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SUMMARY 
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The transfer function between the Fourier amplitudes of 

the central magnetic field and the excitation current has been 

calculated using equivalent magnetic circuit analysis. Reluc-

tance effects, eddy currents in the laminations, eddy currents 

in the vacuum chamber, and eddy currents in the conductors are 

all included in the calculation. In addition, the impedance 

looking into the conductor terminals has been calculated. 

Results are presented for the Bl and B2 main ring bending 

magnets. Also included is the /Bds around the ring for the 

design distribution of Bl and B2 magnets. 

0 Operated by Universities Research Association Inc. Under Contract with the United States Atomic Energy Commission 
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MAGNETIC CIRCUIT 
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Figure 1 indicates the magnet cross section under consid-

eration. Let b designate the half width of the pole, h the 

half-gap height, p the effective pole height, w the yoke width 

assumed the same in both the top and side yoke, and £ the aver-

age length of the flux path through the top and side yokes. 

The effective pole half width is taken to be b+h. Hence the 

flux density B
0 

in the top and side yoke is given approximately 

by 

f
b+h 

H (x,h)dx = 
Jo y 

wB . 
0 

(1) 

Recognizing that the flux must be continuous across the boundary 

y = h, it is reasonable to let B in the pole vary with y accord-

ing to 

Appendix I indicates that the effect of eddy currents in 

magnet laminations is to introduce a sheet current in the 

z-direction lining the coil window of total amount J i 1d£ inte-

grated over the mean path length where for 

co sh 0 
Ao A--1 

iI 
2 B, (emu) (3) = 8rrµ A~ sinh 2 

where o is the lamination thickness, µ the permeability of the 

iron and 
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(emu) 
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( 4) 

The conductivity of the iron is a and w is the angular frequency 

with which all magnetic and electrical field quantities are 

assumed to vary. 

Appendix II indicates that eddy currents flowing in the 

vacuum chamber are represented by current sheets flowing in the 

z-direction of amount 

ic(x,y) = jwsU(x,y), (emu) (5) 

where U(x,y) is the flux function. The coordinates x and y are 

given values only at the location of the chamber which will be 

assumed rectangular of half width a and half height h. Surface 

conductivity of the vacuum chamber is designated by s. 

One may complete the magnetic circuit description using 

the scalar potential function V(x,y) corresponding to U(x,y) 

and the notion of a mean flux path in the iron. Thus for 

O<x<a and (emu) 

V(x,h) + l fP B(y)dy + i-p+h B = 2nNI - 4TI fph iI(y)dy 
µ Jh µ 0 

( 6) 

- 4n(i-p+h)iI - 4n fa ic(x,h)dx - 4n Jh ic(a,y)dy. 
x 0 

For a<x<b + h the terms in ic are dropped. Note that I is the 

excitation current and N the number of turns in the full gap. 

Note also that,iI = iI(p). 

Appendix III gives the fields to be used in the region of 

the vacuum chamber. Outside the chamber the fields are obtained 
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approximately as follows. First 4ni (a,h) is added to the verc 

tical field at x = a, y = h. This field is matched to the solu-

tions within the conductors as given in Appendix IV. In summary 

Appendix III and IV and the continuation condition give 

.r Ion en sinh Q x sin Qny n O<x<a 

Hx(x,y) 
lQnen 

= to 
Neglected a<x<b+h (7) 

Hy(x,y) = 

where 

/' 
Ionen cosh Qnx cos Qny 

IH 0 
lQnen ! 

{A P (x-a) cosh P(x-a) I 1 
sinh + Bl 

j 

sinh P (x-a-c) cosh P(x-a-c) ! A2 + B2 
'- etc., 

P
2 = 4ncrcjw, 

Qn tan Qnh = 4njws, 

(emu) 

(emu) 

O<x<a 

a<x<a+c 

a+c<x<a+2c 

A 
n 

sinh Pc 
4TII = -~ [n-(n-1) cosh Pc] - B1 (cosh Pc-1), 

B1 = Hy(a,h) + 4njwsU(a,h) 

· / sin 2Q h\ 
en ~\(Qn cosh Q a + 4njws sinh Qna) • 11 + 2Q h n } 

n ; \ n / 

Appendix III gives B1 in terms of H
0

, Qn' and en. 

(8) 

( 9) 

(10) 

(11) 

(12) 

(13) 

(14) 
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In Eqs. (7-14) oc is the conductivity of the copper conductors, 

c is the horizontal width of the conductor, and H
0 

is the central 

magnetic field. 

The magnetic circuit equations may now be evaluated. For 

x = a, Eq. (6) gives 

V (a,h) + 4Tijws f: U (a,y) dy + k~l [~-!(p-h) (1-~) J B
0 

_ k+l (p-h) [(B + .•• B ) sinh Pc +(A + •.• A ) • cosh Pc-1] = 
µ n 1+1 n 2 Pb n1+1 n 2 Pb J 2nNI, 

where the expression in V and U is evaluated in Appendix III and 

n 1 and n 2 are the integer parts of (b-a)/c and (b-a+h)/c. For 

convenience 

1.8 
k = 2 

co sh 

sinh 

0 >.--1 
2 

>.~ 
2 

The other circuit equation, Eq. (1), becomes 

(15) 

(16) 

(17) 

After using Eqs. (11-13) and rearranging, Eqs. (15) and (17) become 

V(a,h) + 4Tijws J: U(a,y)dy 

-
(k+l) (p-h) (n 2-n1) (coshPc-1) r, J 

µPb-sinh Pc • LHY(a,h) + 4njwsU(a,h) 

+ k+l 
µ [ 1 f w\J [ ,Q,--(p-h) !1-- l B = 2nI N 

2 \ h J o 

(k+l) (p-h) \n 2-n1 ) (cosh Pc-1) 
/ 

( 2 2\ l 
µhPb sinh Pc 

(18) 
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( (cosh Pc-1) 
U a,h) + 2n2 P sinh Pc 
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- wB = 4nin2 (cosh Pc-1) (19) 
o 2 Ph sinh Pc 

Appendix III relates the expressions in U, V, and Hy to H
0

. Thus 

Eqs. (18) and (19) provide two linear equations which may be 

solved simultaneously for H
0 

and B
0 

in terms of I. Thus 

H
0 

= TI, (20) 

where T, the transfer function, is obtained by eliminating B 
0 

from Eqs. (18) and (19). In addition, the sextupole term intro-

duced by the vacuum chamber may be found by differentiating Eq. 

(8) twice. Thus, using Eq. (20) 

II 

H 
0 

AC IMPEDANCE OF COIL 

(21) 

The inductance of the windings may be found by solving Eqs. 

(18) and (19) for B
0 

and using it to construct the flux linkage 

per unit current. Thus 

L = 
2NwB 

0 

I 
(Magnet Length). (emu) (22) 

The ac resistance of the conductors is found by finding the power 

loss of series connected conductors in a deep slot. For the 

main-ring magnets it seems reasonable to calculate this loss 



-7- TM-325 
0423 
0437 

assuming that the conductors are paired by twos in the layers 

of a deep slot. This calculation follows the reasoning of 

Appendix IV. See FN-111 for more detail. The conductor height 

is taken to be the average height of the inner and outer conduc-

tor heights. If the result of this calculation yields the resis-

tance R, then the ac impedance of the magnet is 

Z = R + jwL. (25) 

The inductance, of course, will have an imaginary part and contri-

bute to the actual resistance seen between the coil terminals. 

NUMERICAL RESULTS 

The relations necessary to solve Eqs. (18) and (19) have 

been coded for the CDC 6600 in a program HITRANS which yields 

basically H
0
/I and B

0
/I for various frequencies and assumed per

meabilities. The results are almost independent of the permea-

bility which attests to the fact that the effects of eddy currents 

in the conductors and the vacuum chamber dominate over the eddy 

current effects in the magnet laminations. A reasonable choice 

of permeability might be the value giving the observed AMPFAC. 

If T(O} designates the transfer function for de, then 

2~N 
AMPFAC = hT(O) (26) 

A second transfer function is produced from the T of Eq. (22) 

by noting that every magnet coil is paralleled by a 10-ohm resistor. 

Thus the effective transfer function TE is 
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TE 
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( 27) 

Finally one should account for the capacitance of the coil to the 

yoke. The current passing into the capacitance is determined by 

the voltage to ground developed when the magnets are all connected 

in series and to the appropriate power supplies. A rough esti-

mate of this effect using 12 power supplies and all identical 

magnets assuming .065 µF for each magnet shows that this effect 

on the transfer function may be neglected below 10,000 Hz. 

The attached computer output gives the transfer functions 

and ac impedances for the Bl and B2 magnets. The net bending 

for 378 Bl plus 396 B2 magnets is also given. A permeability 

of 3000 has been chosen since this gives approximately the 

observed AMPFAC. These numerical results are depicted graphic-

ally in Figs. (4-8). 

ADDITIONAL CONSIDERATIONS 

No account has been taken of hysteresis effects in the iron. 

This is considered justifiable if one has apriori knowledge that 

a frequency synthesis produces a monotonically varying function 

of time. If, however, one is interested in the response to a 

ripple frequency that might be present in the power supply, one 

should take into account the resistance added to the ac impedance 

by this power loss. The effect probably is small since the resis-

tance contribution from the vacuum chamber is larger than that 

of the eddy currents in the laminations. 
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Finally, one should recognize that the approximations 

inherent in the use of an equivalent magnetic circuit and in a 

deep slot ac resistance calculation lead to uncertainties in 

all the above estimates. Perhaps the results are accurate to 

about 30 percent. 
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APPENDIX I 

EDDY CURRENTS IN MAGNET LAMINATION 
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Figure 2 gives more detail of the infinite lamination on 

which the eddy current calculation will be based. If x designates 

the coordinate orthogonal to y and z as shown in Figure 2, then 

only B is needed and is governed by x 

o2B 
~-x- - 4TIµojwB = 0. 
az2 x 

Letting 

A2 - 4TIµojw, 

one has 

B µH co sh AZ = 
A~ 

I x co sh 
2 

(emu) (1) 

(2) 

(3) 

where µ is the permeability of the iron, a the conductivity of 

the iron, and o the lamination thickness. 

The only value of Bx that can be used in the equivalent 

magnetic circuit analysis is the average value. From Eq. (3) 

one has for the average flux density 

B = 2µH tanh A
2
°. Ao (4) 

Figure 3 indicates the manner in which the infinite slab 

calculations are to be utilized for laminations of finite extent. 

In particular, the net current flowing along the edge of the lam-

ination is assumed to be that current flowing vertically in one 

half of the infinite lamination. Thus the current per unit 

length is 
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47TiI = H-H(O} = H (1 - 1 o) . 
cosh )."2 

(emu} 

Eliminating H between Eqs. (4) and (5) one arrives at 

co sh 
(emu) 

sin 

TM-325 
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(5) 

( 6) 
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APPENDIX II 

CURRENT FLOW IN THIN SHEETS 
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Figures le and ld indicate the spatial relationships for 

the present calculation. The only assumption made is that the 

conducting sheet is sufficiently thin that the induced electric 

field does not vary throughout its thickness. For the vacuum 

chamber wall thickness of interest this means that the frequencies 

must be less than 100 kHz. 

A gauge for which V•A = 0 is used for the vector potential. 

Then A (x,y) is adequate for the description of the fields. Thus z 

(emu) (1) 

Hence, the current density 

J = aE = -J·waA , (emu) z z z 

where a is the conductivity of the sheet. Hence, if ic designates 

the current flowing in the sheet per cm and d is the thickness one 

has 

i = J d = -jwadA . c z z (emu) ( 3) 

Letting s = ad the surface conductivity and 

U(x,y) = -Az(x,y) (emu) ( 4) 

the flux function, one has 

ic(x,y) = jwsU(x,y). (emu) (5) 
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APPENDIX III 

EDDY CURRENT FIELDS FROM RECTANGULAR CHAMBER 
IN IDEAL DIPOLE MAGNET 
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An idealized calculation is made of the gap field in Fig. 

1. The conductors are replaced by a sheet current I placed 

against the side wall of a window frame magnet of aperture 2a 

and gap 2h. Permeability of iron is assumed infinite. In order 

to utilize this calculation in the main text, the current I is 

expressed in terms of the central field H • 
0 

By superposition of elementary solutions of Laplace's 

equation one may choose 

for the scalar potential function and 

U(x,y) = 4TII l C sinh Q s cos Qny n n 

for the flux function. From Eq. (1) or Eq. (2) one has 

Hx(x,y) = 4TII l Q C sinh Q s sin Q y n n n n 

and 

H (x,y) = 4TII l Q C cosh Q x cos Q y. y n n n n 

At y = h the boundary condition is 

H (x,h} = 4Tii (x,h), 
x c 

which from Appendix II gives 

' 

(1) 

(2) 

(3) 

( 4) 

(5) 

\ c fo sin Qnh l n• n 4Tijws cos Q h,i sinh Q x = O. (6) n / n I 

Eq. (6) may be satisfied if Qn is the solution 

Q tan Q h = 4Tijws. n n 
(7) 
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At x = a the boundary condition is 

H (a,y) = 2rrI 4 . ( ) -h - rr1 a,y , y c 

which from Appendix I gives 
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( 8) 

( 9) 

The functions cos Qny form an orthogonal set since the Qn satisfy 

Eq. (7). Therefore, 

This expression for en formally completes the solution. One 

desires, however, to eliminate the current I by expressing it 

in terms of the central field. Thus, from Eq. (4) 

In the main text it is 

needed. 

V(a,h) + 4rrjws 
(h 
lo 

and 

= 4rrI l Q C · n n 

shown that the following expressions 

(nQnh)
2 

~ Qnh 

L. ( sin2Qnh J 
l+ 2Q h f 

U(a,y)dy = Ho 
n I 

l QnCn 

L( ~Q h \ + n I 

Hy(a,h) + 4rrjwsU(a,h) = H 
0 

1 sin2Q h I 
\ n I 

are 

( 11) 

(12) 

(13) 
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U(a,h) = H
0 
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I en sinh Qna cos Qnh 

l Qn en 
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(14) 

Thus given Qn as the solution of Eq. (7) and en from Eq. (10) the 

desired expressions are seen to be expressed in terms of H the 
0 

central field. 
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APPENDIX IV 

FIELD IN DIPOLE MAGNET WITHIN CONDUCTORS IN GAP 
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An ideal situation is envisaged in which the magnet poles 

have infinite permeability, zero conductivity, and extend to 

infinity. Although easily modified for other cases, it is 

further assumed that only one layer of conductors exists between 

the median plane and the pole. 

If the conductors are counted with the index n, n = 1 being 

the conductor beginning at the edge of the vacuum chamber (removed), 

then 

H = A sinh Px + B cosh Px, yn n n (1) 

where x = 0 at the left hand edge of each conductor of the right 

hand coil. Reasoning similar to that of Appendix I gives 

P2 = 4Tijwcr, (2) 

where cr is the conductivity of the copper. Further, let c be 

the horizontal width of each conductor. 

or 

Continuity of H between conductors gives y 

H +l(O) = H (c) y,n y,n 

Bn+l = An sinh Pc + Bn cosh Pc. 

The ampere integral around the nth conductor gives 

or 

H ( 0) - H ( c) = 4 1TI 
yn yn 11"' 

B 
n 

- A sinh Pc - B cosh Pc n n 
41TI = ""11 

(3) 

( 4) 

(emu) ( 5) 

(emu) (6) 
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Equations (4) and (6) may be solved in terms of B1 which in turn 

is the magnetic field in the aperture at the beginning of the 

conductors. Thus 

47fI 
An sinh Pc= --i;:-In-(n-1} cosh Pc] - (cosh Pc-1} B1 (7) 

and 

B 
n 

47fI 
= -~ (n-1} + B1 . ( 8} 

Of course, B1 would, in turn be related to I by a simple ampere 

integral around all the conductors. The intention, however, is 

to utilize the magnetic fields within the conductor as one corn-

ponent in a magnetic circuit. Hence B1 and I are intentionally 

separated. 



-18-

~~Y'm:'"~'-""':4i"l>.l.•\1='~"''.;:.:,~--:;.._""~l~J~~~~~'<fill'~~~~ilfll>lW!~)O¥!,Q ... , 

TM .. 325 
0423 
0437 

~---''""'·--~-~ .... ~ If/ ii .··11.~~~~l ~ . i,.JIW!l!:•-----.i 

H 

./ 

(b) (J~ 

(a.) 

I 

/ 



y 

' 

-- -+-----+----..---....-z 
~ 

µ I 0-

---

TM-325 
0423 
0437 

FIG. ,2~ INFINITE SLAB LAMINATION -
EDGE VIEW. MAGNETIC FIELD IS 
DIRECTED UP OUT OF PAPER 
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FIG. 3 SEMI INFINITE SLAB LAMINATION 
EDGE VIEW 
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3S.0110 l 0. 3g r.:J -3.AS7~ .3212 1.0773 17.5122 -11.4799 .4 3 7G • 9 7 3 'j 

41.0'"1'1 1".37D8 -4.JP 52 .3855 l. l 99 5 17.3175 -12.7%5 .5228 l .0&34 
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1. 7'.) 7S -77.421J 11 .2242 7 .S732 .7579 -17.1205 5 .8238 1 .4 8 5 3 
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1.16'15 -qz.s7n 13 .2648 7.3207 .4 7GJ -l!0.143C 6 .0931 1.2 2 0 b 
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• ~s 14 -lZL147t; l 7 • c, 4 4 ;J 7.'1792 .1232 -iJ40.77'll G .6 I 3 2 .83 9 '.; 
• 31 :;"'l -128.21"3 17.'l5B4 7.J476 • 1 S'l'l -142.6542 6 .6 4 5 3 .815 ,, 
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= p CUTER COIL wrnTHIIN) = l.iJ% OUTER CO!L HEIGHTIH"ll = ,gzz OUTER COIL HCL'CDIAl'.IHn= .445 

T~A'l!":fEq FCT. 
IGAUSS/Al'P l IOfGRE<"S I 

". ~" .,., 
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1. ~2 3'l 
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1. 41 ·~ 
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1. o 3 4q 
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• c,q Ii7 

• 55 73 
• IS., '37 
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• 44 1 ""I 
, 41 "G 
• 3qn 
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• 36 11; 
• 34 ~7 
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• ~Q 2.., 
• 77 ?! 
• 26 :>7 
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• 7.? 3q 

:J. OOCJ'l 
-l8.24S• 
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-~3.4&::70 

-PS,41q4 
-P7.!lP~ 

-88.~DVl 
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1. 5 'l 'l 5 
l.148l 
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.5R33 
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.4 7 79 
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.a f"JG9:2 
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o.a GJ c 
-45.!J175 
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F RF"Q Tl~ANGFFR FCT. AC T''~f'll•NCr TOANGFEP FCT. AC !'1.DEOANCE 
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