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Abstract

If werestrictthenumberof harmonicoscillatorenegy eigenstatet somefinite value,N, thenthediscretespectrunof
the correspondingpositionoperatorcomprisethe rootsof the HermitepolynomialHy 1. Its rangeis justlarge enoughto
accomodatelassicaimotionat high enegy. A negative enegy termmustbeaddedto the Hamiltonianwhich affectsonly
thelasteigenstate,N ), suggestingt is concentrateatthe extremaof thisfinite “space. Calculationssupportaconjecture
that,in thelimit of large N, the globaldistribution of pointsapproachethe differentialform for classicakction.



The notion of a vacuumis not only in which is nothing, but
alsoimplies a spacecapableof holding a body andin which there
is not a body.... Whereaswve hold thattherewasno placeor space
beforetheworld was.

— St. ThomasAquinas
Summa Theologica
Question 46: Reply Obj.4

Thesewereremarkabledeductionsii) emptyspaces not nothingbut somethingand(ii) the universeandits spacecame
into being simultaneously Without presumingto investigatehow One might have accomplishedhat, we shall briefly
considerthe harmonicoscillator Its quantumtheory comesequippedwith corvenientlynamed‘annihilation” and“cre-
ation” operatoravhich, if usedastheprimaryobjects provide away of describingphysicswithout presupposing physical
“spac€’ In thisview, “space”is aderivedentity.

The contentis divided as follows. Fundamental®f the harmonicoscillator are tersely written in the first section
for purposesf notationand reference. In the next, we introduceapproximationdor the operatorsas a preliminary to
doing calculationsandin the third andfourth we examinethe spectraof the correspondingositionoperatorsa “space”
constructedpecificallyfor auniverseof harmonicoscillators.Thefinal sectioncontainsa brief synopsis.

The work reportedhereinwasundertalen asa diversion;it possessesothingeruditeor scholarly In fact, it is little
morethana variationon ProblemXI1.3 of Messiah$ textbook Quantum Mechanics [2], which asksstudentgo “[s]et up
the eigervalueproblemof g in [the numberrepresentationshav thatthe spectrunof q is nondeyenerateontinuousand
extendsfrom —o to ».” Nonethelesgheresultsmaybeinterestingn themseles. If nothingelse,in the procesof going
throughall of this we shalldevelopa conjectureon therootsof Hermitepolynomialsthatmight possiblybe new.

1 Preéiminaries: the Harmonic Oscillator

For laterreferencewe collectherea few factsaboutthe harmonicoscillator, split accordingto the classicalandquantum
theories. Everyonelearnsthesefactswithin the standardphysicscurriculum, so we shall not pausefor explanationor
development! This sectionmaybe omittedandreferredto asneeded.

1.1 Classical Mechanics

Thelineardifferentialequationsiescribinga harmonicoscillatorcanbewritten in matrix form.

2()-(% W) ()

Variablesx and p arethedynamicalcoordinatespositionandmomentunrespectiely; mis the massof theoscillator w is
its (radial)frequeng, andt representtime, whateser thatmeansThisis easilydiagonalized,

0  1m)\ ([ -1/vV2mw -1/v2mw\ [ -1/v2mw —-1/v2mw\ ([ -iw 0
(om0 )-(aas vmare )~ (Vo vz ) (07 o)
sothat,if we definecomplec coordinatesa anda* asfollows,
x\_( -V -1/y2Zme ) [ a
(5)- (o vz ) (2 )

1Someof thetext hasbeencopieddirectly from Ref.[3].
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or inverted,

a)_ ([ Vmw/2 i/V2mw Y\ [ x
a )\ y/mw/2 —i/v2mw p )’
thenthe equationof motiontakesthe diagonalform,

da_ iwa
dt '

Thepair (a,a*)" arethe“Weyl coordinates’bf the system?
In the Hamiltonianformalism,the harmonicoscillatoris describedy a quadratidorm,

H = %%mzxz (1)
= (u(\/mw/2x—ip/\/2rrm)(\/mw/2x+ip/\/2m(u)
= wa'a.

Further we canexpressWeyl coordinatesn termsof angle-actiorcoordinates? (¢,1), asfollows.
a=ivie? a" =—_ivie®
Onthis coordinatechart,the Hamiltoniantakeson theform,

H=wl . 2)

1.2 Quantum Mechanics

In quantummechanicsthe harmonicoscillator’s Hamiltonianpossessethe samequadraticform asEq.(1), with all vari-
ablesnow evaluatedasHermitianoperatorson a Hilbert spaceratherthanrealnumbers.

2
He 2 D

Dimensionlessariablesareintroducedn orderto “avoid clutteringthe calculationsby uselessonstant§?

u = \/?x:(a—kaT)/\/i (3)
v o= (/= (ip)= (a—a)/v2

Theirquantumcommutatorarerelatedasfollows.

[X,p]=ih = Juv]=-1

2| cannotremembefrom whattextbook| picked up this pieceof information.

3We mentionin passinghat, unlike (x, p), angle-actiorcoordinatesiredefinedover a puncturecphasespacefrom which the origin hasbeenremoved,
makingit topologicallyequialentto a cylinder, notthe Euclideanplane.

4From ChapterXll, Section2. of Ref.[2].



aal]= Zlu+v,u-v]=[v,u) =1 @

Finally, we rewrite the Hamiltonianusingfactorization.
_ 1 2,2
H = Eh_oo(u +Vv9)

- :—Zlﬁm((ufv)(quV)* [u,v])
= hw(a'a+1/2)

Thenumberrepresentatiois the setof eigenstatesf H, equivalentlyof a’a, which compriseanorthonormabasisfor
aHilbert space.
a'aln)=n|n), n=0,1,2,3,...

Any othersetof eigenstatess frownedupon,asit would containaninfinite setof stateswith unboundedegative enepy.
Theirrepresentatiorin dimensionlessoordinatesinvolvesthe Hermitepolynomials Hp,.

(uln) = Pa(u) = (VR"n!) Y2e ¥/2H,(u) 5)
L _dun(Wn(U) = Bm

;wn(ul)wn(uz) = d(u1—p)

2 Truncated Operators

Quantunphysicsof aharmonicoscillatoris encodednto asequencef squargootsof integers,asexpressedy thenumber
representatioof theannihilationoperator:(m|a|n) = dm1, n /N, Or written asa semi-infinitematrix,

Vi 0 0 O
V2 0 0
0 V3 0
0 0 a4
0 0 O

OO O oo
OO oo

We shalltruncatethis andstudypropertiesof its (N + 1) x (N+ 1) submatrix,

0O0vli 0 0 O 0
0 0 vV2 0 O 0
0 0 0 V3 0 0
0 0 0 0 V4 0
a= o o 0o o0 o 0 (6)
0O 0 ... 0 0 0 VN
0O 0 ... 0 0 0 O



The notationsa, u, H, andsoforth, will beretainedwith the understandinghat, from this point on, they represenfinite
matrices If justificationfor thistruncationis neededpnemightarguethatit is a preliminaryto writing computeprograms:
if lattice gaugetheoristscanprofitably do calculationson a spaceof 512 nodeswhy maywe not consideroneconsisting
of 512 enegy levels? Anotherargumentcanbe presentedn the basisof prudentialparsimoly. Supposédhata universe
consistingof harmonicoscillatorscontainsonly afinite amountof enegy. Why shouldit thenpossessn infinite number
of enepgy levels?Whatis the point of all thosestateswhich cannotpossiblybe occupied?

After truncationa’ais still diagonalwith thesameeigervaluesasbefore soweretainthesubset|0),[1),|2),...[N)}
of the numberrepresentatioras a basisset of states. However, commutationsrelationsmust be modified. Because
Tr(AB) = Tr(BA) the commutatorof ary two finite matricesmustvanish. Thus, insteadof the usualcommutationre-
lationsof Eq.(4),thetruncated (N + 1) x (N+ 1) matricesa anda' satisfy

[a,a'] = 1 (N+1)IN)(N|
Thecommutator®f u andv mustalsobe modified.
[u,v] = %[a+a*,a—aT] — [a",a] = — 1+ (N+1)|N)(N]|
Its effect on the Hamiltonianis asfollows.
H = %mw%w%
= %h_w((ufv)(u+v)f[u,v])

_ ﬁw(aTa+%(l—(N+1)N><N|)>

All but oneof thematrixelement®f H areunafectedby truncation.Theonly onethatmustbeadjusteds thefinal diagonal
element.

(N|H|N>:%Nﬁm; (7

Becauseof truncation,|N — 1), not |N), is the highestenegy state. The latter is reduced in enegy by (N + 1)ho
comparedo the valueit would have hadin the infinite context. Effectively, for large but finite N, an enormouspool of
negative enegy hasbeenintroduced.Becauseonly |N) is sensitve to this pool, it mustbe concentratedvhere(u|N) is
large,i.e. atlargevaluesof u.

As a minor exerciseof no particularsignificance supposehatoneoscillatoris placedin eachenegy level. Thetotal
enegy would be,

z

Eaffo = (n] (ala+5(1= (N+DIN)(N])) |n)
N 1 N
= n+§<(zol)_(N+l)>
1
= NN+

The extra negative enegy termcancelghe additionalzero-pointenegy offsetfrom all the states.



3 The Spectrum of Space

“Space”is thatwhichis measuredby the positionoperator Its spectrumconsistsof the eigervaluesof x, equivalentlyu as
definedin Eq.(3).In the context of atruncatedu, we shall call its spectrum' N-spacé.
Theeigervectorof u correspondingdo eigervalueA satisfieghe equation,

0 Vi 0O 0 0 Uo Ug
\/1 0 \/§ 0 0 Uy ug
0 \/§ 0 \/§ 0 U U2
0 0 3 0 0 U3 =(V2A)| Uus . (8)
0 0 ... YyN-1 0 VN UN—1 UN—1
o o0 .. 0 vN 0 UN UN

A similar equationcanbewritten for v by negatingeachelementbn thelower diagonal Without actuallysolvinganything,
afew conclusionganbe dravn from the structureof this equatioralone.

1. If Ais aneigervalueof u, thensois —A
2. If A is aneigervalueof u, theniA is aneigervalueof v.
3. Zerois aneigervalueif andonly if N is even.

Thesethreepropertiedollow asconsequences lemmasprovenin anappendix.The secondbnemeanghat- modulothe
differencein scalefactors- x andp possesshe sameeigervalues.Becausef thethird, | ambiasedioward evenvaluesof
N: their phasespacegomepre-puncturedh anticipationof angle-actiorvariables.

Written onerow atatime, theeigervalueeqution,Eq.(8),becomesrecurrenceelation,

VN+1uns = (V2N )uh—vNup_1, n=0...N,

with thecorventionthatu_; = uy.1 = 0. It canbe putinto morefamiliar form by multiplying both sidesby v/2"+1n!,
( 2n+1(n+ 1)! Un+1) =(2\) ( v2™! up ) —(2n) ( 2n-1(n—1)! un1> . 9)

To no one’s surprisethisis arecurrencesatisfiedby Hermite polynomials.Normalizationis arbitrary of course.If we fix
it by settingup = 1, thentherecursionfor identifiesthe componentsiy, Uy, ... uy-1 as,

/1
Un = ﬂHn()\)-

Un = LIJFI()\) )

the quantumwave functionwith normalizationaswrittenin Eq.(5).
However, our interestherelies morein the eigervaluesthantheir eigervectors.Thefinal stepof therecursionEq.(9)is,

Insteadjf we setug = 1t ¥4e*/2, then

oz(zx)(\/m uN)—(zN) ( 2N-1(N — 1)! uN1> . (10)



Becausauy anduy_1 aredeterminedy previousconditions,this senesasa self-consisteng equationfor the eigervalue,
A. At the sametime, we have establishedhatv/2"n! u, O Hp(A), for n=0,1,...,N. Thus,theright-handsideof Eq.(10)
impliesthat

Hy1(A) =0. (11)

Basedon known propertiesof Hermitepolynomials we couldimmediatelyinfer thethreepropertiesalreadywritten on the
previouspage.To themwe add:

(4) Thecharacteristipolynomialof u is
defu—A1] = (=1/2)M 1 Hy o (N)
Equatingleadingordertermson both sidesdetermineshe proportionalityconstant.

Positive eigervaluesof u, obtainedoy numericaldiagonalizationareplottedin Figurel for N = 1...64.Thespectrdor
evenvaluesof N aredrawn in black;for odd,in red. Thelines,meantto guidethe eye, follow “trajectories”of eigervalues
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Figurel: Positve eigervaluesof u for N = 1...64. Thesolid greenanddashedlackcurvesindicatetwo estimatedor the
maximumeigervalue.

from their pointsof creationthroughN = 64. Two obsenationsdesere closerscrutiry: (a)themaximumeigervaluegrows
slowly with N and(b) eigervaluesgrow closertogetherasN increases.

(a) A semi-classicahrgumentsuggestshatAmax canbeapproximated,
Amax ~ V2N —1

This follows by notingthatthe maximumreachof a classicaharmonicoscillatoris givenby E = mw?xZ,,,/2. Becausef
Eq.(7),thelargestenegy eigenstatés [N — 1). SettingE = (N — 1/2)haw, thenproduceghe result,which appearssthe
dashecturvein Figurel.



A more exact estimateis obtainedby using asymptoticexpressiondor the maximumrootsof Hermite polynomials.
Accordingto Szego [4], Equation(6.32.5),thelargestroot of Hy(A) satisfies,

i1+ €n
AMax=vVen+1— —————
* (6v2n+1)%/3

whereiy is the smallest(in fact, positive) real root of Airy’ s function andlimp_... €, = 0.5 We replacen with N+ 1 (see
Eq.(11)),corruptthis beautifulexpressiorabit by ignoringtheerrorterm, e,, andstatethatthemaximumreachof N-space,

for large N, mustbe approximately
1.85575
Amax = VN+3 — ———— 12
mex (V2N +3)1/3 (12)
Thisappearasthesolid greencurvein Figurel. Its closeagreementvith the numericallycalculatedvaluesis remarkable,
consideringt arisesfrom anapproximatiorto anexpressiornvalid for large N.

On a personahote,despitethe obvious superiorityof the asymptoticformula, the argumentfrom classicalmechanics
is moreappealing.Thereis somethingpleasinglyeconomicalor “surprisingly parsimonious’or “impressiely prudent”)
aboutN-spacebeingjust aboutthe right sizeto accomodatelassicaldynamicsat high enegy. It has“enoughspace”but
no “wastedspaceé. Thereis noa priori reasorwhy this shouldbe so,but it is.

(b) Intuitively we expectthe spatial eigervaluesto clusterindefinitely closertogetheras N increases.This is correct,
althoughit is difficult to tell from Figure1 whetherthey insteadachieve alimiting separationTo settletheissue we again
appeato anasymptotidormula®

For ary fixedx: A@m ye

(—1)" [ VRHa (x/(2VN) | 1 | codx)
Hona (x/(2v0) | VT | 2sinx) |

Thus, within a finite internval containingthe origin, the spacingbetweensuccessie eigervaluesat truncationstepN ap-
proacheshelimit,

1
———, Nodd
_ ) VYN+1
O\ = 1 (13)
V2 —, N even
VN
Thus,0A — 0 asN — oo, albeitslowly. This meanghat, by choosingN sufiiciently large,we canplaceanarbitrarily large
numberof eigervaluesascloseasdesiredto any givenrealnumber In this sensethe setof eigervaluesdo approactthe
realaxis continuum.Moreover, the densityof eigervaluesbecomesiniform on ary local neighborhoodf the origin: that

is, &\ becomesndependendf A, asis seenin Eq.(13). However, aswe shall seein the next section,their global density
doesnot.

4 Spatial Spectra Distribution Functions

Cumulatie distributionsof the spatialspectraareplottedin Figure2. Theplot ontheleft shavs
F(A) = numberof eigervaluesof u <A.

for N =2™ m=4...8. Ontheright aredisplayedthe samedatanormalizedaccordingto the maximumeigervalueandthe

5Szay6 notedthatthe numericalvalue6-/3i; = 1.85575 .. “cannotbe replacecby a smaller[constant]”in this expression.He alsowrote thatthis
result“possess[esdnextendediterature”andprovided severalreferenceso precedingvorks.
6Takenfrom Equationg22.15.3)and(22.15.4)of Referencél].
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Figure2: Cumulatie distributionsof the eigervaluesof u: (a) unnormalizecand(b) normalized.

Amax-F(A)/ [

areaunderthecurve. Thatis, theabscissanarksA /Amax While the ordinateis
Amax - F(A)
S E(AA
This normalizeghe areaunderthe curvesto unity.

Someavhatmorerevealingis the normalizeddifferentialdistribution,

Amax  dF 1 dF

Fmax) O N+1 dA/Amax)’

wherewe recognizethatF (Amax) = N+ 1. Our numericalapproximatiorfor N-spacds dF /dA ~ AF /AN = 1/AA. Thisis
shavn in Figure3; the black curvesareinterpolationsof the setsof orderedpairs,

1 AN+A1 Amax 1
Amax 2 "N4+1Ai—Ai_1

As N increasesthesedistributionsappearto approacha limit, displayedin Figure3 asthe greencurve. Sincel have no

proof,I'll callthisa
. Amax  dF(A) 2 /[

Theconstan®/mtis determinedy thefactthattheintegral of the normalizeddistribution mustbe one.
Assumingthatthis conjectureis correct,we candevelop a (semi-classicalphysicalinterpretatiorfor it. RecallthatA
is aneigervalueof u andconsiderthefollowing.

,/ﬁ%\/gmﬁx%ax—%wxz
NENSS
hw\ 2m

1
Vi P

>, fori=1,2,...,N, andN =2", m=4,5,...9.
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Figure3: Differentialdistribution of pointsin the N-spacefor N = 16,32,64,128,256,and512. Thegreencurve, whose

formis givenin thetext, is conjecturedo bethelimiting distribution.

Here, |p| is evaluatedon the orbit for which E = 1muw?x2,,,. Combiningthis with the conjecturewe caninterpretdF as
follows.

dF = %';‘\—:axl 1= (0 /Amo)? dA
_ 2N+1 Ao My
U M2y mex h
2 N+1
= A pdx

Theright handsideis evaluatedon the upperbranchof the classicalorbit correspondindgo the maximumallowed enepy.
We cankick this up anothemotchby usingEq.(12):

1
forlargeN, dF =~ ﬁ_pdx .

In thelimit of large N, the cumulative distribution becomeghe classicalactiondifferentialform, normalizedby Plancks
constantWhenintegrated this providesthe valueof actionfor the orbit of maximumenegy.

1 11 1
dF = N+1~ — dx:——fdx:—l
/xe[fxmax,xmax] + TN JH=En, p>0 P h 2n P h

Combiningthis with Eq.(2),we obtaina reasonablethoughnot exact,result.

Emax ~ (N-f—l)h_(x)

10



5 Synopsis

We have truncatedthe matricesrepresentingnnihilationand creationoperatoran the numberrepresentatiof the har
monic oscillator’s Hilbert space.Thetruncatedpositionoperatormpossessea discretespectrum pointsof an“N-space™
correspondindo therootsof the HermitepolynomialHn1. Their rangeis justlarge enoughto accomodatelassicaimo-
tion athigh enepy. In theprocessalargepool of negative enegy mustbeintroducedwhich affectsonly thelasteigenstate,
|N), perhapshecausét is concentratechearthe endpointsof N-space.Calculationssuggesthat, in the limit of large N,
theglobaldistribution of pointsapproachea limit relatedto the actiondifferentialform.
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A Threematrix lemmas

Let a= (a1,a,a3,...) andb = (bs1,bp,bs,...) betwo infinite, indexed setof complex numbersnone of which is zero.
DefineDn(a,b;z),n = 1,2,3, ... to bethen" degreepolynomialsin zgivenby thedeterminanbf thefinite, n x ntridiagonal
matrix,

z a4 0 O 0 0
by z a O 0 0
0 by z a3 0 0
Dn(a.b;z) = 0O 0 by z 0 0
O 0O 0O o0 ... z an—_1
O 0 0O O ... bhps z

Notethatonly thefirst n— 1 component®f a andb areusedin Dy. Thesepolynomialsobey thefollowing threelemmas.

Lemma 1. For n > 3, thepolynomialsD,, obey therecursiorrelation,
Dn(a,b;z) =zDn-1(a,0;2) — an-1bn-1 Dn-2(a,b;2)

Proof: Thisfollows by applyingCramersrule to thelastrow of the determinant.

Lemma 2. Dy(a,b;z) is evenor oddparity accordinglyasn is itself evenor odd. Thatis, Dp(a,b; —z) = (—1)"Dn(a, b; 2).
Proof: Thestatements easilyestablishedor smallvaluesof n: for example,
Di(ab;z2) =z Da(ab;z) =z —aib;, and Ds(a,b;z) =2 — (ajb; +ashy)z .
To provethelemma,we proceeddy induction. Supposét is truefor D1, Do, ..., Dp_1. Then,combiningthiswith Lemmal,
we have
Dn(ab;—2) = —zDn-1(ab;—2) —an1bn-1Dn-2(a.b;—2)

= —z(-1)""'Dy 1(a,0;2) —an 1bn 1 (—1)"°Dn 2(a,b;2)

= (—1)"(zDn-1(a,b;2) — an—1bn—1 Dn—2(a,b;2))

= (-1)"Dn(a,b;2)
Fromthis follows theimmediatecorollarythatn is odd,thenDy(a, b; 0) = 0. Thatzerois not aroot of D, whenn is even,

sayn= 2k, is establishedy noting that Dx(a,b; z) containsthe term (ajagas...ax_1)(bibsbs...byx_1), andwe have
assumedhatnoneof thesenumberds zero.

Lemma3. Foralln=1,2,3,...: Dy(a,—b;iz) =i"Dn(a,b;2).

Proof: Theproofis similarto thatof Lemma2. Again, the statements establishedby inspectiorwhenn = 1,2, or 3. For
theinductive step,we demonstratasbeforethatif it is truefor D1,D>,...,Dn_1, thenit mustbetruefor Dy,.

Dn(a,—bjiz) = izDn 1(a,—b;iz) +an 1bn1 Dn 2(a,—b;iz)

izi" 'Dn_1(a.b;2) + an—1bn-1 " ?Dn_2(a.b; 2)
i" (zDn-1(a.b;2) — an—1bn—1 Dn—2(a,b; 2))
i"Dn(a,b; 2)

Thecorollaryhereis thatif z, is arootof Dn(a,b; z), theniz, mustbearootof Dy(a, —b; 2).
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