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The dependence of beam ':>low-up in ;ip colliding heams ·-iith tune 

modulation ;.ipon :he modulation frequency :,as been explored with a computer 

simulation. It is determined that a threshold frequency vTH exists; 

:nodulations ::'!'"'equencies greater than 'JTH do not :ead to beam blow-up .. 

The relationshi;; between this threshold and colliding beams parameters :.s 

discussed. 



::: troduci:.:. ::n 

-~·eak-strang ?P 2'.)ll::!.2:..:n1s ::1ow +:.he possibil.:!.. :=' of ':ea::n jlow-up at large 

::iodu~ation ampli tu.des. =::1 t:--~.:.3 ::·3.per ·,.;e ~epor:. ~.,esu.::.. :3 a:" ~n .:.nvestigation 

Jf ':he -:iependence ~J:" ~:--.is bl:Jw-11p upon t:i.e :nodula:.:.::: ::.,::--equency, ·...rith the 

~adulation ampliti.:.de ::.xea. 

The basic features ::if' Jur simulations of :he ·:eam-beam :'...:J.teraction 

have ·:ieen described previously, 1 3.nd ·,.;e will only .su.:nmar.:!..:e these briefly 

i:i the present paper. ?arti::::le transport around ·Jn ~Jcelerator ;oing :..s 

:3imulated as the ;:!"oduc: :::'"' t·,.;o 1:.:-"ansformations: :..::J.ear ::-ansport around 

the rings represented by a "Courant-Synder" 2 (C-S) matrix with the C-S 

parameters Sx, SY and tunes vx,vy; and a nonlinear beam-beam kick 

determined by assuming a "zero-length" - "weak-strong" :nteraction with a 

round gaussian "strong11 beam, with the strength .Jf t.he interaction 

determined by the "beam-beam tune shift" 6v. !Iv = .J1 :s used in this 

?aper, a large but possible value for ~p collisions. 

':'une :nodulati:in :'...3 simu.:..a:ed :Jy c!'langi:ig ~he ':·clnes 'J 3nd 'J :'ram turn . 
:o turn following 

\J = \J + 0 sin 1d t x XO -x x 

v = \J ~ ay si:i. w.,t y yo J 

·,;i th w 
x = wy = 27T/Nm, ' . .;here '.'Jm :..s the modulation period in number of turns, 

3.nd ·.~'nere ~ = N-1, :J = i:.urn number N = I , 2, 3... :n :'.1e ;-:revious :Jape:r, 1 

'V = .3439, 'J = .1772 was chosen, a "resonance-free 11 ~ase with long-time 
XO JO 

stability. 3 The parameters ax and ay ~ere varied a~d ::~~as set at 1000, a 



=oau:a:!:n :eriod ~xpec~gj ~., ~~ 2oll!ders. ~ large =:dulat~o~al ~low-up 

'..J-3.S :::Jte·:! f'or ~'oe ~.J.ses :::.. 

~he ~earn across low-order :,es:~ances (3rd and 6th c~der). 

, 1772; o.nd :'ix a = x --3. .. ~ = .~85, " case !:nown ':o have !".'!8·d;_ilational '1low-up 

ot '.'J:n = ~ 000' 'ind vary ~!;n :..,!"C:J :~:n = to :rm = ~00,000. ?igure . 3hows the ~ 

time ::pace swept ':iy .. .,he :::idulation i:J. this case, sho~..;i:lg :-he lcw order 

resonances which are crossed. 

SiJlulation ?rocedure 

In our analysis of stability of particle motion two types of 

simulations have been used: "long-time" simulations and "reversibility 

tests". These have previously been described in some detail 1
•

3
•' and are 

briefly described below. 

In a "long-time" simulation 100 initial particle positions :i.re 2hosen 

rando:nly · . .;ithin 3. 4-D phase S!)ace gaussian distri~ution, 3.nd ::--ajectories 

5enera:ed ~ram ~hese :~it!al :2ndit!ons are ~racked for =~ll!o~s if ~ur~s 

Jf :he Jtorage ~ing. In :::-ie ;-:resent ;::aper :: milJ..:..on :::..:r!l. =..:ing-time 

3imulations were generated ~~ each case, corresponding to 1 minute of beam 

storage :n the Tevatron RMS x, y,. and r emit tances ,~Ex, ey and 

S0 = s" 2 ~ <-y 2 ) for the 100 particle ensemble were calculated 'very 2000 

turns 3.fter ':he first ':.housand ':.:...trns and changes i.'.1 these 'lalues were 

monitored. uooubling t:.:nes 11 s.re calculated from ':hese 3mittance ·:alues 

from squares :'it, :J'.:ltains slope or rate of i~crease 

(decrease) of these values. -::-ie ''-:.oubling ti:ne 11 is the ~·1erage ~mi t tance 

divided ~Y this slope, so a short doubling time i~dicates ~eam blow-up. 



j 

:::-;.j:.·1iiual ::artic:e ::--a.jeC!tor-i23 3..:-'e .3.lso :noni to red :'.Jr 

l:np.:...:.-: :...:.de ·:;::.a::.ges • 

.::::i previ'.)US si:nula-:ions ::f r:::odu.:..ational ::earn blow-up, ':.he blaw-:Jp ·,.;as 

~ss:ciated t'.'le 3!)pea:;oance c;_"' ":-::aotic 11 ':r-ajectories, ·,.;here a ''~haotic 11 

~rajectory is a partiJla t:;oajectory ~hich di7erges ~xpone!ltiall:t ':ime 

~rom ::.earby :rajectcries ~~ phase space. ''Reversibility'' ~es:s are 

perfor~ed to detect ~hese trajectori~s. !n these ':ests trajectories are 

tracked forward ·oo,ooo r.urns and ;oeturned by :-evers:..:-.g the 

transf::irmaticns, and forward and ret.urn posit:.ons are compared. 

:rajectories 1evelop deviations ~xponentially and, in these cases, can 

accummulate errors of order unity in 100,000 turns. "Non-chaotic" cases 

develop errors linearly, and, in our double precision tests, develop errors 

of order 10- 20 • A clear empirical separation between these two cypes is 

obtained. 

:1.eversi":;;:..lity ':ests :"''Jr ::i. set ~= ... 100 p3.rt:.2les '.-1ere :--'J.n :"'Jr ';m = 3, 

16, :2, S4, 'JO, :oo, c.!JO, 300, :ooo, ,cOOO, -000, 10,000 and 100,000. F'or 

Nm < 10, 000, ':he tests included 100, 000 : ... or..J'ard and return t;.irns. For 

llm = ·,oQ,000 ten periods ·"ere tracked '.1,000,000 turns). I:i each test 

trajectories ·,.;ere classified as chaotic when the error over ':he :·111 test 

length exceeded ~0- 10 • The ~esults of :hese ~epeatability :asts are 

summarized i~ !able I. 

A gradua~ increase :n the number of chaoti8 trajectories from z2ro for 

'1m = : S ~an 'oe seen -.;i th a maximum of J' 50 (out :of 100) for 'im > o 00. The 

number ~ppears to remai:i :Jonstant. ·:::!" iecrease very 3lowly ~or =..arger :1m 



(low modulation ~~squency). ~hi3 ~3 i:lustra:ed ;raph!~a~ly ~~Figure 2. 

-axponents of the ::--aject:::iries. lhe '...iapunov exponent :s the factor .-'i which 

appears -·~ the e:->ror gr:::iwth equation 

where 6 ~3 an ~nitial error end 6 is the expcnentia~ly enhanced ~rror at 
0 

turn N. ?or Nm 2000, -~ does not show any significant dependence on Nm for 

those trajectories that are ·:Ji:aotic with . .\ :::: 1 .0 x iO- 3 on average. For 

~,Jm > 2000 _ noticeable decrease in A occurs, -.. ;ith A :::: 10- i;. :'or Nm = 10, 000 

and A ~ 10- 5 for Nm = 100,000, apparently approaching a ~ 1/Nm dependence. 

This behavior is displayed graphically in F~gure 3. 

"Long-Time" Simulation Results 

We have completed "long-time" simulations for values of Nm = 8 to 

Hm = 1 00, 000. These simulations :.:icl·..ided > 3 11illion t:.irns ~ 1 minute 

Tevatron ti:ne). The results 3.re Jummar:!..::ed .:_:J. ::'able ::::r, where :nean 

..:;mittance ·:alues ~nd 11 -:oubli::g :.::.:nes 11 are tabulated. 

The mean emittance ·1al:.ies E' E' are averaged over '.:he 200,000 turns x' y 

t)revious :o the ::idicated ':urn numbers (~l = 0.2, i., 3. :nillion) where 

measurements of ~for the '00-particle ensemble are taken every 2000 turns. 

The ":1oubling ':.imes 11 
"'"' are :'::iund from the i:iverse ·.Jf the slope of a least 

squares fit to E 
x• 

E = E:X + x 
0 

AN 

:Io 

"' = le 
2 

+ ~r x Ey 
2 as a function of time; that is 

and minutes 



~~cl~ded ~~ the ::u~:!~g :ime esti~ates. ::ate that 3 negative doubling 

7hese doubli~~ ::::.=es can be ~ompared ~o ''statistically signficant 1
' 

d.oubli:-!g times T ::...s :":,J.nd 
J 

f~om cje statistical er~or J in the slope A: 

T :J = €/a 

:::n the tables. =~., :::.e r>3ti:J between ':1::le 3tatistically 3ignif:.cant 

doubling time and tne ~adial double time is displayed: 

= 

When is suffic!ant:y larger than 1 a statistically significant change 

::mittances .:.:-idi·:::!a tad. 3imiJ.ar 2-:::>mparisons and ., 
" 

~mittances ~ave :een ~ade :~t are not ~xplic!ty included :::.~ T~ble 2. A 

:-'easonable estimate '::23.r. :e obtai::--.ed :"ram .:symmetr:;~ ·-::;y noting 

T 
a 

x 

from -....:'lich S x and Sy :::!2.n be deducea. 

:'able II show·s :·:-~at f::ir ~Im ,S t 00, no significant increases in total 

beam -?mi t tances ?.:-e ·:'::served; extrapolated doubling times are rr:any '.'lours. 

For Hm = 200 signfi::an~ :::.:icreases appear and for Um ~ :.ioo fast beam blow-up 

occurs ·.·,ii th doubli::g ':::'...::.es of 3everal. seconds. 



?or :·rm> ,0,000 a :-ioti~ea::le ·:ecrease :..:-! t~e ·:::alculated ~:c.:·oo :;urn 
J' 

Jbeservations of L:..apunsv ~xpo~ent. iescr::'..jed above. 

behavior i3 ct:..sp:ayed g~a~hically i~ Figure 3lope 

;:;ara:::ie':.er as cs plotted. "I''.'ley s'.10·..J 3. "":.hreshold" 

iepe!1dence ·di th !:;.creas::'..:J.S :!:J.. -'..t :::n ;:; .2-IJO, ,, Ci vergen t" :r'ajectories 

appear. The ~umber increases ·.:ith ::CT to an approximatel:r consr..an: value of 

30 for r·rm ~ i 000 and decreases 3gain for :rm > 1000. 

Disc•1ss::'..on o:" :1odu2.ational 3eam Blow-:Jp 

This study of the frequency dependence of modulational blow-up 

provides information which can be used in constructing a theoretical model 

to describe that blow-up. "'ram this paper and reference 1, we :iote that 

beam blow-up can occur ·..;hen a ::.ow order resonance is swept acrass the beam, 

;:irovided the "speed of sweepi:ig 11 (modulation frequency) :'...s not "~oo fast" 

and ~ot ''too slow 11
• ~~'le _"'9sona:ice ::._3 mostly seen ·dhen ':'.':.e ~adulation 

~~equency :._3 compara~l~ ~::'..th ~~e precession f~equency ~f t~e :~~jectory in 

~he r9sonance i3land r~gi~n. 

In our case, as we can see by :nspecti:ng ?igure '1, there are two 

~esonances which are actually ::.nvol ved in the sweeping. 

Investigation of individual particle trajectories s:iow :'.':at ':hey can 

je classified into three groups: 

1. ~,Ton-chaotic trajeC!t'.)r:.es; these do r.ot change amplitade s::'.g:iificantly. 



2. ""Jo::-d:f..-;9::--gent 11 "~haoti:-'' :raj9ctor:::..es ·.~·:iich ~-.emain ·~onf:..::ed to 

?.mpli:~::.es near ":':1eir :):;ii_;ir.a::.. ·:?.:i.ues. 

11 Diver:;ent 11 <:ilaotic ':::'ajectc::--:..es, those '"hich change >mpli tudes 

greatly :.n '.:he 3 :nillion :·.irn simulations. 

;Jart:!.(!::.~ate i~ the beam blQw-:1y :'or Nm > 200. 

These :::--ajectories 

:'.:n Figure 2 and Ta.ble ::: -,.;e i:::.:.:-ate the :::.unber :if ':hese .i!vergent 

::!haoti8 ':.rajectories. -,·le can clear~:r note a strong correlation between the 

3ppearance of this last kind of particles and beam growth. 

In F:!..gure 5 we 3now ':he :'..Jcat..ion ·Jf ':he particles :n ':he tune 

iiag::--ams. =:t corresponds tc the 23.se Nm = 300. The betatron tune values 

are those obtained by averaging over the first 800 turns of the simulation. 

We also show in the same figure the location of the two major resonance 

when they are the most inside into the beam. Reversibility test and 

emittance growth measurements were done after 6 million turns. The 

particles, (A) that are not .:;wept C:l the tw·o resonances are stable and meet 

:he ~eversi~ility test positively. :he non-reversi~le particles that also 

3:--ow ..... "..3.rge e:ni t tance ·131 ues ·'':''; 3.~e swept :iy ':he ':"esonan::::e :'..ines. 

-:hact:.c :;art!cles '. C) ·,vhich jo ~ot grow i:-i amplitude are confined in a 

region between the (A) and (Fl part::_~1es. 

In Figure 6 we show the same c::_stribution 6 million turns later. The 

(F) particles have been pushed to larger amplitude. These particles are 

those i:-iitially at large amplitude ~nd are those that are chaotic and grow. 

This is in agreement Nith some observations of the beam-beam effect in the 

3?S ::_~. CSRN ·,;ith proton and a:ltipro:on beams colliding. 5 
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Table I~ ~on2 :~me Simulation Result3 

Case I: ::m 8 

Turn ::umber r -'-R SR 
(millions I 

x x y 

(mm-mr) < i:::m-mr J Doubling Times (davsJ 

0.2 .01755 .01878 -.005 .005 .04 0.38 
l. 0 .01752 .01883 0.071 .085 -4.63 0.036 
3.0 .01752 .01882 2.55 1.06 l. 49 0.565 

Case II: ~Jm 32 

s T r - SR -'"T' x x y ""R 

(:!) (rnm-mr) (:nm-mr) (hours) 

0.2 .01762 .01894 .083 .278 .133 2.94 
1.0 .01777 .01882 .688 -.928 9.30 0.42 
3.0 .01791 .01876 1.06 -.928 10.1 2.19 
5.0 .01779 .01888 7.4 -17.5 30.0 1.45 

Case III: C!rn 64 

C!r c c r r TR SR x \' x y 
(~!) (mm-mr) (rnn-mr) (hours) 

0.2 .01740 .01906 -. 59 .36 l . 35 0.26 
~ . 0 .01745 .J'.891 35.8 -.78 - ~ • .'..8 2.56 
3.0 .01748 .Jl889 -8. 1 22.4 -J 1. 0 0.63 

Case 1\': :Jm 100 

)Ir s - r r TR SR x y x y 
(H) (rnrn-mr) ( TIC'Il-mr) (hours) 

0.2 .01731 .01914 -0.48 0 .10 0. 19 1.85 
l. 0 . 01734 .01904 1.32 -0. 77 2.74 1.35 
3.0 .01743 .01906 4.30 -4.39 51. 6 0.37 
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Case .. Xm = 200 '. 

" s c T T TR SR ·~ y y x y " ,,!) (mm-mr) (mm-mr) (minutes) 

o.: .01779 .01880 l3.2 -l. 42 -2.97 6.9 
i. J .01889 .01934 ~.6 6.4 5.36 19.4 
3.J .02011 .02091 6.8 9.0 7. 71 84.0 

Case '."l: ~-im 400 

xT c 2 T T TR SR x y x y 
\~!) (mm-mr) (mm-mr) (seconds) 

0.2 .02347 .02333 7.8 10.4 8.8 46 . 
l. 0 . 05540 .03664 20.2 35.9 24.2 108 . 
3.0 .07003 . 06560 77.6 59.7 69.6 127. 

Case VII: Nm a 800 

."' _,;::f;,,.,~/.,-; 

NT e: e: T T TR s·· 
x y x y R 

(M) (mm-mr) (mm-mr) (seconds) 

0.2 .02739 .02535 4.8 10.6 6.4 46 • 
1.0 .05137 . 07967 32.3 15.7 19.5 70 • 
3.0 .08193 . 10930 80. 59. 64. 96. 

Case \':'.:II: '.\m = 2000 

xT -- - T T TR SR x v x y 
r:n (mm-mr) (mm-mr) (seconds) 

0.2 .02594 .03051 5.7 4.4 4.8 38 • 
1. 0 .07269 • 06938 13.4 14.0 13.7 194 . 
3.0 . 1184 .1553 48.6 40. 1 43.3 187. 

Case :x: Xm 4000 

NT s E T T TR SR x y x y 
(:!) (mm-mr) (mm-mr) (seconds) 
0.2 .02838 .02942 4.6 4.8 4.7 45 • 
1.0 . 08313 .1143 15. 4 10.3 11. 7 136. 
3.0 .1445 .2285 48.2 43.0 44.7 121. 
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Case X: ~~m = 10 ,000 

NT - c T T TR SR x y x y 
(M) (mm-mr) (mm-mr) (seconds) 

0.2 0.02762 0.03243 5.7 3. 7 4.3 5.1 
l.O 0.08577 0.08065 11. 1 13.9 12.3 163. 
3.0 0.21976 0.25361 38.4 32.7 35. L 361. 

Case XI: 'lm = 100,000 

-
NT E E 

Tic T TR SR x y 
(M) (11D11-mr) (nnn-mr) (seconds) y 

0.2 0.01875 0.01876 20.8 68.8 30.4 16. 
1.0 0.02961 0.02622 17.9 27.4 20.9 70. 
3.0 0.06862 0.05353 37.8 43.0 39.8 108. 
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Figure ·1 Area of tune sp;i.ce swept out by 

Case C-.005: v = o.)4-J9 + 0.005 sL~9 x 
Yy = 0,1772 - 0,005 sin~ 

t!,.y = 0.01 

9 = 2 rr(n-1)/1000 

n = turn number 

O,l72zV-~~~~~~~~~~~....:..:...L.:sj,,.,.~~......;~......;,.;_~._~-"-~,,;._.;::;.: 

o.JJ89 0 • .. 
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15 Figure ,l 

Reversibility test results; 100,000 turns forw-=.rd, 100,000 turns reverse 

(except 106 forw=d and 106 back for l/CYCLE = 100,000), 

Jlx/2rr = 0,3539 .,. 0,005 sin(2 rrN/HCYCLE) 

p/2rr = 0,1872 - 0,005 sin(2 rrN/NCYCLE) 

GX = GY = 2TTAY, f::,.'I) = 0.01 
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Slop.a ~ftar 2UU,UUU turna. 

u /Zrr = U.J5J9 • U.005 ain\2 ·c !•/NCYCi.,i:.; 
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Figure S 

u /2 rr = 
I X 0.3539 .. 0.005 sin9 9 = 2 rr E/800, :1 = Turn number. 

,u/2 rr = 0 .. :..2.72 C. ~05 sir: 9 Cf.= GY = 2.rrL1V, bv'0,01 

:he lo;;er-left corner co=esponds with 'fx/2 rr c. v ' r/2rr - LC.\) • 

The UlJper-right corr.er co=esponds wU.h 'fx/2 rr , Jl/2 rr • 

L;ibels: .\ Reversible ::ind S71.-3.ll emitt~_nce :ifter J million turr:s. 

C Chaotic and small emittance after J million turns. 

F Chaoti~ ~nd large emittance after J million turns. 

N Reversiole and large emittance after J million turns. 
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Figure 6 

Tunes ~ve!:':::!.ged over t.u.rns J,OC0,000 :.o J,COO,tOO. >CYCL.~. = 80C. 

,ux/2 rr = 0. J5J9 + 0. 00 5 sin 9 9 = 2 rr N/800, ;; = Turn nu.."lber. 

J1/2rr = 0.1972 v.C05 sin9 GX ··CY= 2rTL..\V, :1) = O.Ol 

The lower-left corner co=esponds with px/2 ir - £::,. v, 11-/2 rr - 6 \) • 

The upper-ri;;;ht corner c:rresponds with Px/2 rr , µ/2 rr • 

L~bels: ~ Reve=sible ~~d sm~ll emittance ~fter J million turr.s. 

C Ch~otic ~d sm~ll emitt~nce ~fter J million turns. 

F Ch~otic ~nd l=ge emitt~nce ~fter J million turns. 

II Heversible ~nd l=ge emitt~nce ~fter J million turns. 
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