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I. Introduction 
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In the theory of electron cooling, the drag force involves a velocity-

space integral that is formally identical to the integral over the space charge 

contained in an ellipsoid of revolution or spheroid. Below is presented a 

calculation of the interior space-charge field of this configuration. The 

method is similar to that used by Teng in the two-dimensional calculation of 

the fields of a beam of elliptical cross section. 
1 

II. Calculation 

Consider an ellipsoid of revolution populated by a uniform charge den-

sity en and bounded by the surface 

2 2 
(x - XO) + (y - y 0) 

2 
( 1) 

a 

The point at which the field is observed is taken as the origin; the center of 

the ellipsoid is then at the point (x
0

, y 
0

, z
0

). The field components are 

given by the appropriate Coulomb integrals over the charge distribution. In 

terms of spherical coordinates ( p, e, ¢), 
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Ex=.£ 
en . 2 2 
2 sin e cos <b p d p de d <P 

p 

Ey= J en . 2 . ¢ 2 d d d ¢ 2 sm e sin p p e 
v p 

Ez = .£ e~ cos e sin e p 
2 

d p d e d ¢ • 
p 

where Vis the volume enclosed by the surface of Eq. (1). In spherical 

coordinates, this surface is given by an equation of the form 

2 
Ap + Bp + C = 0, 

where 

. 2ll Ze 
A, = sin !7 cos 

2 + 2 
a b 

[

XO cos¢ sine + y 0 sin ¢ sine zo cos e J 
B=-2 +----

a2 b2 

We can carry out the integration over p first, with the result (p2 - p1). 

where p
1 

and p
2 

are the two limiting values of p for given e and¢. Then 

p
2 

(e.q,) = p1 (e+1T, ¢)and, from Eq. (3). we have 

p2 - p1 = B/ A. 

( 2) 

(3) 

(4) 

( 5) 

Then we can integrate over cfo. using the value of ( p 2 - p 1) from Eqs. ( 4) and 

(5). We have 
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Ex = 1Tenx0 J 1T sin3~ d 8 

0 . 2e a 2 sm + 2 cos e 
b 

Ez = 21Tenzo f 1T sine cos2e de 

b
2 

. 2 2 
0 2 sin e + cos e 

a 

The integrals It and Iz are well-known. They are 

[ 

2 
I = 2 a b 
t 2 2 3/2 

{a - b ) 

-1Ja
2 

- b
2 

b
2 j 

tan b - 2 2 ; 
a - b 

a>b 

4 
=3 ; a=b 

[ 2 -1Jb
2

-a
2 

b2 j _ 
2 

ab 
a<b 

- 2 2 3/2 
tanh b + 2 2 ; 

{b - a ) 
b - a 

-1Ja
2

-b
2 

[ 2 + 2 a2 2} a> b 
- a b 

tan I == 2 b z 2 2 3/2 a - b 
{a - b ) 

a=b 

a<b 
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(6) 

{7a) 

{7b) 
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III. Results 
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We can then write the result in Cartesian coordinates (with x. y. z 

the distances from the ellipsoidal center) as 

E = irenF x x r 

E = TI'enF y 
y r 

E = rrenF z z z 

or in cylindrical coordinates ( r. fJ, z} as 

A few values of F and F 
r z 

b 
a 

0 
0~2 

0.4 
0.6 
0.8 
1.0 

a 
b 

0 
0.2 
0.4 
0.6 
0.8 
1.0 

E = rrenF r 
r r 

E = '.ll'enF z 
z z 

are tabulated below. 

a > b (oblate spheroid) 

F 
r 

0 
0.49903 
0.82473 
1.04919 

1.21112(4) 
1.33333 13 

a < b (prolate spheroid) 

F 
r 

2 
1.8883 5 
1. 729 71 
1. 58008 

:1.44802(4) 
1.33333 3 

(8) 

(9) 

F z 

4 
3 .00194 
2.3 5054 
1.90162 

:1.57775(4) 
1.33333 3 

F 
z 

0 
0.22330 
0. 54059 
0.83985 

:1.:10397(4) 
1.33333 3 
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We may note that the results given in Eq. (8) or Eq. (9) identically satisfy 

-\l · E = 41Ten. 

IV. Approximate Formulas 

In the limit of a very short (oblate) spheroid (b <<a), we can expand 

in powers of b/ a and find 

[ 

E = b · 1T 
2 
enr 

r a 

E = 41Tenz (1 -.! b) 
z 2 a ' 

the field in a thin disc of charge. 

(10) 

In the opposite limit of a very long (prolate) spheroid (a<< b), we can 

expand in powers of a/band find 

a further approximation beyond the usual infinitely long beam result E r 

= 21Tenr, E = 0. 
z 
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