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To calculate the electromagnetic wave propagation in the 

crack between booster magnet laminations induced by longitudi-

nal charge oscillations of the beam. The result is to be ex-

pressed in terms of a wave impedance at the iron boundary so 

that the effects of the propagation may be readily incorporated 

into beam dynamics calculations. Cylindrical geometry is as-

sumed for simplicity. 

RADIAL CRACK 

An exact solution for an electromagnetic wave propagating 

radially in the geometry shown is to be found. 

The transverse magnetic mode has its vector potential expressed 

as 
> > 
A ;:; VxLU (1) 

> 
operator1 where L is the 
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> > 
L = kxV, (2) 

> 
and k is the unit vector along the x-axis. Assuming a time 

-i wt variation of e , one has 

(3) 

For U, one has 

2 4TICY W ) 
~ + c i 

2 2 c c 
0 (crack, gaussian) (4) 

and 

2 4TIµCYIW 
V U + i UI = O. (Iron, gaussian) 

I c2 
(5) 

Thus no displacement current is assumed in the iron and unit 

permeability is assumed in the crack. 

The following may be taken as solutions to Eqs. (4) and 

( 5). 
0 -A. 2 u = c I chA.cz R

0
(kr) (6) e c 

VI D 
0 -A.IZ R

0
(kr) ( z>O) (7) = ch/... - e c2 

where 

R (kr) = H ( 2 )(kr)H (l)(kb) - nH (l)(kr)H ( 2 )(kb).(8) 
0 0 0 0 0 

In Eq. (8) the functions are Hankel functions, n is the re-

flection coefficient and k is the radial propagation constant. 

In order to satisfy Eqs. (4) and (5) 

(9) 
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(10) 

(11) 

(12) 

(13) 

(14) 

(15) 

(16) 

R1 (kr) = H ( 2 )(kr)H (l)(kb) - nH (l)(kr)H ( 2 )(kb) (17) 1 0 1 0 • 

Boundary conditions at z = o/2 require continuity of 

Er and He. This gives 

(18) 
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(19) 

Equations (9), (10), (18), and (19) are solved simultaneously 

for the radial propagation constant k. The condition is 

co th ( wo Jc2
k

2 
2c 2 - E -

\. w 
\ 

4'ITcr ') c . 
--l 

w = 0 (20) 

The wave impedance in the crack will be calculated only 

for z = 0 since the crack is assumed quite small. Then, 

Z(r) 
Ezc (r ,o) 

H8c(r,o) · 
(21) 

To determine the reflection coefficient n, set the wave im-

pedance in the crack at r = b equal to the wave impedance for 

a plane wave in iron. Thus 

z (b) = (1 - i) ~ '\/ 87rcr:[ 

Equations (12)and (13) then yield 

(22) 
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H ( l) (kb) 
0 (23) 

H ( 2 )(kb) 
0 

(24) 

Table 1 lists the permeability, permittivity and con-

ductivity of materials that seem appropriate for booster lam-

inations. The dielectric properties of core plating could 

not be obtained from the manufacturer. It has been assumed 

that they are close to a phosphate glass. Manufacturer's 

technical literature generally lists permeabilities as a 

function of frequency for the thickness of sheet manufactured. 

To obtain the incremental permeability (µ' + i u"), one needs 

measurements on very small spheres in order to be free from 

flux exclusion by eddy currents at the higher frequencies. 

This data was taken from the FERROTRON2 design manual which 

li.sts the permeability of 3 micron diameter pure iron spheres 

uniformly imbedded in an insulating plastic binder. The per-

meability is sensibly constant up to 1000 MHz indicating that 

the imaginary component is quite small. ARMCO Thin Electrical 

Steels3 indicate that the incremental permeability for 4 mil 
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sheet may be about 100 at 400 Bz for high excitation (bias), 

and low incremental induction. Combining the two bits of 

information, it seems reasonable to take the incremental 

permeability as 100 with no imaginary component in the fre-

quency range of interest. 

TABLE 1. Assumed Properties of Materials 

Iron 

Core Plate 

Epoxy 4 

100 

E: I 

3,8 

4 Phosphate Glass 5.2 

TABLE 2. Assumed Dimension 

a(in) b(in) 

cr (Hz) 

4.5x10 16 

9 x10 6 

9 xl0- 2 

,750 6.000 .0250 .000375 

To obtain values of the propagation constant k and im-

pedances Z, the permeability of the iron was taken to be 

µ = 100, the permittivity of the crack was taken to be a 

mixture of 1/3 that of epoxy with Z/3 that of phosphate glass. 

The conductivity of iron is taken to be 20 µohm-cm and that 

of the crack to be 10 5 ohm-cm. 

Table 3 presents the results from the program CRACK. 

The propagation constant k is given in units of w/c. In the 

impedance columns, first the real part is presented and then 
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the imaginary. Gaussian units are employed, hence all im-

pedances are dimensionless. By bore impedance, the impedance 

of Eq. (22) is meant. Crack impedance is the value given in 

Eq. (24). Guide impedance is series combination of bore im-

pedance and crack impedance each taken in proportion to its 

relative thickness along the inner bore of the magnet. Figure 

1 presents a plot of the guide impedance as a function of 

frequency. 

In particular, it is to be noted from Table 3 that the 

crack impedance introduces a large resistive component into 

the resultant guide impedance which would equal the bore 

impedance for zero crack width. 
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