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To execute an independent confirmation of the beam 

induced power loss to the booster laminations pointed out 

by A.G. Ruggiero. 1 The additional beam power that must be 

supplied by the booster radio frequency accelerating system 

to account for eddy current losses in the magnet laminations 

varies from about .2 kW at injection to 40 kW at transition. 
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GENERAL 
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Let the linear charge density per unit angle increment 

along the beam be A(8,t). If this is fourier analyzed assuming 

the charge is contained in stationary buckets 

'(e ) ~ 1 in(h8-wt) A ,t = l. Ane , (ab Coulomb) {l) 
n 

where h is the harmonic number and w is the angular frequency 

of the radio frequency fields. The corresponding beam current 

is 

I(8,t) = ~ l Anein(h8-wt). 
n 

(ab Amp) (2) 

A detailed electrodynamic calculation presented in Appendix 

I gives for the longitudinal electric field at the center of the 

beam: 

E c e, t) 
2 

= -4i.£_ 1 
2 h a 

~' An[l+E( h )] in(h8-wt) 
l n- nR,nw e ; (emu) 
n 

and the prime indicates omission of the n = 0 term where a is 

the beam radius. If the wavelength of the beam modulation is 

long compared with the aperture b of the booster laminations 

2 
E(k,w) = -1 + ~ µ

2
a

2
(1+2 ln~) + i~~b Z(w). 

(3) 

(4) 

Here z is the dimensionless measure of the lamination impedance 2 

and 

2 2 w2 
µ = k -2 . (5) 

c 

The power radiated by the beam to the walls is given by 
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p = R J7TE(8,t)I(8,t)d8, 

-TI 

where R is the average orbital radius. 

z (-w) = z * ( w) , 

2 00 

p = 87T~CW l 
h b n=l 

* A A R (nw) , 
n n 

* Since A = A and -n n 

(emu) 

where R(w) is the resistive part of the wall impedance2 in 

dimensionless measure. 

From Eq. (1), if 

¢ = h8 - wt, 

and 

A 
n f 

1T 

A(¢)e-in¢d¢, 

( 6) 

(7) 

(8) 

(9) 

P = ~~w2 
Jf A(cp)A(cp') I 1

R(nw)ein(¢-¢')a¢d¢'. (10) 
n 

Note that R(-w) = R(w). 

GENERAL DISTRIBUTION ASSUMING R(nw) = R(w) 

For the booster laminations w varies from about 30 MHz to 

50 MHz. Reference (1) indicates that R ~ .03 and is sensibly 

constant for all higher frequencies. Hence (Eq. (10) may be 

evaluated assuming that R is frequency independent. Note that 

''ein(~-~') __ , 
l 't' 't' 27T<S (¢-¢ ) - 1. (11) 
n 
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Eq. (10) becomes 
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(14) 

P = 47TRcR ( (>.. 2)Av - 1) I2 • {emu) (15) 
b (1 .. )2 0 

· Av 

UNIFORM PHASE SPACE DENSITY IN STATIONARY BUCKET 

In this case 

A.(¢) = A. cos 1'._ 
max 2 · 

{16) 

Hence, 

(A.)Av 
2 A. = - max' 7f (17) 

and 

(t.. 2>Av 
1 

A. = 2 max {18) 

For Eq. (15) one has 

p = 47f 
f n 2 

- 1) Re R I2 \a b 0 . (emu) (19) 

In the booster R = 7547.17 cm, R = .03, b ~ 2.5 cm, I 0 = .022 

ab Amp at injection. Thus 

P = 3.8 x io 9 ergs= .38 kW 
sec 

COSINE DISTRIBUTION 

In this case, let 

{20) 

(21) 
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Then 

and for Eq. (15) one has 

Re 2 
P = 21T b R 1 0 • (emu) 

For the booster at injection this gives 

P = .81 kW. 

RECTANGULAR DISTRIBUTION 

Let 

0 -TI < <jl < Ci. 

A.(¢) = A. -a < ¢ < a max 
0 a < ¢ < 1T • 

Then 

/A'\ = a A. 
"" /Av 1T· max ' 

and 

For Eq. (15) this yields 
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(22) 

(23) 

(24) 

(25) 

(26) 

(2 7) 

(2 8) 

In the booster, if one chooses a to be one-half of the 

1 
. . 3 

angular bunch ength at transition, a = • 2 rad. Then at 

transition 

P = 70 kW. (29) 



-6-

UNIFORM PHASE SPACE DISTRIBUTION 
IN ACCELERA'TING BUCKET 
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Gumowski and Reich
4 

have given the linear charge density 

distribution to be expected for a uniformly filled bucket. A 

program BUCKET has been written to determine the radio frequency 

regime for the booster that will maintain constant bucket size. 

In particular, one may calculate <A)Av and (A
2
)Av throughout 

the accelerating regime. The extra radio frequency power given 

by Eq. (15) has been evaluated and is tabulated in the attached 

computer output. Since the bunch length near transition is 

estimated incorrectly in this theory, the estimate of Eq. (29) 

may be substituted. 

CIRCUMFERENCE FACTOR 

The previous calculations have been made assuming that 

the magnet laminations fill the entire ring. More realistic 

estimates of the power may be obtained by dividing the previous 

calculations by the circumference factor. For the booster 

this factor is 1.72. Thus 

Distribution Power 

(kW) 

Stationary Bucket (Inj.) .22 

Cosine (Inj.) .47 

Rectangular (Trans.) 40 

Accelerating Bucket Divide table by 1.72 
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APPENDIX: BEAM ELECTRODYNAMICS 
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Reference (1) gives the method of calculating the wall 

impedance Z(w) required in Eq. (4). Here we are interested in 

finding the fields in cylindrical geometry of a beam of radius 

a moving along the axis of a cylinder of radius b. 

SOURCE 

All field and source quantities are assumed to vary har-

. -iwt manically with time as e . Then, using a vector decomposi-

5 
tion previously employed, the current density becomes 

w ~ w + 
J = -i- VW + La - i- V x LT, (gaussian) (1) c c 

where the operator ! is taken to be 
+ + 
L = kxV, (2) 

+ 
k being a unit vector along the z-axis. For the transverse 

magnetic mode let 

then 

a = O 
oT w = az 

+ 
J = iwTlL 

If p is fourier analyzed in the z-variable 

( ikz 
p = J p 0 (k) e dk, 

T may be written as 

T =-if p~(k) eikzdk. 

(3) 

( 4) 

(5) 

(6) 

(7) 

( 8) 

(9) 
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Since a is taken to be zero, the transverse electric 

potential, UTE = O. The transverse magnetic potential UTM 

will be taken as U and fourier analyzed in z to give 

U = u(k,r)e dk. f 
ikz (10) 

Since the charge p is contained within the cylinder r = a and 

v2u + 
w2 

u 2 = -4 1TT I (11) 
c 

one has 

= r~i p
0

(k) r<a 
1 a {au\ 2 - µ u r dr {ar) 0 r>a I 

(12) 

where 

2 k2 
2 w µ = - 2 . (13) 

c 

Then 

41Tip 0 (k) 

{~ 
+ E I

0
(µr) r<a 

u = 
kµ2 

(14) 
Io(µr) + DKO(µr) r>a . 

FIELDS 

+ + 
E = 41TTk + v x LU (gaussian) (15) 

+ .w -T 
H = -1- Lu (gaussian) (16) c 

Thus 

-f 
41Tp 0 (k) { E I 1 (µr) } "k 

E = l zdk (17) r µ lcI0 (µr) - DK1 (µr) e 
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E - f 
41Tip

0
(k) fc l + E 1 0 (µr) J eikzdk 

= Io(µr) + DKO(µr) z k 
'1 

L 

(19) 

H = H = 0 r z (20) 

H = e 
_ f hwp 0 (kl 

µkc 
[ E I l ( µr) J . k 1 2 dk C r

1
(µr) - DK

1
(µr) e (21) 

where the upper entry in the brackets pertains to 0 < r < a 

and the lower entry to a < r < b. 

BOUNDARY CONDITIONS AT EDGE OF BEAM 

+ + 
Matching the tangential components of E and H at r = a gives 

c I
0

(µa) + DK
0

(µa) 

c r
1 

(µa) - DK1 (µa) 

Thus 

c - E = 

D = 

BOUNDARY CONDITIONS AT WALL 

If z is the impedance of 

= 1 + E r
0

(µa) 

= E I 1 (µa) . 

µa K1 (µa) 

µa I 1 (µa). 

the wall at r 

(r = b) 

= b 

(22) 

(2 3) 

(24) 

(2 6) 

where Z is given in Reference (1). Using Eqs. (19), (21), and 

(26) for r = b gives 
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Equations (25) and (27) give 

c = -µaI 1 (µa) • 
K

0
(µb) + iwZK ( b) 

µc 1 11 

IO {µb) - iwZI ( b) 
µc 1 11 

Equation (24) then gives 

E = -µa • 

For small argument v 

I 0 (v) 1 I 1 (v) 1 
~ ~ -v 2 

K0 (v) -lnav K1 (v) 1 v 
~ ~ - + 2 v 

where lna = y - ln2 = .5772157 - ln2. 

Hence for µb << 1 and small I z I 

C(µ,w) 1 
11

2a 2lnaµb + .llia2 
z = 2 1 2cb 

D(µ,w) 1 2 2 = 2 µ a 

2 2 
ln~) + 

2 
E(µ,w) -1 + ~fi+2 .wa = 1 2cb 4 \ 

ELECTRIC FIELD AT ORIGIN 

lnav - v 
4 

z • 
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(2 8) 

' (30) 

(31) 

(32) 

(33) 

The longitudinal electric field for r = 0 from Eq. (19) is 

J 
p (k) 

E
2 

= -4Tii ~ (l+E) eikzdk. (gaussian) 

TRANSITION TO TOROIDAL GEOMETRY 

For large radius one may replace k and z by 

h 
k = n­R 

z + R8. 

(34) 

(35) 
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But 

A. ( ¢) 

and from Eq. (8) and Eq. (9) in the main text 

2 
Tia hp

0
{k) + A. • 

n 

Thus Eq. (34) becomes 

4 . 2 
E = l C \' e -il 2 L 

a n 
-~n- [1+E(n~, nw)J ein(h8-wt)' (emu) 
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(36) 

(3 7) 

where c 2 is required to change A. and E6 from gaussian to emu . n 

units as are used in the main text. 
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