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Abstract

Section2.5.80f theHandbookof AcceleratoiPhysicsandEngineeringon Lan-
daudampingis rewritten. An solvableexampleis first givento demonstratéhe
interplaybetweerLandaudampinganddecoherencel hisexampleis anactual
onewhenthe beamoscillatorymotionis driven by a wake force. The disper

sion relationis derived andits implication on Landaudampingis illustrated.
Therestof thearticletoucheson the Landaudampingof trans\erseandlongi-

tudinal beamoscillations. The stability criteriaare givenfor a bunchedoeam

andthe changeof the criteriawhenthe beamis lengthenedaindbecomesun-
bunched.
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2.5.8 Landau Damping[1, 2, 3, 4]
K.Y. Ng, Fermilab

Wake force excitesa numberof collective waves
in a beamand displacesit from its equilibrium
position. Thesewaves of the beam centerex-
changeenegy among themseles, resulting in
growth in amplitudefor someand dampingfor
some. The spreadn oscillationfrequeng accel-
eratesthe dampingand decelerateshe growth.
This processs often calledLandau damping.
Transverse oscillation of unbunched beam
Considera coastingpeamof enegy £y andbeta-
tron frequeng wg underthe influenceof a trans-
versewake ;. The transwerse displacement
y(0,t) of a particle at azimuthalangle® around
theacceleratoring is givenby
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whereT, = 2x/wy is the revolution period, Sc
the particlevelocity, Iy is the averagebeamcur
rent, and (- - ) implies averagingover all parti-
clesaccordingto thedistribution p(ws). Solution
canbe obtainedn the harmonic-frequenc(n-<2)
spacevia thetransformation; [dfdte=m0+",
In theupperpartof theQ-plane(Zm 2 > w,, with
w, beingthefastesgrowth rateof y(6, t)),
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wherethe initial beamdisplacements y(0,0) =
Yo Ynoe™, 9(0,0) =0, ©=Q—nwy, wg=(wg),
Kk = ecloZiH () /(203 EoTy), and Zi- the trans-
verseimpedancePhysically with k =k g +ik;, Kk;
is the betatronfrequeng shift dueto impedance
andky, is the growth rate. Analytic continuation
into thewhole Q-planegives
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with integrationpathC' goingbelav the poleat®
andabove thepoleat —&. Backto thed-t space,
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with pathIW above all poles. Thusthe centerof
thebeamconsistof mary harmonicwavesatfre-
quenciesieterminedy the zeroeof H((2).

As an example,considerthe Lorentziandis-
tribution p(wg) = (5 /W)/[(wBﬂDg)Z—}—S? , Where
S% is the half-width at half-maximum(HWHM).
Since S, /ws < 1 and|x|/wg < 1, keepingthe
lowestorder the solutionsimplifiesto
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which are betatronwaves correspondindo beta-
tron sideband®f therevolution harmonics.Here
n >0 corresponds$o fastwaves,which arestable
because:; > 0. For the slow waveswith n < 0,
rr <0 andthereis stability only whenSy > |rx|.

We seethatthegrowth initiatedby Z;- is counter
actedby the spreadn betatronfrequeng.

Note that even when (y(6,t)) is dampedto
zero,thedisplacementsf individual particlesare
not. In practice,ary smallinitial displacemenof
the beamcenterwill be dampedimmediatelyif
L will stopdriving the
individual displacementdn otherwords,Landau
dampingnipsary instability growth in the bud.

H(Q)=0is calledthedispersiorrelationbe-
causeit givesfrequeng ) asa function of har
monic numbern. Since+o arefar apart,the de-
nominatorcanbelinearizedto give

d
m/ p(wp)dwg
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To obtainthe stability contour @ is consideredo
bereal,but with apositive infinitesimalimaginary
partadded With u= (& —ws) /S, thedispersion
relationis normalizedtio the HWHM spread,
(Aw) ) B
3, 2w +ig(w)] =0,

where(Aw)o=w — nwy — wg = —ik. In fact,
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is the Z;--driven complex frequeny shift in the
absencef Landaudamping(subscript0) and3
is the betatronfunctionattheimpedance f (u) +
ig(u) is called the transfer function and canbe
measuredsec.7.5.3)It is definedas

(W)dv ) = (),

fw=p [22F,

H(Q) =1 —0. (6)

14+ = (7)

(Aw)o=— 8121 (wp+nwo)
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Figure 1. Plot of stability contoursfor various fre-
queny distributionsin the —(Aw)o /51 -plane.

wherep denotegprincipalvalue,p(v) =S} p(wg),
v=(wg—wp)/S} sothatv=1is atthe HWHM.

The stability contour is the locus of
—(Aw)o/S; asu is varied from —oco to ooc.
The beamis stablefor pointslying onthe sideof
the locuscontainingthe origin, or Zm Awgy < S%
for the Lorentzian distribution. Let us con-
sider next the generalizedelliptical distribution
p(v) = (An/a,)(1—v%/a2)™ when|v| < a, and
zerootherwisewhereA,=I'(n+3) /[v/7 L (n+1)]
andtheparameten? =1/(1—21/") is sochosen
thatv = 1 is the HWHM. Note thatn neednot
be an integer For example,n = 0,1,1,3,00
correspond, respectiely, to the rectangular
elliptical, parabolic, tri-elliptical, and Gaussian
distributions. In addition,n = 2.36 reproduces
closely the cosine-squaredistribution.  Their
stability contoursare plottedin Fig.1. Notice
that all the contours, except the Lorentzian,
intersect the — Zm(Aw)o/S-axis at roughly

the samepoint —1/v/3. A simplified stability
criterion canthereforebe representedby a circle
centeredat the origin with radius equalto the
intercept |6, 7]

1
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The form factoris F, = /3 for the Lorentzian
distribution. For the generalizecelliptical distri-
bution, F, = v/3a,/(74,), or 1.103,1, 1.040,
1.068,1.097,and1.174 respectiely, for therect-
angulay elliptical, parabolic,tri-elliptical, cosine
squareandGaussiardistributions.

If thefrequeng spreadS% isduetoamomen-
tum spreadAé%, the simplified stability criterion

becomes ek
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wherets = £—n(n+wvs) with £ thechromaticity
vg the betatrontune,and the slip factor For a
broad-bandmpedanceolling off atfrequenyg w.,
the substitutionn = w./wy canbemade.
Transverseoscillation of asinglebunch  When
the bunchis very much shorterthan the wave-
length of the perturbing Zi-, the bunch can be
viewed asa single macro-particle[3] oscillating
trans\erselywith frequeng €). Thedispersiorre-
lationis thesameasEq. (6), but with @ = Q. The
simplified stability criterionis still Eq. (10). The
comple modefrequeng shift dueto wake effect
in theabsencef Landaudampingis now
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whereNp is thenumberof particlesin thebunch.

When the length of the bunch is taken into
accounttherewill be mary moremodesof trans-
verseoscillationalongthe bunch.Head-tailinsta-
bilities canhappen(Sec.2.5.6andcanbelLandau
dampedvhenthe growth rate < S%.

Strongerimpedancemay causetwo modes
to mege, resultingin transersemode-coupling
instability (Sec.2.5.6). The growth is fast once
above threshold and Landau damping usually
doesnot help.

Whenthebunchis very muchlongerthanthe
wavelengthof Zi- andthe growth rate is much
fasterthanthe synchrotrorfrequeng, locally the
bunchcanbeviewedasunbunched.Thereforehe
stability criterion of Eq. (10) applies.[7] How-
ever, we mustreplacel; by thelocal peakcurrent
andAé% by thelocalmomentunspread.
Longitudinal oscillation of unbunched beam
This caseis uniguein that thereis no external
focusing frequeng. However, the longitudinal

impedanc@é| doesalterthethe particles enegy
andthereforeits revolution frequeng. The col-
lective frequeng shift, (Aw)o, is very similar to
a synchrotronoscillationandis given, in the ab-
senceof Landaudamping by [5]
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Figure 2: Stability contours for longitudinal un-
bunchedbeamin the 7(Aw)2/(2n%5% )-plane.
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Landaudampingarisesfrom a spreadn the rev-
olution frequeng. For a distribution p(wp) with
meanwy, thedispersiorrelationis [6]

(15)
whereC goesbelov thepoleat(2/n. At theonset
of instability, integrationby partsandnormaliza-
tion to the HWHM revolution frequenyg spread
S% resultin

1- =0,
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wheree — 0%, v = (wo — wp)/Sy, nu =
(€ — nwo)/Sy, and p(v) = Syp(wo) so that
v =1 is the HWHM. If the spreadin wy comes
from the spreadin enegy AF, then S% =
(Inlwo/B*)(AE/Ep)y. The dispersionrelation
becomesin the U-V notations,

- %sgr‘(n)(U+ i) / % —0, a7)
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The stability contourcanbe tracedby varying u
from —oo to oo, andis depictedin Fig. 2 for var
ious distributionswhenn < 0.  Exceptfor the
Lorentziandistribution, all contoursintersectthe
V-axisatroughly V;,, = —1. A simplified stabil-
ity criterionwill thereforebetheapproximatiorof
the contoursascirclespassinghroughV,,, or [6]
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For the Lorentziandistribution, the form factoris
F| == /2. For the generalizecelliptical distribu-

tion Fj =ma;, /(4n+2), whichamountso 1.047,

(19)

1.047,1.061, 1.080, 1.097, and 1.133, respec-
tively, for the elliptical, parabolic, tri-elliptical,
cosinesquare, (1 —v?/a?)*, and Gaussiandis-
tribution. The simplified stability criterion for
the Gaussiardistribution can also be written in
the closeform as|Z, /n| < 2r|n|Eoo2 /(e Iy),
whereo; is thefractionalrmsenegy spread.
Longitudinal oscillation of a single bunch
When the bunch is very much shorterthan the

wavelengthof Zg, it canbe approximatedby a
macro-particle.[3] In the presenceof the syn-
chrotronfrequeny wy, the problemis similar to

that of the trans\erse. As a result,the dispersion
relationis still Eq.(6) but with @ = Q. (Aw)g is

the shift from the meansynchrotrorfrequeny w,

(potential-welldistortionincluded),
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W beingthelongitudinalwake functionand W/
its derivative. Stability contourdgs givenby Fig. 1,
and Eq. (10) remainsa simplified stability crite-
rion with S% beingthe HWHM spreadn ws.

For finite bunch length, therewill be mary
longitudinal modesof oscillation. Longitudinal
head-tailinstability canoccur(Sec.2.5.6ut can
be Landaudampedy thespreadn w;.

When Z(! is strong enough,two modesof
oscillation can merge and longitudinal mode-
coupling instability occurs (Sec.2.5.6). Once
above threshold,the growth is fastand Landau
dampingusuallydoesnot help.

When the bunch is much longer than the

wavelengthof Z(! andthe synchrotroroscillation
periodis muchlongerthanthe instability growth

time, the beamcan be viewed as unbunchedlo-

cally. Thusdispersionrelation(17) and stability
condition (19) apply [7]. However, the average
current/, mustbereplacedy thelocal peakcur-

rentandtheenepgy spreadA F by thelocalenegy

spread.
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