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Abstract
Section2.5.8of theHandbookof AcceleratorPhysicsandEngineeringonLan-
daudampingis rewritten. An solvableexampleis first givento demonstratethe
interplaybetweenLandaudampinganddecoherence.Thisexampleis anactual
onewhenthebeamoscillatorymotion is drivenby a wake force. Thedisper-
sion relationis derived andits implication on Landaudampingis illustrated.
Therestof thearticletoucheson theLandaudampingof transverseandlongi-
tudinalbeamoscillations.Thestability criteriaaregivenfor a bunchedbeam
andthechangesof thecriteriawhenthebeamis lengthenedandbecomesun-
bunched.
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2.5.8 Landau Damping [1, 2, 3, 4]
K.Y. Ng, Fermilab

Wake forceexcitesa numberof collective waves
in a beamand displacesit from its equilibrium
position. Thesewaves of the beamcenterex-
changeenergy among themselves, resulting in
growth in amplitudefor someand dampingfor
some.Thespreadin oscillationfrequency accel-
eratesthe dampingand deceleratesthe growth.
Thisprocessis oftencalledLandau damping.
Transverse oscillation of unbunched beam
Considera coastingbeamof energy

���
andbeta-

tron frequency ��� underthe influenceof a trans-
verse wake ��� . The transverse displacement	�
������� of a particleat azimuthalangle � around
theacceleratorring is givenby�� ��� � � �� �

�
� � �� 	�
�������
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where
$ � �214365 � � is the revolution period,

!7"
the particlevelocity, � � is the averagebeamcur-
rent, and -+8,8,8 0 implies averagingover all parti-
clesaccordingto thedistribution 9 
 �:� � . Solution
canbeobtainedin theharmonic-frequency (; - < )
spacevia thetransformation �=?>A@ ( � ( � � &CBEDGFIHCBKJML .
In theupperpartof the < -plane(NPOQ<SRT�:U , with�:U beingthefastestgrowth rateof 	�
�����,� ),
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wherethe initial beamdisplacementis 	�
���,_Y� �
D 	 D � � BEDGF , `	�
���,_Y� � _ , \� � < � ;�� � , X��� � - �:� 0 ,Z � � " � ��a�b� 
 < � 5 
 1[X�:� ��� $ � � , and

a�b� the trans-
verseimpedance.Physically, with Z � Zdc � W Zde , Zde
is the betatronfrequency shift dueto impedance
and Z c is thegrowth rate. Analytic continuation
into thewhole < -planegives
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with integrationpath n goingbelow thepoleat \�
andabove thepoleat �l\� . Backto the � -� space,

-.	�
�����,�0 � D o
( < � BqprDGFI&AJ[Lts - V	 D 
 < �0� (4)

with path � above all poles. Thusthe centerof
thebeamconsistsof many harmonicwavesat fre-
quenciesdeterminedby thezeroesof

i 
 < � .
As an example,considerthe Lorentziandis-

tribution 9 
 ��� � � 
uwv@ 543 � 5[x 
 ��� �yX�:� � � � u � v@{z , whereuwv@ is thehalf-width at half-maximum(HWHM).
Since uwv@ 5[X�:�}| j and ~ Z:~ 5MX����| j , keepingthe
lowestorder, thesolutionsimplifiesto
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which arebetatronwavescorrespondingto beta-
tron sidebandsof therevolution harmonics.Here;�R _ correspondsto fastwaves,which arestable
becauseZMc�R _ . For theslow waveswith ;�� _ ,ZMc�� _ andthereis stability only when uwv@ R�~ ZMc�~ .
Weseethatthegrowth initiatedby

a�b� is counter-
actedby thespreadin betatronfrequency.

Note that even when -.	�
�����,�0 is dampedto
zero,thedisplacementsof individual particlesare
not. In practice,any small initial displacementof
the beamcenterwill be dampedimmediatelyifuwv@ R�~ ZMc�~ , ensuringthat

a b� will stopdriving the
individual displacements.In otherwords,Landau
dampingnipsany instabilitygrowth in thebud.i 
 < � � _ is calledthedispersionrelationbe-
causeit gives frequency < asa function of har-
monicnumber; . Since � \� arefar apart,thede-
nominatorcanbelinearizedto givei 
 < � �fjy�lW Z g 9 
 �:� � ( �:��:� �]\� � _Y� (6)

To obtainthestability contour, \� is consideredto
bereal,but with apositive infinitesimalimaginary
partadded.With � � 
 \� ��X�:� � 5 uwv@ , thedispersion
relationis normalizedto theHWHM spread,

j � 
� � � �u v@
� 
 � � � Wt� 
 � � � _Y� (7)

where 
� � � � � � � ;�� � ��X�:� �f��W Z . In fact,


� � � � ��� W � ! � �1 ��� $ � ! b a b� 
 X��� � ;�� � � (8)

is the
a b� -driven complex frequency shift in the

absenceof Landaudamping(subscript0) and
! b

is thebetatronfunctionat theimpedance.
� 
 � � �Wt� 
 � � is called the transfer function and can be

measured(sec.7.5.3).It is definedas� 
 � � ��� \9 
+��� ( �� � � � � 
 � � ��3�\9 
 � �� (9)
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Figure 1: Plot of stability contoursfor various fre-
quency distributionsin the �¡ £¢k¤#¥£¦ §P¨#©ª -plane.

where� denotesprincipalvalue, \9 
+��� � uwv@ 9 
 �:� � ,� � 
 �:� �«X�:� � 5 u�v@ sothat � ��j is at theHWHM.

The stability contour is the locus of� 
� � � � 5 uwv@ as � is varied from �¬ to ¬ .
Thebeamis stablefor pointslying on thesideof
the locuscontainingtheorigin, or NPO � � � � uwv@
for the Lorentzian distribution. Let us con-
sider next the generalizedelliptical distribution\9 
+��� � 
® D 5Y¯ D �
 j[� � � 5Y¯ �D � D when ~ � ~C° ¯ D and
zerootherwise,where® D �¡± ; �¡²� 5[x ³ 37± 
 ; � j � z
andtheparameter̄

� D ��jY5 
 j �w1 & �/´ D � is sochosen
that � �µj is the HWHM. Note that ; neednot
be an integer. For example, ; � _Y� �� � j � ²� � ¬
correspond, respectively, to the rectangular,
elliptical, parabolic, tri-elliptical, and Gaussian
distributions. In addition, ; �h1 �·¶Y¸ reproduces
closely the cosine-squaredistribution. Their
stability contoursare plotted in Fig.1. Notice
that all the contours, except the Lorentzian,
intersect the � N O 
� � � � 5 uwv@ -axis at roughly

the samepoint �jY5 ³ ¶ . A simplified stability
criterion canthereforebe representedby a circle
centeredat the origin with radius equal to the
intercept,[6, 7]

~ 
� � � � ~¹� j³ ¶ uwv@Gº b � (10)

The form factor is º b � ³ ¶ for the Lorentzian
distribution. For the generalizedelliptical distri-
bution, º b � ³ ¶ ¯ D 5 
 3 ® D � , or 1.103,1, 1.040,
1.068,1.097,and1.174,respectively, for therect-
angular, elliptical, parabolic,tri-elliptical, cosine
square,andGaussiandistributions.

If thefrequency spreaduwv@ isdueto amomen-
tum spread�^»Mv@ , thesimplifiedstability criterion

becomes

~ a b 
 ;�� � � X��� � ~¹�
¼ 3 ����½I¾t¿ �^»Mv@³ ¶ � ! � � ! b º b � (11)

where
½I¾t¿ � ½ �yÀ 
 ; �ÂÁ � � with

½
thechromaticity,Á � thebetatrontune,and À the slip factor. For a

broad-bandimpedancerolling off atfrequency ��Ã ,
thesubstitution; � � Ã 5 � � canbemade.
Transverse oscillation of a single bunch When
the bunch is very much shorterthan the wave-
length of the perturbing

a b� , the bunch can be
viewed asa singlemacro-particle,[3] oscillating
transverselywith frequency < . Thedispersionre-
lation is thesameasEq.(6), but with \� � < . The
simplifiedstability criterion is still Eq. (10). The
complex modefrequency shift dueto wake effect
in theabsenceof Landaudampingis now


� � � � � 
 < �ÄX�:� � � � � ��ÅwÆ ! b:Ç1 ! � �6� $ � � (12)
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a b� 
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where
Å Æ

is thenumberof particlesin thebunch.
When the length of the bunch is taken into

account,therewill bemany moremodesof trans-
verseoscillationalongthebunch.Head-tailinsta-
bilities canhappen(Sec.2.5.6)andcanbeLandau
dampedwhenthegrowth rate Í u�v@ .

Strongerimpedancemay causetwo modes
to merge, resultingin transversemode-coupling
instability (Sec.2.5.6). The growth is fast once
above threshold and Landau damping usually
doesnothelp.

Whenthebunchis verymuchlongerthanthe
wavelengthof

a b� and the growth rate is much
fasterthanthesynchrotronfrequency, locally the
bunchcanbeviewedasunbunched.Thereforethe
stability criterion of Eq. (10) applies.[7] How-
ever, wemustreplace� � by thelocalpeakcurrent
and �^» v@ by thelocalmomentumspread.
Longitudinal oscillation of unbunched beam
This caseis unique in that there is no external
focusing frequency. However, the longitudinal
impedance

a�Î� doesalterthetheparticle’s energy
and thereforeits revolution frequency. The col-
lective frequency shift, 
� � � � , is very similar to
a synchrotronoscillationandis given, in the ab-
senceof Landaudamping,by [5]


� � � �� � 
 < � ;�� � � � � W � ; À � � � ��143 ! � � � a Î� 
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Figure 2: Stability contours for longitudinal un-
bunchedbeamin the Ô: ·¢Õ¤#¥·Ö¦ §G £×,Ø[Ö ¨[Ö ©ª ¥ -plane.

Landaudampingarisesfrom a spreadin the rev-
olution frequency. For a distribution 9 
 � � � with
mean X� � , thedispersionrelationis [6]

j¡� 
� � � �� g 9 
 � � � ( � �
 < � ;�� � � � � _Y� (15)

wheren goesbelow thepoleat < 5 ; . At theonset
of instability, integrationby partsandnormaliza-
tion to the HWHM revolution frequency spreaduwv@ resultin

jk� 
� � � ��
; � u � v@

\9 ) 
+�d� ( �� � � �«W4Ù � _Y� (16)

where ÙÛÚ _ H , � � 
 � � �ÜX� � � 5 u�v@ , ;�� �
 < � ; X� � � 5 uwv@ , and \9 
+�d� � uwv@ 9 
 � � � so that� �Ýj is the HWHM. If the spreadin � � comes
from the spread in energy � �

, then u�v@ �
 ~ À ~ X� � 5 ! � �
� � 5 ��� �Þv@ . The dispersionrelation
becomes,in the ß - à notations,

j�� 14W3 sgn
 À �
 ß � W à � \9 ) 
+�d� ( �� � � �áWmÙ � _Y� (17)

ß � W à � � � � ! � a Î� 
 ; X� � � 5 ;¼ ~ À ~ � � 
� � 5 � � � � v@
� (18)

The stability contourcanbe tracedby varying �
from �¬ to ¬ , andis depictedin Fig. 2 for var-
ious distributions when À � _ . Exceptfor the
Lorentziandistribution, all contoursintersecttheà -axisat roughly à BED �T�j . A simplifiedstabil-
ity criterionwill thereforebetheapproximationof
thecontoursascirclespassingthroughà BED , or [6]a�Î�

; � ¼ ~ À ~ �6�
� ! � � �

� �� �
�
v@ º Î � (19)

For theLorentziandistribution, theform factorisº Î �â365Y1 . For thegeneralizedelliptical distribu-
tion º Î �ã36¯ �D 5 
 ¼ ; � 1 � , which amountsto 1.047,

1.047, 1.061, 1.080, 1.097, and 1.133, respec-
tively, for the elliptical, parabolic, tri-elliptical,
cosinesquare, 
 j#� � � 5Y¯ �= � = , and Gaussiandis-
tribution. The simplified stability criterion for
the Gaussiandistribution can also be written in
thecloseform as ~ a�Î� 5 ;w~Þ� 143 ~ À ~ �6��ä � å 5 
 � ! � � � � ,
where

ä å
is thefractionalrmsenergy spread.

Longitudinal oscillation of a single bunch
When the bunch is very much shorterthan the
wavelengthof

a Î�
, it can be approximatedby a

macro-particle.[3] In the presenceof the syn-
chrotronfrequency ��æ , the problemis similar to
thatof the transverse.As a result,thedispersion
relationis still Eq.(6) but with \� � < . 
� � � � is
theshift from themeansynchrotronfrequency X��æ
(potential-welldistortionincluded),


� � � � � 
 < ��X�:æ � � � � � ÅwÆ À " Ç1 ! � � $ � X� æ � (20)

Ç � '
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� W

n
'

Ë ��&�' 
+Ì �
� � X�:æ � a�Î� 
+Ì � � � X�:æ �� (21)

� )� beingthelongitudinalwake functionand � ) )�
its derivative. Stabilitycontoursis givenby Fig.1,
andEq. (10) remainsa simplified stability crite-
rion with u v@ beingtheHWHM spreadin �:æ .

For finite bunch length, therewill be many
longitudinal modesof oscillation. Longitudinal
head-tailinstability canoccur(Sec.2.5.6)but can
beLandaudampedby thespreadin �:æ .

When
a�Î� is strong enough,two modesof

oscillation can merge and longitudinal mode-
coupling instability occurs (Sec.2.5.6). Once
above threshold,the growth is fast and Landau
dampingusuallydoesnothelp.

When the bunch is much longer than the
wavelengthof

a�Î� andthesynchrotronoscillation
periodis muchlongerthanthe instability growth
time, the beamcanbe viewed as unbunchedlo-
cally. Thusdispersionrelation(17) andstability
condition (19) apply [7]. However, the average
current� � mustbereplacedby thelocalpeakcur-
rentandtheenergy spread� �

by thelocalenergy
spread.
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