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Abstract

A new expression for the electrical potential for a
3-dimensional non-uniform charge distribution is obtained. The
electrical potential is obtained as a limiting case of the general
solution to the diffusion equation /1/. It is shown how the new
expression can be used to obtain simple expressions for sample

charge distribution.



TM—1082

2
1. Introduction
Instead of solving directly the Poisson equation
TPy = -4TeE) (1-1)

we consider the diffusion equation with a stationary sources

2 T
VY x,t) - A 3;‘:(——5—) = — 4T P(x) (1-2)

L2

where A* is a diffusion parameter. If the second term & St
in the left-hand side of (1-2) vanishes for an arbitrary time in
the limit A -> 0, the potential & (%) could be obtained from W (% t)

simply by going to the limit A—=>0 :

(x) = Aim (%, t (1-3)
oo = e,

2. General Solution

In order to handle the problem for solutions of the diffusion

equation, it is necessary to determine the Green's function

Glx,t; ,ﬁc))

which satisfies the equation

(v - A" ) a. v i,-w)=-$c*—k)$(t-«z))/ 21y

with boundary condition

G(x. %, ) =
> &,7) o, (2-2)
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for T £ or W = 00
Accordingly we exploit the fact that the delta function can be

written in terms of orthonormal functins

\Fe Lk (k-g) —w (£- )]
S+-£)8 (- 7) =(;;)4§S e diK-dw (2-3)

We expand the Green's function in similar fashion :

1 e C[k-(x=£) = w(t-7)]
G(x,t;3% ,"()=(‘—4 g %‘(IK,Q))C dik-dw) (2-4)

:J()_n ]
Then substitution into (2-1) leads to an equation for Q(k w):

-1 a o
%C‘K'w) = tw A= ®? (-R:“k" ) (2-5)

Furthermore substituting (2-5) into (2-4), we obtain for G :

—tw (+-7)

L)
Lk (%-%) S dw
(2-6)

1 P,

&(x,‘t}i."t)=(ﬂ—q

(w AT~ R?

We note that in (2-6) the integration over dwdlk can be performed
directly. First consider the integration over dw
Ca —tw(t-T
e )

T(t-7) = ( (‘.w AL - B2 oluj (2-7)
—08

In order to calculate the integration (2-7), we consider the

complex integral
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d2 (2-8)

’

¢ (2AT-RY

along a closed contour cosisting of the real axis from -R to R and

/
a semicircle J? or 7 as in Fig.l.
Im2

IT Fig, 1 Z' plane

v

Re 2

We note that the pole of the integrand of (2-8) occurs at z= -C‘E‘/A"

on the imaginary axis of z. Let z = Re'® . Then

é-b‘s(t-'z) _ eRLt-'ﬂSimB C—«.‘P(t-t)cose

(2-9)

When +t< % , from (2-9) the value of the integration along the
upper semicircle |7 (0<®< T ) vanishes in the 1limit R oo,
Combining this result and the fact that the integrand is an
analytical function continuous within and on the smooth closed

contour including [” , then we have

I(t-x) =0 t< T, (2-10)
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For t>T the integration along the lower semicircle
r”(—‘l[(G(O) vanishes in the limit R =2 00 from the similar reascn

to the above case. Here employing calculus of residues, we obtain

e-Ca(t-'z)
L(t-) = -2 2. residues og FYTRT t>T (2-11)
L , ,
in the lower halﬁ plane. If we introduce the notation
e ~13(t-7)
(Res) = residue °§' — )
2 LA~ R (2-12)
,
the value of (Res)g is then
(PGS) , = Qim { 2+ /A } . —
Z=-¢ ‘3’/,6.z 2> - RYA2 2A - R
| _x
- LA‘- e A* (1' - ‘2) (2_13)
From these results, we find
S 0 t< 7
2
T(t-1)= ! ax __:?(t_.c) 7 (2-14)
l A c T <t
Accordingly we obtain )
( 0 t<
. - oq ﬁz | 4
GUxT;¢ 1)< | S (- T;(t-z)* vIk-Cx~§)] £ > (2-15)
3 Al d
B e

By rearranging the exponent in the integration, it becomes

possible to evaluate each term of the product exactly. The first

term may be written
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(]
(. —% (t-7) + (R, (x—£D
) e d g, (2-16)
- 7
and by an appropriate change of variable this equals
2
AJ._E - (x_él)Az
=« e 4(t-1) (2-17)
(t-2)% .

In the similar way, remained integrations over d%.dR; also are
performed. Introducing these results into the expression (2-15)

for (3(¥,t . % ,Y) we obtain

° \ t<
2
. - - R —
GTIE.7T) =9 ) e qam ! *E T (e-1m)
Sk (€ - ) t >

The Green's function (2-18) represents heat diffusion from a
point source X =¢ at the time t= 7. The one dimensional Green's
funci:ion G(X,T) 1is plotted 1in Fig.2 for several values of
T (2t-7T). Note that the curve has a sharpe maximum at
X (x-%,)=0, and that the width of the curve increases with .
increasing T. The quantity 2 J_T-/A is a measure of this width. At
T=0 there 1is =zero width due to the fact that the heat has just:
been added and is all concentrated at X=0. As T changes from
zero, the temperature immediately rises everywhere. The most

pro~nounced rise occurs, of course, near X=0, that 1is, for

x &2 {T/a.

Thus the general solution to the diffusion equation at a

point ¥ , assuming a specified source distribution, is obtained
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T3

0

as a linear superposition of the effects at X due

sources located at different £'s :

wony=an{ac( 4 aease ve@
0 =00

2

xV

to point

(2-19)

Now we consider the term A 3 in the diffusion equation

(1-2). Introducing the notation

. alt-1)
Z- - Al p
and substituting (2-18) into (2-19), we write
: m _lx%]*
et ‘m (a2 pety =
(#.,tT) = —r % -3,
T, e AR
By using (2-21), we can eliminate
|%—¥1°
a4 e~ T4t/a’
o3
A =Fmg (4t /A )% ca)
-8

(2-20)

(2-21)

(2-22)
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Going to the limit A—-> 0, we write
Ix—¥|* «
2% 4 - a
dm A= = —-S {1' c /A g d (2-23)
O im (&) 9%
A0 T Tl a0 (4t /A‘)s/" &)

The bracketed expression, in the integrand vanishes, due to
exponentials falling off faster than any polynomial. 1In the limit
A =>0, the diffusion equation (1-2) therefore is equivalent to the
Poisson equation (1-1). This means that we can take
im Yr(x, t) (2-24)
A0 »

as a solution of the Poisson equation (1-1) g2
‘:ﬁ-‘ l

AT/A* -
= .QI'W\ —l— d?l' T d
doey = fim L So 5| asee *
| = 43 0q __lx- %
== go ?"_L de pPl) e % . (2-25)

It will be seen in the following examples how this expression
(2-25) can be used to obtain simple expressions for (P(x') . Simple

in the sense that the usual 3-dimensional integral expression for

Pex) :

oy = _C PCE)

ds
1% —%|

can be reduced to an one-dimensional integral.
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3. Examples

In this section, the several cases of a non-uniform charge
distribution are considered. An exact expression for the
potential produced by them is derived. We will assume that a

charge distribution function P(%) is normalized by means of
Ne = C P(x) dx (3-1)
=0
where N = number of charged particle, and e = unit charge .

Example (a) Rectangular Distribution.

( De lxl ¢ 1€b, 121¢
x =all3 = - ‘:C
- Tabc =
Px) =
l o 2158 .13l 5p ., 1215C (3-a)
A PCX
-Q 0 a >x

Substitution of (3-a) into (2-25) yields

oo qa p C
Ne dg S g 1 2 X 2
= a3, (3. ( a8, exp-Llexs |
doed = _—— go 73"_5:; £ s‘_o S MUCTACS )

The integration of the type of
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(<= bR
1 = glg e~ zé) d¢ (3-a-2)

-9 ’

x
Evp @) =S e " dx (3-a-3)
[}

é, - S - é (3-a-4
= J?,_- a )
)
yields
s+
T ;:2‘ ’
e” 7 dg
I=1% (u (3-a-5)
(?t,' .
For |s]|<) ,. (3-a-5) becomes
2+ - -5
Izﬁ g Eﬂ(F‘i,)-*hq(-\F‘i;—)k (3-a-6)

Accordingly we can express the potential c‘)(:k) in the form

Cpt”') ‘—‘?atlceﬁe g:od?t{ E"{(%) »-+(J— )H ( = |
s e (WM E(E) s (B o

for |x] € aand |y| ¢band |z] &c
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Example (b) Triangular Distribution.
Ne
I Yy a-lz\)(b~lal)(c~ !?l) Ixli£q,131¢b 1215C
Plxr) = awc y)
\ 0 [x15a . 131>b, 12l>¢ (3-D)
N P
—a o a Y2

Substitution of (3-b) into (2-25), yields

_ Ne . d4
Qo) = abIT go g S_

exp -[Ge-53+ C- 50 (- 531 /¢ (3-b-1)

a (b (C
dé.g dézS df; (a= 15,100 b= 15,1 Xe=l§1)

a » ‘e

As in the previous example, an expression for

_(s-%Y

]
L = S (51 e s ag (3-b-2)
) ,

is obtained in terms of the error function. After tedious
mathematical manipulation including change of the integration

variable, we obtain
T :'.ri{—S[ZEn’.(Fz-)'Er{(F%ﬂ *Er{(%‘)]

7. -5 _Gee) sty
1.%’[ze - &+ -e & k (3-b-3)

7
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for Is|&Q . Combining (3-c-3) and the results of (a), we write

=2

v apf- L2877 4
S_Q(Q (¢1) expl — ] ds

=B 1Ty (£2) « 6 () T-s[aE4 () -5 (D)

L

- s _ Loy (s-0)
+Eq(%;‘)] w‘r}_’[ze‘c-c t - ]g (3-b~-4)

for |s| 1 )

Thus the potential (3-b-1l) is described by

= 3 - De =Sy

’

( ﬁd = a,b,c, and S£= X,¥/2 ).

Example (c) Gaussian Distribution /2/.

xl ‘3_7. 27_
(z) = Cx [" e TS T T 3-
> (zrc)d?/"abc_ P ] 2C ], (3-¢)

where a,b,c are standard deviations.

P o0

0 _ x
Substituting (3-c¢) into (2-25), we have



TM—1092

13
Ne “d@ ~ T olp—g|* $* &2 L

(%) = - g g dg exp! ~ = ——'—--g.i_é 1 (3-c-1)
(Zm?zakﬁ 0 f/z-__“ é FL li;_ 2a% zh* a¢* _;

Integrals of the form

(> ] _ (S'f)z- sl
| e

= % 29 '
L=, dg (3~c-2)
’
can be easily obtained from the integratioﬁ formula
8.2
o (2)
-5 483 e ™
g e ¥ dg = JT (8>0) (3-c~3)
- ol
For example (3-c-2) becomes
: s
?' € ap+h

T =,QE 1A m (3-c-4)

Inserting (3-c-4) into (3-c-~1), we have the exact expression for

the potential of the Gaussian distribution

|

Example (d) Halo Distribution.

Do -

x* 4* 2
eXP[‘ 20" 4, -;_b'-«-‘z, —zc‘-\-i\]d (3-c-5)

q>(>!() =
o\ (20§ X2bg X2+ ])

Al &
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2 Ne p & Lt r <t L 2
(%) = —=—= [ — L2 =z _X_ 32 257 3-g
el G LI - hr-D I
A\ PCI) [
; }
1 |
-a a “x

Substituting (3-d) into (2-25), we have

- 9Ne dT,. §,‘ gz l,il x:_ R
oo -BTE’/‘achTt, . zf/&g( b )exF[ Tr #"‘2“‘]“*(3 d-1)

The space integration over d¢ is divided into three parts:
AR Tl 1 Vet 1 - Py 2
(G gd)ep g2 4-3- 2 u

( Qé (x~ ')2 $| T U-gz) 52. Sn ('Z'-g )i_g_;

‘e & T ar4s, & B a4l T T di,
-0 00

- (-5 3 £ _UH 8 o0 (2-% ):.— is’"
Lre % ﬁailis:e_ (S «éLS e T = S F
[ Y

+
> ~Log
et g e ehY R~ Gy gt (3d-2)
'|'—|- g e % a* .g e A be dgl g ;a e T T4 g
G )y ) |

IA = g sz e & 42 dé (3-8-3)
%0

appearing in (3-d-2) are calculated as follows:
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Changing the integration variable
s/ _ % - 5—9
?\-rﬂ ’ (3-d-4)
we have
i~ [ ] %,Z
= -%ng "+ Tz -—ﬂ? ’
I, =e ) (§"+sv)e dt (3-a-5,
’
with
vy = 2
*+ 903 . (3-d-6)

Using the integration formula

2 _—oX | T - -—ol ™
S X e 42: = 3:‘:;; S xe dx =0 g c dx = Fg;-

06

we write each term appearing in (3-d-2) in the form

, - ‘r‘;tjs % 3/2_ :
L ¢ w d§ ' ~ (%r) | O (3-d-7)
g2 .
g $’e” #r d§’ = ¢ , (3-d-8)
=00 glL

R * P T ¢ -——-)
L, < et/ (3-d-9)

Substituting these into (3-d-5), we obtain



Also integrals of the form

~  _ (=% %
Ig = f € % dg

- ’

have been obtained in the previous section; i.e.
Sl

2T f{,f e~ a-%
\/.0"-\-3\

I, =
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(3-d-10)

(3-d-11)

(3-d-12)

Lastly, wusing (3-d-10) and (3-d-12), we can obtain (3-d-1l) as an

integration over dgq alone,

2. 1- 3
ep[ q‘-t‘ﬁ. ;,&eq, =+ i ]

gNe
4>c y = ——-C 49
T | (a*~ X b+ X ¢~ )

i%( a‘=‘tfl, ¥ b’-‘tf,, (_-ef,. )+[( ‘(,.Y (bt::f,.)*(t

}(3 d-13)
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4. Conclusion

The potential of an ellipsoidal charge distribution
(3-dimensional Gaussian for example) can be obtained by applying
the traditional method /3/. However the such traditional method
seems not to be applicéble to cases where charge distributions
don't have spatial symmetry. The advantage of the method
presented here 1is that it 1is applicable even to unsymmetrical

cases, provided integrals of the form
2
oo _ (5{—#,_')
S F($|’§Ll§3)e & dgc‘
~od

2

where s; is x,y,z, and sg is &, $.s §3}

can be performed. We emphasize this point.
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