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INJECTION MISMATCH AND PHASE SPACE DILUTION

M. J. Syphers

Introduction

Modern high energy proton accelerator facilities employ a series of
machines of various intermediate energies. In the design of beam transport
systems between accelerators, the primary concern is to match the betatron
amplitude functions, dispersion functions, and of course the ideal beam
trajectory coming from the first synchrotron to those of the second
synchrotron. If a proper match is not provided, an increase in the transverse
emittance, the area in transverse phase space occupied by the particles, will
occur. The degree to which deviations from an ideal match affect the
transverse phase space emittances is the subject of this article.

It is assumed throughout that the particles of the beam do not interact
with one another, and that each obeys linear and uncoupled equations of motion
in the two transverse degrees of freedom. In a real synchrotron, a mismatch
will result in gradual filamentation in the transverse phase space as a
consequence of field nonlinearities. Here, the time average distribution of
the linear motion will be used to provide a model-independent account of the
epittance dilution pursuant to filamentation.

Given a particle with an initial coordinate in phase space, the resulting
time average distribution in the transverse coordinate may be obtained for
that particle. Using this result an expression for the final distribution of
many particles, given their initial distribution, may be found. The area in
phase space which contains a certain fraction (95%, say) of an incoming
distribution after dilution may be computed as well. Initial distributions

generated by various forms of mismatch may then be inserted into these



expressions to yield resulting time average distributions and emittance
dilution factors for the particle beam. This process is performed for the
three types of mismatch mentioned above and, through a set of simple
statistical arguments, general expressions for the variances of these
distributions are derived.

Time Average Distribution of a Single Particle

If the transverse motion in one degree of freedom of a single particle is
observed at a particular longitudinal location s in a synchrotron, the
solution to Hill’s Equaticn yields a trajectory of the particle in transverse
phase space given by

x2 + (B(s)x’ + a(s)x)2 = f(s)A2
where A is a constant determined by the initial conditions xo and x’g. The
quantity f is the characteristic betatron amplitude function of the ring and a
= ~-f’/2. 1If now a new phase space variable ¢ = fx’ + ax is defined, then the
trajectory may be written as

x2 + ¢2 = a2

which is the equation of a circle in x-¢ space with radius a = (§)1/2A. The
quantity a will be referred to as the amplitude of the oscillation and has
units of length.

A particle enters the accelerator and upon its first passage through
peint s the particle has phase space coordinates (xg,¢o). Upecn subsequent
revolutions about the machine, the particle will reappear at point s with
phase space coordinates (x,¢) which lie on a circle of radius a = (xo2 +
§02)1/2- The exact location on the circle after each revolution will depend
upon the phase advance of the betatron oscillation for one complete
revolution. This phase advance may depend upon the amplitude a. (In fact, in

a real synchrotron, the phase advance undoubtedly will depend upon amplitude



due to nonlinear field imperfections within the machine, and the phase space
trajectory will be distorted from that of a circle. Here, these distortions
are assumed to be small enough to ignore.) Over a long period of time, the
probability of finding the particle at a specific transverse displacement x
may be computed. If the quantities x and ¢ are parameterized by the
relationships

X = a coswt, ¢ = a sinwt,
then the phase space distribution of the particle will be given by

f(x,¢,t) dx d¢ = &(x-acoswt) 6(¢-asinwt) dx d¢

where 6(u) is the Dirac delta function. Integrating over ¢ yields

g(x,t) dx = 6(x - a coswt) dx .
To find the time average distribution in x, g(x,t) is integrated over a cycle

of period 7 = 27/w yielding

. T/2 . a du
na(x)dx = dx 2 Jﬁ(x~acoswt)dt =dx = Jﬁ(x—u)
T 0 T N aw[1- (u/a)2]1/2
or,
1 dx
na(x) dx =

Ta |1 _ (x/a)2

So, given the initial condition in transverse phase space (xg,x’c), over a
long period of time the probability of finding the particle between x and x+dx
is na(x)dx.

Time Average Distribution Given an Initial Distribution of

Many Particles

Given an initial distribution of particles np(x,¢)dxd¢ within the
synchrotron at location s, then the resulting time average distribution of the
particles may be found. By converting x and ¢ to polar coordinates, the

number of particles which are located within a circle of radius a is given by



2r  ca
f(a) = J J no(r,B) r dr df
0 0

and the number of particles between two circles of radii a and a+da is

2r

Q%ﬁél da = da J no(a,e) a df .
0

Thus, the contribution of a particular ring of radius a and thickness da to

the resulting time average distribution in x is

2
1 dx da
na(x) dx = no(a,ﬂ) dé .
S PERY 0

Upon adding up all contributions due to all pertinent rings (i.e., a 2z I|xl),

the resulting time average distribution in x will be

w0 27
dx n (a,f)
n(x) dx =— 2 df da .
T 1 —(x/a)?
IxI 0

Using the above equation, the resulting time average distribution of
particles in one transverse degree of freedom may be computed given the
initial distribution of particles delivered by the beamline. A perfect match
of the beamline to the synchrotron would produce a resulting time average
distribution of n(x) = [no(x,¢)ds.

Enittance Dilution

Let the emittance € be defined as the area in transverse x.x’ phase space
which contains 95% of the particles. The differential element of area in x.¢
phase space is simply

dx d¢ = g dx dx’.

Thus, the area in x-¢ phase space which contains 95% of the particles is fe.



This area may be found by determining the value of ags which satisfies

the equation

27 29k
f(ags) = J J no(r,G) rdr d8 = 0.95 N
0 0

where N is the number of particles in the beam. If the incoming distributicn
is Gaussian in x with variance 0o2 and is perfectly matched to the
synchrotron, the resulting distribution after many revolutions will also be
Gaussian with variance 6o2. The area in x-¢ phase space which contains 95% of
the particles will be wags52 = feq = 6%0o2. If the incoming distribution is
not perfectly matched to the synchrotron, then the resulting time average
distribution in x will be broader than the incoming distribution and the value
of ags will be greater than (6002)1/2. Thus, the effective area in phase
space which the beam will occupy increases by a factor of

fe lagsz a952

ﬁeo 61002 6o

due to a mismatch. F will be referred to as the dilution factor.

Simplifying Assumptions and Units

Different sources of wmismatch will produce different initial
distributions no and hence will result in different final distributions and
dilution factors. Before investigating three of these sources, some
simplifying assumptions are made and units are defined which are used
throughout the discussions.

All quantities associated with the beamline are denoted by a subscript
"1" and those of the synchrotron are denoted by a subscript "2." For example,
if s represents the injection point or some other point within the synchrotron
"downstream" of the injection point, then f2(s) would be the value of the

natural amplitude function of the machine at that point and f1(s) would be the



value of the amplitude function at that point as delivered by the beamline.
The distribution of particles at point s is considered to be Gaussian in x1-§1

space and may be written as

2 2 2
N ‘["1 3 ]/2"1
e
n(xl,gl) dx1 dgl = ” dx1 dgl .
2101

Amplitudes of particle motion in phase space are assumed not to vary with time

so that the techniques described in the last two sections may be applied to
determine the resulting particle distributions.l

Because the resulting trajectory of a particle in x2-¢2 phase space is a
circle, the resulting time average particle distribution in phase space will
always be symmetric about the origin. For the cases of Gaussian beams which
are studied, the x2-¢9 axes may be rotated through an angle 8 to make the
original distribution ng(x2,¢2) symmetric about the x2 axis. For example, if
both the position and slope of the incoming trajectory are mismatched by the
amounts Ax and Ax’ respectively, the axes may be rotated and the problem
treated as though only x2 was mismatched by an amount Axeq. (See Figure 1.)
The values of F computed with the axes rotated or not rotated will be the
same.

To simplify the expressions, all lengths (x, ¢, a) are written in units
of the standard deviation of the perfectly matched beam. That is, 6925 =
(€of2/6m)1/2 = g5 = 1. The quantity €o is the transverse emittance delivered
by the beamline. In addition, the particle distribution is normalized to one

particle, i.e., N = 1.



Figure 1

Determination of Equivalent Mismatch

Through Rotation of Phase Space Axes
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Injection Position Mismatch

For the case of a mismatch of the ideal trajectory, the amplitude
functions and dispersion functions delivered by the beanline are assumed to be
matched to the synchrotron: g1 = f2, a1 = a2, D1 = D2, and D’1 = D’2. If Ax
and Ax’ are the errors in the incoming position and slope for one transverse
degree of freedom of the beamline’s ideal trajectory, then

x2 = x1 + Ax and x'9g = x’1 + Ax’
which implies
§2 =61 + &g .
The x2:¢2 axes may be rotated through an angle & given by
tanf = A¢/Ax
so that the problem is eqnivalent to one in which the incoming distribution is
displaced only in position by an amount
Bxeq = (Ax2 + (fAx’ + abx)2)1/2 .
From now on, Ax will be used to represent Axeq-
Since the amplitude functions are assumed to be matched, 01 = 02 = 05 =1

and the incoming distribution may be written as

oo™« 67

n(xg,89) dx, d¢, = dx, dg, -

27
Using nx(x)dx to denote the final time average distribution due to a position
mismatch, dropping the subscript "2" for the moment, and switching to polar

coordinates,

+00 r
- %[a2+ sz— 2ancosB]

nx(x) dx = £ dé da

2r° 1 -x/a)?

Ix| 0



or, reducing the expression to a single integral,

" 9 ~afx|
dx -(a-18x1)7/2 e Io(aﬂx)
nx(x) dx = e da
SN 1 —x/2)2

where Io(z) is the modified Bessel function of order zero.2 The dilution
factor Fx for a particular position error Ax is found from
Fx = ag52/6

where ags satisfies

2T (g5 1 —(r2+Ax2—2rAxcos9)/2
fx(ags) = o7 © r dr d@

0 0

25  —(r-1Ax1)2/2 ( -IrAxl
e e Io(rﬂx) r dr = 0.95

0

As a check, notice that for Ax = 0, the expressions for nyx(x)dx and fx reduce

to
1 - x2/2
n (x) dx = —]/— e dx
{2r
and,
—335/2
fx(aQS) = 1-e = 0.95
which implies
335 = 6 and thus Fx = 1 , as expected.

Numerical integration of the expressions for ny and fx yields the results
displayed in Figures 2 and 3. If the injected beam is displaced by more than
about twice the standard deviation of the initial particle distribution, the

resulting time average distribution exhibits a "double hump" appearance. Up



Figure 2
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Dilution Factor

Figure 3

Dilution of 93% Phase Space Area

Resulting From Position Mismatch
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to this point, the variance of the resulting distribution is equal to the
dilution factor, to within a few percent. For Ax greater than about 20y, the
variance is greater than Fx. An explicit relationship between the variance of
the distribution and the position error Ax is derived later in this chapter.

Dispersion Function Mismatch

For this discussion the ideal trajectory and the amplitude functions of
the beamline are assumed to be matched to those of the synchrotron: f1 = f2,
@1 = a2, x9 = x1, and x’2 = x’1. For a particle of momentum p+Ap, where p is
the ideal momentum, the equilibrium orbit within the synchrotron is given by
(x2,x’2) = (DAp/p,D’Ap/p), where D is the dispersion function of the
accelerator. The distribution of momenta Ap/p is assumed to be Gaussian with
a mean of zero and a variance Upz. The quantity 6 is defined by

Ap/p = opb.
Thus, for a particular momentum, the ideal trajectory within the synchrotron
is located at the phase space point
(x2,¢2) = (Dopb,Aopd), where A = fD’'+aD .

The displacement of the trajectory of a particle of momentum p+opd about its
respective ideal orbit may be written in terms of

€ =x2 -~ Dop§ and 9 =¢ ~ Aopé.
Because a mismatch of the dispersion function may be thought of as a steering
error for off-momentum particles, the results of the last section may be used.
The dispersion function delivered by the beamline, and its slope, may be
written as

Dg =D1 + AD, and D’9 =D’1 + AD’.
As before, an equivalent mismatch of the dispersion function alone may be

defined, namely

ADeq = (AD2 + (SAD’ + aAD)2)1/2 .
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From now on, AD is used to represent ADeq. Using these definitions, the
resulting time average distribution of particles of momentum p+gpd due to a

mismatch of the dispersion function by an amount AD is

" 0 ~laA¢]
dé ~(a-1AED)%/2 e I (ad€)
na(f) df§ = e a
" [1 -(era?

where A{ = ADopd. 1In the above equation, the distribution is normalized to
the number of particles with momentum p+opé. By integrating over the entire

momentum distributicon, the resulting time average distribution in x is found

to be
+00 o
1 -6%/2
n,(x) dx = dx J n,(x) e dé
D hwa T
+00 + 00
9 5 ~1adDs_61
dx -6“/2 -(a-18Dg 61)“/2 e P I (aADo_ o)
- — o e P e P da d§.
|213' x-Do 0§ |2
1 - | P
~» * |x-Dg_&1
P a

Here, D = D2 is the dispersion function of the synchrotron at the point of

cbservation.

The phase space dilution factor is given by Fp = ags2/6 where

B P
1 [ B -5%p2 —(r—lADap6)2/2 _1r4Do_51

e e e P I (xADo &) r d6 dr = 0.95
T ° P
0 —00

Once again, for AD = 0, ag52 = 6 and Fp = 1. Also, for AD = 0, the

distribution n]) becomes
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1 - x2/2(140% %
nD(x) dx = e P

J 21(1+D2ap2)

dx

which is a Gaussian distribution with variance 02 = 1 + D20p2. (Note that 1 =
002 = €0fo/67.) The variance of the beam distribution at a location in the
beamline or synchrotron where the dispersion function is nonzero is given by
02 = 42 + D2p2 where ot is due to the transverse emittance alone. The
result of a dispersion function mismatch is to increase the transverse
emittance and hence increase ¢t. By studying the resulting time average
distribution with D set to zero, the total variance of the distribution will
be given by D20p2 + the variance of np(D=0).

Figure 4 shows the distribution np(D=0) for several values of dispersion
mismatch. The dilution factor due to a dispersion mismatch is displayed in
Figure 5. The severity of the emittance dilution depends upon both AD and op
as it must. If all of the particles are of the exact same momentum, the beam
size would not increase no matter how large a value for AD is obtained.
Likewise, any small deviation from the ideal dispersion function significantly
affects the emittance of a beam which has a large enough momentum spread.
Even for values of ADop as large as 1.5, the variance of the resulting time
average distribution provides a good estimate of the dilution factor Fp.

To remind the reader, the quantities Ax and ADop used in these
discussions are in units of 0o = (€0fo/67)1/2 of the ideally matched beam.
Thus, for a beam that is inherently large upon entrance to the synchrotron,
the effects of mismatches due to steering and dispersion function errors

actually may be small.
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Figure 4

Particle Distribution Resulting From Dispersion Mismatch

(At Point Where Machine Dispersion = 0.0)
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Dilution Factor

Figure 5

Dilution of 93% Phase Space Area

Resulling From Dispersion Function Mismatch
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Amplitude Function Mismatch

For this case, the ideal trajectory as well as the dispersion functions
of the beamline are assumed to be matched to the synchrotron: x1 = x2 = x,
x’1 =x’9 =x', D1 =D2, and D’y = D’2. The incoming particle distribution

may be written in the form

2 2 2
e‘[xl v 5,120,
n(xl,gl) dxl dgl = > dxl dgl
2101

Since ¢1 = a1x + f1x’ and ¢2 = agx + fox’, then x1 and ¢} may be written in

terms of x2 and ¢9:
x1 = x2 »

¢1 = (a1 - fre2/fa)xe + pige/p2 .
Let the emittance being delivered by the beamline be denoted by €o. If the

il

beamline were perfectly matched, then the beam size in the second synchrotron
after injection would be given by 052 = €of2/6%. This same emittance is
assumed to be delivered through the mismatched beamline giving 012 = €of1/67,
so that f1/012 = P2/0o,2. Noting also that dx1 d¢1 = f1 dx dx’ and dx2 d¢g =
f2 dx dx’, the initial distribution in x2-¢2 phase space is (with the

subscript 2’s suppressed on x,¢’s)

_[x2 « (alx + pl(g - a2X)/ﬂ2)2]ﬁ2/2ﬁ1

e

n_(x,$)dx dg dx d¢.

27
noting that 602 = 1. The bracket in the exponent may be rewritten as
[1]=ax2 + 2bx¢ + c¢2
where

a=1+ (a1 - agf1/P2)2, b = (f1/p2) (a1 - a21/62), < = (f1/F2)2.

By performing a rotation of coordinate axes,
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3

n
and choosing # such that the .9 term is zero, i.e., tan2§ = 2b/(a-c), the

x cosf + ¢ sinf

-x sinf + ¢ cosf

exponent may be expressed as

[1] = A€ + B2
where
A = (1/2)[(a+c) + (a-c)cos2 + 2bsin26],
B = (1/2)[(a+c) - (a-c)cos26 - 2bsin26].

After substituting the expressions for a, b, and ¢ above, the coefficient A
reduces to

A= (f1/p2)[ D + (D2 - 1)1/2]
where

D = (f2711 + P172 - 2a102)/2.

Similarly, B is given by

B = (f1/f2)/[ D + (D2 - 1)1/2].
Hence, the final expression for the incoming particle distribution due to a

mismatch of the amplitude function may be written as

e-[ﬁeq€2  0?/p, |12

n_(£,7)dx dg = d¢ dr.
2r

where

peq = D+A+4D

-1

en p= L - 2a,a,)
with D = ) [p172 + p271 2a,a,].
The incoming particle distribution resulting from a mismatch of the amplitude
function and its slope will have the appearance depicted in Figure 6. Note
that for the special case were a1 = ag = 0, f1/f2 # 1, the above expressions

vield 6 = 0, D = [(f1/h2) + (B2/f1)1/2, and feq = f1/P2 = (P2 + 8f)/P2 = 1 +

Ap/p. That is, feq represents a pure amplitude function mismatch.
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Figure 6

Example of Initial Particle Distribution

Resulting From Amplitude Function Mismatch
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For the purpose of studying the time averaged resulting distribution due
to an amplitude function mismatch, the initial distribution may be written as

(with subscripts suppressed)

o X2 || - P
no(x,g) dx d&¢ = |[——— —_—
{278 12r/p

Here, f is used to represent feq. Upon transforming to polar coordinates, the

] dx d¢ .

integral for the resulting time average distribution due to an amplitude

function mismatch becomes

2
00 2 a 2 2.2
i r e~ 27 [cos 6 + f7sin 9]
np(x) dx = df da
22 1 -(x/a)2
tx! 0
or,
2 2
+00 g7-1
4 . ‘[‘Z_ p] I [_af gz—l]
nﬂ(X)dx .= e 2 /2P ° o. 4 B 4.
T o 1 —x/m)2

To obtain the dilution factor, Fp = aQ52/6, agp must satisfy

S L S HEFN

Figures 7 and 8 show the dilution factor Fg and the resulting distribution ng

respectively. To more closely resemble the corresponding figures for position
and dispersion mismatches, Figures 7 and 8 use the variable Af/f = feq - 1.

As can be seen from the second figure, the amplitude function must be greatly

mismatched to produce a significant increase in the variance of the

distribution.



Dilution Factor

Figure 7

Dilution of 95% Phase Space Area
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Probability Density

Figure 8

Particle Distribution Resulting From Beta Mismatch

0.5 —
AB/B
0.4 pf = 0O
- e (7
e 0.5 \
—_— 10 /4 \
03 = = 2.0 ats
mem= 7.0 /¢ |
h “
” [ 1
[ ] | ]
” 1
0.2 : 3
F .
iy L}
4 [}
&
[ 4
[ 4
0.1 ’v ‘
O' ’.
"'/ 3\ ~Q~..
0.0k 2 ]
5 -4 -3 -2 -1 © 1 2 3 4 5

x (Units of g, of Matched Beam)

0.5

0.4

0.3

0.2

G

0.0

22



23

The significance of the quantity D may be seen by computing the

determinant of the matrix AJ where J contains the Courant-Snyder parameters:

1= (5 4]

Then,
det(AJ) = -(ag - a1)2 + (72 - 71) (f2 - F1)
= -[a22 - 2a1a2 + @12 - q2p2 + 1182 + 12P1 - 11f1]
= -[ -1 -2a1a2 -1 + 7182 + 72P1]
= -2D +2 ,
or,

D=1 - det(AJ)/2 .

The quantity -det(AJ) is positive definite and may be reduced to the form

ag) 2 A
~det(AJ) = H;] . [M - Q_%] > 0.
1 + é%

This quantity is also an invariant. Suppose M is the 2 x 2 transport

2

matrix from point sa to point sh. Then, Jp = MIaM-1 . If now J, is altered

by an amount AJy, then

Ib = M(Ja + AJa)M-1 = MIM-1 + MAJ,M-1
which implies
AJb = J'p - Jp = MATM-1
and so det(AJp) = det(M) det(AJa) det(M-1) = det(AJn). Thus det(AJ) is

invariant with s. This implies that the degree of mismatch due to amplitude
functions may be measured at any point within the synchrotron, not just at the

"injection point."
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General Expressions for the Variances of Particle Distributions After Dilution

Using a simple statistical argument the resulting variance after dilution
of an initially mismatched particle beam may be derived. The variances
obtained with this methed agree with the variances of the distributions
arrived at by the straightforward method of the previous sections and allows
one to write down simple formulas for the variances of the resulting time
average distributions.

Given a particle with phase space amplitude a determined by the initial
phase space coordinates xo,¢o, the subsequent motion in phase space is defined
by the circle x2 + ¢2 = a2, A distribution of particles of the form g(x,¢) =
f(x)£(¢) will have <x2» = <¢2), where < > denotes an average over time. Since
<x2> + <¢2> = a2, then <x2> = <¢2> = a2/2. Therefore, a single particle with
initial coordinates corresponding to amplitude a will provide a contribution
of a2/2 to the variance of the resulting time average distribution in x.

An initial distribution having a variance of 642 and which has rotational
symmetry about the point (Ax,0) is of the form

no(p,¢) = £(p)/2r
where the distance from the point (Ax,0) is denoted by p and the angle ¢ is
the angle between the x axis and the line segment of length p, as shown in
Figure 9. The distance a from the origin of a particle with coordinates p and
¢ is thus given by

a2 = p2 + Ax2 - 2pAxcosf .
The final variance of the distribution in x averaged over a long period of
time will then be

02 = <x2> = [(a2/2)nodL = [(p2/2)nodLl + [(Ax2/2)nodE- [pAxcosgdl

where dL is the differential element of area in x-¢ phase space.



Figure 9

Definition of p, ¢

For Position Mismatch
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Therefore,

o2

H

(2002)/2 + BxZ/2 - (Ax/27)[p2f(p)dp[cosfds
002 + Ax2/2

i

or,

02 =1 + Ax2/2 ,
where ¢ and Ax are in units of 0p. This is the expression for the variance of
the distribution resulting from a position mismatch of the ideal trajectory
and is in agreement with the distributions displayed in Figure 2.

In exact analogy the resulting variance due to a mismatch of the
dispersion function may be obtained. Since AD corresponds to an initial
position error of AD&bﬁ for a particle of momentum p+opd, KE2> =1 +
(ADap6)2/2, using the expression from the preceding paragraph. The position
relative to the origin for a particle of momentum p+0pd is given by x5 = £ +
Dopd and thus

x52

£2 + 2Dopb€ + D20p262,

which yields

<x§2> = <€2> + D20p262 =1 + (ADop)262/2 + D20p262

since <£> = 0. Therefore, upon integrating over momentum,

<x2> = 02 =1 + (ADgp)2/2 + D20p2 .
Again, ¢ and Dop are in units of ¢o. This expression again agrees with the
distributions obtained earlier and shown in Figure 4.

For an amplitude function mismatch the initial distribution was written

as
- x2/2p ] - 5552 ]
n (x,¢) dx d¢ = |—S— — 0| dx de .
° {2rp l2r/g

from which the variances <x2> = f and <¢2> = 1/f are immediately evident.
Given this initial distribution, the variance of the resulting time average

distribution in x will be
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o2

[ (a2/2)nodE = [(x2/2)nodE + [(¢2/2)nodE
<x2>/2 + <g2>/2 = P/2 +1/2f = (f2+1)/2p
([D+(D2-1)1/2]2 + 1)/2[D+(D2-1)1/2]

= D

1 + Iidet(aJ)1/2
where here, D = (f271 + f172 - 2 a1a2)/2. Written in terms of Af/f = f - 1,
the form of this final variance more closely resembles the form of the two

variances found for position and dispersion mismatches, namely

2, . 1 [ AB/p ]2
= + 2 .
Py

The variance 62 is in units of the variance of the matched beam, 6o2. Once
again, this formula for the resulting variance agrees with the results of the
earlier distribution calculations.

As an example, suppose a "thin lens" gradient error of strength Aq =
AB’L/(Bp) presents itself within a beamline leading into a synchrotron. (AB’
= gradient error, L = length of the error, and Bp is the magnetic rigidity.)
At the location of the error, the slope of the amplitude function will be
altered by the amount Aa = -A(f’/2) = Aqf while the value of the amplitude
function p will remain unchanged. Hence,

-det(AJ) = -(-Aa2 + APAY) = Ae2 = p2Aq2
and thus, the variance of the particle distribution resulting from this
mismatch will be given by

02602 =D =1 - det(AJ)/2 = 1 + (Aqf)2/2.
If the gradient error is produced by a mistuned quadrupole in the beamline,
i.e., Aq = AB’L/Bp = (AB’/B’) (B’L/Bp) = (AI/1,) (1/F), where F = focal length
of the quadrupole and Iy is the nominal current for the device, then

02/002 = 1 + (§2/2F2) (AL/Io)2.
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As the original definition of the phase space emittance was € = 67102/f

for a Gaussian distribution, a dilution factor could naively be defined as
€/60 = 02/052

so long as the resulting distribution after dilution resembles a Gaussian.
Therefore, the expressions for the variances presented above are compared with
the functions Fyx, FD, and Fg derived earlier for small degrees of mismatch, as
shown in Figure 10. As can be seen, 02/0o2 agrees with F reasonably well for
small values of Ax, AD, and Af/f. For large values of Ax, the variance is
larger than the dilution factor due to the double hump appearance which shows
up in the distribution. For large values of Af, the dilution factor is larger
than the variance due to the increased number of particles which reside in the

tails of the distribution.



Figure 10

Comparison of Variances with Dilution Factors
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Figure 10 {Continued}

(b) Dispersion Function Mismatch
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Figure 10 (Continued)

(c) Amplitude Function Mismatch
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Summary

The transverse phase space dilution factors due to injection amplitude

function, position, and dispersion function errors are given by

2
a2 1 (88/P) o
Fo~tg = 1+ 3 = D
7y [+ P
where [Aé—] = D-1) + l 0% -1
Fleq
and D = —-|f q.+ foq,- 20,0, ;
2 |F172" P2l1™ “%y%9|
2
F ~0—2 — 1 l Axe
2 - * 2
x o ag
[o] [a]
where Axeq = Jsz + [ﬁﬂx’ + an]2 ;
2 Do |?
F.~-2_ _ 1 , Lli_egp
D 2 2
a ag
o] o)
- 2 : 2
where 4D, = |a0% + [pap* - aAD)
ep
Note: o = |22

87 (74)

32



33

References

1. Proton accelerators are usually equipped with beam damping
systems used to damp out betatron oscillations of the beam
centroid caused by a position mismatch. These systems do not
completely compensate the position mismatch, however, and
dilution will still occur. These systems would have no
effect on amplitude function or dispersion function
mismatches.

2. Abramowitz, M., and I. A. Stegun, Handbook of Mathematical
Functions, New York: Dover Publications, Inc., 1970, p. 374.




34

ACKNDWLEDGMENTS

The author would like to thank Don Edwards of FNAL for many inspirational

discussions leading toward this document.



