
Fermilab FERMILAB-FN-0759  NOVEMBER 2004

Makingspacefor harmonicoscillators

LeoMichelotti

July30,2004

Abstract

If werestrictthenumberof harmonicoscillatorenergy eigenstatesto somefinite value,N, thenthediscretespectrumof
thecorrespondingpositionoperatorcomprisetherootsof theHermitepolynomialHN

�
1. Its rangeis just largeenoughto

accomodateclassicalmotionat high energy. A negative energy termmustbeaddedto theHamiltonianwhich affectsonly
thelasteigenstate,

�
N ��� suggestingit is concentratedat theextremaof thisfinite “space.” Calculationssupportaconjecture

that,in thelimit of largeN, theglobaldistributionof pointsapproachesthedifferentialform for classicalaction.
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Thenotionof a vacuumis not only in which is nothing, but
also implies a spacecapableof holding a body and in which there
is not a body.... Whereaswe hold that therewasno placeor space
beforetheworld was.

— St. ThomasAquinas
Summa Theologica

Question 46: Reply Obj.4

Thesewereremarkabledeductions:(i) emptyspaceis not nothingbut something,and(ii) theuniverseandits spacecame
into being simultaneously. Without presumingto investigatehow One might have accomplishedthat, we shall briefly
considerthe harmonicoscillator. Its quantumtheorycomesequippedwith convenientlynamed“annihilation” and“cre-
ation” operatorswhich, if usedastheprimaryobjects,provideawayof describingphysicswithoutpresupposingaphysical
“space.” In this view, “space”is aderivedentity.

The contentis divided as follows. Fundamentalsof the harmonicoscillator are terselywritten in the first section
for purposesof notationand reference.In the next, we introduceapproximationsfor the operatorsasa preliminary to
doingcalculations,andin the third andfourth we examinethespectraof thecorrespondingpositionoperators,a “space”
constructedspecificallyfor auniverseof harmonicoscillators.Thefinal sectioncontainsabrief synopsis.

The work reportedhereinwasundertakenasa diversion;it possessesnothingeruditeor scholarly. In fact, it is little
morethana variationon ProblemXII.3 of Messiah’s textbook Quantum Mechanics [2], which asksstudentsto “[s]et up
theeigenvalueproblemof q in [the numberrepresentation];show that thespectrumof q is nondegeneratecontinuousand
extendsfrom � ∞ to ∞.” Nonetheless,theresultsmaybeinterestingin themselves.If nothingelse,in theprocessof going
throughall of this we shalldevelopaconjectureon therootsof Hermitepolynomialsthatmightpossiblybenew.

1 Preliminaries: the Harmonic Oscillator

For later reference,we collectherea few factsabouttheharmonicoscillator, split accordingto theclassicalandquantum
theories. Everyonelearnsthesefactswithin the standardphysicscurriculum,so we shall not pausefor explanationor
development.1 Thissectionmaybeomittedandreferredto asneeded.

1.1 Classical Mechanics

Thelineardifferentialequationsdescribingaharmonicoscillatorcanbewritten in matrix form.

d
dt

x
p �

0 1� m
� mω2 0 �

x
p

Variablesx andp arethedynamicalcoordinates,positionandmomentumrespectively; m is themassof theoscillator, ω is
its (radial)frequency, andt representstime,whatever thatmeans.This is easilydiagonalized,

0 1� m
� mω2 0 �

� 1�
	 2mω � 1��	 2mω
i mω � 2 � i mω � 2 �

� 1�
	 2mω � 1��	 2mω
i mω � 2 � i mω � 2 �

� iω 0
0 iω �

sothat,if wedefinecomplex coordinates,a anda  asfollows,

x
p �

� 1� 	 2mω � 1� 	 2mω
i mω � 2 � i mω � 2 �

a
a  �

1Someof thetext hasbeencopieddirectly from Ref. [3].
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or inverted,
a
a  �

mω � 2 i ��	 2mω
mω � 2 � i � 	 2mω �

x
p �

thentheequationof motiontakesthediagonalform,

da
dt � � iω a �

Thepair � a � a �� T arethe“Weyl coordinates”of thesystem.2

In theHamiltonianformalism,theharmonicoscillatoris describedby a quadraticform,

H �
p2

2m
� 1

2
mω2x2 (1)

� ω mω � 2 x � ip � 	 2mω mω � 2 x
�

ip � 	 2mω

� ω a  a �
Further, we canexpressWeyl coordinatesin termsof angle-actioncoordinates,3 � ϕ � I � � asfollows.

a � i 	 Ie � iϕ
� a  � � i 	 Ieiϕ

Onthis coordinatechart,theHamiltoniantakeson theform,

H � ω I � (2)

1.2 Quantum Mechanics

In quantummechanics,theharmonicoscillator’s Hamiltonianpossessesthesamequadraticform asEq.(1),with all vari-
ablesnow evaluatedasHermitianoperatorson a Hilbert spaceratherthanrealnumbers.

H �
p2

2m
� 1

2
mω2x2

Dimensionlessvariablesareintroducedin orderto “avoid clutteringthecalculationsby uselessconstants.”4

u � mω
h̄

x � � a � a† ��� 	 2 (3)

v � 1
mh̄ω

� ip � � � a � a† ��� 	 2

Theirquantumcommutatorsarerelatedasfollows.

�
x � p � � i h̄ � �

u � v � � � 1

2I cannotrememberfrom whattextbookI pickedup thispieceof information.
3Wementionin passingthat,unlike � x � p � , angle-actioncoordinatesaredefinedoverapuncturedphasespacefrom which theorigin hasbeenremoved,

makingit topologicallyequivalentto acylinder, not theEuclideanplane.
4FromChapterXII, Section2. of Ref.[2].
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�
a � a† � �

1
2

�
u
�

v � u � v � �
�
v � u � � 1 (4)

Finally, we rewrite theHamiltonianusingfactorization.

H �
1
2

h̄ω � u2 � v2 �

�
1
2

h̄ω ��� u � v ��� u �
v ��� �

u � v ���

� h̄ω � a†a
�

1� 2 �
Thenumberrepresentationis thesetof eigenstatesof H, equivalentlyof a†a � which compriseanorthonormalbasisfor

aHilbert space.
a†a  n ! � n  n ! � n � 0� 1� 2� 3� �"���

Any othersetof eigenstatesis frownedupon,asit would containaninfinite setof stateswith unboundednegativeenergy.
Their representation,in dimensionlesscoordinates,involvestheHermitepolynomials,Hn.

#
u  n ! � ψn � u � � � 	 π2nn! ��� 1$ 2e � u2$ 2 Hn � u � (5)

∞

� ∞
duψn � u � ψm � u � � δmn

∞

∑
n% 0

ψn � u1 � ψn � u2 � � δ � u1 � u2 �

2 Truncated Operators

Quantumphysicsof aharmonicoscillatoris encodedinto asequenceof squarerootsof integers,asexpressedby thenumber
representationof theannihilationoperator:

#
m  a  n ! � δm& 1 ' n 	 n � or writtenasa semi-infinitematrix,

a �

0 	 1 0 0 0 �"���
0 0 	 2 0 0 �"���
0 0 0 	 3 0 �"���
0 0 0 0 	 4 �"���
0 0 0 0 0 �"���
...

...
...

...
...

. . .

�

We shalltruncatethis andstudypropertiesof its � N �
1 �)(*� N �

1 � submatrix,

a �

0 	 1 0 0 0 �"��� 0
0 0 	 2 0 0 �"��� 0
0 0 0 	 3 0 �"��� 0
0 0 0 0 	 4 �"��� 0
0 0 0 0 0 �"��� 0
...

...
...

...
...

...
0 0 �"��� 0 0 0 	 N
0 0 �"��� 0 0 0 0

� (6)
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Thenotationsa, u, H, andso forth, will be retainedwith the understandingthat, from this point on, they representfinite
matrices.If justificationfor this truncationis needed,onemightarguethatit is apreliminaryto writing computerprograms:
if latticegaugetheoristscanprofitablydo calculationson a spaceof 512nodes,why maywe not consideroneconsisting
of 512energy levels? Anotherargumentcanbepresentedon the basisof prudentialparsimony. Supposethata universe
consistingof harmonicoscillatorscontainsonly a finite amountof energy. Why shouldit thenpossessan infinite number
of energy levels?Whatis thepointof all thosestateswhich cannotpossiblybeoccupied?

After truncation,a†a is still diagonal,with thesameeigenvaluesasbefore,soweretainthesubset+� 0 ! �  1 ! �  2 ! � �"���, N !"-
of the numberrepresentationas a basisset of states. However, commutationsrelationsmust be modified. Because
Tr � AB � � Tr � BA � the commutatorof any two finite matricesmustvanish. Thus, insteadof the usualcommutationre-
lationsof Eq.(4),thetruncated � N �

1 �)(.� N �
1 � matricesa anda† satisfy,

�
a � a† � � 1 �/� N �

1 �� N ! # N  
Thecommutatorsof u andv mustalsobemodified.

�
u � v � �

1
2

�
a
�

a†
� a � a† � �

�
a†
� a � � � 1

� � N �
1 �� N ! # N  

Its effecton theHamiltonianis asfollows.

H �
1
2

h̄ω � u2 � v2 �

�
1
2

h̄ω �0� u � v ��� u �
v �
� �

u � v �1�

� h̄ω a†a
� 1

2
� 1 �/� N �

1 �� N ! # N  2�

All but oneof thematrixelementsof H areunaffectedby truncation.Theonly onethatmustbeadjustedis thefinal diagonal
element. #

N  H  N ! �
1
2

N h̄ω; (7)

Becauseof truncation,  N � 1 ! , not  N ! , is the highestenergy state. The latter is reduced in energy by 1
2 � N �

1 � h̄ω
comparedto the valueit would have hadin the infinite context. Effectively, for large but finite N, an enormouspool of
negative energy hasbeenintroduced.Becauseonly  N ! is sensitive to this pool, it mustbeconcentratedwhere

#
u  N ! is

large,i.e. at largevaluesof u.
As a minor exerciseof no particularsignificance,supposethatoneoscillatoris placedin eachenergy level. Thetotal

energy wouldbe,

Etot � h̄ω �
N

∑
n% 0

#
n  3� a†a

� 1
2
� 1 �/� N �

1 �� N ! # N  "�4�5 n !

�
N

∑
n% 0

n
� 1

2
�

N

∑
n% 0

1 ���/� N �
1 �

�
1
2

N � N �
1 �

Theextranegativeenergy termcancelstheadditionalzero-pointenergy offsetfrom all thestates.
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3 The Spectrum of Space

“Space”is thatwhich is measuredby thepositionoperator. Its spectrumconsistsof theeigenvaluesof x, equivalentlyu as
definedin Eq.(3). In thecontext of a truncatedu, we shallcall its spectrum“N-space.”

Theeigenvectorof u correspondingto eigenvalueλ satisfiestheequation,

0 	 1 0 0 �"��� 0
	 1 0 	 2 0 �"��� 0
0 	 2 0 	 3 �"��� 0
0 0 	 3 0 �"��� 0
...

...
...

0 0 �"��� 	 N � 1 0 	 N
0 0 �"��� 0 	 N 0

�

u0

u1

u2

u3
...
uN � 1

uN

� � 	 2 λ �

u0

u1

u2

u3
...
uN � 1

uN

� (8)

A similarequationcanbewrittenfor v by negatingeachelementonthelowerdiagonal.Withoutactuallysolvinganything,
a few conclusionscanbedrawn from thestructureof this equationalone.

1. If λ is aneigenvalueof u, thensois � λ
2. If λ is aneigenvalueof u, theniλ is aneigenvalueof v.
3. Zerois aneigenvalueif andonly if N is even.

Thesethreepropertiesfollow asconsequencesof lemmasprovenin anappendix.Thesecondonemeansthat- modulothe
differencein scalefactors- x andp possessthesameeigenvalues.Becauseof thethird, I ambiasedtowardevenvaluesof
N: their phasespacescomepre-puncturedin anticipationof angle-actionvariables.

Written onerow at a time, theeigenvalueeqution,Eq.(8),becomesarecurrencerelation,

	 n
�

1 un& 1 � � 	 2λ � un � 	 n un � 1 � n � 0 ���"� N �
with theconventionthatu � 1 � uN & 1 � 0� It canbeput into morefamiliar form by multiplying bothsidesby 	 2n& 1n!.

2n& 1 � n � 1 � ! un& 1 � � 2λ � 	 2nn! un �/� 2n � 2n � 1 � n � 1 � ! un � 1 � (9)

To no one’s surprise,this is a recurrencesatisfiedby Hermitepolynomials.Normalizationis arbitrary, of course.If we fix
it by settingu0 � 1, thentherecursionfor identifiesthecomponentsu1 � u2 � ����� uN � 1 as,

un �
1

2n n!
Hn � λ �.�

Instead,if we setu0 � π � 1$ 4e � λ2$ 2, then
un � ψn � λ � �

thequantumwave functionwith normalizationaswritten in Eq.(5).
However, our interesthereliesmorein theeigenvaluesthantheireigenvectors.Thefinal stepof therecursionEq.(9)is,

0 � � 2λ � 	 2NN! uN �6� 2N � 2N � 1 � N � 1 � ! uN � 1 � (10)
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BecauseuN anduN � 1 aredeterminedby previousconditions,this servesasa self-consistency equationfor theeigenvalue,
λ. At thesametime, we have establishedthat 	 2nn! un ∝ Hn � λ � � for n � 0� 1� ����� � N � Thus,theright-handsideof Eq.(10)
impliesthat

HN & 1 � λ � � 0� (11)

Basedonknown propertiesof Hermitepolynomials,wecouldimmediatelyinfer thethreepropertiesalreadywrittenon the
previouspage.To themweadd:

(4) Thecharacteristicpolynomialof u is

det
�
u � λ1� � ��� 1� 2 � N & 1

� HN & 1 � λ �*�
Equatingleadingordertermsonbothsidesdeterminestheproportionalityconstant.

Positiveeigenvaluesof u, obtainedby numericaldiagonalization,areplottedin Figure1 for N � 1 �"��� 64.Thespectrafor
evenvaluesof N aredrawn in black;for odd,in red.Thelines,meantto guidetheeye, follow “trajectories”of eigenvalues

N

0 1 2 3 4 5 6 7 8 9 10 11 12
0

10

20

30

40

50

60

λ

Figure1: Positiveeigenvaluesof u for N � 1 ����� 64� Thesolidgreenanddashedblackcurvesindicatetwo estimatesfor the
maximumeigenvalue.

from theirpointsof creationthroughN � 64� Two observationsdeservecloserscrutiny: (a) themaximumeigenvaluegrows
slowly with N and(b) eigenvaluesgrow closertogetherasN increases.

(a) A semi-classicalargumentsuggeststhatλmax canbeapproximated,

λmax 7 	 2N � 1

This followsby notingthatthemaximumreachof a classicalharmonicoscillatoris givenby E � mω2x2
max � 2� Becauseof

Eq.(7),thelargestenergy eigenstateis  N � 1 ! . SettingE � � N � 1� 2 � h̄ω � thenproducestheresult,which appearsasthe
dashedcurve in Figure1.
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A moreexact estimateis obtainedby usingasymptoticexpressionsfor the maximumrootsof Hermitepolynomials.
Accordingto Szegö [4], Equation(6.32.5),thelargestrootof Hn � λ � satisfies,

λmax � 	 2n
�

1 � i1
� εn

� 6	 2n
�

1 � 1$ 3

wherei1 is the smallest(in fact, positive) real root of Airy’ s function andlimn8 ∞ εn � 0� 5 We replacen with N
�

1 (see
Eq.(11)),corruptthisbeautifulexpressionabit by ignoringtheerrorterm,εn, andstatethatthemaximumreachof N-space,
for largeN, mustbeapproximately

λmax 7 	 2N
�

3 � 1� 85575

� 	 2N
�

3 � 1$ 3
(12)

Thisappearsasthesolidgreencurvein Figure1. Its closeagreementwith thenumericallycalculatedvaluesis remarkable,
consideringit arisesfrom anapproximationto anexpressionvalid for largeN.

On a personalnote,despitetheobvioussuperiorityof theasymptoticformula,theargumentfrom classicalmechanics
is moreappealing.Thereis somethingpleasinglyeconomical(or “surprisinglyparsimonious”or “impressively prudent”)
aboutN-spacebeingjust abouttheright sizeto accomodateclassicaldynamicsat high energy. It has“enoughspace”but
no “wastedspace.” Thereis no a priori reasonwhy thisshouldbeso,but it is.

(b) Intuitively we expect the spatialeigenvaluesto clusterindefinitely closertogetheras N increases.This is correct,
althoughit is difficult to tell from Figure1 whetherthey insteadachievea limiting separation.To settletheissue,we again
appealto anasymptoticformula.6

For any fixedx : lim
n8 ∞

��� 1 � n
4nn!

	 n H2n � x ��� 2	 n �0�
H2n& 1 � x ��� 2 	 n �0� �

1

	 π
cos� x �
2sin� x � �

Thus,within a finite interval containingthe origin, the spacingbetweensuccessive eigenvaluesat truncationstepN ap-
proachesthelimit,

δλ �
π
	 2

1

	 N
�

1 � N odd

1

	 N � N even
(13)

Thus,δλ 9 0 asN 9 ∞, albeitslowly. This meansthat,by choosingN sufficiently large,we canplaceanarbitrarily large
numberof eigenvaluesascloseasdesiredto any givenrealnumber. In this sense,thesetof eigenvaluesdo approachthe
realaxiscontinuum.Moreover, thedensityof eigenvaluesbecomesuniform on any local neighborhoodof theorigin: that
is, δλ becomesindependentof λ, asis seenin Eq.(13). However, aswe shall seein thenext section,their globaldensity
doesnot.

4 Spatial Spectra Distribution Functions

Cumulativedistributionsof thespatialspectraareplottedin Figure2. Theplot on theleft shows

F � λ � � numberof eigenvaluesof u : λ.

for N � 2m � m � 4 ����� 8� Ontheright aredisplayedthesamedatanormalizedaccordingto themaximumeigenvalueandthe

5Szegö notedthat thenumericalvalue6; 1< 3i1 = 1 > 85575>?>?> “cannotbereplacedby a smaller[constant]”in this expression.He alsowrote that this
result“possess[es]anextendedliterature”andprovidedseveralreferencesto precedingworks.

6Takenfrom Equations(22.15.3)and(22.15.4)of Reference[1].
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Figure2: Cumulativedistributionsof theeigenvaluesof u: (a)unnormalizedand(b) normalized.

areaunderthecurve. Thatis, theabscissamarksλ � λmax while theordinateis

λmax � F � λ �
λmax

� λmax
F � λ � dλ

�

Thisnormalizestheareaunderthecurvesto unity.
Somewhatmorerevealingis thenormalizeddifferentialdistribution,

λmax

F � λmax � �
dF
dλ �

1
N
�

1 �
dF

d � λ � λmax � �
wherewe recognizethatF � λmax � � N

�
1� Our numericalapproximationfor N-spaceis dF � dλ 7 ∆F � ∆λ � 1� ∆λ � This is

shown in Figure3; theblackcurvesareinterpolationsof thesetsof orderedpairs,

1
λmax

λi
� λi � 1

2 �
λmax

N
�

1
1

λi � λi � 1 � for i � 1� 2� �"��� � N � andN � 2m
� m � 4� 5� ���"� 9�

As N increases,thesedistributionsappearto approacha limit, displayedin Figure3 asthe greencurve. SinceI have no
proof, I’ ll call this a

CONJECTURE: lim
N 8 ∞

λmax

F � λmax � �
dF � λ �

dλ �
2
π � 1 �6� λ � λmax � 2

Theconstant2� π is determinedby thefactthattheintegralof thenormalizeddistributionmustbeone.
Assumingthat this conjectureis correct,we candevelopa (semi-classical)physicalinterpretationfor it. Recallthatλ

is aneigenvalueof u andconsiderthefollowing.

λ2
max � λ2 �

mω
h̄

x2
max � mω

h̄
x2

�
2

h̄ω
1
2

mω2x2
max � 1

2
mω2x2

�
2

h̄ω
p2

2m

�
1

	 mh̄ω
 p  
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Figure3: Differentialdistributionof pointsin theN-space,for N � 16,32,64,128,256,and512.Thegreencurve,whose
form is givenin thetext, is conjecturedto bethelimiting distribution.

Here,  p  is evaluatedon theorbit for which E �
1
2mω2x2

max � Combiningthis with the conjecture,we caninterpretdF as
follows.

dF �
2
π

N
�

1
λmax

1 �6� λ � λmax � 2 dλ

�
2
π

N
�

1
λ2

max
λ2

max � λ2 mω
h̄

dx

�
2

π h̄
N
�

1
λ2

max
pdx

Theright handsideis evaluatedon theupperbranchof theclassicalorbit correspondingto themaximumallowedenergy.
We cankick this upanothernotchby usingEq.(12):

for largeN � dF 7 1
π h̄

pdx �
In the limit of largeN, thecumulative distribution becomestheclassicalactiondifferentialform, normalizedby Planck’s
constant.Whenintegrated,this providesthevalueof actionfor theorbit of maximumenergy.

x I0J � xmax ' xmax K dF � N
�

1 7 1
π h̄ H % Emax ' p L 0

pdx �
1
h̄

1
2π

pdx �
1
h̄

I

Combiningthis with Eq.(2),weobtaina reasonable,thoughnot exact,result.

Emax 7 � N �
1 � h̄ω
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5 Synopsis

We have truncatedthe matricesrepresentingannihilationandcreationoperatorsin the numberrepresentationof the har-
monicoscillator’s Hilbert space.Thetruncatedpositionoperatorpossessesa discretespectrum- pointsof an“N-space”-
correspondingto therootsof theHermitepolynomialHN & 1. Their rangeis just largeenoughto accomodateclassicalmo-
tion athighenergy. In theprocess,a largepoolof negativeenergy mustbeintroducedwhichaffectsonly thelasteigenstate,
 N ! � perhapsbecauseit is concentratednearthe endpointsof N-space.Calculationssuggestthat, in the limit of largeN,
theglobaldistributionof pointsapproachesa limit relatedto theactiondifferentialform.
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A Three matrix lemmas

Let a � � a1 � a2 � a3 � �"���?� and b � � b1 � b2 � b3 � �����M� be two infinite, indexed set of complex numbersnoneof which is zero.
DefineDn � a � b;z � � n � 1� 2� 3� ���"� to bethenth degreepolynomialsin z givenby thedeterminantof thefinite,n ( n tridiagonal
matrix,

Dn � a � b;z �)�

z a1 0 0 �"��� 0 0
b1 z a2 0 �"��� 0 0
0 b2 z a3 �"��� 0 0
0 0 b3 z �"��� 0 0
...

...
...

...
. . .

...
...

0 0 0 0 �"��� z an � 1

0 0 0 0 �"��� bn � 1 z

�

Notethatonly thefirst n � 1 componentsof a andb areusedin Dn. Thesepolynomialsobey thefollowing threelemmas.

Lemma 1. For n N 3, thepolynomialsDn obey therecursionrelation,

Dn � a � b;z � � z Dn � 1 � a � b;z ��� an � 1bn � 1 Dn � 2 � a � b;z �
Proof: This followsby applyingCramer’s rule to thelastrow of thedeterminant.

Lemma 2. Dn � a � b;z � is evenor oddparityaccordinglyasn is itself evenor odd.Thatis, Dn � a � b; � z � � ��� 1 � nDn � a � b;z ���
Proof: Thestatementis easilyestablishedfor smallvaluesof n: for example,

D1 � a � b;z � � z � D2 � a � b;z � � z2 � a1b1 � and D3 � a � b;z � � z3 �/� a1b1
�

a2b2 � z �
To provethelemma,weproceedby induction.Supposeit is truefor D1 � D2 � ���"� � Dn � 1 � Then,combiningthiswith Lemma1,
wehave

Dn � a � b; � z � � � z Dn � 1 � a � b; � z ��� an � 1bn � 1 Dn � 2 � a � b; � z �
� � z ��� 1 � n � 1Dn � 1 � a � b;z ��� an � 1bn � 1 ��� 1 � n � 2Dn � 2 � a � b;z �
� ��� 1 � n � z Dn � 1 � a � b;z ��� an � 1bn � 1 Dn � 2 � a � b;z ���
� ��� 1 � nDn � a � b;z �

Fromthis follows theimmediatecorollarythatn is odd,thenDn � a � b;0 � � 0� Thatzerois not a root of Dn whenn is even,
sayn � 2k � is establishedby noting that D2k � a � b;z � containsthe term � a1a3a5 ���"� a2k � 1 ��� b1b3b5 �"��� b2k � 1 � � andwe have
assumedthatnoneof thesenumbersis zero.

Lemma 3. For all n � 1� 2� 3� ���"� : Dn � a � � b; iz � � inDn � a � b;z ���
Proof: Theproof is similar to thatof Lemma2. Again, thestatementis establishedby inspectionwhenn � 1� 2, or 3. For
theinductivestep,wedemonstrateasbeforethatif it is truefor D1 � D2 � �"��� � Dn � 1 � thenit mustbetruefor Dn.

Dn � a � � b; iz � � iz Dn � 1 � a � � b; iz � � an � 1bn � 1 Dn � 2 � a � � b; iz �
� iz in � 1Dn � 1 � a � b;z � � an � 1bn � 1 in � 2Dn � 2 � a � b;z �
� in � z Dn � 1 � a � b;z ��� an � 1bn � 1 Dn � 2 � a � b;z �"�
� inDn � a � b;z �

Thecorollaryhereis thatif zo is a root of Dn � a � b;z � � thenizo mustbearoot of Dn � a � � b;z ���
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