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Because of the non-zero stopband width of the half-integral 

resonance, this resonance is more advantageous for extraction 

than the third-integral resonance which has zero stopband width, 

especially when the linear betatron-oscillation wave number has 

a sizable wobble due to current ripples in the main quadrupoles. 

The proper non-linear field to use in the half-integral extrac-

tion is the octupole. 

Neglecting the y motion (vertical) and the curvature of the 

closed orbit the resonant x motion (horizontal) is given by 

(1) 

dR 
de = -B1R sin(2¢-iµ 1 ) 

-2R
3 

[201 sin ( 2¢-x1 ) +D 2 sin ( 4 ¢-x2 ) J 
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with the first integral 

where 

e = f e~ =linear oscillation phase advance, 

R and cp are related to x and p by 

x = R/S cos (cp - 4~e) 

R sin(¢ - ¢
0 

- 4~e) 
p = IS cos ¢

0 

or, conversely 

and 

= (yx2 

= 418 
2 

2)1/2 + 2axp + Bp 

tan ¢
0 

- a 

41 deviation of v from resonant value E: = 2 - \) = 

B = 
0 

0th harmonic (average) of [~ 2 LlB'] 
B (Bp) 

Bl cos ( 418-lj! 1) = 4lst harmonic of [V 2 LlB'] 4 B {Bp) 

0th harmonic (average) of [v 3B
111

] D = 192 B (Bp) 0 

20! 
2 
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(3) 

( 4) 
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[ V 3 B "'] D1 cos(4le-x1 ) = 4lst harmonic of [192 S (Bp)j 

. r V 3 B "'] D2 cos(828-x2 ) = 82nd harmonic of [ 192 S (Bp)j 

llB' ( e) = ll~ = additional quadrupole field dX 

B '" ( 8) = a3By = octupole field 
ax 3 

(Bp) = rigidity of particle 

a, S, y = conventional linear-oscillation amplitude 

functions. 
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In these equations we have also dropped the small kinematic term--

4 . an R term in K. 

We, now, make the following simplifying assumptions: 

1. The effect of the 0th harmonic of llB', namely B is 
0 

simply a modification of s. We shall, therefore, set 

B = 0 and consider it incorporated in s. 
0 

2. We shall assume that the normally present error quad­

rupole field is either properly compensated by trim 

quadrupoles or incorporated in B1 • 

3. We assume, also, that the normally present error 

octupole field (especially D
0 

and D2 ) is properly 

compensated by trim octupole magnets, and that the 

octupole magnets for manipulating the resonance are 

placed in pairs at opposite ends of ring diameters 

and oppositely excited so that no even harmonic of 

B '" is present and we can put D
0 

= D2 = 0. 

There is, now, no need for subscripts and they shall be 

dropped. Eqs. (1) and (2) are, then, simplified to 
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~~ = £-B cos(2¢-~) - 8DR
2 

cos(2¢-x) 

-BR sin(2¢-~) - 4DR3 sin(2¢-x) 

A. (R,¢) Phase-Plane Topology 

TM-375 
0402 

(5) 

(6) 

The central fixed point R = 0 (controlled by the R2 term in 

K) is stable for £ > B and becomes unstable for £ < B. (We shall 

discuss only cases for which £ ~ 0. The extension to negative 

values of £ is obvious. Note also that B and D are, by definition, 

positive.) The overall phase-plane topology depends on the rela-

tive phase ~-x between the quadrupole and the octupole fields. 

For 0 < l~-xl < ~ the entire phase plane opens up for £ < B, 

and the topology is as follows: 

£ > B £ < B 

rr I I . -1 1 For 2 < ~-x < sin 3 the phase plane opens up only for 

£ < B where B is some value smaller than B. The phase-plane 

topology is as follows: 

£ > B B > £ > B £ < B 
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For sin-l ~ < lw-xl < TI the phase plane never opens up com­

pletely. The topology is shown below 

E > B 

For extraction, therefore, we should have 0 < lw-xl < 1· 
Specifically, we will arrange things so that w = x 1 namely the 

quadrupole and the octupole fields are exactly in phase. For 

this case the central closed area shrinks as E approaches B from 

a larger value and becomes zero at E = B. Extraction will com-

mence when the central closed area shrinks to a value equal to 

the horizontal emittance of the beam and all beam will be 

extracted when E = B. 

B. Fixed Points and Separatrices 

Setting w = x and performing some scaling we can rewrite 

Eq. (5) and (6) as 

~! = o - cos(2¢-w) - 2r
2 

cos(2¢-w) 

dr 
di. = -r sin(2¢-w) - r 3 sin(2¢-w) 

r 2 [o - cos(2¢-w)] - r 4 cos(2¢-w) = k =constant 

( 7) 

( 8) 
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where 

A. = B6, and 
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4D 
Hence, B controls the "magnification" and B controls the "speed" 

in the phase plane. 

For o > 1 (s>S) there are three fixed points given by 

~ = ~~ - O. These are 

r = 0 (central stable) 

r = ru = ,.j9- ¢ = ~' TI + ~· (unstable) 

All three fixed points coalesce at r = 0 and become one unstable 

fixed point for o < 1. The separatrices are given by 

4 2 (0-1) 2 
r cos(2¢-~) - r [o-cos(2¢-~)] + 4 = 0 o~l 

(9) 

r 2 cos (2¢-~) - [a-cos (2¢-~)] = o. 

At the end of extraction o = 1 and the separatrices become 

( 10) 

C. Locations of Quadrupole and Octupole 

At the electrostatic septum e = 0 (by definition) 6 = 6 = 98m, s 

a = as = tan ¢
0

s = 0.46. We would like the beam to stream out 

parallel to the septum, i.e., ps = O. Eq. (3), then, gives 

¢ = ¢ and 
OS 
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R = 

= 0 

x s 

~ cos¢ 
S OS 
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(11) 

During extraction the streaming "direction" along an outgoing 

separatrix varies slightly. We shall adjust the parameters for 

the end of extraction when the separatrix is given by Eq. (10). 

We want to adjust w so that the outgoing branch of this separatrix 
x 

passes through ¢ = ¢
08 

at R ___ s ___ where x = 3. 5 cm = O. 035 m 
s ~ cos¢ 

S OS 
corresponds to the middle of the septum aperture which extends from 

x = sl 3 • 0 cm = 0 • 0 3 m to x s 2 = 4 • 0 cm = 0 • 0 4 m. Thus, the proper 

phase W is 

w = -1 ( 4D + sec 1 + B 
SS 

- 2 \ x i 
s ' 2 l 

cos ¢ J OS 

( 12) 

The proper locations for the quadrupole(s) and octupole(s) (all 

assumed to be short) are, therefore 

Squad = ~l (W + mTI) 

m, n = integers (13) 
1 

8oct = 4T (W + nTI) 

D. Strengths of Quadrupole and Octupole 

The streaming "speed" also varies slightly during extraction. 

Again, we shall adjust parameters for the end of extraction. 

Eliminating ¢ between Eq. (10) and the second of Eq. (7) we get 

dr 2 
d:\ = r -,j ( l+r ) - 1. 
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The solution of this equation giving the variation of r from r 1 

to r 2 when A varies from Al to A2 is 

(14) 

At the septum r 2 should increase from 

4D 
B 2 

Sscos ¢0 s 
to 

2 
r2 = 4D R2 = 4D xs2 

2 B 1 B 13 cos2¢ 
S OS 

in two revolutions, namely in e2 - e1 = 4n or A2 - Al = 4nB. 

Eq. (14), then gives 

8~B = ( l + 
2 213 cos ¢ 

S OS 
2 

xsl 

~)1/2 
4D ( 15) 

Eq. (15) gives sets of proper values of quadrupole strength B and 

octupole strength D which will yield the desired streaming "speed." 

We note also that the stopband width of the half-integral reso-

nance is ~v = ±B. Therefore, we would like to have a large B 

value. 

For short quadrupoles and octupoles with strengths ~B'~ and 

B"'~ and placed at locations having 13 values 13B and 13 0 respect­

ively, we have 

B 
l3B ~B'~ 

= 4n (Bp) 

(32 
( 16) 

D 
D B II I~ 

= 
192TI (Bp) 
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E. Onset of Extraction 

For o > 1 the area of the central stable region (taken to 

be approximately elliptical) is given approximately by the first 

of Eq. (9) as 

A - TI (rat 2¢-1/J = 0) (r at 2¢-1/J = 7T) 

= n R(fi!¥ -0;1 )1/2 

= n ru[J(l+r~) 2 
+ 

r/2 
r~ - (1+r~) (17) 

Extraction starts when A equals the horizontal emittance of the 

beam which is estimated to be E = TI x 10-6 m-rad at 200 GeV. 
4 

This gives the starting values of ru and o through 

o-1 = 2r2 
u 

+ r4 
u 

4D E 
B TI 

( 18) 

Correspondingly, the beam half-width at the start of extraction 

is 

113 
x = r f- ~ cos¢ . 

SU U 1"14D S OS • 
( 19) 

Since we do not want the streaming "direction" and "speed" 

to vary too much during extraction xsu should not be too close 

to the septum position at xsl" The upper limit of x is about 
SU 

1 
2xsl" This gives an upper limit on the quadrupole strength B. 
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F. Numerical Results 

The parameters assumed are 

at septum: 

SS = 98 m a. = s 
tan ¢OS 

x = 0.03 m x = 0.04 m sl s2 

at quadrupoles and octupoles: 

= 0.46 ¢OS 

x s 

= 

= 
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0.43 

0.035 m 

S = S = 90 m (Bp) = 6700 kGm for 200 GeV B D 

and various equations become: 

¢ = 0.86 + sec-l [1+(0.151 x l0-
4

m) 4~] 
1 

equad = 4T (¢ + mn) 

(t.iB'9v = 

~B"'9v = 
l 

1 = 41 (¢ + mr) 

(936 kG)B 

(499 kG/m) D 

! 2'11/2 ,"1 -6 
ll+ru)j = \ 4 x 10 m-rad 

E-B = B(o-1) = 2Br2 
u 

= { B {9 0 1/2) 
xsu ..j 4D \ • m ru 

4D 
B 
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The numerical results are summarized in the following table: 

Quadrupole and Octupole 

Location I 
Onset of 

Strength Extraction 

B/4D B t.B I.!(, B II I.!(, 
iµ l D r x E:-B 

(l0- 4m) (m-1) f 1 03 kG) u SU 
(rad) 

I 
(kG) \ . mZ (cm) 

I 

I 
0 2.433 I 0 391. 7 0 195.5 00 0.56 .00122 I 

I 
' 

0.01 2.371 l • 0014 7 366.8 
j 

1. 37 183.1 .768 0.69 .00173 

0.1 2.024 I • 01013 253.3 9.48 126.4 .334 0.95 .00226 

0.25 1. 761 
I 
1·0185 185.4 17.35 92.6 .244 1.10 .00221 

~ 
0.5 1.558 I. 0219 139.3 26.1 69.5 .193 1. 23 .00208 

j! 

1. 0 1. 381 1. 0407 101.8 38.l 50.8 .153 1. 38 .00190 

1. 5 1.294 I. 0505 84.1 47.2 42.0 .133 1. 47 .00180 
I 

2.0 1. 240 I. 0586 
! 

73.3 54.8 36.6 .121 1. 54 .00172 
i 

2.5 1.202 : • 0658 65.8 61. 5 32.8 .112 1. 60 .00166 

3.0 1.174 ·.0722 60.2 67.6 30.0 .106 1. 65 .00162 

3.5 1.151 .0781 55.8 73.l 27.9 .101 1. 69 .00158 

4.0 1.133 .0836 52.3 78.3 26.1 .096 1. 73 .00155 

4.5 1.118 .0888 49.3 83.l 24.6 .092 1. 76 .00152 

5.0 1.105 i. 0937 46.8 87.7 23.4 .089 1. 80 .00149 
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The boxed row gives the best compromise. For this case: 

1. Quadrupole strength= 6B'£ = 47.2 kG 

(Two quadrupoles each having £ = 0.3 m, say, and 

B' = 78.7 kG/m, diametrically located, and oppositely 

excited to give only odd harmonics.) 

2. Octupole strength = B '" £ = 42, 000 kG/m2 

(Two octupoles each having £ = 0.5 m, say, and 

B "' = 42, 000 kG/m3 corresponding to a pole-tip field 

of 0.875 kG at an aperture radius of 0.05 m. These 

octupoles should be diametrically located and oppositely 

excited to give only odd harmonics.) 

3. Quadrupole locations--The two quadrupoles should be located 

at 

1 ( ljJ + nrr) ljJ 1. 294 74.1° 4T = = 

e = 
1 ( ljJ + nrr) 41 + 7T n = 0,1,2, ..• 80,81 

where e = ~ (betatron-oscillation phase) when v + 
4 ~. 

We have also assumed SB = 90 m at the quadrupoles. If 

SB is different from 90 m at the quadrupoles the quad­

rupole strength should be adjusted accordingly. 

4. Octupole locations--Same as those for the quadrupoles but can 

have a different n value. Here, also, if s0 is different 

from 90 m at the octupoles the octupole strength should 

be adjusted accordingly. 

5. Stopband width 6v = ±0.0505. 
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6. Betatron-oscillation tune at start of extraction 

\) = 20.4477. 
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7. Beam half-width at start of extraction x = 1.47 cm. 
SU 

It remains to check that the streaming "direction" and "speed" 

do not vary too much during extraction. The values of ps and 

dr 
dA at the start of extraction (6 = 1.0356) and the end of extrac-

tion (8 = 1) given by Eqs. (3), (7) and (9) are 

Start End 

(6 = 1.0356) (6 = 1) 

"direction" PS 0.0167 mrad 0 mrad 

"speed" dr 0.121 0.146 dA (11x = 0.83 cm (L'.x = 1 cm s. 2 turns s. 2 turns} in in 

These variations are certainly tolerable. 

This calculation serves only as a first-order design guide. 

The effects of the momentum spread in the beam, the tune ripple, 

and the vertical motion must be studied more in detail using a 

computer. 

The study of the phase-plane topology given in Section A was 

made by w. Lee. 
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and when they are all in phase Eqs. (1) and (2) in TM-375 

become 

~ = E - B - B.cos(2¢-ijJ) de 

- aoR2 [~ + cos(2¢-w> +!cos 2(2¢-w>J 

= E - B - B cos(2¢-ijJ) - 4D~2 [1 + cos(2¢-ijJ)J
2 

dR ae = -BR sin(2¢-ijJ) 

- 4DR3 [sin (2¢-ijJ) + ~ sin 2 (2¢-ijJ) J 

=-BR sin(2¢-ijJ) - 4DR3 sin(2¢-ijJ) [1 + cos(2¢-ijJ)J 

(lA) 

C · Operated by Universities Research Association Inc. Under Contract with the United States Atomic Energy Commis~ 
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At the end of extraction o = 1 and the separatrices become 

or 

B. Locations of Quadrupoles and Octupoles 

-1 With ¢ = ¢
0

s = tan as we have at the septum 

p = 0 s 

l+a2 
s 

Ys = ~ 

( 6A) 

(7A) 

In order that the outgoing separatrix (7A) passes through 

¢ = ¢ and r = r = f4D R = f4r5 iy x where x = 0 . 0 3 Sm we 
OS ~-P, ~}3 S S S 

must have 

( 8A) 

c. Strengths of Quadrupoles and Octupoles 

For /:J."A = 4TIB (2 turns) the second of Eq. (3A) gives 

1 /:J.r 1 
/:J.x ( 

r2 [l+cos (2~-$) J1 s -sin(2¢-1j;) )1 + ( 9A) 4TIB - = 4TIB x = r s '-... J 
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E. Numerical Results 

With 

i3 s = 98 m Cl. = tan <Pas = 0.46 s (¢
0

S = 0.43) 

!J.x = 0.01 m x = 0.035 m s s 

and at the quadrupole and octupole 

(Bp) = 6700 kGm at 200 GeV 

we get the table following (p. 6). The values of~' B'i and 

B"'i are plotted against B/4D in Fig. 1 for easy interpolation. 

The boxed row is a good compromise. For this case the varia-

tions of streaming "direction" and "speed" from the start to 

the end of extraction are given below. 

"direction" p s 

1 dr "speed" r dt. 

Start 

(v = 20.44228) 

0.00685 mrad 

0.731 
(!J.x = O-. 895 cm 

sin 2 turns) 

These variations are tolerable. 

End 

(v = 20. 44435) 

0 mrad 

0.817 
(!J.x = 1 cm 

sin 2 turns) 

Comparison of these parameters with those given in TM-375 

with all even harmonics of the octupole field eliminated shows 

that this present case has a slight advantage. 
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In the case of one o-function quadrupole and one o-function 

octupole the phase-plane topology also becomes rather complex 

when the quadrupole and the octupole are not in phase. Instead 

of an exhaustive study of the general case we shall investigate 

only the special case when they are out of phase by ~~ = rr 

rr (or ~8 = 41 ). This corresponds to locating the quadrupole and 

the octupole diametrically opposite and is, hence, of special 

interest for application. 

We shall retain ~ to specify the location of the octupole 

and change ~ to ~-rr for the quadrupole. We observe that aside 

from a redefinition of o, this is equivalent to a change in 

sign of B. (Changing the sign of B also changes the sign of 

the zeroth harmonic or the average of the quadrupole field, 

hence the sign of the tune shift.) Denoting a special case of 

signs and phase difference by 

O Operated by Universities Research Association Inc. Under Contract with the United States Atomic Energy Commissi 
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where 

A I BI e, 2 4D R2, and = r = 
JBI 

( E: 
1 for (+,+) 

Ji~I-
0 

cS = 
+ 1 for (-,+)'IT 

\. 

Case B 

rd¢ - 2 [ J 2 d.A - cS + cos(2¢-~) - r 1 + cos(2¢-~) 

~~ = r sin(2cp-~) - r 3 sin(2¢-~) [1 + cos(2cp-~)J 

r
2 [o + cos(2¢-~)J 1 4 [ - 2 r 1 + cos(2¢-~)J

2 

= 

where 

le I BI e, 2 4D R2, and = r = 
jB! 

r s 
+ 1 for (- +) 

jBj 
I Q 

0 = 
E: 1 for (+ ,+) B 'IT 

The phase-plane topology for these cases is shown 

following sketches: 
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k 

in the 



c5 = -0.5 

0 = -1.0 

8 = -1. 5 

c5 = -2.0 
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I 
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S. Ohnuma discovered that the extraction proceeds quite 

well with only the zeroth harmonic octupole field. With o-
function quadrupole and only zeroth harmonic octupole, Eqs. 

(1) and (2) in TM-375 become 

~ 
de = e: - B - Bcos(2¢-~) - 6DR2 

dR _ 
de - -BRsin(2¢-~) 

After scaling with 

we have 

/..=BS, 

d¢ = 
d/.. 

r2 = 6D R2 
B ' 

o - cos(2¢-~) 
2 

- r 

dr 
d/.. = - r sin (2¢-~) 

(lB) 

(2B) 

(3B) 

(4B) 

0 Operated by Universities Research Association Inc. Under Contract with the United States Atomic Energy Commission 
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A. Fixed Points and Separatrices 
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Outside the stopband o>l (s>2B), the fixed points are 

r = 0 (central stable) 

/0+1 <P 
iµ + 7T iµ + 37T r = rs = = 2' 2 2 2 

(outboard stable) 

r = r = :10-1 <P = 21!. 
iµ + 7T (unstable) u 2' 2 

Now we have two additional stable fixed points on the outside 

which means that even inside the stopband (o<l) the phase space 

is closed on the outside. But since r is very much larger than s 

r the closing of the separatrices at very large values of R u 

does not impair the effectiveness for extraction. 

The separatrices are constant k curves passing through the 

unstable fixed points and are given by 

f r 4 
- 2r

2 [s - cos(2$-1/J)J + (<'i-1)
2 = o 

lr
2 

- 2[0 - cos(2$-1/J)J = Q. 

0~1 

(SB) 

At the end of extraction o = 1 and the direction of the outward 

streaming branch of the separatrix is given by 

sin(2<j)-if!) 

r2 
= 1 - ~ 

(6B) 



B. Locations of Quadrupole 

With ¢ = 

rx 
I, S 
) 

I 
I 

-1 = tan a , we have at the septum s 

R 'J3 r 
= 0 = ~6D lfy s '\ s 

I = O 
1 Ps 
\. 
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In order that the outgoing separatrix (6B) passes through 

¢ = ¢
0

s and r = r = /6D Iv xs we roust have -,.,J B"l}Ys 

(7B) 

C. Strengths of Quadrupole and Octupole 

The quantity x is related to r and ¢ by 

X /r·B" ro , .i-. 412 e) = - YP r COS\'!' -
"j 6D 1, 

which, together with Eq. (3B), gives, at the septum (8 = 0) and 

at the end of extraction (o = 1) 

= r(r2-l)sin¢ - r sin(¢ -~). OS OS 

In 2 turns (~A = 4nB) and at r = r we get ~xs given by 

L !6r5 ~XS = r[(r2-1) sin¢os - sin (¢OS-~) OJ . ( 8B) ~ ;,JB 4TIB < 



D. Onset of Extraction 
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For o>l the area of the central stable region (taken to be 

approximately elliptical} is given by the first of Eq. (SB} 

= nlo-1 ( 16-1) 
, -- \ / ' 2 . 

= TI r i j1+r - 11 
U\:' U ) 

Extraction starts when 

A = TI r (\; /i+r2 - 1 \ 
u '\/ u J = 6D 

B E, r2 = 
u o-1. (9B} 

The beam half-width at the septum at the start of extraction is 

E. Numerical Results 

Since the septum position xs 
6.x s 

- xs - - 2- can be easily 

(lOB} 

adjusted by a local orbit bump, the computation procedure is 

changed. The parameters assumed are 

(3 s = 96.8481 m Ys = 0.0122255 m -1 

Cl. = tan ¢OS s = 0.428976 ¢OS = 0.405234 

6.x = 0.01 m E = 7T x 10- 6 m-rad 
s 4 

and at the quadrupole 

SB = 92.13 m, (Bp} = 6702.5 kGm at 200 GeV. 

For given values of D = {D], the values of B = IBJ 
6.x 

B'~ - ::(Bp}B = [B'LJ, 
4 ~ - 2B =!TUNE], XS - XS - ~ = [XS], 
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xsu = [XU], and E = B(o+l) = IEPSLN] are calculated as functions 

of~= [PSI]; and given in the following table. (The symbols in 

brackets are headings in the table.) These values will give the 

proper streaming speed (6x = 0.01 m) and streaming direction s 

(p s = 0) . Of course, one should check that x < x . 
XU S 

The value 

of D is related to the zeroth harmonic (average) octupole strength 

S6 B"'i 
B "'JI, by D = 

192'IT 1BPf• The proper value of SD will depend on the 

source of B"'JI, (either specially inserted octupole magnets or 

error octupole field in the main ring quadrupoles). The values 

of B '"JI, = [B '" L] given in the table corresponds to SD = 9 2 .13 m. 

The computation was made by W. W. Lee. I am grateful to 

s. Ohnuma for pointing out an error in the original calculation. 
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