2)

(3.6)
For “2/“1 =~ 100, -1<8/h<¢(l, we can write
Uy € uﬁ §
2. 2. (eprzf1® 0

k™ = 9, = (1+1)1J1 EOC_Z—h (3.7)



Equation (3.6) is very close to that obtained by Ruggiero
(FN-220, (17)), but he 1includes the factor v/wbl in Eq.
{2.7) to convert wall impedance toO cCoupling impedance, and
also calibrates the impedance to the width of the "“crack".
The low frequency limit of Eq. (3.6) is
Zc(u)+ 0} ~bw
s = (1-1) =

c
20

o> o

Ho
i tn(b,/b,) : (3.8)

while the high frequency limit for b2>>b1 is

(1)
G0 ke H kb UE(S ——'_CE
e S e B gy 6
ZO WEq H] (kb]} Hof1 1

These results are consistent with the numerical results of

Snowdon, suggesting an asymptotic result varying as w'l/4
with the value at 500 MHz
7 {w/2m = 500MHZ)
c = 1.4+ 1 0.3 (3.10)
0
compared with that of Snowdon which is
Z .
75 = 1.57(decreasing with w) + i 0.24 (increasing with w) (3.11)
0

at 500 MHz.



The contribution to the longitudinal coupling
impedance can be obtained by weighting the "crack'" impedance
in Egs. (3.6), (3.8), (3.9) and the wall impedance in Eq.
(2.8} proportional to the thickness of each. The
justification for this is that the boundary does not disturb

H which causes compensating currents to flow in the

7]
laminations, but does disturb the electric field pattern in

such a way that

"crack" "iron"
hE + D E
EZ"’V = Z Z (3.12)
h+D
leading to
7 equiv -1 |
sl 7 ¢ 8D+ Lz /7)) (3.13)
o h + D
For ZC/ZO »> w8/c, D>>h, one has
r bijw § ¢
1 2 lTow w
(1-1)—= g == an(by/by),
equiv
z 77" 14)
4 0 L uz EO 1
(14i)% (== h)%D, highw
o 1
\

The contribution to the coupling impedance is therefore
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a(1-1) 8 %.ag_ in(b,/b;) Tow
0
(3.15)
%8¢ M2 %o 3 .
G(1+i1) ""'(""'E" 5h)2/D high w
Wl Mg =y

where o is the fraction of the circumference ocCupied by the

laminations.

The equivalent longitudinal

coupling impedance per

unit length is obtained by dividing AZL by RZo giving

'

M
2 oW s 2 Tow w
{3.16)
1.
LD & .
& (b L u2 2 )* high w

—
o
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CEquation (3.16) appears to correspond to Ruggiero’'s Zn (FN-

220, p.

9) but is a factor 2 smaller.l



IV, Effect of a Coating

If the magnet is covered with a coating at the

bore, the impedance seen by the beam will be modified.

The details will depend on the relative size of £ h, D. In
particular, if 2<h<{<{D, one expects modification of the
“crack" and "iron" impedances separately due to the coating.
The combination will then be weighted as in Egq. (3.13). On
the other hand, if X>h, one expects the coating to modify
the equivalent wall impedance in Eqs. (3.13), (3.14)
directly. In either event, it is necessary to calculate the

impedance seen by the combination shown,

AN

xXx=

}
« IF_ F+ (3) L
X={ Hi
A

l E. |E, (0)

- —— — —
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where the medium denoted by (4) is either the crack, the

iron,

or the combined equivalent. We will assume the

validity of rectangular geometry, and will ignore variation

with z, which takes place over distances much larger than %,

have

For plane waves traveling in the x direction, we

E, = E, etkoX 4 E_ e 1Ko
(4.1)
ZMH, = E, L E e TKoX
£, = F, e F3% + F_ 7T
(4.2)
Iy = F, e ¥3% _ F_ e 1KY
E, = 6 e Fa{xd)
(4.3)
_ ik, (x-2)
24H4 =Ge 4
Continuity of E and H at the interfaces yields
kLR
51_3772“1 = _Eﬂ_i_zi (4.4)
Foe %3 I, - 14
* F, +F
E PO
Lo . _ 3 = (4.5)
Z, H Z.H F, - F
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The equivalent impedance Z, seen at x = 0 is therefore given

by
7 Z4cos(k3£) - Z3sin(k3£)
Z . ,
3 Z3cos(k3£) -1 Z4s1n(k32)
_ 24{1-i(23/24)tan(k3£)} (a.6)
23{1-1(24/23)tan(k32)}
Here
“Tuily : :
23 = _E;:ﬂE;; , k3 = 1wu3(03—1m€3) (4.7)
Equation (4.6) can be simplified in various
limiting cases. For example, 1if
1} {k3£| << 1
z Z
Z . 3 4
= = 1 - ikt {5 - )
24 3 Z4 Z3
: wi3 .
= 1 -2 { 24 - 24 (w53+1c3)} (4.8}
2) O3 7> Weq
(i+1)wu,s .
1 - 373 tan(I+1 1)
224 63
4q -i .
1+ 4 tandilﬂ}
wp363 63
where 1-1 Z 2

ky =(141)/83 0 Iy = uugdy o 83 = s (4.10)
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In the general case, Eq. (4.6) can be used to calculate the

effect of the coating.
IV. Eneray Loss

For a beam bunch with longitudinal charge density

flz) = ¢ f MR s o= b pdz o TN Re(y)

(8.1)
I n n 2nR

one has for the harmonic distribution of the circulating
current

Nz,t) = 1) I f—'l e M{Z-vE)/R (5.2)
n=-o "9

The energy lcss per turn, for a particle located at

z - vt = § relative to the center of the bunch. is

21R

AW = e Re [ dz Ez(z,t=(z-£)/v ) {5.3)

{ Re = real part }

Since the <coupling impedance 1is defined by the Fourier

decomposition of Ez(z,t) as

oo f B
RE(2,t) =1, L Z,(n) L e MEVER (5.4)
n=-o 0
we obtain
M(z) = el 1 'n Re {Z, (n) eM&/R (5.5)
0 =i fo L
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which is close to Ruggiero’s result (FN-230 (7)).
Since we have h bunches in the ring, where h is the

harmonic number., we have

2R

f(z) = olz - 4R 5 ) (5.6)

H T
—_

J

where p is the density distribution of a single bunch. We

therefore have, from Eg. (5.1),

. h 2njn
1 - -
f, = 5 /dz o(z) e "R I “h (5.7)
Since ,
h, n=0,zh,+2h, ....
h  «i2rjn/h
Loe = (5.8)
J=1
0, all other n
“
we have
fdz o(z) e-1nz/R
fn 7az o(2) , N = 0,xh,x2h, ...
= = S (5.9)
0 0, all other n

and the sum in Eq. (5.5) only goes over integral values of
n/h. For a beam bunch of length £, the cutoff in n

equivalent to Eq. (5.1) is

n . 2mR/%

0 (5.10)
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Using the estimates of coupling impedance in Egq. (3.16), and
n, ~100C¢, one obtains an energy loss of the order 100 keV
per turn at the center of the bunch which is in agreement
with that estimated by Ruggierc (FN-230),.

The procedure outlined above should be wvalid as

long as the r.f. wave length is longer than the width of the
laninations if they extend all around the circumference.
The situation is less clear for wave lengths shorter than
individual magnet lengths, but we will accept Rugglero’'s and
Snowdon’'s concept of a "filling factor” &, as contained in
Egqs. (3.15) and (3.1l6).

As a final comparison, Rugglero’s result for the

energy loss per particle per turn is

- ing/R
AW(E) = Nezsc T ?ﬂ Re {ZL(n)elng/ } (5.11)
n=0 o
A
where ZL(n) corresponds to his definition of impedance.
N -

Using Ruggiero’s asymptotic value Re ZL(n) = 3.5x10 13. with
N = 4.2x10lo protons per bunch, one obtains for g = 1,

. fn ing/R

AH(E} = 60 eV I ¢+ e {5.12)

n=00

Our analogous result for Io = 335 mA, & = .6, 1s given in

Egs. (5.5) and (3.16):
f

M(E) = 8 keV z — M oME/R (5.13)
n=0 o
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where the sum over n in Eq. (5.13) includes only multiples
of h, the harmonic number. Assuming a smooth variation of

fn with n, Eq. (5.13) can be rewritten as

o f .
M(g) = 95ev T — e 1ME/R (5.14)
alln ‘o :

in reasonable agreement with Ruggiero. For nO ~1000, the

enerqgy loss is of order 50 to 100 keV per particle per turn.
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