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I. INTRODUCTION 

The purpose of this note is to study the effects of the multiple 

interactions of the incident nucleon within the target in order to obtain 

an understanding of how this might influence the choice of the other 

parameters of the neutrino beam. 

At NAL energies, 100 to 500 GeV, the nucleon retains on the 

average two thirds of its original energy. It remains an effective 

producer of useful energetic mesons after several interactions. The 

multiple interactions of a meson, on the other hand, are not useful for 

yielding energetic neutrinos because of the meson's much larger in-

elasticity (::::: 4 I 5). For this reason we have ignored the interacting 

meson and its production products. 

In Section II the distribution of the "vth generation" nucleon 

interactions is calculated. A discussion of the nucleon inelasticity is 

given in Section III. Meson absorption in the target is considered in 

Section IV. A summary of the optimum target thicknesses for both low-

ene:r:gy and high-energy neutrino beams is presented. An estimate of 

the beam power dissipated in the target is also given. How a complex 
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nucleus itself acts like a thick target leads to a clarification of what 

kinds of target materials should be used in the neutrino beam target. 

This is treated in Section V. Finally, in Section VI some conclusions 

and recommendations are made in support of a two-stage neutrino-

beam facility so as to best accommodate the wide energy range of the 

100 to 500 GeV NAL accelera 

II. A. DISTRIBUTION OF vth-GENERATION INTERACTIONS 
ALONG THE TARGET AXIS 

One can derive the depth distribution of a given generation of 

nucleon by the same methods used in obtaining the daughter, grand-

daughter, etc; activities in radioactive decay. Here,we assume that 

the interaction mean free path is independent of energy and that all 

interactions occur on axis. This is equivalent to the radioactivity case 

of equal mean lives of all generations. The incident protons, the 0th 

generation, are the analogue of the parents." They die off exponentially 

as they proceed into the target, 

d.N(o)(x) = -N(o) (x) dx 
A. 

N(o) (x) = N e -x/A. 
0 

The 1st generation is obtained as follows: 

( 1) 

(2) 
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dN(1)(x) =[NO(x) =N e-x/A.Jdx -N(1)(x) dx 
0 A. A. 

dN( 1)(x) 

dx 

births deaths 

The general solution of the ordinary differential equation, 

is 

dy +p(x)y = q(x), 
dx 
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- f p ( x) dx j f p ( x) dx f p ( x) dx 
y = e e q ( x) dx + Ce 

where C is the constant of integration. Using Eq. ( 6) one finds: 

-x/A. 
e 

( 3) 

( 4) 

( 5) 

( 6) 

( 7) 

and writing expressions like ( 3) for the other generations one obtains, 

(~) 
2 

and in general, 

-x/A. 
e 

-x/A. 
e 

( 8) 

( 9) 
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as the expression for the number of vth generation nucleons at the 

position x in the target. 

Figure 1 displays the variation of N( v) (x) /N 
0 

with x/'X. for 

v = 0, 1, 2, and 3. The sum over all generations at a fixed position 

in the target yields 

co 

L 
v = 0 

N(v) (x) = N e -x/'X. 
0 

{ 10) 

a value independent of x. The meaning of this result is obvious when it 

is realized that one is summing mutually exclusive probabilities. This 

is equivalent to stating that there is unit probability of finding the nucleon 

passing position x in some form or other. 

B. Total Number of vth Generation Interactions 
Versus Target Length 

For a target of given length, P.., one can determine what fraction of 

all interactions are of the vth generation. Integrating Eq. ( 9) one finds, 

N( v) = J P.. N( v) ( x) dx 
P. 0 ).._ 

1 
(v-1)! 

Figure 2 shows the fractions, N~v) /N 
0

, as a function of target 

thickness, P.. /'X., for the first four generations. 
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III. NUCLEON INELASTICITY 
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For conceptual purposes we shall assume the nucleon inelasticity 

to be small and constant. Some justification for this approximation can 

be seen in the prediction of the Adair Model. 
1 

The following sketch 

shows his predictions compared with the measured value, the cross. 

1.0 ----....---~--~---

lnelasticity · 8 
.6 

K .4 

.2 

0 --~~----~---=~~--~~--
1o2 103 10 4 

Eo ( GeV) 

The energy of the vth generation protons is 

Ev = ( 1 K)v E 
proton - 0 · 

(12) 

The previous thick target calculations 
2 

for a 2. 5 meter Be target 

(A. = O. 9 m) considered only the 0th generation interactions. From Fig. 2 

we have 0.94 N
0 

Oth generation interactions, 0.77 N
0

, 0.52 N
0

, and 

0.31 N
0 

for the 1st, 2nd, and 3rd generations, respectively. By using 

the simple mnemonic 
3 

that the typical meson has nearly the same 

velocity as the incident nucleon then one estimates the following typical 

neutrino energies : 



dN 
d Event 
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( 
Ev )( ) v . ( v) roton 

E t . (from p10ns) z n t z ~ 1 q =0.03 GeV . neu rino pro on = rr ~ µv 
n 

( 13) 

For K = 1 /3 

v = 0 1 2 3 
(v) 

Eprot = 200 133 89 59 

Ev -
neutrino - 6 4 2.7 1.8 

vth fractions = 0.94 0. 77 0.52 0.31 

By representing the respective neutrino distributions as delta 

functions, the thick target spectrum would look like the following sketch. 

11 • s II Thin Target pectrum 

~ 
.77__.. .. 94_. 

.s2-. 
.31~ 

0 2 4 5 6 

E Neutrino(GeV) 

IV. MESON ABSORPTION IN THE TARGET 

In this section we attempt to estimate the yields taking into 

account the absorption of mesons in the target. Here we shall not 

worry about how the meson production spectrum would be distorted by 

a complex nucleus. From the following sketch we separate the mesons 

into those that pass out the sides of the target and those out the end. 



... ~t--------1 

d2n( v) 

__ 7T_ = v1'· ( ~) v 
dpdndx I\. 

-x/A. 
e 

-7-

for those that pass out the edge and 

= 1 ( ~) v 
v! I\. 

-x/A. 
e 

for those that pass out the end. 

- ( .e - x) Ix. 
'IT 

e 

Summing over all generations one obtains, 

TM-218 
2251 

( 14) 

( 15) 

rT 
for 0< x< .£ - e ( 16a) 

2 
d n 

dpdndx 

co 

=L 
v = 0 

( ~ )v 
v! I\. 

1 
e-x/A. d2n(v) 

x. dp ctn 
-(.£ -x)/A. 

'Tl' 
e 

rT 
for .£- 8 <x<.£ (16b) 

Here, one could allow the computer to take over, inserting for 

ct2n(v) /dpdn the values given by various production models. It is pos-

sible for some simple cases to obtain exact solutions without using the 

full computer program. 
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We shall use the CKP production model for its functional sim-

plicity. Here, we review its characteristics. 

= 

where, 

-p/T(v) 
e 

(v) 1/4 
n'TT = (n0 = 0.45) E(v) 

3/4 
T(v) = ( T 0 = 0.305) E(v) 

Integrating over 8 one obtains 

and finally over p to obtain, 

= 

(v) 
n 

'TT 

T(v) 

-p/T(v) 
e , 

(v) (v) 
n = n . 

'TT 

A. Large Radius Target 

( 1 7) 

( 18) 

(19) 

For this case we consider all mesons to exit the end of the target, 

thereby~ we consider only Eq. (16b). We insert (19) into (16b) to 

obtain 

( ~)v v! "-
1 

-x/A. 
e 

(v) 
n 

TI' 
-p/T -(1 -x)/A. 

( v) 'TT 
e e ( 20) 
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One could assume a perfect focusing device to cause all mesons 

to point at the center of the detector. The contribution from the entire 

target is 

dn 
dp 

= e 
- .R. I..,.._ 

1T 

-x/A.(1-~) (v) 
A1T n 

e 1T 

A. T( v) 

The following relationship will be useful 

L 
(a + 1) to 

e - 1 
a+ 1 

v = 0 

-p/T(v) 
e dx. 

The derivation of this convenient relation is obtained by inter-

changing ~ and f , performing the sum 

1. Total Number of Mesons from a Large Radius Target 

Integrating ( 21) over p one obtains 

-.P. /A. 

(21) 

(22) 

1T 
. (23) n=e 

- )1 /4 d t Let j3 = ( 1 - K , an regroup erms 
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- J. I A. 
<D y:t0 (a + 1) t

0 'IT 1 v at -1 n e 

L 
e 

E1 /4 
= - t e dt = 

f3 v a+1 
no o v = 0 0 

where 

t = f3x 
A. ' a= - --(3--

(a) For A. = 2 I 3 'A.'IT , namely for a hydrogen target, where the 

quark model prediction is used, one obtains, 

2P. 

3 e 3 A. 

(313 - 1) 

(b) For A.= 'A.1T, with a= O, (1+a=1) (t
0 

= f3P./'A.), 

( 24) 

( 25) 
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e 
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Figure 3 displays both A. = 2 I 3 A. , and A.= A. examples of 
1T 1T 

1/4 
n/n

0
E

0 
. 

2. Average Meson Momentum from a Large Radius Target 

l
co 

1 dn 
<p> = - p - dp 

n dp . 0 

-P. /A. 
1T 

x( A.) ( • .R. -- 1 -- v) a:i 

a:i {(x) v A. X.rr nrr I -p/Tv 2 2 - - e -- pe dp=T 
v! A. T v 

v 
v = 0 0 0 

e =---
n 

F T (1 _ K)3v/4 E3
0

/4 = To A3v E
0
3/4 or v = T 0 I-' 

(
n(v) = n AvE1/4) (T = A3v E3/4) _ E B4v 1T ol-' o v Toi-' o -no Too· 

13 - (1 - ~'IT') 
< p > = -------=---

T E 3/4 1 ( A. ) 0 0 ( - K) - 1 - \. 

(a) For A.= 2/3 A.'l'I' 

.t 

<p> = 
,. E3/4 
0 0 

e 
3

"' - 1 (313 - 1) 

- 1 

{ 2 6) 

dx 
t.. . (27) 

( 28) 

(29) 
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(b) For A. = A.'TT 

.R. 
);. ( 1 - K) 

<p> = 
T E3/4 

e - 1 

0 0 
~ -1 

A. 
1 - K 

e 

These curves are displayed in Fig. 3. 
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( 30) 

3. Number of Mesons above Momentum p from a Large Radius Target 

If one makes the approximation for T( v) that appears in the 

denominator of the exponential of Eq. ( 2 0) as follows: 

( 31) 

(32) 

q=:p/T
0

, (33) 

then Eq. (21) can be manipulated into the form of Eq. (22). Integrating 

(21) from p' = p top' =co one obtains, 

n(> q) ---"-....----- = e 
E

i /4 -q 
no o e 

- .R. /A. 
'TT 

exp [[ ~ e -
3
Kq / 4 - ( 1 - ~) ] ~} - 1 

13 e -3Kq/ 4 - ( 1 - A.~ ) 
( 34) 
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This functionisplottedinFig. 4(a) for X. = X. andclearlydemon-
1T 

strates that if one is interested in high-energy mesons for energetic 

neutrinos, Le., for q > 4, then the optimum target thickness is very 

nearly one mean free path. The curve for q = 0 is the same one 

already shown in Fig. 3, labeled X. = X.. Because in our thick-target, 
1T 

large-radius example we have ignored the contributions by mesons 

that could escape out the edge of a small radius target, all we can say 

at the moment is that the target thickness for low-energy neutrinos 

should be greater than 2. 6 X. • 

4. Distortion of the Very Thin Target Meson Production Spectrum by 
a Large-Radius, Thick Target 

By making the approximation of Eq. ( 33) it is possible to obtain 

the distortion factor, 

dn/ (dn) 
dq dq undistorted 

e (35) 

very thin target 

- 3Kq/ 4 R 2 ( X. ) 
e - I"' 1 - X.1T 

b = --------------------~ 
13 2 

( 36) 

For J.. IX. < < 1 this ratio is equal to one. This distortion factor is 

plotted in Fig. 4(b). 
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B. Small-Radius Target (Real Targets) 

Here, we can not use the assumption that all mesons exit from 

the end of the target and must use both (a) and (b) parts of Eq. ( 16). 

1. CKP Model Prediction 

Figure 5 (a) is the analogue of Fig. 4 (a) for the quantity 

1/4-q 
n(> q) /n

0
E e for a small-radius target. ·The maximum now occurs 

at P./'A = The distortion factors are shown in Fig. 5 ( b). 

2. Other Models 

These calculations will be appended to revised versions of this 

note as they are run on the computer. 

C. Upper Limits to the Beam Power Dissipation in Targets 

The energy of the nucleon emerging from the target is 

< E > I E = - P.K /'A 
0 e ' ( 36a) 

and of the mesons 

E (lower limit) = T E ( -KP. /'A - -P. /'A) 
mesons no o o e e ( 36 b) 

Figure 4(c) (right-hand scale)plotsthemaximum fraction of beam 

power in the target. 



-15- TM-218 
2251 

V. A COMPLEX NUCLEUS AS A SPECIAL CASE 
OF A "THICK TARGET" 

The purpose of this discussion is to obtain a qualitative to semi-

quantitative estimate of how multiple interactions of a proton within a 

single nucleus will affect the meson production spectrum. 

Equation ( 25) can be used for this purpose. In our considerations, 

once a meson interacts within a nucleus it is not considered useful for 

producing a reasonable energy neutrino. Those same mesons, however, 

could produce visible charged secondaries emerging from the nucleus, 

and would be counted as charged secondaries. We ignore them here. 

Furthermore, we ignore the size of the incident nucleon. Our calcula-

tions are, therefore, invalid for the lightest nuclei (AS 6). 

Using Eq. ( 25) we can write, 
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JR2 -b2 l 
-4 3A. 

- e , ( 37) 

<<n>> 

E
1 /4 

no o 

6 
= 

3[3 -1 

R 

[ J 
-2(1-[3)-

1- 1+2(1-[3)~ e A. 

R 2 
[ 2(1-[3) ~J 

U . R d '\ . " t 1 't II • sing an (\in na ura uni s, i.e., 

2 ( 11 )
2 

2/3 a = ,,.R = ,,. -- A 
natural m C ' 

1T 

. 4 3 3 
nuclear density = A/-

3 
'ITR N g I cm , 

av 

(nuclear density) , 

R/A. = 3 A 1 /3 . 
4 

4 R 
3 A. 

. ( 38) 

(39) 

(40) 

( 41) 
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Inserting ( 41) into ( 38) 

1 
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1 ~ f [ ~]} _, ~(1 -j3)A3 
1 - [_1 + I ( 1 -13) A 

3 
e 

2 ( 3) A
3 

1- 1+A e . {42) 

[: (1 -~)Jr 
F . 6 d" 1 h · · f I E 1 I 4 · h A1 I 3 

igure isp ays t e variat10n o <<n>> n
0 0 

wit It 

shows a marked resemblance to the corresponding curve (A. = 3 /2 A.) of 
'TT' 

Fig. 3. It should be remembered that this calculation is not valid for 

small A. 

The reduction of the mean pion momentum caused by the multiple 

interaction of the incident nucleon within the nucleus A can be estimated. 

Using Eqs. (25 ), (28 ), and ( 42) we can write 

<<p>> 

T E3/4 
0 

( 43) 
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which for R/'J.... = 3/4 A
113

, is plotted in Fig. 6. It shows how the 

average meson momentum is degraded by the multiple nucleon inter-

actions within the complex nucleus. Clearly, the high-energy neutrinos 

will be diminished by using targets of heavy nuclei. 

VI. CONCLUSIONS 

For low-energy neutrino physics thick targets will be used. The 

optimum length will be approximately three mean free paths or more. 

For these lengths, ·Fig. 3 shows that the mean meson momentum is 

- two thirds that for a thin target. Pions are the source of low-energy 

neutrinos and kaons of high-energy ones. The optimum target length 

for high-energy neutrino physics is one mean free path. How these 

considerations affect the choice of decay length is summarized in 

Fig. 7 (a). In this figure are plotted optimum decay distances for pions 

and kaons into two different size detectors, 1. 8 meter radius and 

1.0 meter radius for accelerator energies from 100 GeV to 500 GeV. 

These curves were obtained by considering the canonical mesons of 

the accelerator and a muon shield of 300 meters length. Canonical 

pions have the same velocity as the incident proton and kaons 2 / 3 of it. 

The values of the optimum lengths are obtained from Fig. 5, page 337 

* of reference 3. The fraction of the canonical mesons that put neutrinos 

into the detector are displayed in Fig. 7(b) and are obtained from the 

* These curves are reproduced here on graph paper to aid in their use 
as Figs. 10 (a) and 10 (b), respectively. 



-19-

* graphs of Fig. 6, page 338 of reference 3. 
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The decay lengths agree 

well with the NUFL UX programs for perfect focusing. 

In Fig. 7 (a) are two energy scales, one for thick targets (pions) 

contra,9ted by a factor 2/3 from the second one for thin targets (kaons). 

One can observe the fortuitous situation, namely that what is good for 
' 

thick-target pions is also good for thin-target kaons. At 200 GeV for a 

detector of 1 m radius the optimum decay lengths for pions and kaons 

are 500 m and 400 m, respectively. At 500 GeV these lengths are both 

~00 m .. Figure 7 (b) shows that the detection probability doubles in 

going from 200 GeV to 500 GeV provided the decay length is changed 

from 400 m to 1000 m. If the decay length is not changed, but remains 

at 400 m, a loss of a factor of two occurs for neutrinos above 160 GeV 

at the 400 GeV. This can be seen in Fig. 2 of reference 4, reproduced 

here as Fig. 8 (a). 

Here we encounter a difficult judgment. If neutrino-target 

·stations are expensive (i.e. 2: $2 m) would NAL be justified in this 

kind of an expediture for factors of two in rare neutrino flux when at · 

400 GeV there are already two orders of magnitude difference between 

low-energy (E - 10 GeV) and high-energy (E - 160 GeV) flux? Further-
v v 

more, uncertainties in productionmechanisms cause a factor of ten 

uncertainity in absolute flux. See, for example, Fig. 8 (b) (a copy of 

J • 

.... These curves are reproduced here on graph paper to aid in their use 
as Figs. 10(c) and 10(d), respectively. 
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Fig. 1 of reference 4) which compares the CKP predictions with those 

of Hagedorn-Ranft shows an order of magnitude difference in the pre-

dieted flux. If the shield is shortened to 150 m + 23 m, the optimum 

lengths shorten somewhat. Figures 9 (a) and (b) are analogous to 

Fig. 7 (a) and (b). In coming to a decision it will be helpful to separate 

those factors which are fairly predictable, e.g. , variation of flux as a 

function of decay length, from those that are not reliably predicted such 

as the absolute flux. 

The system that would best match the flexibility of the accelerator 

would be a two-phase beani with target station T 500 to be fully equipped 

at a later date. Anything that could be done to make the target stations 

less expensive should be done. According to Maschke 
5 

the expense 

· T500 T200 
__ __,.._! x ' - t I LoLte"'6rSL-

~ I• 7 600m--· ---1..J.,.._400 + CT ~ - -i• · m 300ril--f . 

would be least if they were at elevation :=:: 745 ft (about five feet above 

ground level). 

There is an often heard adage--"One should always choose the 

third best. The best is too expensive; second best takes too long to 

get. Third best is possible. " 

Hopefully, the considerations of this paper will assist us in not 

choosing "fourth best. 11 
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