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We estimate B(KT —7tuv ) in the context of the Standard Model using the ‘kaon unitarity triangle’ relation by

fitting data on € and sin 23 for A; .

Our estimate 1s independent of the CKM matrix element V, and of B-mixing. This

estimate can be compared to current and future direct measurements of B(K+ — ntvv ) and to predictions made from
B-mixing. If discrepancies arise, this technique will help to resolve various new physics scenarios.

The ultra-rare FCNC kaon decays KT — 7rTvv and
K7 - w°vv are of particular interest as these ‘gold-plated
decays’ can be predicted in the Standard Model framework
with very high theoretical accuracy.

The K — 71'1/7 decays are treated in detail in a number of
papers[:], .‘2 3 B, 6, 0, 8, O, :10 Th, 02, 13, 14, 15, 176, 17,
:18 1§ 20| 21- ?2-2{,'2 -?-ZE- -3 2@] We list some of the key

aspects of these decays.

a) The main contribution to these FCNC processes
arises at small distances r ~ 1/my, 1/my; therefore, a
very accurate description for the strong interactions
is possible in the framework of perturbative QCD.
This analysis has been carried out in the leading log-
arithmic order (LLO) with corrections in the next to
leading order (NLO) approximationl].

b) The calculation of the matrix element (7|Hy|K)rs
from quark-level processes involves long-distance
physics. However, these long-distance effects can be
avoided by the renormalization procedure developed
by Inami and Lim[?.], relating the matrix element to
that of the well known decay KT —n°etrv, through
isotopic-spin symmetry. Other possible long-distance
contributions to B(K T — 777 )have been shown to

be neglighle[d)].

c) Since the effective vertex Zds in the diagrams of Fig-
ure El: is short-distance, these processes are also sen-
sitive to the contributions from new heavy objects
(e.g., supersymmetric particles).

A very important step in the study of KT —ntvv was
achieved by the E787 experiment@] at BNL in which two
clean events were found in favorable background condi-
tions, indicating a branching ratio of B(K+ — ntvv )|pxp
= 15.71’%25 x 10711, This observation has opened the door
for future more precise study of the Kt — atvw decayfﬁ, '@']

In the Standard Model, the KT — 7Tvv decay is de-
scribed by penguin and box diagrams presented in Figure :1:
The partial widths have the form:

DKt —=7rtum ) = &1 [ AF(we) + M X (24)]?
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Figure 1: The dominant contributions to K —wvv .
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where

ot = (@)2 Nt up|Ho |KH)2 -3 (L)Z
NG) Y 27 sin? 9y,

The factor of 3 in the expression for & results from the
three flavors of neutrinos (ve,v,,v,) participating in the
Kt — ntvv decays. The factors F(z.) and X (z;) are the
Inami-Lim functlons@] for the loop diagrams in Figure 1 .
They depend on the variables x; = (m;/mw)? with the
masses of the —1—% quarks, m; : ¢ = ¢,t. The \; = Vi V}
are vectors in the complex plane that satisfy the unitarity
relation:

At A+ A =0 (N =VigVii; i =u,et). (2)

s )
This equation describes the ‘kaon unitarity triangle’,
which can be completely determined from measurement
of the three kaon decays: Kt —7°%tv. , KT — rTvv and
K7 —w°vv . This triangle is highly elongated with a base
to helght ratio of ~1000.



The QCD LLO and NLO corrections to the Inami-Lim

X(xy) = 1.53 +0.05 (the accuracy of QCD calculations
improves with increasing quark mass). The e-quark con-
tribution in (:1:) is smaller than the ¢-quark contribution,
but is non-negligible. Although F(z.)/X (2;) ~ 1073, the
Re(A:) is much larger than (ReA; and ImA;). Red: ~ A
while ReXs, ImA; and I'mA. are less than /\5)

For the C'P- Vlolatmg['lln :123 K7 = 7°vv decay

(K] —>rvr) ~ ;|A(A — 1) — A(K° — n%uvp))?
= & %|/\6F(xc) + M X (24) — hee]?
= &% 2[ImAF () + Im\ X (2,)]°
~ k- 2[ImA X (2)] (3)
where
2 2
K0 = (%) N up|Hy | KOY|? - 3 (ﬁ)

There is no c-quark contribution since I'mA.F(
Im/\tX(xt) .

The partial width for the well-known decay mode
Kt —rfetu, is given by:

r.) <

(KT =7ty ) = (f;/fi) Vs |2 (7T v,

ik
-+

As mentioned above, one can relate this to (7t v

an (") with the help of 1sotopic-spin symme-
d {nV 9 with the help of i i i
try:
(mtup|H|E+) [P | Sk
(70 T Y| T 2ry. (4)
(x" ) |* = H K0 [P .
WA BN | ~ [wmwry ~ o ®

The factor 2 in (ﬂ:l accounts for the pion quark structure
|70 = %hﬂ] — dd) and |7t) = |ud). The factors ry =
0.901 and ro = 0.944 arise from the phase space corrections
and the breaking of isotopic symmetry[i_li)’_:].

Hence from (1), (4) and (8) the branching ratio for the

KT = atuvv decay is

B(K* —>7T+1/1/)|5M Ry (x’)

A[Rex.p iz 2+ mA) } (6)
where
Ry = B(Kt—n®ety, ) - % T
= 7.50 x 1076 (7)
FREel = (6.61+0.95) x 1071
f = 1.03£0.02

Here, f is an additional correction factor to the c-quark
term to take into account non-perturbative effects of
dimension-8 operators[:l-él_:]. The branching ratio for the
K7 = 7°vv decay 1s

X(2)?

B([(z_)ﬂ-OVPHSM:RQ e

Um/\t] (8)
with

ro 7(K?) _5
Ry = Ry - — - =3.28x 10
0 L T(Kt) .

ro/ry = 1.048  T(K})/r(KT) =417

The intrinsic theoretical uncertainty of the SM predic-
tion for B(Kt — ntuw )|sar is ~ 7% and is limited by the
c-quark contribution, whereas for B(K; —7°v¥ )|sar the
uncertainty is 1-2%. In practice the uncertainties of nu-
merical evaluations of the K — 7v7 branching ratios are
dominated by the current uncertainties in the CKM ma-
trix parameters.

The parameters Iml;, ReX;, ReA. can be esti-
mated within the standard unitarity triangle (UT) frame-
work using the improved Wolfenstein parameterizationﬂ_l@]

7, 5 A, and A (with AN = [V),p = p(1 — 22) and

n=n(l- %2) ). In these variables the CKM quark matrix
is
Vud Vus Vub
Verm = | Vea Ves Ve (9)
Via Vis Vi
1—% A . AX3(p —in)
= -A -2 AN?
AN (1 —p—in) —AN? 1
+ oY)
and
Rede = =2 (1-4) +0()
Reh, = —A2N (1— —) (1—75) + O (10)
Im\: = nAZ\° + O(N\?)

The current values of these and other parameters used
in this paper can be found in Table :l: Using (:_1-(_)') and
Table :[:, equations (:5) and (g) can be naively solved to give
the branching ratios for K* —ntvv and K; —n°vv :



B([(+—)7T+I/7)|SM =

Ry ANX (@0 { Lo = ) + o0}

= Ry Wal X { 2o - 9 + (o))}

= 750 x 107°-[2.88 x 107° £
= [7.23 4+ (28%)] x 107!

Ro AZNEX
0 | Veo|* X

B(K; -5 7°v0 )|sm =

= [2.84+ (35%)] x 107! =

with pg =14+ A =14 fF(z.)/(|Ves|* X (2¢)) = 1.3940.07
and o = 1/(1 — $A?)? = 1.051.

The uncertainties of B(K —7v7 ) in (:_l-l_:) and (E-Z_‘-) are
dominated by the current uncertainties in the CKM pa-
rameters (see Reference 27) and are significantly larger
than the intrinsic theoretical uncertainties. The uncer-
tainty of |Vgs|is quite significant in the evaluation of
B(K = mvv ) due to the |V |* dependence. CLEO has
recently measured[2§] a somewhat higher [V| value of
(46.943.0) x 1073, which would cause a significant increase
to (11) and (13).

The numerical solutions of equations (:_1-]__:) and (:_1-2) do
not include correlations between p, 5, and V., . Rather,
these calculation are used to demonstrate the influence
of different factors in the calculation of B(K —mv7 ).
An evaluation[:_l-g] employing a scanning method and
conservative errors for Veogar obtained the following
values: B(KT—atuvv) = (7.5 £ 2.9) x 107! and
B(K; —7°vv ) = (2.6 £1.2) x 1071, A more recent eval-
uation with similar CKM inputs, but employing a Gaus-
sian fit obtained B(K+ —atuw ) = (7.2+2.1) x 10~ [i16].
This value 1s not very different from (il_:) In some recent
analyses[i?_:, 2-8_‘, :_1-9‘, Z-Q‘| the effects of correlations are clearly
seen and increase the precision on B(K —nvw ).

A more aggressive approach for the evaluation of errors
of |Vp| and the other constraints on standard UT[21, 22
can significantly increase the precision for B(K —mv7 ).
Solving equations (1) and (13) with these values for CKM
parametersfl0] gives B(Kt —7ntvp ) = (7.6£1.2) x 10~
and B(K; —7°vv ) = (2.94 0.5) x 1071, However, given
the unclear situation with V| and &, the SU(3) breaking
correction to B-mixing, the more conservative approach of
Reference 27 seems better justified.

Fitting to all data will provide the best precision on
B(K* —7Tvv ), but as we will demonstrate, the precision
on B(Kt —7Tvw ) from ek and sin 23 alone is currently
competitive and has the advantage of simplicity (with no
dependence on |Vep! ).

? o
? o

= 3.28x107° [288><10 °4

+ (19.4%)][2.34 % (6.5%)]{1.43 + (19%)}
=[7.242.0] x 107!

+ (19.4%)][2.34 & (6.5%)] - {0.129 & (28.6%)}

[2.841.0] x 107! (12)

In this work we directly evaluate ReA; and ImA; to
calculate B(K —mv7 ) from (:_d) and (8). This approach
has been discussed in the literature[:g_ij:,- 2_4_3, but as far as
we know, no calculations of B(K —mvv ) exist by this
method. In order to minimize uncertainty from |Vl ,
it is natural to consider ex and sin28 in terms of the
kaon UT. We recall that A, = ViV, ~ A(l — %/\2) 1s
real, and A, = V.4V has a very small complex phase
o(Ae) ~ %”M“ ~ nAZ\* ~ 6 x 107*. The angle (Bk) be-
tween A; and Ay 18

P = m—e(ViaViy) =7 -
= (24.6+2.3)°

o(Via) + ¢(Ves) = f+1.0°

(13)

The phase of Vis is ImVis/ReVis ~ A2 = 0.0172 =
m + 1.0°. The phase of Viq is ¢(Vig) = —fB. The angle
B 1s measured precisely and in a theoretically-clean fash-
ion in the CP asymmetry of B — J/¢¥K° decays: sin283 =
0.734 £ 0.054[:_2@]. The preferred solution is g = (23.6 +
2.3)°.

In the Standard Model, the apex of the kaon UT (A¢)
is constrained by the measurements as shown in Figure f_Z
(without errors). The constraint from £ is expressed as[:_f.,

8. &

|5k| = L- kam/\t . {ReAc[nCCSO(xC) - nct50($c; xt)]
—R@At T SQ(It)} (14)

with parameters as shown in Table i: We can find the apex
of the kaon UT as the intercept of the ex curve with the
line representing the constraint from sin 24 :

ImA; = —tanfg - ReAy = (—0.458 £ 0.049) - ReA:  (15)

To calculate a probability density function (PDF) for A,
we follow the Bayesian approach of References 21 and 22.
Let f(x) be the PDF for x, where x is a point in the space
of (B, ek , Bk, my, me, ...). Equations (:14-) and (:15)
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Figure 2: The apex (Af) of the kaon unitarity triangle (no_er-
rors are shown). The circle labeled Vi is described by (20)7
which uses the standard unitarity relation, and has a radius
R~Vey Vip . The thick black lines (ex and sin 28 ) illustrate
the constraints used in this paper. The dashed lines illustrate
the constraints from K — w7 . The inset shows the triangle
not drawn to scale.
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Figure 3: 1 0 and 2 o C.L. intervals on A¢, obtained from the
measurements of ex and sin 23 .

define the mapping from x to A{. Through these equations
and f(x), we derive f(A?), the PDF for A?. We make the
usual assumption that f(x) is the product of the PDF’s
for the components of x. The component PDF’s are taken
from Table E, and are assumed to be uncorrelated.

Figure 3 shows the PDF for A?. We find the following
central values:
ReA¢ = (—2.8540.29) x 107* 16
ImA$ = (1.30 £0.12) x 10~* (16)

For B(Kt —ntvv )|syr we obtain from Equations (:5),

1
Mean = 7.21 x 18"
0.75 1 RMS =1.26 x 10*
05 1
025 1
O 1 1

0 05 1 15 2
BR(K' - m'w) x 10°
Figure 4: The PDF for B(K+ —atur )| sas, obtained from the

measurements of ex and sin 23 . The 95% C.L. upper limit is
9.5 x 107" and 95% C.L. lower limit is 5.4 x 107",

(S) and (:_1-(_3')
B(K* =7 )|su = Ry X
2
{ {ReAcf%g—j% — Re)*| + [ImAg]Z}
= (7214£1.26) x 1071 (17)

The probability distribution for B(KT —ntvr ) is pre-
sented in Figure 4. For Kj — 7°v¥ we obtain from (§),

(B), and (i6):

X (z)?
A2

= (2.66 +£0.54) x 1071 (18)

B(K¢ —»m°vT )|sm = Ro [ImA]?

The results of new calculations (:_1-2:) and (:_1-§') of
K — mvv branching ratios with the kaon unitarity trian-
gle variables are in a good agreement with the calculations
in the standard unitarity triangle variables (1) and (13)
but are free of uncertainties in |V.p| . The main source of
the uncertainties in (:1-?) and (:_1-8) are the lattice calcula-
tions of the value of ék =0.86+0.15 and m, =1.34+0.1
GeV/c?. (We note that some recent lattice calculations us-
ing domain-wall fermions[:_l-z; :_3’-(_)', ',3’-1_:] find values of By, that
are 10-15% lower than the world average[g?_:, ,'3’-3_:] that we
use in Table :E) If future lattice QCD calculations[:_fél:] can
significantly reduce the uncertainty in By, a corresponding
improvement in B(K — mv7 )|gp will be possible.

Given that it is difficult to assign PDF’s to theoretical
uncertainties, we explore here the influence of By, and m.
on B(KT —7Tv7 ) using a scanning technique while keep-
ing other theoretical uncertainties gaussian. We take the
extremal values for Bk to be 0.72 and 1.00, and m. to be
1.2 and 1.4 GeV/c?. For Br=0.72 and me=1.4, we find
B(KtT —7tu7) < 104 x 10~'" at 95% CL. For By=1.00
and m.=1.2, we find B(KT —7Tv7 ) > 5.0x 107" at 95%
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Figure 5: 1 o and 2 o C.L. intervals on A{, obtained from the
measurements of Bg-mixing and |Vis|.

CL. These limits are not much worse than those derived
from Figure :é_]:

We’ve emphasized that our estimate uses only sin 23 and
lex |- Nevertheless, it is interesting to consider how the
measurements of Bg-mixing and |Vy| would constrain A¢.
From the following relations:

G > *
Ade = #M%def%dBBdanSO(xt)|thvtb|2

0 = VauaVi + VeaVi + VidVis

and using the approximations of (1_9:) Vi m l, Vs = A,
Vud & (1=2%/2), and V., & — V45, we convert the equations
above into:

G . Ae|?
Ade = #M%defédBBdanSO(xt)% (19)
el = [V VA (1= X% /2) = A(V3)?| (20)

These two equations describe two circles whose intersec-
tions contain the apex of the kaon UT (see Fig. 2), and
are correlated somewhat through V., . Similar to the case
of Bk, there are significant theoretical uncertainties in
By-mixing, and the extraction of |Vys| and |Ve| . The
uncertainty in B-mixing will presumably be significantly
improved by the addition of B;-mixing, once the current
confusing situation with & is resolved (this will be fur-
ther improved once B,-mixing is actually observed). Using
the Bayesian procedure described earlier and the param-
eters in Table _I-:, the PDF for A{ derived solely from Bgy-
mixing and | V| is shown in Fig. . We see that this PDF
does not constrain the kaon UT apex as well as sin 23 and
lex |- Combining all four constraints, we get the PDF
for B(Kt —wTvv ) shown in Fig. 6, which is only slightly
more precise than Fig. :ﬁf

1
Mean = 7.34 x 18"
0.75 | RMS =1.09 x 10*
05¢r 1
025+ 1
O 1 1

0 05 1 15 2
BR(K' - m'w) x 10°

Figure 6: The PDF for B(K+ —atur )| sas, obtained from the
measurements of ex , sin 23 , Bg-mixing, and |V,s|.

Until recently the only observation of CP-violation had
been in the K system. With the recent observation of CP-
violation in the B-system, and the rather precise values of
sin 28 = 0.73440.054 now available from the B—factories[:_Z-g]
in good agreement with sin 25 = 0.7151’8:822, obtained by
fits to g and 7 using all other experimental information[21],
the SM picture of CP-violation has received a signiﬁc_aflt
validation. This agreement is important because the latter
value of sin 23 includes B-mixing and £x , which are sensi-
tive to loop FCNC processes, where the possibility of new
physics is more likely than that of tree processes such as
B — J/YEK® .

Thus far, the CKM description appears to be the
dominant source of CP wviolation. However, there are
new physics scenarios that preserve the equality between
sin 28 as measured from Bj—J/¢YK° and global CKM
fits, but allow for a significantly different B(K — nvv )[55_:]
Therefore, a crucial test of the CKM description will be
to compare § derived from B(K —nv?) to that from
BS— J/¢K® . The most important new information on the
CKM matrix will be measurements of B(K+— a7 )[@]
and B(K? —7°v7 )[86] to 10% precision. The combina-
tion of these, in context of the SM, will determine sin 243 to
0.05[:14', :9, :_f(_j, :_2-1:], competitive with the current uncertainty
on sin 23 . If the measurement of this angle obtained from
B(K — w7 ) is consistent with that of B; — J/¢K° , this
would provide very strong support for the SM description
of CP-violation.

Another critical test of the SM will be comparison of
[Vig| from KT —7tvw and AMp, /AMpg, . Currently, the
E787 measurement of B(KT —7tuv ) = 15.71’%25 x 10~
is consistent with the SM expectation, but the central ex-
perimental value exceeds it by a factor of two. To date
there is only a limit on Bs-mixing, but it is likely to be
observed soon at the Tevatron. Until B;-mixing is ob-
served, the limit can be used to set an upper limit on



B(K* —atuw)[l]. A recent calculation of this limit[f6]

. = L Table 1: Some SM and CKM matrix parameters used for evalu-
-t T = —11 QLXK par

gives B(KT —m v Jsm < 13.2 x 1Q , which is below ation of B(I —nvw )|sum (see [, 110, 27]). The subscript G(U)

the current experimental Value[:fﬂ]. This work used a value denote the Gaussian(Uniform) probability density distribution

of £ = 1.15 4 0.06, whereas recent work would suggest a for the errors. Errors shown without subscripts are assumed to

higher Value[:_l-?, :1-8_:, }_37”_5] A value of ¢ = 1.32 £ 0.10 as  be Gaussian.
suggested by Reference 37 would raise the upper limit to

15.5x 10711 The theoretical situation with & will hopefully A =0.222 4 0.002

be resolved soon. Reference 16 considered possible new p=0.2240.10
physics scenarios in the s — dyv transition or B—mixing. i7=0.35+0.05 PDG[:g-Z:]
If a disagreement persists, we have outlined a procedure [Veo| = (41.2 £2.0) - 1077
using only £x and sin 27 to ascertain which sector K or B A = |Vip|/A? = 0.836 £ 0.044
is influenced by new physics. 5 =0.173 + 0.046
Our work is an estimation of B(KT —7Tv7 )|sm based 7 = 0.357 + 0.027 [21, 22, 39]
solely on ex and sin2f8 and is not dependent on |V or Vo] = (40.9 % 0.8) - 10~

B-mixing. Our 95% C.L. upper limit is 9.5 x 10_1{ and the Br =B+ 1° = (24.6 + 2.3)°
single large systematic error of this approach is Bg. The
current experimental value is a little less than 1o above this
limit. The uncertainty from our prediction is comparable

lex | = (2.282 4£0.017) - 1072
By = 0.86 + 0.06G + 0.14¢
my = My = 166 £ 5GeV /c?
me =mc = 1.34£0.1GeV/c?
(#:) = 1.53 £ 0.05

to the expected experimental uncertainties that might be
achieved in the future measurements of K+ —rTvw [5', '@']
An experimental measurement significantly larger than our
SM limit of B(K+t —atvr) < 10 x 107! will be a clear (we) = 3 X5 (we) + 3 XFr () Inami — Lim
signal of new physics in either the s — dvv transition or =(9.82£1.36) - 107" functions for
[{—mixing. f=1.03+£.02 K — nvp

f-F(2e)/X(x,) = (6.61+0.95)-107*

So(w.) = (2.42+0.39) - 107*

o
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During the final preparation of this work for publica-
tion we found that Reference 39 considered fitting for the
apex of the UT from the CP-violating data only, as we
do in Figure 8. However, Reference 39 used (g,7), which
is dependent on |V.4| and is not as suitable for analysis of
K—mvv .
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