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Gjaja [l] has recently reported closed form expressions for exp[a : z”p” :]z 
and exp[a : z”p’” :]p. We present here a simpler derivation of these results using 
the fact that the vector field associated with a Hamiltonian H is XH = - : H : 
( See, for example, [2].) This means that exp[t : z”p” :] is the time-evolution 
operator associated with the Hamiltonian, H = -z”pm, and the desired expres 
sions can be found by solving Hamilton’s equations of motion. 

Starting from the Hamiltonian, H = --z p , n m the vector field components for 
I and p are written, 

z = -mznpm-’ = mH/p (1) 
$ = n~“-~p”’ = -nHJz (2) 

From these, and the fact that H is autonomous, we obtain immediately that zp 
is a linear function of time. 

-$zp) = ip++ = (m-n)H 

zp = zop,,+(m-n)Hf 

We use this in conjunction with Eq.(l) t o obtain the solution for z(t). 

i = mH/p = mHzjzp 

= mHz/(zopo + (m - n)Ht) 
dz mHdt 
-= 
a! ZOPO + (m - n)Ht 

The case m = n is simplest: 

m = n + I = zo exp[mHt/zopo] = zO exp[-m$‘-‘p:-‘t] 

If m # n, then the integral is only slightly more complicated. 

z = C(zopo + (m - n)Ht)* 
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Here, C is a constant, which will very quickly be replaced by a function of z. 
and pa. We substitute H = -z;pa and perform a little factorization to get the 
final result. 

E = C(zapo + (n - m)z;p~t)* 

= C(zopo)-e (1 + (n - rn)z;-‘p~-‘t)* 

= 20 (1 + (n - m)z;-‘py-‘t)* (3) 

A completely analagous calculation, starting from Eq.(2), provides the corre- 
sponding result for p. 

P= 
1 

po exp[mz~-‘pr-‘l] , n=m 
po (1 + (n - m)$‘p:-‘t)“- , n#m 

These results correspond to Equations 10 through 14 of Gjaja [l]. 
An even simpler development givea the same result when m # n, for we then 

can use the invariance of H itself to find the solutions. 

H = -+npm = -Z-yZp)m 

= -z”-m(z~po + (n - m)zzprt)” 
Z”--m = zipr (~0~0 + (n - m)z;tpTt)-” 

= z;-” (1 + (7% - m)z;-‘py-‘t)-” 

Taking the (n - rr~)~” root reproduces Eq.(3). 
We leave as a little exercise for the reader to determine what happens in the 

vicinity oft sz ((m - n)z;t-‘pr-I)-‘, and correspondingly to find the error in 
the solution as presented. 
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