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For two types of muon + proton inelastic -scattering experiments 

we find: 

5 
1. A muon flux of 5 X 10 per pulse is required, which is of the 

order of 1I100 of the maximum flux available. 

2. One experiment and part of another can be done with an analyz

ing magnet of 1 m 
2 

aperture. 1 to 1. 5 m deep, and 15-kG field. 

3. Complete identification of all types of muon +proton inelastic 

events in general requires a very large detector system of the magnitude 

of that discussed in NAL Summer Study Report A. 3-68-12. 

Introduction 

In this note we outline two muon -proton inelastic scattering ex-

periments for NAL with two objects in mind. First, we wish to see 

what muon flux is needed. Second, we wish to see what size analyzing 

magnets would be needed. 

Some examples of inelastic muon+ proton reactions are 

+ µ+p-µ+n+7T 

µ + p - µ + N* 

µ + p - µ + K+ + A0 

( 1) 

(2) 

( 3) 

( 4) 



-2-

± 
µ+p-µ+n+p. 
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The ultimate goal of studying muon + proton inelastic scattering 

is to examine these kinds of reactions in detail. But there is a basic 

simplicity in muon + proton inelastic scattering which occurs when all 

the reactions are summed over all the outgoing particles except the 

muon. Namely, this summarization can be expressed in terms of just 

two inelastic form factors cr T and cr L. This result is stated in the 

(5) 

following equation with some approximations (see Appendix A) for NAL 

energies and using only one -photon exchange. 

= 

Thus the differential cross section d2q/dr2;f-p2 of the scattered muon may 

be expressed as a function of the two inelastic form factors crT and aL. 

2 2 
which are functions of q and q

0 
As q - 0, cr T - cr real photons and 

cr - O. Here 
L 

E
1 

is the incident muon energy in the lab system, 

E
2 

is the final muon energy in the lab system, 

q
0 

= E
1 

- E
2 

is the energy of the virtual photon in the lab system, 

dn
2 

is the differential solid angle of the final muon = dcf> 2d cos e2 , 

q 2 is the absolute value of the square of the four -momentum 

transfer from the muons, 



m is the muon mass, 
µ 

e varies from 1 to almost O. 
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We note that for muons in the lab system: 
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where e
2 

is the muon-scattering angle. Even for e
2 

= 0, q 2 > 0 be-

th 
. 2 

cause ere is a q . min 

2 
qmin 

where 

2 
m 

µ. 

For example q
2 

. may be appreciable if E
1 

= 100 .GeV and E
2 

= 10 GeV 
min 

2 2 
then q . = 0.08 (GeV/c) . 

min 

The simplest experiment is to measure crT and crL as functions of 

q
2 

and q . We then are measuring the two total cross sections for a 
0 

virtual photon. The most meaningful way to look at this at NAL ener -

gies is to think of fixing q
2 

and then looking at the variation of crT and 

crL over a q
0 

range from 10 to 8 O or 100 GeV I c. Conversely at a fixed 

2 2 
q

0 
we may be interested in how crT and crL behave as q -+ qmin" Further 

discussion on the significance of these virtual total cross sections is 

given by Bjorken 
4 

and Hand. 
5 

This first experiment I call the crT, crL 

experiment. 

A more complicated but also richer experiment is to detect not 

only the outgoing muon, but also some or all of the particles from the 

nuclear vertex. For example one would detect the pion in forward 

single -pion production in reaction ( 1); the pions from the p 
0 

and the 
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recoil proton in reaction (3); and so forth. This second experiment I 

shall refer to as the multibody-detection experiment. 

Next I shall discuss the two experiments separately. 

The crT, crL Experiment 

Figure 2 shows the experiment. It is necessary to measure the 

momentum and angle of the muons before the target, using spark 

chambers 1, 2, 3, and 4. After the target come chambers 5 and 6 (to 

determine the scattering angle 82 ), then the analyzing magnet A, and 

then chambers 7 and 8 to obtain the muon momentum. ·Chambers 9, 

10, and 11 are separated from 8 and each other by iron and are used to 

show the detected particle is a muon. The purpose of this note is simply 

to look at the required muon flux and the required size of A. There-

fore, we will not go into many experimental design details. We use a 

liqui&hydrogen target 40 in. long. We would trigger, as in the present 

SLAC muon experiment, on all muons which scatter above a certain 

minimum angle 82 . . This requires a hodoscope system similar to 
min 

the one used in the SLAC experiment, but will not be discussed further 

here. Preliminary considerations show that at NAL, for 50 to 150 GeV 

initial muon energies, e
2 

. = 4 mrads is attainable, and we take the 
min 

hodoscope system (not shown in Fig. 2) to be capable of doing this. 

Next we consider the event rate at present for 15 > q > 2 GeV. 
0 

We have only crude knowledge of the sum (crT + € crL). where E is close 

to 1, from electron experiments at CEA, DESY, and SLAC and muon 
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experiments at SLAC. Our object is to determine cr and cr separately 
T 1 

and at much higher q
0

. For total event rate estimates we use the ap-

proximation, based partly on experiments, and partly on vector domi-

nance ideas 

2 2 -2 zoo µb ( 1 + q Im p ) • 

where m is the p mass and E > 0.2. Thus according to the value of 
p 

E • we will under - or overestimate by a factor of 2 or 3, but we are 

only guessing at crT (q
2

, q ) and crL (q
2

, q ) at the q for NAL, and the 
0 0 0 

simplicity is worthwhile. Also to see what precision is required to 

separate crT and crL we shall take crT and crL to be the same order of 

magnitude for different q
2 

intervals; Fig. 3 gives the events per pulse 

6 . 
per GeV/c of p

2 
for 10 muons per pulse and a 40-m. long hydrogen 

target. 

As shown in Fig. 2, it is necessary to have spark chambers in the 

beam. Therefore, we feel to avoid confusion from stray tracks in event 

measurement, a flux of 5 x 10
5 

muons per pulse is the maximum one 

can use. The event rate per pulse and per hour is given below and is 

satisfactory. While special devices may allow some higher flux, the 

difficulties of turn-on argue against such devices in the first muon 

experiments. 

The event rate on the following page is just possible with optical 

chambers taking several pictures per pulse. Wire chambers would 

allow a higher' rate. But all experience with muon experiments show 



-6-

Event Rate for crT, crL Experiment. 

100 GeV incident muons, 90 to 
Final Muons 

2 2 e
2 

> 4 mrads q < 0.2 (GeV) 
2 2 

O. 2 < q < O. 5 (Ge V) 
2 2 

0. 5 < q < 1. O (Ge V) 
2 2 

1. O < q < 2. O (Ge V) 

2.0 < q 
2 

Total 

1 0 Ge V, Final Muons 
Event/Pulse 

0,55 

0.70 

0.25 

0.12 

0.06 

1,40 

TM-62 
2023 

Event/Hour 

330 

420 

150 

70 

40 

1010 

it is hard to get a near 100% useful trigger. In fact, usually only 1/3 

to 1/ 10 of the triggers are the desired events. There is no reason for 

a substantial improvement at NAL. Therefore, a trigger rate of about 

5 
5 per pulse for 5 x 1 O muons per pulse should be expected. This is 

a little high for optical chambers, but it is easily handled by wire 

chambers. 

+ -
Yamanouchi (B. 2-68-38) has calculated that one can obtain µ (µ ) 

7 12 
beams of about 4 (0.8) x 10 muons of energy 100 GeV for 5 x 10 

+ protons. If we use µ we need only 1/8 0 of this flux; allowing a factor 

of about 2 for estimate errors, 10
11 

protons per pulse would seem 

sufficient. Thus it would seem that for this experiment the external-

beam power and associated heating and radiation problems are in the 

range of similar problems with high-intensity AGS beams. 

Next, we look at the required size of the analyzing magnet A. 

First what length along the particle trajectory is required? This de-

pends on how well we wish to measure p 2. I see no great value in the 

first experiment in trying to determine the recoil muons sufficiently well 
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to see isobar peaks as in reaction (2). Also then p
1 

must be measured 

as precisely as p
2

. Let us see what precision would be required. If 

M is the recoil mass 
r 

Here Mis the proton mass. 

The crude mass error for e
2 

fixed and q 2 small is 

M 1 
~M :::: - ~E :::_ -

2 
~E. 

r M 
r 

Therefore, to measure M to ±0. 05 GeV, to get inside the isobar width, 
r 

requires ~E = ±0.1 GeV or 0.1% measurement of p 1 and p
2

. This is a 

difficult job, especially for p 
1

. 

Therefore, we only measure p 
2 

(and p 
1

) well enough to fix q
0 

to 

about 2%. The angle of deflection in the magnet (a) is given by 

where B is the field in kilogauss, 

0.03BL 

P2 

L is the length along the field in meters, 

p 
2 

is in Ge VI c. 

We take B = 16 kG, and as we shall show next the measurement uncer-

-4 -3 
tainty in a (called ~a) can be kept to 10 rad. Then a = 50 ~a = 5x 10 

-2 
rad, and L = 1 O p 2. To use p 1 values up to 150 GeV /c requires an 

L of 1.5 m. But an Las little as 1 m might be used. 

The aperture of the magnet A limits the angles e
2 

accepted by the 
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system and hence the maximum q 
2 

In this experiment it is difficult to 

get many events with q
2 > 6 or 8 (GeV I c )

2 
without substantially increas -

ing the muon flux. When the p 1 p 2 product is a minimum we shall re-

quire the maximum e
2

. Now it is not sufficient to run at one high energy 

only. For example, if the highest energy is 100 GeV, it is necessary to 

run at lower energies to separate crT and crL. To see how this must be 

done, take crL = rcrT; then for a particular q
0 

and q
2 

at two different E 1 

we measure 

N = 

N' = 

where 

€ = 

crT(1+r€), 

crT (1 + r€ 1 ), 

2 
qo 

2E1(E1 - qo) 

+ 2E1 (E1 - qo) 

2E' (E' - q ) 
1 1 0 

For q
0 

= 60, E 1 = 100, E1_ = 80, we get E = 0.69, E 1 = 0.44 and the 

separation can be done. But for q
0 

= 40, E 1 == 100, E1_ = 80 we get 

€ == 0.88, € 1 = 0,80, and if r = 0.5, 

N -N' 
N 

= o. 03, 
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which makes separation difficult. Therefore, we must expect to use p
1 

as low as 50 GeV and p
2 

as low as 10 GeV/c. 

The aperture of A is also set by distance from the hydrogen tar -

get to A, which is mostly the required spacing between chamber 5 and 

6. We shall set this spacing by requiring that q
2 

be measured to at 

least ±5% accuracy. 

The smallest angle we intend to trigger on is 4 mrads. Since for 

small angles Aq 2 / q
2 = 2A(J/fJ, an error of ±5% in q 2 requires A()= ±0.1 

mrad. If the total error in transverse measurement in the two spark 

chambers 5 and 6 is ±0. 5 mm then a spacing of 5 m is required between 

5 and 6. If the half-aperture of the magnet is (a/2) m then the maximum 

2 
For large q we can angle of scatter (fJ2 ) is e

2 
(rad)= 0.1a. max max 

2 2 2 
neglect q . and take q = p 1p

2
e 

min 
If we wish to have q

2 
= 8 (GeV/c)

2 
max 

in this first experiment, then e occurs when p 1 and p 2 are smallest, 
max 

namely 50 and 10 GeV I c respectively. Then fJ = 0.13 rad and 
max 

a=1.3m. 

Now it is possible to make a magnet with a square aperture about 

1 m on a side but this leads to a nonuniform field. Such magnets are 

very useful for other experiments if they also have removable pole. 

There are two such magnets at SLAC now: both have circular poles. 

One has a 54-in. pole diameter and a ?6-in. gap. The other has a 2-m 

diameter pole and a 1-m gap. Therefore, one type of magnet which 

would fit this experiment is one with circular poles of 1. 5-m diameter. 

A 1. 3-m gap is excessive, but the experiment loses little if the gap is 
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reduced to 0.8 to 1.0 m. All that is lost is some high q
2 

events at low 

Another magnet design would be a uniform -field type with square 

poles and "window frame" coils. Here a smaller gap would be nee es -

sary. The magnet gap might be 1 to 1. 5 m along the particle path, O. 6 

to 0.8 m high and about 2 m wide. The greater width is for other ex-

periments. For this experiment the 0.6 to 0.8-m width hurts the high 

q 2 , but not too much. Even at q
2 

= 8(GeV/c)
2 

there is about half ac-

ceptance for low p 1p 2 values. 

The Multibody-Detection Experiment 

The flux in this experiment must be 5 X 1 o5 
/pulse, and not much 

larger, because as in the crT, crL experiment, there are spark chambers 

in the beams . 

There are now three new questions: 

1. Can the chamber 5 through 8 and magnet A encompass a good 

fraction of the other particles produced in the inelastic interaction? 

2. Can the vector momenta of these particles be measured well 

enough to detect forward production of boson resonancies? 

3. Can the event be completely identified? 

To answer these questions we can use the study of Fields et al. 

(A. 3-68-12) on ''High-Accuracy, Large Solid-Angle Detector for 

Multiparticle Final States at 100 GeV. " The problems with a multibody 

reaction from 100 GeV muons are the same as with 100-GeV pions in 

general. The same solid angles and the same precision are needed. 
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Of course, we cannot use a small bubble chamber for a target; we 

must use a liquid-hydrogen target and spark chambers even in the ver-

tex region. Therefore, the answers to questions 1, Z, and 3 lie in the 

study of a large, purely spark-chamber detector of the size of that in 

the Field report. I do not want to go into that design problem here. I 

think for the first muon experiments it wquld be actually unwise to at -

tempt to use a very large and complicated detector. Therefore, I shall 

only consider here what can be done with the system designed for the 

aT, <YL experiment. 

The half-aperture of the magnet is about 0.5 m. Then the maximum 

laboratory angle accepted is about 100 mrads. Using the Field report 

the angle covered in the center-of-mass is e* :S 2'{(0.1):::: 0.14 ~ 

where p
1 

is the initial muon momentum in GeV/c. Thus for p 1 = 50 

GeV/c, e* s 1 rad and for p
1 

= 100 GeV/c, e,.~ s 1/4 rad. This is quite 

good; it means we can do a lot of work on the forward particles. But it 

also means that if the sum of the total number of neutral particles and 

of the charged particles with too large a 9):, is two or greater, we can -

not do complete event identification at high energies; this will be the 

most common case. Therefore, the answer to question 1 is yes but to 

question 3 is generally no. 

However, one way to help somewhat is to put chambers above and 

below the hydrogen target. It is particularly useful to pick up the angle 

. 2 
of the recoil proton for the low q events. These might be range 

chambers without too much expense. Figure 2 shows a ve~tical view 
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of the apparatus with these chambers (U and D) added. This I regard 

as the most probable setup for this experiment. 

We next consider the reaction µ + p - µ + p + p 
0

• For real pho

tons y + p ...... p 
0 

+ p is about 10% of the total photon + proton cross sec -

tion. If this ratio continues at high q and q
2 

= 0, then 10% of the in
o 

elastic events will be µ + p - µ + p + p 
0

• The reason for expecting this 

ratio to hold up at NAL energies is that it is a diffraction process. 

2 2 2 
Further at q > 0 but for q not much larger than m , it is not ex

p 
2 

pected that q = 0 will reduce a diffraction process any faster than the 

total cross section. 

To give an example, consider a 100-GeV muon producing a 50-

GeV virtual photon, that is E 1 = 100, E 2 = 50, q
0 

= 50 GeV I c, for 

q
2 

< 5 (GeV/c)
2

, e2 (the final muon angle with the beam axis)< 32 mrads 

and (J (the angle of the virtual photon with the beam) is also < 32 mrads. 
'( 

The photon changes to a p 
0 

on the tar get proton with small four -mom en -

tum transfer ( M) to the proton. Generally we can take It r < 1 (GeV/c )
2 

and hence the p 
0 

can diverge in angle from the virtual photon by up to 

20 mrads. 

Finally the pions from the p 
0 

decay can have a maximum angle of 

divergence from the p 
0 direction of m 

2 I (2m E )~ 30 mrads. The sum 
p Tr p 

of these angles gives the extreme angle of acceptance needed, this is 

~ 80 mrads. Since the acceptance is =ll 100 mrads this is good. But 

if q decreases the angles all increase. Reducing the maximum q
2 

0 

will help. But for q < 25 GeV I c the acceptance will become poor. 
0 
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Since it is important to see almost the complete decay angular dis -

tribution of the p 
0

, information from q < 2 5 Ge VI c will probably not 
0 

be useful. However, it is not worthwhile to increase the A magnet 

aperture just to cover the low q range. 
0 

0 
Next can we measure the p mass? For a magnet 1 m long, we 

showed in II that 1::::..p/p = 0,02 (p/100) and that the uncertainty in an 

-4 0 
angle (J is AO = 10 rad. Then for a p of momentum p, the mass 

uncertainty t:::..M due to angle uncertainty l::::..8is 

-5 
AM = (p / 2 )!::::.. () = 5 X 1 0 p , 

for p :<;; 100 GeV /c, l::::..M ::S 5 MeV. 

p. 
1T 

-4 
For a momentum uncertainty t:::..p of a decay pion, Ap = 2 x 10 

1T 1T 

AM = (M/ 2 )(2 x 1 o-4 )(p ) :S 10-
2 

M = 7 MeV. 
1T 

Therefore, the p 
0 

mass is quite well measured. 

With the additional chambers {U and D) the reaction 

µ + p - µ + p 
0 + p would be a three- or four-constraint fit {depending 

on the proton range) if the momenta were well measured. But there 

will be total longitudinal momentum uncertainties of about 2 GeV /c. 

0 
Therefore, a slow forward rr could not be detected. Transverse mo-

mentum balance may help, but in general we shall have to depend on 

the strength of this reaction to separate it out. 

Finally, let us look at a reaction which we cannot do with this 
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+ 
system; this is µ + p - µ + n + 1T . First the cross section is small, 

-3 -3 
about 1 O to 5 x 1 O of the total inelastic cross section. Second, 

there is no hope of separating it from additional 1To production. Either 

special detection of the neutron must be carried out, or one must go to 

a large, high-accuracy detection system. 

Summary of Magnet Designs 

Figure 4 shows the two possible magnet shapes. The removable 

pole in the circular pole design is not for this experiment but is gen-

erally useful. 
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The equation for inelastic muon-proton scattering may be written 

in several ways which differ only in the method of definition of the two 

inelastic form factors 1, 2, 3. We make the following definitions (see 

Fig. 1). 

-p 
1

, E 
1 

= initial muon momentum, energy 

p
2

, E
2 

=final muon momentum, energy 

- = virtual photon momentum, energy 

q = p - p 1 2 

qo = E1 - E2 

q 
2 = I q: -(q) 

2 I = absolute value of square of four -

momentum transfer from muon. 

For NAL we shall see that 

2 2 
q << E1 • 

2 2 
q < q . 

0 

In this case all the different form-factor definitions become the same. 

The exact equation we use is 

x 

2m 
2 

- _!:_ + 
2 

q 

Here n 
2 

is the solid angle of the final muon, mµ is the muon mass and 

a and a (both functions of q 
2 

and q ) are the inelastic form factors 
T L o 
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separated according to Hand-Wilson. 
1 

But they are slightly different 

1 -than those of Hand because of the use of (q) in the first parenthesis on 

the right side of Eq. ( 1). This change is due to Gilman 
3 

and seems to 

us more meaningful at low energies. o-T and o-L have the units of micro

barns. As q
2 

- 0, aT becomes the real photon total cross section on 

protons and O"L - 0, 

We restrict ourselves for NAL to q ~ 10 GeV/c, q 2 < 4(GeV/c)2 
0 

E
2 
~ 10 GeV. Then, 

= 

where 

2 
2 2 

1T q 
( ~ )( 1 2 

q 

2 
(2E1E2/qo ) 

E = ----2~-2------

(1 - 2mµ /q + 2E 1E 2 /q
2

) 
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Fig. 1. Muon scattering diagram. 

LH2 
Target 

A 

6 
7 

Analyzing 
Magnet 

8 910 II 

Fig. 2. Schematic of muon experiments. 1 to 11 are spark chambers for 
cross-section measurements; U and D are spark chambers for multibody 
detection experiment. 
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Fig. 4. Sketch of magnet construction. 


