
national accelerator laboratory 

TRANSFER FUNCTION AND COIL IMPEDANCE FOR 
MAIN-RING QUADRUPOLE MAGNETS 

S. C. Snowdon 

February 23, 1972 

SUMMARY 
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The transfer function between the Fourier amplitudes of 

magnetic gradient and the excitation current has been calculated 

in a manner similar to that given in TM-325. To reduce the com-

plexity only the lowest mode is calculated thereby restricting 

the validity to frequencies below lkHz. The coil impedance is 

also given for a similar frequency range. Computer results are 

given for the 7 ft. and the 4 ft. quadrupoles. 

MAGNETIC CIRCUIT 

Fig. 1 indicates the cross section of the quadrupole under 

consideration. Let a designate the aperture radius, b the hori-

zontal half aperture of the vacuum chamber, d the distance from 

the quadrupole center to the inner edge of the coil in the hori-

zontal slot, h the half height of the coil in the horizontal 

slot, i the length of the mean flux path in the horizontal octant 

of the yoke, w the average width of the horizontal octant, and N 
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the number of coil turns in the full slot. For simplicity the 

quadrupole is considered symmetrical with d representing the 

mean of the horizontal and vertical coil distances. 

If U(x) designates the flux per unit length of the quad-

rupole passing through the median plane from x = 0, the quadru-

pole center, to x = x, then the average flux density B
0 

in the 

horizontal octant of the yoke is to be determined by 

U(d) + u .1 = wB , 
C01 0 

(1) 

where Appendix IV of TM-325 may be used to give the flux pass-

ing through the coil. Thus 

where 

cosh Pc-1 [ nN
2 

] 
ucoil = P sinh Pc • NH(d) + ~ I ' 

P2 = 4njwcr . 1 , 
C01 

(emu) 

(emu) (2) 

( 3) 

c is the horizontal width of the conductor in the horizontal 

slot, and H(d) is the magnetic field at the edge of the hori-

zontal coil. Although easily modified for other cases, it is 

assumed that only one layer of conductors exists between the 

median plane and the pole. 

To complete the magnetic circuit description one evaluates 

the Ampere integral along the flux line beginning at x = x, 

y = 0 through the vacuum chamber. In the iron the mean flux 

path will be used. Thus, remembering that in the ideal quad­

rupole the potential on the iron is given by ! B' a 2 where B' 
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is the gradient, one has approximately 
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( 4) 

where from TM-325 the surface current density of eddy currents 

in the vacuum chamber is 

ic = jwsU (x) , (5) 

s being the surface conductivity, and the effective surface 

current density due to eddy currents in the iron is 

4TTi = k B 
I µ o' (6) 

where µ is the iron permeability and 

co sh 0 
::\o A--1 

k = • 2 
2 sinh A~ 

2 

( 7) 

Here 0 is the lamination thickness and 

A2 = 4rrµoj w (emu) (8) 

where a is the volume conductivity of the iron. 

From the geometry of the ideal quadrupole dt along the iron 

surface (assumed to be coincident with the vacuum chamber surface) 

is 

dt = x dx. (9) x 4 4 x +a 

Along the flux line at x = b one has approximately 



Thus, remembering that 

one has from Eq. (4) 

f (3 ) dt = 
(2) 

1 a 2 

2b 

U(x) = rH(x)dx 

0 

1 2 "( . fb 2a U x) + 4'ITJWS _x __ U(x)dx 

~ 4 4 x x +a 
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( 10) 

(11) 

2 
+ 47rjws~ U(b) + (k~l) £B

0 
= 2'ITNI. (emu) (12) 

Differentiating Eq. (12) gives 

x --- U(x) = 0. (emu) (13) 
~4 4 x +a 

SOLUTION 

By definition the flux line passing through the origin may 

be designated by U(O) = O. A quadrupole field is further desig­

nated by U' (0) = 0, and U"(O) = H~. Thus if, for convenience, 

I 

u(x) = H
0
u(x), {14) 

then the conditions on U(x) are 

u(O) = 0, u'(O) = 0, u" (O) = 1 (15) 

and the differential equation is 
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{

Q (x

0

) u (x) 
1 u"' (x) = 

Q (x) = 8Tijws 
2 a 

x 

x4 4 x +a 

0 < x < b 

b < x < d 
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(16) 

(17) 

Numerical integration using a Runge-Kutta procedure yields u(x) 

in the interval 0 < x < b. Outside b Eq. (16) yields directly 

u(x) 1 2 2 = u(b) + 2 a(x -b ) • 

The constant a may be found using Eq. (12) once for x = b and 

once for x = O. Subtraction yields 

a= 1 + fbQ(x)u(x)dx. 

0 

TRANSFER FUNCTION AND COIL IMPEDANCE 

Having found u(b) and a one may write Eq. (1) and Eq. (12) 

for x = 0 in the form 

TicN 2 (cosh Pc-1) 
= ~h~· Pc sinh Pc I 

and 

[
l 2 4Tijwsa

2 
( )] • k+lnB = 

2a a + b u b H
0 

+ µ N 0 
2TINI. 

(18) 

(19) 

( 2 0) 

(21) 
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I 
Eqs (20 and (21) may be solved simultaneously for H

0 
and B

0
• 

The transfer function is then given by 

H' 
0 y = r 

and the complex inductance by 

B 

(emu) 

L = 4NwI0 
x (quadrupole length). 

(22) 

(emu) (23) 

From this inductance and the ac resistance R of the conductors 

paired by twos in the coil slot one has for the coil impedance 

Z = R + jwL. (24) 

The inductance, of course, will have an imaginary part and con-

tribute to the actual resistance seen between the coil terminals. 

NUMERICAL RESULTS 

The relations necessary to solve Eqs. (20) and (21) have 

been coded for the CDC6600 in a program GITRANS. The complex 

values of Y in Gauss/cm/A and Z in Ohms is given for each assumed 

frequency in the range 0 to 1000 Hz. A second transfer function 

is produced from that of Eq. (22) if each quadrupole is paralleled 

by a resistor R
0

. The effective transfer function is 

( 25) 

and the effective impedance is 

(26) 



-7- TM-352 
0423 
0437 

For each frequency Y, Z, YE, and ZE are given. Results for both 

the 7 ft. and the 4 ft. quadrupoles are included. See Figs. 1 

and 2 and attached computer output. 
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AP!"R(lN) 
VER, YO~E THICKNESSCINJ 
Vt.R, v•c, CH, APEH(lN) 
IRON REiToCMUUHM•CH) 
DC lNDUCTANCf(HYJ 
NO, TURNS IN COIL SLOT 

FRt.Q 
(Hl) 

0,0000 
cS,0000 
!;I0,0000 
75,0000 

100,0000 
lcS,0000 
150,0000 
175,0000 
i!00,0000 
U5,0000 
ii!so,oooo 
275,0000 
300,0000 
JcS,0000 
3)0,0000 
375,0000 
1100,0000 
1125,0000 
uso,oooo 
1175,0000 
500,0000 
5c5,0CIOO 
550,0000 
575,0000 
D00,0000 
t.25,0000 
t.50, 0000 
&75,0000 
700,0000 
7£5,0000 
7)0,0000 
775,0000 
800,0000 
825,0000 
850,0000 
875,0000 
900,0000 
9ir!5,0000 
950,0000 
975,0000 

1000.0000 

TRANSfER FUNCTION BETWEEN GRADIENT AND CURRENT IN MAIN RING YUADRUPOLEC7~T) 

• 3,28D YUKE ~lOTH(lN) =23,270 YUKt HEIGHT(IN) •17,&2U HUR, YOKE Tl 
• 2,582 HOR, COIL APEHTURE(lN) = 8,000 VER, COIL APEHTU~t(lN) = u,ooo HUR, VAC, Ci 
• 3,500 CUlL SLUT THlCKNESS(IN) • 1,370 LAMINATION THlCKNtSS(lN)• ,Q&15 VAC, CHA~~. 
•12,000 VAC, LHo Ht.ST,(MUUHM•CMJ•75,500 PERMEABILITY UF IHON •3000 1 0 AMPFAC 
s ,OOJ2 COIL HESIST,CMUOHM•lN) • ,772 COIL CORNER RAOIUS(lN) • o0&25 MAGNET ~ENG' 
• 8 CONDUCTUH ~lDTHCIN) • 1,000 CUNDUCTUR HEIGHT(lN) • 0 5D5 CONO, HOLE I 

MAGNET ALONE 
TRANSFER FCT, AC lMPtDANtE 

(G/CM/AMP) (OtGRttS) (OHMS) 

,57H 
,5114 
o5b90 
o':SD7D 
,51:>1:>5 
• !)..., ~., 

• 51:>4'1 
,S&H 
,51:>21 
o5D08 
,55'H 
':)578 
,55c1 
,554'3 
,551!4 
,5503 
,5482 
,54cO 
• 54.H 
,5413 
,5388 
,5H2 
1 5H& 
.5108 
,5280 
,5252 
.52.!l 
,5193 
,snl 
,5132 
,5101 
,501:>9 
, 50.SS 
,5005 
,4973 
049'10 
14907 
,us111 
• 48'10 
,4807 
,U11l 

0,0000 
"l • 2 .S2b 
•2 ol 'f2l 
•.5, OllliO 
•3,9747 
314 ,07 l 'i 
.. 5,1738 
•o,&779 
•7,5820 
•ll. 118'17 
•9, .HHIS 

•10.2807 
•1101722 
•12.058b 
•12,9.591 
•13,d1.S4 
•14,b811 
.. 15,51.118 
•1b,J'152 
•17. 2410 
•l6,U790 
•lti,9091 
•l'f.7310 
•20,54LID 
'"21 o .Sl<97 
•2t!ol4b3 
.. 22 '93'12' 
•23, 71.>3 
-21.1, 4o.Si> 
•ii!S,2451 
.. 25,9975 
•2b,7410 
•27,1.175U 
•28,.2008 
•28,917i! 
•29. b21.14 
•30,.S227 
•31,011'1 
•l1oo920 
•),!I jbji? 
.:u,02ss 

oOOllY 
,2uo1 
oll257 
,5597 
,&549 
, 73Bb 
• 8211.1 
,90bl 
,991111 

100859 
l ol 605 
1.2777 
1,HU. 
loU787 
1,5819 
lob6bb 
lo°f92D 
lo69'f8 
2,0080 
2ol17<! 
2.2.1.11 
i!d.Hb 
2,(14187 
2,5coc 
2,0(20 
207640 
2,ll'loO 
3,0080 
3..t 1~" 
3. ?.31'l 
3,3427 
J, 115311 
3,5b3b 
3,t.731 
3.71ll9 
3,869'f 
J,Y\fb9 
U,1030 
4oi?080 
4o31i!O 
11.111/j1 

0,0000 
• 11131 
,Dll'12 
,8325 

1.0201 
1. i10-i5 
1 o398b 
1o56~>1 
1. 7b80 
lo90l 
2 o 1199 
2,2!l85 
2,11522 
2.0109 
2o7bU9 
2o'f1112 
3, O!:>Bd 
3,1990 
J,33'18 
3,Ubb3 
3,5'135 
J,71DS 
3,835!1 
J,950:S 
4,0b12 
4olb82 
u,2'/13 
11,3707 
ll,llbb4 
4,5584 
4,bll70 
4, 7320 
u,8136 
'lo8'f22 
Uo9b7U 
5,031/b 
501086 
501750 
Soi!lll'I 
5,29'1c 
S,357Z 

MAGt>.ET wITH S 
T~ANSl'ER FCT, 

(G/CM/AMP) (OtGRfES) 
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,!:>4 lb 
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'!:>048 
,4929 
, 11821 
• 4171 u 
,41b0b 
• 41.ilf7 
,,n8e 
'll280 
, II 1 7 4 
,'10b9 
,3'1b8 
,3Sb9 
,3773 
,3080 
,.S590 
,3503 
'.Sll 1 q 
,3338 
,32b0 
,3184 
,3112 
• .s 0" 1 
,29711 
'i:!qo9 
,2B4D 
,2785 
,2727 
,2b7l 
,2D1D 
,25b4 
,2513 
,24b'I 
,21.117 
,2371 
,ii.327 
,2265 
.i?24l 
,2203 

0.0000 
•5,77ll7 
-l' ,9b39 

•11,D003 
•lll,2003 
•lb, 7738 
•lq,2R29 
.. 21. 7010 
"2ll ,O I 'lb 
•2!>,2194 
•28,3lD5 
•30 o 3098 
•32,2050 
•311,0082 
·J~.72!>2 
•37,3b20 
-38,9240 
"40,lllbl 
•I!), l:lU'Q 
•llj ,i;!()ti5 
"Ull, 51 Dll 
•115, 771U 
•llb,975D 
•118,132~ 

•119,211115 
-so,111.1& 

·•51.31152 
•52,3381> 
.. 53,2<ib9 
.. 511,2220 
•55,11!:>!1 
•55,91102 
•5b,61bD 
•'57,b2bb 
"58,411& 
.. 59 .1 BO 
•59,'fl21 
•D0,D29'f 
•D1 ,J275 
•D2o00Dl 
•1:>2,i>&D5 

I, 
I 
I 
1 
1 
1 
l 
l .. 
2 
2 
2 
2 
2 
r 
2 
2 
2 
2 
? 
2 
2 
2 
2 
? 
2 
? 
2 
i! 
2 
2 
2 



APER(Iill) 
VER, YOKE THICKNE5SCIN) 
VER, VAC, CH, APER(lN) 
IRON REST,(MUUHH•CM) 
DC lNDUCTANCECHY) 
NU, TVRNS IN COIL SLOT 

f'RtQ 
tHZl 

0,0000 
i!5,0000 
50,0000 
75,0000 

100,0000 
lc?':>.0000 
150,0000 
175,0000 
200,0000 
2.::s,0000 
2!10,0UOO 
275,0000 
]U0,0000 
lc?S,0000 
:sso.oooo 
]75,0000 
1100, OvOO 
llcS,0000 
1150,0000 
11/5,0000 
500,0000 
':>(5,0UOO 
5!:10,0000 
':>75,0000 
b00,0000 
o.:s.oooo 
lo50,0000 
lo75,0000 
700,0000 
7'5,0000 
750,0000 
775,0000 
800,0000 
1.125,0000 
850,0000 
87!!>,0000 
900,0000 
9i!S,OOOO 
9!:10,0000 
975,0000 

1000.0000 

TRAlllSFER FUNCTION ijEfWtEN GRADIENT ANO CURRENT IN MAIN RING QUA~RUPOLECUrT) 

• ],26o YUKE "lUTM(lN) =23,270 YUKE HElGHT(lN) =17,&iU HUR, ynKF TH 
• 2,5d2 HOR, COIL APEHTURt(lN) • 6,000 VER, COll APERTURt(lN) • 4,000 HUR, VIC, CH 
s ],500 COIL SLUT TMlCKNtSS(lN) = 1,J70 LAMlNATlON THlCK~£SS(lNJ• .0~15 VAC, CHAMB, 
•12,000 VAC, CH 1 HEST,CMUOHM•CM)•JS,500 PERMEABILITY UF IRON •J000 1 0 AMPrAC 
• 10018 CUlL kESlST,(MUUHM•lN) • 1772 CUlL LOkNER RADIUS(lN) • ,0625 MAGNET LfNGli 
• 8 CUNUU,TUR WlDTHCIN) • 11000 COlllUUCTOR HtIGHT(lN) • ,565 CUND, MOLE D 

MAGNET ALONE 
TRANSl'ER FCl, 

(G/CM/A~P) (DtGkEtS) 

.!'>7H 
• !:I "1111 
,Sb"IO 
,Sb/o 
,')bb5 
,SbSS 
• 5(,'1'1 . ~ ... ~ ~ 
.51>21 
• 5!:>08 
I 55'13 
,5'578 
,5!:io1 
.5543 
,':>52'1 
• ')50 .s 
.5ue2 
• 5'1!:>0 
,511.H 
• ')<11 l 
, 53tH! 
I :db2 
I ~d.HJ 
,5308 
,!>260 
,52::.2 
• ::.2.: j 
151\ll 
, ':>lo3 
151.si! 
J;iJt 
,50&'1 
,')038 
,')005 
,11973 
,11.,110 
111907 
,11874 
I '18110 
.4807 
,14773 

0.0000 
.. 1 .. di!b 
•2.1'1i3 
•j. 0840 
.. 3, "17147 
.. 11, 1111 q 
.. -:,,(7j8 
-e.cr~r: 
•7,58i!O 
00 11. '1!!'17 
•9. ,)1:!1.15 

•10,2807 
-11.17.!2 
•li.051111 
•IC:,9.591 
•D,!!134 
•l'l.b811 
•IS,51H8 
•lb,j952 
•17,i!lllO 
•18,o790 
• 16. '109 I 
•19,7.HO 
•20 ,54qo 
•21o.S497 
•2'!o 14t>3 
•2i!.'1.Sl<2 
"CJ, 'f1j3 
.. 211, 413jb 
•2!:>,21151 
-2:;,9975 
•C::b,/'110 
•21·"7!:>11 
•28,i0U8 
•2!!,9172 
•29 ,bi!llll 
•J01.S2.!7 
•31,0119 
•ll1b920 
•32,3bJ2 
•33,1)2!:>5 

AC IMPEDANCE 
(OHMS) 

,ou32 
,119& 
, 2!:>1JU 
.JHc 
,3900 
• "j'I <4 
,<!!!79 
,':d77 
,5l:l'li 
,bl.l2T 
,e.9713 
• 75115 
I 8124 
, l:l 715 
,qj111 
,992J 

1.0538 
1.11110 
111787 
1,2419 
1. :soo;c 
1,:So'lb 
1,t1.)3d 
1,Q98j 
1, Sb:SO 
1,b2"17 
1,b'l25 
1. 757<! 
1. 8i l 8 
1. 8l:lbj 
1, '1!:)0!:> 
2, u I 1<5 
2,0781 
2, 1111.5 
2. 20111 
2.200/l 
2,328.! 
2,36941 
2,aso1 
2,5100 
2,50914 

0,0000 
,23&1 
• 3t> p, 1 
,U757 
,5829 
, bl/ Ii:! 
• 79'12 
"qJt;3 

1.010J 
1,11u 
1.211u 
1.1077 
1. u 012 
1,'1920 
1,57Q9 
lobb5.! 
1.7479 
1,sc:so 
1,905!:> 
1,9807 
j!. 0!:>311 
211237 
2,1917 
2,2':>7J 
2. :Si/07 
2,3818 
2,41106 
2 ,497!:> 
2,5!:>22 
2,00118 
2. b!:>'ill 
2,10110 
2,7507 
2,7955 
2,8385 
2,e7qe 
2,91'11 
2,9571 
2,qq34 
l,Oi!81 
3,01113 

MAGNET WITH i>.5 ' 
TRANSFEH ~CT, 

(G/CM/AMP) CDtr.REES) 
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,51i0 
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,H1b 
,Hc5 
,37!:>'1 
,Jo55 
,3551> 
, :Sllo I 
,3h9 
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,J 115 
,JO.H 
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,2821 
,2755 
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,2572 
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,211b 1 
,21108 
,23!:>8 
.2309 
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,2218 
,2174 
12132 
,2092 
12053 
,201s 

0.0000 
•b. 3111 'I 
•9,80b2 

-12,01112 
•15,.H82 
• 1ti,11'l II 0 
•20,71J82 
•23,2817 
•2S,o'112 
•27,'1735 
-30.1317 
•32.1719 
.,11,1018 
•35,'12'12 
•37,t>618 
•39,30b9 
.. 110,8710 
•lie. 31-io 1 
•43,77''17 
•115,13117 
•llo ,<1?'15 
•ll7,b683 
"48,85U7 
•'19,9Q2t 
.. 51,0llj8 
.. ~2.1325 
-~3.1411 
-54,111" 
•55,01173 
•5!>,9t193 
•S0,8201 
•57,6&13 
•58,117411 
•59,21'21 
•bO, 0;>117 
•o0,7639 
•01,11s12 
•&2,1775 
·o~.8542 
•oJ,5121 
•&Q,1524 
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