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The developrrent of sorre of the !Jl:)re intricate r. f. procedures in Fermi lab's Tevatron I 

project(l) such as bunch rotation, (2) bunch coalescing, <3l etc. has been greatly aided by 

corrputer sirrulations, i.e., tracking of representative particles in longitudinal phase 

space on a turn-by-tum basis throughout the process. The progcam developed for these 

tracking calculations( 4) has been tested subsequently by several users in a variety of 

applications. (S) One of the more ambiticus calculations has been the modeling of 

transition crossing in the Fermilab 8 02V booster and exploration of YT-jWip scherres. 

These calculations have required augrrBnting the code to include effects depending on the 

beam current which I will refer to as collective effects. Specifically I have included 

the effect of the beam space charge and the coupling impedance between beam current and 

vacuum chamber on each particle. This note discusses how the collective effects have been 

introduced into the tracking calculation and gives a sample result from the booster 

modeling effort. The conclusions from the booster calculation and new progcam 

docurrentation will be provided elsewhere. C6,7l 

Calculation of the Space Qiarge and Wall Impedance Energy Correction 

The beam is modeled as a cylindrical charge distribution of constant radius a centered 

in a cylindrical vacuum chamber of radius b. The argurrents are equally applicable to a 

rectangular vacuum chamber by using an effective b/a ratio. (8) The charge density is 



asSUUBd to be constant out to a for' fixed longitudinal cooroinate s' in the beam I:'est 

fmrre: 

(Po(s,t) 

p(r',s')= \o 
( O:ir::>ot) 

(a:>t::>b) 

s' = Y (s-Sct) (1) 

The beam is supposed to be bunched into h identical bunches of N par'ticles each with bunch 

length Illlch gr:eater' than a. If the s dependence of p0 is also slow, i.e. if a(ap/as)<<p 

then the r:adial electr'ic field r:esulting fJ:'0111 the beam is 

>.(s, t) r 

>.(s,t) 

wher:e the linear' charge density is 

dq 
>.(s,t) ~ = na2 p0 (s,t) 

as 

(O;.;a) 

(2) 

(a:>r:>b) 

(3) 

The charge distr'ibuticn is asSUUBd to be little changed over the tirre TR during which it 

IIBkes a single turn around the accelerator, i.e. TR (ap/at)<<p. The beam curr:ent is 

This cur'r:ent r:esults 

B<ji (r',S, t) 

in a toroidal rragnetic field 

I µo).(s,t) Sc£. (O:>r::a) 
I 2n a

2 

= ( l µo).(s,t) Sc l (a:>r:>b) 
2TI r 

(4) 

(5) 



Ft:'Offi the curl-E Maxwell equation 

d 
~ E·ds=- ~ Jii·d~ 

at 

with the integration contour indicated in Fig. 1 one finds 

b b b E ~s + f 0 E (s+~s)dr - E ~ - J0E (s)dr = - ~f 0Bmdr s r w r ~ 

(6) 

(7) 

where E and E are the longitudinal electric field on-axis and along the beam pipe wall s w 
respectively. Defining in the conventional way the geonBtric pararrBter 

Eq • 7 becOnl2S 

E + s 

g a>. 

as 

Fran Eq. 1 and 3 one has 

a>. 
-= -

at 
Sc~ 

as 

_2 

- E = w 

2 

and because µ 0 s 0 = c and 1-8 2 = 'I one can canbine electric and rrBg11etic terms 

g a>. 
Es= - ---

411s0'12 as 
+ E 

w 

(8) 

(9) 

(10) 

( 11 ) 
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Figure 1: Beam Current Model for the Calculation of the Longitudinal Electric Field 



Relating the space charge field to the gradient of the linear charge density in this 

way indicates how the field arises but does not directly relate the field to the beam 

current. One would like to canbine as rruch as possible the calculation of the space 

charge and wall coupling contribution to Es. This combination is nade most easily by 

expressing both contributions as function of bea~ current. The constant of 

proportionality between beam current and the accelerating or decelerating voltage that a 

beam particle experiences will be an impedance, generally caiplex and frequency dependent. 

Because the beam current is not a simple alternating current it nust be fourier analyz.ed 

and the voltage arising fran each caiponent calculated separately. The voltage that a 

particular particle in the distribution experiences is dependent on its location in the 

bunch. Therefore, one nust account for three phases, namely, the particle's phase 

relative to the bunch center, the phases of each fourier component of the beam current, 

and the reactive shift of the voltage caiponents relative to the currents producing them. 

If in Eq. 9 one uses Eq. 10 to replace aA/as instead of avat one gets in place of Eq. 

11 for E s 

E = 
s 

g a>. 

at 
+ E 

w 

_1 

(12) 

Using Eq. 4 to introduce the beam current and 1' 0 (E 0 c) =37W to introduce impedance 

units 

E = s 

7 arb ,,,g 

411(SY) 2Sc at 
+ E w 

Ew arises from the beam current image flowing in the wall and therefore, 

E = I '3 /211R = - Ib'3 /21!R w w w w 

(13) 

(14) 



where Z:w is the total wall i~edance for the beaiq:iipe. The accelerating or decelerating 
voltage generated by the beam current is 

V = - J E ds = - 2'rrRE - 21TRE = -s s w ( 15) 
2(SY) 2 c at 

Consider the voltage component produced by a single fourier co~onent of the beam current 

I = I +iwt ,e w 

z: 
w 

The irrpedance seen by the beam at frequency w/2~ is 

I w 2(SYJ2c 
+ z: 

w ( 16) 

Because of the assunption that there are h identical beam bunches, the relation between w 

and the beam circulation frequency is 

so that 

w = nh"'fl = nhSc/R 

z: 
w 

nh 
-i 

z: w 
+ -

nh 

(17) 

( 18) 

From this we find that i~ance corresponding to the space charge has the phase but not 

the frequency dependance resulting from a physical capacitor. It is possible for an 

inductive wall to cancel the space charge effect for all fourier c~onents but only at 

one energy. 

To find how the collectively generated voltage in turn affects the evolution of the 

distribution over UBny turns arazid an accelerator or storage ring one can proceed 

iteratively starting from some plausible distribution, say for ex~le a measured one, and 



calculate before each tum the voltage generated by the existing distribution. The chosen 

starting distribution rray not be consistent with the space charge or the "w for the 

particular problem; that question can be investigated by tracking a selection of 

distributions with fixed accelerator parameters. Indeed, there is not much a priori 

guidance for al'.'bi trary "w' but when space charge is dominant one rray reasonably start fl'.'Offi 

an elliptical distribution which gives a parabolic current distribution. C9l The voltage 

acting on a particular particle is of course a function of its position in the bunch. The 

situation described by the initial assunptions is a quasi-stationary one in which there 

are h identical bunches in the beam which make up a current which affects all bunches the 

same way on a given tum. The change in the distribution during one turn, which by the 

pnx:eeding assuCJlltion must be srrall, is incol'.']Jorated in calculating the voltage acting on 

each particle on the following turn. 

To find the frequency spectrum of the beam current we fourier analize the charge 

distribution in its rest frame with respect to the variable 

q, = hs'/R • ( 19) 

Intl'.'Oducing a nol'.'malized periodic distribution function f(~) such that 

(20) 

and a real fourier expansion to exhibit the phases explicitly, 

(21) 

the coaponent of the beam current with w = hnwR is 

ehNSc 
I = -- a cos (nq,-q, ) ehNw,.., an cos (nq,-q,n) 
n R n n 11 

(22) 



Tue net impedance at each harrronic (Eq. 18) is aloo represented in real form by a 

rrl3gl1itude lln and phase Xn· Therefore, the energy increment for the i-th particle produced 

by the bea11 current (subscripted "c" for collective effects) is 

(") l: (") 
eV 1 = ehi'lw.._ n=1 a 13 cos (n"' 1 

-"' + x ) 
c ti n n '"' "'n n (23) 

The lower limit for the sum is n=1 because there is no steady d.c. current flowing in a 

pure resistance, the lowest frequency present being the rf fundarrental h"'R/2rr. The n=O 

term represents the current averaged over all frequencies. 

For nUI!l2rical calculation one constructs f(rp) by binning the rp-projection of the 

particle distribution. The fouriet:' series can be obtained by a fast discrete transform 

(FIT) of the bin occupation llU!lbers norllBlized so that the n=O term gives the correct 

average current. The resulting coefficients are then combined to give real arrpli tudes 

and phases an and rpn. The amount of computing is reduced by tabulating eve at the saIJl2 

interval used in calculating f(rp). By this means one need evaluate Eq. 23 once per bin on 

each turn rather than once for every particle on every turn. 

The choice of the bin width for f(rp) involves both nllill2rical and physical 

considerations. Cleat:'ly too few bins results in a poor representation of f whereas many 

bins will produce a good representation only if there are a sufficient number of particles 

per bin. The space charge contribution to eve is often the dominant one and is generally 

largest in the wings of the distribution, where the occupancy is low, because there a•las 

is greatest. To track a 

wings maybe very costly. 

number of particles giving an adequate representation of the 

It IIBY be a satisfactory resolution of this dilerma to divide 

the initial phase space distribution into several classes distinguiS'led by how far from 

the center of the distribution they lie. By assigning few particles with high weight to 

the center of the distribution and many particles with lesser weight to the outer 

partitions one can treat the problem very satisfactorily until the mixing of the separate 

partitions becomes large. This strategy has not been needed or tested in the work done so 

far, but the tracking program is constructed to use it efficiently. 



According to the initial assumptions of SIOCXJth longitudinal variation, a(ap/3s)<<p, 

arrpli tudes an corresponding to wavelengths An 2 b shoold be negligible. Were they not 

negligible it 1-K)Uld be wrong to include them in Eq. 23 for eve (i) because waves with 

angular frequency w > we propagate freely in the beam pipe at a velocity different from 

the beam. Therefore, the assumption of quasi-static cdlerence of the components during a 

bea~ circulation period 'R 1-K)Uld not be satisfied. The microwave cutoff consideration 

leads to an upper limit on the sum. The cutoff for the lowest made (TE 11 ) of a circular 

pipe of radius b is 

Ac= 3.4126b (24) 

Note that the fourier analysis of the charge distribution has been perforrrBd in the beam 

fr'ame whereas Ac is calculated in the lab frame where electraragnetic waves are 

propagating in a stationary bearnpipe. The length Ac is Lorentz contracted by a factor Y- 1 

when transforrrBd to the beam frame. The fundamental interval of the fourier analysis is 

one wavelength of the accelerator rf, Arf' Therefore, the llEXiil!ll11 number of fourier 

components consistent with the assumptions of the calculation is 

n = A f/A = 'IA f/3.4126b c r c r 
(25) 

The distribution of particles rrust be divided into 2nc bins to determine nc components. 

Lee and Teng 1 0 have compared exact calculations of longitudinal space charge field 

with calculations from the local gradient of A for distributions appropriate to their 

investigation of negative rrE.ss instability in the Fermilab booster. They calculate the 

gradient by differencing the population of adjacent bins con.structed with the field point 

on the cmm:m boondary. They find the most faithful approximation is given using a bin 

size wb -3b/4. This value ::hould be divided by 'I following the same basic argument as 

above to get the correct energy dependance. Therefore, the nurrber of fourier components 



to choose for opti1lllill precision in the evaluation of the space char:ge term is 

21TR 211RY 411RY 2 1. 'rf 
n = -

Q 2 h'b 
-= y 

3bh 3 b b 
(26) 

2 h(3b/4) 

This rnmber is almost twice n
0 

(Eq. 25) given by the microwave cutoff and therefore it 

should probably be used, if at all, only for calculations in which the wall impedance term 

is sllBll or absent. Both nunbers will be unacceptably large in nBny applications. If the 

distribution is changing s..ifficiently slowly one can save SO!ll8 computing time by computing 

the fourier transform every few turns rather than every turn, but I know of no test other 

than trials with different frequency of recalculating the transform which will show when 

this technique is justified. Practically, the limit on the nunber of fourier components 

is likely to be set by computing resources. Cbe will doubtless track what he can 

reasonably afford, say -10' particles once the mechanics have been checked out in test 

runs. Because statistical fluctuation of the bin population should be of the order of the 

square root of the population, one will probably try to have -10 2 particles in the bins 

where \ is changing most rapidly; in general these will be bins with far less than the 

typical nunber of particles. Cepending on the particular accelerator, either Eq. 25 or 26 

rrny easily require _ 1 O' bins. Thus one would infer that the practical limit in 

pat:'ticles may fail by an order' of magnitude Or' mere to satisfy the requit:'ements for a 

realistic siinllation. However', if the initial distt:'ibution is reasonably smooth one can 

get excellent fits to it with fat:' fewer components. Suppose, for' exanple one is 

investigating negative mass instability in a proton synchrotron. The initial distribution 

is presumably elliptical and bunched well inside the bucket boundaries. In such a case 64 

or even 32 components may give a s..iperb representation of the starting point. 

Furthermore, because the fourier analysis spans 21T of the rf phase, many of the bins are 

empty; the expt:'ession for' eV
0 

does not be evaluated for the empty bins. If one does not 

need to pursue the calculation in the regime where the bunch breaks up into small clusters 

but is satisfied to track only to the onset of the instability, far fewer bins and 

particles than indicated by Eq. 25 or Eq. 26 OBY suffice. Clearly these are qualitative 

considerations and t:'es..ilts of s..ich calculations llLISt be checked by testing the sensitivity 

of the features of interest to changes in bin width and/or nurrber of particles tracked. 



Exarrple of a Sirrulation Including Both Space C'.harge and Wall Irrpectance 

As a sanple of what rray come out of a tum-by-tum tracking when the beam induced 

voltage is included in the energy change per tum I show some results'' for the Fennilab 

Booster when the beam current is at its all time 1'.'€COrd value. 12 The sirrulation is 

"realistic" with respect to the phase feedback included and the frequency dependence of 

the wall impedance 13 but "unrealistic" in that the bunch is started out part way into the 

cycle with an emittance ( .02eVs) which has not been blown-up for space charge effects 

during injection. The E-~ distribution of the initial bunch is given in Fig. 2a, Fig. 2b 

mows the azirruthal or phase projection over one bucket. The beam induced voltage is 

plotted versus azirruth in Fig. 2c. The range of +65 to -155 kV rray be compared to the 

accelerating potential of 883 kV to see that at this current the beam induced voltage is 

not a "srrall perturbation". After 1000 turns we see in Figs. 3 a, b,c the effects of 

longitudinal instability leading to some breakup of the bunch. Because this instability 

begins below transition it is not negative mass instability arising from tl1e space charge 

term but is instead caused by the wall impedance ~ . w Fig. 4 mows the distribution very 

nearly at the time of tFclr1sition, where the usual bucket does not exist. Some particles 

are lost from the bucket between turns 1000 and 2000. Fig. 5 gives the develq:iments 1300 

turns later. The asymmetry of the filamentation results from the asymmetry of the bucket 

i!llilBdiately after transition. Note that even 1300 turns later the bucket extends 

noticeably further below the synchronous energy than above. Particles were preferentially 

lost from the high energy side the distribution of Fig. 4 after transition. 

Tue foregoing sarrple is intended only to be illustrative of the kinds of phenomem 

that arise as one introduces the effect of the beam current on the synchrotron motion of 

beam particles. Analytical techniques can establish the existence and often the thremold 

for the collective longitudinal instabilities. To determine the effect of the instability 

on the evolution of the distribution and to asses the efficacy of reITBCiial measures there 

rIBy be no simpler approach than a reasombly realistic particle tracking of the type 

described in this note. Indeed, there may be no other approach available. Mmy other 

aspects of accelerator operation may also be mre clear with the aid of corrplete phase 

space distributions respesenting the effect on the beam of the known and suspected 
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departures from those idealized conditions which allow sirrple characterization and 

calculation of beam behavior; such sirmlation results are a valuable bridge between "text 

book" cases and a useful understanding of the diverse phenol!Ena of real acceleratom. 
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