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Derivation of Collins' Formulas for Beam-Shape
Distortion due to Sextupoles Using Hamiltonian Method
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The introduction of sextupoles into a storage ring will distort the
béam shape in both the horizontal and vertical phase space. The purpose
of this note is to rederive the formulas for the lowest-order beam-shape

1

distortion given by Collins” using the Hamiltonian approach such as the

one used by Ohnumaz. Collins' formulas for the second-order tune-shift

have been rederived by the Hamiltonian method in a recent note3.
We shall go over the Hamiltonian method briefly for two reasons:

(1) to make this note more readable and (2) to conform with the convention

of Collins so that a comparison can be made.

We start from the Hamiltonian describing the motion of a single beam

particle,
2 i 2 B“ 3 o
H, = 2“[3 ”ﬁ‘:‘)xaj + ?[P.v + Ky®Y?] + Z_B'_TF (x -3xy2)}

where X and Y denote the horizontal and vertical displacements from the ideal
closed orbit at a distance s measured along the storage ring from some
reference point, PX = dX/ds and Py = dY/ds are the corresponding canonical
momenta, Kx(s) and Ky(s) are proportional to the restoring forces due to

the ring's curvature and quadrupoles. The last term gives the normal-sextupole

*This note is written at the request of S. Ohnuma
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potential with Bp denoting the magnetic rigidity of the particle.
We next perform a canonical transformation into the Floquet space

using the generating function
Gi(2b, g, Pis)= - fBpas f £ [Brpy 2B
1 :x:f;:;; ﬁog 4,8, - ﬂa 33+4ﬂ03'

The new Hamiltonian becomes

R 2 2 a 2
Hy = g (Bp2e 5 + 35 (Bt £)

REy [(Befss s (E85)%, o] g
é8p Lig, A ’
In above, By and By are the horizontal and vertical beta-functions and By o
the horizontal beta—fUnction for some reference point, is introduced to ensure
that x and y still carry the dimension of a length. In Eq. (3), the independent
variable s has also been changed to the more convenient ¢ = s/R where R is the
average radius of the storage ring.

This Hamiltonian is now solved exactly to zero order in sextupole strength
by canonical transformation to the action-angle variables Ix’ ay and Iy’ ay.

The generating function

Gu(anbe,ty,by30) = 2 FAKt[Qul0)1 e, ] (4

a.x,j

is used so as to obtain



Z = /21,8, cos [sze)-f Q;],

ﬁ'#& = - '/‘21;"30 Sih [Qz(a) t Qg J, (5)

with z = x or y (similarly in below), conforming with the convention of
Co]]insl. In Ohnuma's paper2 sine is used for z and cosine for BoPy
instead. In above, QZ = ¥,-v,0, where v, is the betatron tune and

P, = fe(R/sZ)de is the Floquet phase at location 6. We note that BoP, =
dz/dwZ and is usually denoted by z'. After the transformation, the new

Hamiltonian reads

H3 = V,,Iz + V_., I_, +. s_extupo'le.term. (6)

The sextupole term, being periodic in 6, is now expanded as a Fourier

series. MWith the help of Eq. (5), we get

%f (L) "2 - 3(%;)’%4

32 Yy

= (.2 Ix) F‘ % (AsmSl;n ?3m + 3/4;,,, Sin i:m)

Va Y .
- (a1.) (2 Ij)fg" ‘%' (‘73m 41 Bum t Bom 4 oy + 5""5";‘76-’");
(7)
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with A3 = 3ax-me+a3m, G = 8, -Me+ay s Py = 2, ~Mmo+8y s Pay = aXiZay—me+Bim,

and

The summations in Eq. (7) are over all integers m from -« to +». The summations
in Eq. (8) are over all sextupoles at position 8y along the ring. The sextupoles

are assumed to have infinitesimal length Kk with strengths

3 %l (.B”ZJ 2 & P
S, = {é—"‘— AR A2l S, = (gfﬁ L . (9)
4 ,g,)k 25, T (F )k -

The equations of motion are given by

dl. . JH o+ V7%, %
@S R (e e shmcenn)

# (21,) (2T )" 2 (8,03t By cosont Bt o5n ), (10)

dl, _ _ 2Hs _ 3 2

—



d oH ¥ ; ‘
_%&3 -a—i_i = )5‘-#3(41',.) g*% (Asmsmiam + 314”‘1:“’ Zlﬂ)

-

Ey .
- (a1.) (Jrs)ﬁoy‘é' ( 2B St Puins t+ Bam 5 Posy + BupySh ‘P,.M))

_ E . . .
rr i "53:“3 = )’3 - A(2Ly) ,5:%: (451»‘ 514 Dy + By St Py + B-.mg“"/hm).

The solution of Eqs. (12) and (13) gives, in the absence of sextupoles,

aZ = vze + constant. We choose

Az = V;6 - @bz *"¢z;)

where wz, designating the position of the particles along the ring, is
the Floquet phase at position & and ¢Z is the instantaneous phase of the
betatron oscillation. This becomes clear when substituted into Eq. (5)

resulting in

Z= 2l fotosd,  and 2's VALfosm g,

In Eq. (14), both b, and.q;Z are functions of & but the difference ¢V,
is 6-independent.

Since we are interested in solutions accurate up to lowest order in
s, and §k only, on the right hand sides of Egs. (10) to (13), I, and Iy
can be considered as o-independent and Eq. (14) can be substituted for a.
Then all the four differential equations can be integrated easily. Denoting

by 8 the derivation from the situation when the sextupoles are absent,

we obtain

(12)

(13)

(15)



% 34 ;
§I.= (.21',,) P,/‘%( P ;'; St Gam + i/?l;',‘ sin i”")

- (2 I'x)%(z Iy)ﬂoyaz (JBM Sty Prae t B'Hn St ﬁ‘m + f;

:;')_91;1 ./m)’('lﬁ)
§1, = ~(2I,‘) (21“.,)‘81,{”i ('35"" 5m b = ‘23"" sm¢.,.,) (17)
Pan = 3Gr) 0t T (i congon + Scory,,
- (1) (e )pE 2 (2 o+ B g, 4 B 1
») (21,)p. It ey, S5 Pom 3 st ) (19

L 4 Bim
«S‘aj = —2(.21,‘)2‘8,2% *“”gmfv,, oS Py +

8 .
i oo + £ cosf,) (19)

where v, = vxiny. Exactly the same expressions can also be obtained

by making a Moser transformation4from a_s IZ to bz, Jz so that JZ become

constants of motion up to first order in S| or §k. The required generating

function

Gé(a-x,.);‘,aa’s's 59)
34
= QpJ, + QJ.T - (—‘ZJ',‘) sz (m{};h;)xm%h M”;u C"‘?"")

+ (22 a3 a2 (R conp+ B erep + B s
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can easily be obtained by solving the Hamilton-Jacobi equation.

Equations (16) - (19) can then be derived by noting that

grz = Iz-njz = ?—@-&J'z

9&2 P

2C;

yaz"‘ az"éz = ‘zz";_y“

Our final task is to simplify Eqs. (16) - (19) by doing the summation

over m. This can be accomplished easily using the formula

6[6+Pﬁﬁmﬂ
Lilmosh) " Sinm © 0< g<27,

n-p .
mz.00 4b
- 7?(’.01."11 e 6=0

Take for example the terms involving A1m. (The subscript x will be dropped

for clarity whenever there is no ambiguity.) We have

¢ : (Qy+m8 ~-mO+a)
> Aim € o = 2> >, e % 4
m m-y 247 ) m M-y
wp i(a-vesd -7v) 0<8-6<a7

- . S, " (a-ve+ TV 0< 6-64 <
.?43';‘«,79% ] et i(a-vo+Y+70) 4 <27

cosmy-eap i (a-76 +Y,) 6= 6
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where use has been made of the relation Qk = Vv . Upon substituting

a = vo-y+t¢ from Eq. (14), we get

> Ame’tn

————

m m-y
‘ Lxp c'(%r'j/-"m) +#) o<”¢k-¢<47rﬂ
= = %‘ Sy -4 wp(h-Fb+a0+H) 0 < ¥-9, <2y
CQSWVM G‘¢ ¢= 1/£

‘ [cas(ﬁ—sﬁ-vu)ae ¢ Sin [1//«'1/-71))]e P
~Zrmy & %o [enslpim) - s (Yth-m)]e?

cos gre P

|

h

L[-8(4) + Ald,)] e ':4"‘) (20)

where B1 and A.I are one set of distortion functions defined by Collins:

B,('!A)z.?s‘h/vy,‘%: i;* 503(1%,[“'1},‘{-—71'1&); o0g l¢;4'%¢/5'27’4,
Al)= 8'(4.), 0 < (Vi) < 212,

They and others defined by Eq. (25) are in fact lattice functions due to
the presence of sextupoles just as the g and a are lattice functions due to
the presence of quadrupoles. They are periodic functions of the ring and
closed after one revolution. MWritten as a vector,.(B1, A1) rotates around

the ring according to the angle equal to the phase advanced. At a sextupole
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of strength Sps A] jumps by sk/4 while B] remains continuous but exhibits
a cusp.

In exactly the same way, we obtain

R : id
Z S = s CiBir A)e (21)
‘;b’“' - - <
> %‘“ = (~cB+A)e o3 (22)
. iﬂf‘v "
b2 % = (-8 + A)e"”, (23)
=Yy
B_. c'; -h . 4.6:
Z Eh> L = (LBD‘AD)e ] (24)
n m=.

where ¢ = 2¢y+¢x, 50 = 2¢y-¢x and the other four sets of distortion

functions are defined by

S,
B(h) = oz = Fees 3(lbucthl-T0) | ogldy-vl<2mn

fqa(aét) = é&/(ﬁé&) 2

B4 = sartam, T S cos (huchl -72), 0<lthyrthu] sami

Al4.) = Bl4),
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¢ ﬁ!t%") = ae.fm'zr(-:xf"r)’x) %—z ws[l(a"bs’t“é‘b) (‘M Y, )/
- 71'(-21:’, )] oS [(21,13,‘* ?/u,)- (ai‘téyt 3[,‘)[ $-2m),
Aoy s oh) = By (ad2be) . (25)

From Eq.. (5), we recall that the distortion of the amplitudes A, and
. _ 3 _ . )
phases ¢, are given by 6AZ = 6(21260) and 89, = éa,. Using Egs. (16)
(19) and (20) - (24), we arrive at

= - ,4:[(33605 3¢ - Assin3d.) + (8, cos4, - A,";"}‘x)]

+ ﬂ;[.?(fcaéx- Asing )+ (B, coso Asi0)- (B, cos8,- Ay St &)], (26)

£4. = A, [(3,5.38, +Aycos36.) + 3(B,seudy + Arcesd)]

<
- -g-’ [-02(59&42&-# Aeosd. )+ (8 5wt Acosa) + (B amby + Ay C“&)], (27)

gd} = 2”,,54] [(B;Co'sv‘-/’sfmlo') + (BDC#S 80'4354;1&)], (28)

J’qﬁy = =2 #,‘[_—4[8'}»; é,gﬁw:f,,h(@ni.r—a—/?sm 6‘)*(559*;&*143‘“&)]‘

(29)
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The sextupoles will have horizontal bending effect on an off-axis

particle. This will lead to a distortion of the ideal closed orbit. This

can be obtained by separating out from Eq. (26) and (27),

g#:: = - 2#,:(B)W$;“ A: Sin 4&) + 2 ﬂ’&(j@¢x - ih;.&,,))

ﬁxé’ff,: = 24°(8 s d. +/4,Cas<}‘,‘) - iﬂzfé'aécf*fﬁ—mzﬁx)l

which correspond to a closed orbit distortion of
(PY = Z[ﬂjzg' #&ABI),
fx' = 2454~ 924,),

where x' = dx/dwx. Thus the distorted beam shape in phase space can be

written as

x = §x + (¢z+fﬂz)M(¢x"‘f¢%)?
z’z 0075," (#&'ffﬁn)%(dn* J)Qg,c))
4 = (ﬂfljfcf’#,)c@s(qg,w‘f‘ée),

4 - - (#, + 8dy) s (4, ¢ 54,),
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where 6Ay and 6¢y are given by Eqs. (28) and (29), sx and sx' by Egs. (32)

and (33), sA, and §¢ , by the differences of Egs. (26), (27) and Eqs. (30),
(31), or

Sy = - 82 [ (Bucossd,-Asin3d.) - (B sty - Aysmd)]

+ 15 [ (Byeomom fysicr) - (8 eun - By58,)]

(P¢x = #,; [(Bgs;h, 343‘1’ A3m3¢g) + (Blh:‘¢’c + AI“S‘{:)]

~ %T(Bsako*-& Ascosa?) + (By s 8 + Apces g°)].

These distortion formulas are exactly those given by Collins.
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