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A technique to measure the coupling impedance between beam 

and surrounding is explained here. The knowledge of this imped-

ance is important because it speciries the boundary conditions 

for the solution of the beam field. The impedance is taken to be 

also varying along the longitudinal coordinate, although the meas-

urement gives on~y the average value, which, on the other hand, 

is just the quantity required in the theory. 

The MKS system of the measure units is used here. 
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To the beam in a circular accelerator we can associate two 

functions, the charge per unit length 

+co 
1.. = /.. c e-nt) = z: 

n=-co 

and the current 

I = i3cA. = 

where e is the angle in the longitudinal direction, t is the time, 

Q is the angular revolution frequency, Sc is the beam velocity and 

wn = nQ with n any integer. 

Because A. and I are periodic in 6 we also•wrote down their 

Fourier series expansions. 

The longitudinal electric field produced on the beam axis is 1 

+co 
E = I 

n=-co 

where 

(1) 

(2) 

where E is the dielectric constant in the vacuum, R is the average 
0 

radius of the accelerator, Cbw is the remaining capacitance per 

unit length between beam and surrounding wall after the magnetic 

cancellation. For circular geometry it is, for instance, 

(1+2 ln !2..) 
a 
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with a the beam radius (assumed constant) and b the pipe inner 

' radius. Zn is the (complex) impedance per unit length charac-

teristic of the media surrounding the beam at the boundary. 

We wish to emphasize, at this point, the difference between 

the two terms at the right hand side of Eq. (2). The quantity 

Cbw depends exclusively on the geometry of the beam and of the 

inner size of the tank (or pipe) which surrounds the beam. z 
n 

depends more on the electro-magnetic properties of the media, 

like resistivity, magnetic permeability and dielectric constant 

although geometry is also imp~rtant. For example, the effect of 

the variation of the pipe size along the accelerator is included 

' in Zn . When a theoretical model is available, it is possible to 

calculate zn' as it was done in several cases 2 • Nevertheless, it 

has been clear to many people for a long time, that likely the best 

' idea is to measure directly Zn . For this·punpese, a paper de~ 

scribing the measurement has also been produced3 . In this paper, 

we wish to report the theory of the measurement in more detail~ 

The main idea is to consider the beam--sarrounding combinatio!l 

as a transmission line, where the beam is the inner conductor and 

what surrounds it constitutes the outer conductor. Thus, it is 

possible to measure Z by making use of a conductive wire at the n 

place of the beam. We shall consider here only elements of a 

circular accelerator, like a magnet, a pipe, a discontinuity in the 

vacuum tank and so on. 

A transmission line as well as an element of the accelerator is 

characterized by a distributed impedance and an ensemble of lumped 
I 

impedances, all of them contributing to Zn . 

Other parameters describing the transmission line are 
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1 - the physical length 

L - the inductance per unit length (real) 

C - the capacitance per unit length (real) 
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G - the leakage conductance per unit length (real) 

ZR - loading impedance (complex) 

Zcond - impedance per unit length of the inner conductor 
(complex) 

In the following, we shall assume G = O, and we introduce the 

impedance per unit length 

I 

X = Z + Zn - iw L cond n 

and the admittance per unit length 

Y = - iwnc 

Denoting the voltage across the line by V and the current 

along the line by I we have the usual transmission line equations 

dV/dx - - XI 

dI/dx YV 

where x is the coordinate along the line. We shall consider only 

' Zn as a function of x. The equation for the current is 

d 2I/dx2 = (XY)I 

which has the following general solution 

,X I I S y(x )dx· 
0 

A
2 

e 

where A
1 

and A2 are two constants. 

~ I I 

.) y(x )dx 
0 

(3) 

(4) 

(5) 

(6) 

(7) 



From (6), then, we have 

v = 
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where y(x) is the propagation function and Z
0

(x) is the char­

acteristic impedance function 

y(x) = IXT and 

In the case Zn is a constant, then, also y and Z
0 

would be 

constants. 

If t0e l~ne is terminated at the far end with the loading 

impedance ZR, we can calculate A1 and A2 impc;:>sing that at x = £­

it is I = IR and v = ZRIR. 

We finally have 

51, I I 

( 8) 

J y (x ) dx J 
x ( 9) 

and 

51, I I 

I y(x )dx 
J 

I = ex 

where 

The input impedance Z is defined as 

or, from (9) and (10) 

z = V( o) 
ITOT 

51, 

- l 
.J 

x 

I I 
y (x ) dx 

1
--. 

(10) 
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ZR + z tanh a 
z z OU = oi Zou + ZR tanh a 

where 

z . 
Ol 

= z (0) 
0 

and Cl. = 
51, I I 

~ y(x )dx . 

Two measurements of Z can be performed: one with the far end 

shorted (ZR=o) which would give Zshort' and another with the far 

and open (ZR=oo) which would give Zopen We have, from (11), 

zshort = zoi tanh Cl. 

or, conversely, 

tanh ~ - IZ · Z - short open 

From the last of these equations we have 

a = loglAI + i(o+2rrm) 

where IAI and o are the magnitude and the angle of the complex 

quantity 

+ 12short/Zopen 

- /Zshort 2open 

(11) 

(12) 

(13) 

(14) 

(15) 

m is any integer number. To determine its value one has to guess 
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a priori the magnitude of the propagation velocity. 

Since one is interested only in the average impedance per 
I 

unit length, one can actually replace the function Z (x) with 
n 

-' its average Z over the line length. From the definition of n 

a, then, we have 

loglAI + i(6+2Tim) = ~/-iw n 

I _I 

C(Z d+E -iw L) con n n 

which can be solved for Z 
n 

I 

assuming we know C, L and Zcond" 

If the inner conductor is made of a cylinder of radius a of 
I 

a ferromagnetic material, Zcond is easily calculated 

I 

z cond 
= (1-i)p 

2Tiao 

where p is the resistivity of the material in Q-:m and 6 is the 

skin depth which for copper is 

6 = 6.64 
./w j2TI 

n 

cm 

and wn is expressed in cycles per second. Eq. (17) applies only 

when the conductor radius a is larger (but not ~ecessarily much 

larger) than the skin depth. For copper, this is the case when 
wn 
2TI ~ 10 kHz. 

(16) 

(17) 

Finally, C and L ean be calculated from the shape of the inner 

and outer conductors of the line. For complicated geometries, when 

the calculation is difficult, they can be measured by using con­

ducting-paper techniques 4. Observe that C and Lare mutually 

related by 

CL 2 = c 
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thus the knowledge of one gives immediately the other. 
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