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Abstract

Considerations about the motion of the Courant and Snyder
invariant curve/1/ are presented, which lead to an essential and
practical procedure for estimating the adiabaticity of a linear
harmonic oscillator. As a cosequence, an adiabatic ratio which is
a measure of the adiabaticity is obtained for an example, by using
a normalized time which is related to the oscillation period 1in

the initial state.



1. Introduction

We shall consider a time-dependent harmonic oscillator

described by the Hamiltonian

H(x,p:; 1) = ‘?[ P* + a,[t)xz]) (1-1)
where A(t) is the time-varying parameter. It is well known that
for sufficiently slow change in the parameter the action wvariable
of system (1-1) is an approximate constant, which we desinate as
an "adiabatic constant". The proof for adiabatic invariance of
the "action integral” has been given in many places in the
literature/2/. Unfortunately, the adiabatic theorem does not tell
gquantitatively how slow the change in the parameter must be for
the adiabatic theorem to hold.

Practically, we would expect to calculate the increase in the
action integral when the <change in the Hamiltonian 1is nearly
adiabatic and even abrupt. Approximate methods to calculate the
increase have been presented by several authors/2-6/. However,
they have 1limits on their application and the calculations are
intricate.

We ©point out that the system (l-1) has an exact dynamical
invariant independent of the change in the parameter, which 1is

designated as the "Courant and Snyder invariant"

I3ty = oo« [xpox-pmopT ) oy

2 ?tt) ,

where g(t) satisfies the auxiliary differential equation
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When A(t) is constant, the invariant I is exactly identical with
the action variable of the system (1-1) if we choose the initial

condition

B(-e) = I /{7 (é(‘w) =0, (1-4)

For a time-varying function ﬁit), from (1-2), we know that a
sequence of infinite phase points which have a certain constant
value of I at an arbitrary time behaves as a deformable moving
ellipse in the phase space (x,p,;t) after that time., The form of
such a ellipse, called an "invariant curve" in the following, is
uniquely determined by the auxiliary differential equation (1-3)
alone,

We will now consider the case when the parameter /. changes
from a constant value A, to another constant value A, in a
finite period. It is noted that such cases often appear in real

situations. That is
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FBE ~3 e + AP =1, (1-3)
When A(t) is constant, the invariant I is exactly identical with
the action variable of the system (1-1) if we choose the initial

condition

B(-) = 1 /{2 p-w) =0, (1-4)

For a time-varying function Alty, from (1-2), we know that a
sequence of infinite phase points whicq_have a certain constant
vaiue of T at an arbitrary time behaves as a deformable moving
ellipse in the phase space {(x,p,;t) after that time. The form of
such a ellipse, called an "invariant curve" in the following, is
uniquely determined by the auxiliary differential equation (1-3)
alone.

We will now consider the case when the parameter 7L changes
from a constant value 71. to another constant value A, in a
finite period. It is noted that such cases often appear in real

situations. That is
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We consider the invariant curve described in the term
ICx,p;Te) = L o<V, (1~6)

with a constant I,. The quantity I, is equal to the value of the
action wvariable of infinite phase points which comprise the
invariant curve, as mentioned above. S0 if we continue to examine
the motion of the invariant curve at t)> t,, we find the exact
time-evolution of such a sequence of infinite points which once
possessed the same action wvariable J. This fact will give us
useful informations about a change in the action variable/7/.
Furthermore, it may enable us to estimate the adiabaticity of the

system (1~-1).
2. Motion of Invariant Curve and Adiabatic Ratio

We may characterize an ellipse or an invariant curve by two
parameters of g ’ 8 which are a function of p(t) and ﬁ(t) (See

Fig.2),

Fig.2
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If we choose the initial conditions p(t°)=l/ﬁi“ p(t°)=0, the

soluticon of (1-3) 1is
p(‘t) = l/ri| , él‘t): 0] To & T &7, . (2-1)

Therefore, before the variation of the Hamiltonian the form of the
above 2llipse remaines unchanged and its motion i1s only parallel
displacement along the axis of time. At t=t;, the ellipse begins
to move, following the time-evolution of f(t) which is determined
by Eq.(1-3). After the variation of the Hamiltonian,i.e.,t3 t;,
the ellipse continues to move unless { P(tz): é(t,)) is equal to
(1R, ,0) (See Fig.2).

Now we write the phase space area surrounded by the invariant

curve which remains constant in the region t, & t<oe, in the term

Se = 2m I, (2-2)

In addition, we shall define 5 as the cross section of the outside

envelcpe which the moving ellipse makes after t=ty (See Fig.3).
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If we choose the initial conditions ﬁ(t°)=l/ﬁﬂ, @(tn)=0r the

gsolution of (1-3) is

gLty = L/ A, . B= Q t,

(178

T & T, (2-1)

Therefore, before the variation of the Hamiltonian the form of the
above ellipse remaines unchanged and its motion is only parallel

displacement along the axis of time. At t=t;, the ellipse begin

u

to move, following the time-evolution of ﬁ(t) which is det=armined
by Eq. (1-3). After the variation of the Hamiltonian,i.e,,t2t,,

the ellipse <c¢ontinues to move unless ( @(tz), p(ta)) is equal :9
(1/{R; ,0) (See Fig.2).
Now we write the phase space area surrounded by the invariant

curve which remains constant in the region t, & t<eoe, in the term

Se = 2w I, (2-2)

In addition, we shall define S as the cross section of the outside

envelope which the moving ellipse makes after t=t; (See Fig.3).
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It is noted that the phase area between the outside and inside
envelopes 1is the area effectively occupied by the phase points
which have the same action variable J at t&t,. From Fig.3, the

cross section S is described in the form

S = T Max §) Max fit) t2T, (2-3)

Then it is trivial to write ?(t), S(t) in the terms of

Bit), B(t)

gt = ,}z:opt-tu, (2-4)
§it) = J;I, [{+ p'rt)"/q. ]/[3(1,-) (2-5)

Further we shall set
. 2
viey= [ 1+ (3“)/4]/(3“’), (2-6)

Here we define the adiabatic ratio r in the term

S [ Max Bl M TiE) 772
r = 5 or “"(3 ax ] ) (2-7)

The soution of (1-3) with the constant A = A,is know:

pUY = IRe v, + Acos[2{7,(t-t)]+ Bsin L2l lt-t)] (

2-8)

r}m = 2{7, { - Asin[2{}, (t=1) ]+ Btos [a/7, (-t—'t;)]}’ (2-9)

where A and B satisfy the boundary condition

BltY= {pkg*+ I/A  + A, (2-10)
Blt)= 2/a, B, (2-11)

From {2-10) and (2-11), A and B are written in the terms



e Lo/t + /3 -
A ";'@'I?a pt)/ 44, /2 pltﬂ], (2-12)

B = (5(1:;)/ 2{n. (2-13)

Further we know the point ( p(t), é(t)) traverses an ellipse in
the auxiliary phase space ( P,,é ) described in the form
E .
r“—“—j7— 2
(8- {Fga/ms) + e = 1 (2-14)
AY+ p2 4 Ra (A™B*) ’

from (2-8) and (2-9). Therefore it is trivial to obtain the

maximum values of B(t} and Y{t). We write these values 1in the

terms

Max B(t) = [ate B+ 1/, + | A%+ 8° (2-15)

s

May ¥y = |/ ({pve*s /22 Vo emr ) (2-16)

So that the adiabatic ratic becomes
| 3
r= {( { A8 1 /2, + | A™E )/(h’ae‘-n/a,_-JA‘-t B> )l; (2-17)

We note that Eq.(2-17) represents geometrically the relative
extent on the @ axis of the auxiliary ellipse (2-14}. If we know
the values of P(tj,.é(t) at t=tz when the wvariation of the
Hamiltonian is completed, we can evaluate exactly the adiabatic
ratio r by Eq.(2-17). Therefore, it is necessary only to solve
the auxiliary egquation (1-3}) with the boundary condition

(/{2 +0).



3. Example and Discussion

As a example, we shall consider the cosine-like change of the

coefficient A(t)

TC

’,
where T({=t,-t,) is the variation time.
Introducing a parameter <
Az = 2, (1 + €) (3-2)
/
and substituting (3-2) into (3-1), we have
€ _E s X
Alt) = ?l.[ | + < =5 Cos -r('t-tJ . (3-3)
Furthermore, if time-scale change
TC
r
t° = -_?_-(t—t.'), (3-4)
is made, we have the equation of motion
2
d*x AT € & ]
p St —_ - —== C =0 -
au? -+ —r [ [ -+ oy > osil x . (3-5)

Then, introducing a characteristic time T4
T, = 2/ {2 , (3-6)

which corresponds to the oscillation period at t:ét,, and a

parameter A
T = mxT, (3-7)
’

we obtain the normalized equation of motion for the system (1-1)



dlx E € € ’ _
et 4 M l-_!-l-—n_-—?cost ]I:O' (3-8)

For simplicity, we shall consider the case of € =1. The
auxiliary differential equation for @ can be described in the
form

[ e

TBF - T v 20— st 1

which has the boundary condition

_d
=¢_'-g) (3-9)

gy = 1/ | (3(0’) = 0, (3-10)

Unfortunately, we do not know the explicit analytical solution of
(3-9}. However, it is easy to obtain its solution with a help of

a computer. Now we particularly need the sclution at t'=t§ = TU

plwy plmy (3-11)
It is trivial to calculate the adiabatic ratio, after ﬁ(11 )} and
@ (T} are obtained., Thus, the adiabatic ratio r is shown as a

function of }4 {(See Fig.4).

Using the present method, the adiabatic ratio for an
arbitrary time-varying function A(t) <can be obtained easily.
Further we note that it gives an answer even in the region where
traditional approximate methods are not applicable either 1in

principle or because of intricacies of calculation,.
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Appendix
Approximate Calculation of the Adiabatic Ratio
With the introduction of a function

P = \I(Stt) , (A-1)

we have a nonlinear differential equation for P(t) equivalent to

(1-3) /8/

1
P+ AMF = 53 (B-2)
Instead of solving Bq. (1-3), we shall attempt to solve

approximately Eq.(A-2) in the region t, &t &t,, which has the

initial condition

P(t;)= (n\)_l/4 , é(tl) 0. (A-3)

Assumption of a nearly adiabatic system permits us to

linearize (A-2) about the guiding center

ol
Pty = L awy] /4 (A-4)

We write the linearized eguation as follows
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O+ 4ANE = - P, (A-5)
with the initial condition
e(t)=0 , €t)=0 (a-6)

where &(t) is _P(t) - ﬁ{t).
When two linearly independent solutions of the homogenious

equation
€ + 42AnYE = O, (A=7)

are known, we can easily obtain a general solution of (A-5) by the
method of variation of parameters., Unfortunately, we in general
don't know such linearly independent solutions., Nevertheless, it
may be reasonable to take an approximate solution obtained by the
WKBJ method as particular solutions of (A-7), to the present

approximation., Setting
4ty = R 'f'(t) , (A-8)

where Kk 1is an asymptotic parameter, we have two approximate

solutions to the order (1/k)
1

€, = {--zexp(i‘i'ﬁ'z) (A=9)
- 2

i

1
with a g .;.? at (A-10)

Using (A-9), we write the approximate general solution in the form

. e.
€)Y = Co€y t(LEL + ——g€+ £, d t-—igé-f’dt (A-11)
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where C4,C. are arbitrary coefficients and 4 is -2ik. Thus, the
solution satisfying the initial condition (A-6) can be described

as follows

' t L ) gt LI 2 ,
e(t) = '3‘{ €. (t'e+ Po dt — & 1:.6" fo dt } (A-12)
Repeated integration by parts yields
'C; > s d 7 g‘tz . R ,
E., Pg T + e-t(t') t. & Fo dt } {A—-13)

&(t,) = -—'5 { - 6_(1:951:.

»

é(‘ta.) = ;’3‘ { - €. (‘tﬂj:‘a é+ §3° dt’+ é+(-t,_3$_:lz €. ;5. dt’ } (A-14)

Finally, using (A-13),(A~14), we can obtain

[4

sty = [ At~ e (o1, + €L 1. )3 (a-15)
prw=2[ » J[- &I+ &T1.] 0 A

where | tz )
It = = St Gt SE’D dt’_ {A-17)

Substituting these results into (2~12),(2-13), we have a formal
expression for the maximum change in the adiabatic invariant for
the system (1-1).

It may be difficult to evaluate asymptotically the integral
I+ by the so-called saddle point method/6/, since the range of
integration is not over infinite but finite. Therefore we will

not examine this problem extensively.
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