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Summary

A solution has been found for stresses in a structural composite
that models a shell type superconducting quadrupole. The composite
consists of three nested hollow cylinders: the innermost cylinder
represents the region of the bore tube, the middle cylinder the
region of superconductor, and the ocutermost cylinder the region of
the collars. Under zero stress a distribution of current is chosen
to give a pure quadrupole field. Subsequent effects of prestress, cool-
down and excitation on the state of stress are determined. Each
region is characterized by two elastic constants, one thermal constant
and one pretension constant. Two different cases are used to produce
a pure quadrupole field: (A) two sheet currents nested between the
innermost and middle cylinder each with a surface current density
varying as cosine two theta; (B) a thick cosine two theta current
distribution in the middle région. Numerical results are given for a
beam line quadrupole.

Equation for Elastic Displacements

If U is the displacement vector then (1)
VRVXU-2220 7 (7-0) = 21EV3E (1)
1-2v E !

where E is Young's medulus, v is Poisson's ratio, J is the current
density and B is the magnetic induction. If the case of sheet current

excitation is used then the RHS of Eg. (1) is zero.
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Generalized Plane Strain
For simplicity consider only the case for which u, = €,.2 with
€ = constant. The remaining components are to be considered func-

ZZ

tions of (r,8) only. This is consistent with an excitation in which

J, is the only component of current density. Hence, Eg. (1) becomes

Ju au
13|11 9 1% ,5l1 3 1% |_ . 1+v
E?a“é'[f 57 (Tg) -¢ ae] B'a‘_f[? ar (FU ) 5E } 2557 By (2)
-9 lji( _EEEEW_BEEL l_i.( )+l8u9 - pitvs o (3)
sr| rar't%’ Y 56 J rde| ror YU/ TE B | T 4TE YzPre
where
B = 2745% . (4)

Magnetic Quantities of Interest

Current Sheets (Model A):

A pure quadrupole may be generated with two sheet currents each

varying as cosine two theta. Thus

ib {r=Db)
iz = i cos26. {abA/cm) (5)

(r=c)

The vector potential corresponding to this excitation is (emu)

(l+b4rs_4)%?+(l+c4rs—4);? r2
oy .
A= bir 4i9+(1+c4r 4)i9 -Wr2+b3i 2 cos29
z s b C b
4, -a'p, 4 -aic | 2 .3, 3. -2 |
i b T 7;*c r 1;-}r +(b ipte 1c)r /) , (6)

where the top entry is for r<b, the middle entry for b<r<c, and

the bottom entry for c<r<r.. See Fig. 1 for geometrical details.



-3- FN-306
1620

The magnetic inducticon is given by taking the curl of

Eq. (6)

i i
4 ~4,.7b 4 =4, ¢
[ (1+b rs )7;+(1+c rS )??:]r

i
_ 4 -4 4 -4 . "c 3. -3 .
B = =27 {;b r 7;+(l+c rs )?; } r+b 1br sin20 (7)

1
o
NN
H
!
Q
H

b 4 -4ic 3, .3, . -3 |
% o F]r-l-(b it J.C)r _) '
4 -4.%p 4 -4 ic *7
[(l+b re )TT+(1+C r, )7;-}r :
T i |
BB = =27 |b4r —47?+(l+c4r _4)—5 1 -bh7i, r 3 \00529 (8)
s C
i
[?4r '4_9+c4r -4 c'-]r (b31 +c31 )r 3’) .
s b J

In order to calculate the forces one needs the average field at the

. e, ] _
s c | (r=Db)

(l+b r *4)ib+9(1+c r )i
C
Br = >sin29 {9)
-4, .3 =3, .. 5 B
(1+c ry Yy (b c 1b+1c) —) (r=c)

current sheets. Thus

+ (l+c4r 4)i j {r=b)

b 8 c
FCOSZB (10)
1

_ 4 -4, . 4 ~4,
~—(l crg )1b+c ro

l

(r=c)

Hence the force per unit area of the current sheet is given by (dynes/

cm’ )
“\
b4rs'4ib2+§(1+c4r =4y |
£f =17 l+cos46) (11)
r 3
—9—(1 -c r )1 i, +cd rg - 1 2 F
3 s b

fe! AT
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( (l+b4rsu4)i 2. b 4

-4, .
- b +E(l+c rS )lblCHI
£f, = - sind® (12)

B 3 !
4 -4, b~. . . 2 -
(1+c I )(;§1b1c+lc } .

g

The magnetic energy stored in a unit length of the quadrupole
is given by

W, = %:gAzizrdB, (13)

which when contributions from each shell are added gives

3
12 2,4 -4, 2.b 4 -4, . .
WB = 2T[ {b (l+b rs )lb +2—E"'(l+c rs )1blc

+c2(1+c4rs‘4)ic2 }. (ergs/cm) (14)

If 7 designates the Maxwell stress tensor then in utilizing

(2)

the virial theorem one needs the projection of the outward radial

traction on the radius vector. This becomes

- 1 2_, 2
n = Tr(Br Be Yr. (15)

A

—
Y-

Evaluating the integral in the virial theorem gives

2
=~ _ 2,.3. 3. -4
-nrdd = 2" (b 1b+c lc) re o (16)

—L:
r-t
r

S

|
v

r

Finally the surface current densities are chosen so that both
the total current and the radial moment of the current are the

same as for the thick cosine two theta quadrupole. Hence

) . _ 2 .2

2w(b1b+c1c) = Joﬂ(c -b%}, (17}
2. 2. . _ -2 3.3

27 (b 1b+c lc) = Jogﬂ(c b7}, (18)



-5 FN-306

1620
which gives
1,2 . 2
i, = EB(C +cb-2b )Jo,
o 1,2 .2
lc = 6c(2c cbh-b )Jo.
Equations (8), (19), and (20) may be used to eliminate the current

density Jo' Thus

2 2
' _ T c” ¢ b b 4_, 4. _ 2_..2 -4
By = §Jo{b—2+5cc‘f+[2(c b7y mbe (et Irg }

Thick Cosine Two Theta (Model B):

By definition a thick cosine two theta conductor carries an
axial current between two radii (b,c) with a current density that
varies as

JZ = JOCOSZS.

1 3)

From this it follows that the vector potentia corresponding to

this excitation is (emu)

[lng+%(c4—b4)rs—4]r2 \)

b
) 1,,.0c,1, 4 4 -47.2 1 4 =2
A, =TI [Z+lnf+1(c b )r, Ir ®r cos28
1,4 4 -4 2 =2
Z(c ~b )(rs ro+r ) ,) '

where the three entries are for the three regions explained in
Case A.

The magnetic induction becomes

(19)

(20)

(21)

(22)

(23)
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4 1, 4 .4, -4 ™
f [1ng+z(c =b)r ~“Ir J
| ‘
] - 4 - (N
Br = —21TJ0 [%+ln§+%(c4*b4)rs 4]r—%b r 3 .751n28 (24)
[
Fc*-p?) (x "3 ") ,
(/’ .
c.1, 4 4, -4 '
] [lnE+E(c -b )rs Jr ;
- - forl. el 4 4, -4, 1.4 -3 |
B = Z'HJO \ [ E+lnf+4(c b )rs ]r+zb r /)cosZG (25)
v |
I

(ﬂ %(c4—b4)(rrs_4—r-3) J)

The Lorentz force in the region of the conductor is (dynes/cm3)

- 21 el 44 -4 14 -3

fr = JzBB = ﬂJo §;[ E+1nf+Z(c b )rs ]r+4b r }(l+cos48) ' (26)
_ _ o -2)rl.el, 4.4, -45 1.4 -3 :

fe = JzBr = WJO {[Z+lng+z(c b )rS Ir Zb r }51n46 . (27)

The magnetic energy stored in a unit length of the quadrupole

is given by
_ 1
Wy = 2:[[AZJZrdrd8 (28)
Using Egs. (22-23) one has

Wy = f%nZJOZ{:—4b41n§+(c4~b4)[1+%(c4—b4)rs“4] }. (ergs/cm) (29)

The integral of interest in the wvirial theorem is from Eg. (15)
and Egs. (24-25)

j-_ FeT-nrds = 23 2(ct-phr 74 . (30)
r=r ] 0 s

Finally the current density Jois chosen by relating it to the

desired central gradient. From Egq. (25)
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[}
B' - _ c l,4_,4 -4
o 2wJo[lnE+4{c b )rS 1. (31)

Form of Solution

Equations (11-12) and Egs. (26-27) indicate that a suitable

form for the displacement is

u, = Po(r)+P4(r)cos48 ug = Q4(r)sin46. (32)

Substituting into Egs. (2-3) gives

et 2 (rp 1 = —ul (1-A) r+4rinr-b¥r=37, (33)
16 pdrld (1py1+4 & (ro,)- 4s‘icQ4)
—F,"Partr ar ‘T4 rd 4 dr''r
4 -3
-uL{(1-A)r+4rinr-b’r ], {34)
a Fa 4pa d-1d 168,
AN )+“7d (cPy)Frlrar (FQ) 1+ 30 =
4 -3
=y[~(1+A)r+4rlnr+b°r ], (35)
where for convenience
1 .2 1+v _ 4 .4 -4
U o= EWJO <= - A= (¢ =b )rS +41nc. (36)

Solutions of the Homogeneous Equations

In general these solutions are cf the form

- -1 = B — P
Po = Ar ~+Br P4 = Cr Q4 = Dr¥, (33)

where p is found by substituting into Egs. (34-35) to obtain
[16-8(p2-1) Jc+4[p+1-B(p-1)ID = O, (38)

4[-p+1+8 (p+1) 1C-[p>~1-1681D = 0. (39)
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The determinant of the coefficients is

i

A(p) = B(p2-9) (p2-25).

Setting this equal to zero gives p = +3, 5. Hence there are four

solutions which must be added together to gilive

_ . .3,1-28 _-3_3-28
Py = "Dyjr 45y Dor "= 53 DT +D4

_ 3 -3 5 -5
Q4 = Dlr +D2r +D3r +D4r .

In addition to solutions of the form given in Eqg.

solution is added of the form

rinr u, = Gré,

o
]
mé)l—'

which is utilized in describing pretension.

Digplacement

Collecting all the forms tocgether one has after relabeling the

constants

-1
Alr +Blr
f 1-28 3-28
3 1l -3 1 5
+[-C x> =7, D, T ﬂB_IE 1 EHF
-1
A2r +B2r
u =
r 3 1-218 -3 3- ZB 5
| tloCyrt g D T Ty, Ba T
f
/ A r_l+;LG rlnr+B.r
; 3 33 3 3
1-28 3-28
\ .3 3 -3 3. .5
\\ +[ C3r +2"B3 D3r ?‘_3—B;E r +F3

(32) another

r ]00548.

r ]cos46

r ]cos4e
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i>
5

(40)

(41)

(42)

(43)

(44)



3+D r--3

[Clr 1

3
+D2r

-3
[Czr

3+D r =3

G 3

4T6 + [C3r

Strain

Using Bgs. (61-63) from Ref.

T

1—28l
2-81

+[-3C r2

i ¥ 73

1—232
2-B,

2

2+£ G (l+1nr)+B

[
{ 3
1- 283

N +[-3C r2
2-8, 33

R
+R
3-28,
2-84

2

+[3C r +3

+B

2 3~ ZB
! +[3C r

-2
! Byr +G3(1+83

243

lnr)+B
3- 263
2~ 83

3

+[3C3r

3Clr2—6 1 Zi

1- 82

2-B,
1-8,
2-By

_4+1

2
2T

-4
3C -6 D2r

2
3C3r 6

-4
Dyr

+B
+E. r +F.r

+E,r +F

+B

+B

D

2
2

D

+10
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5 lsin4s |

24P

1 1

=31s5in40 >

151n49 _)

5

2 2

5
3 (45)

(2) the strains are given by

1
!

3-2P
l r—6]cos4e !

- _5
2- 3B

4
Dlr -5F

1

3-28, ?

4 6]cos49

2
-4
5§:§§5E21' SF

D r

3-2R8 :
-4 3 4 -6 ,
r 5§:§EEJE r 5F3r lcos4n oy (46)

1 4

-4

1-28
1T 1 4 6]cos4e

+
5-—mEr-E r +5Fl l

1- 282 4 /

-4

r

i- 28 !

4
+5—_7T~E3r +5F3r ]cos48 o

1- Bl
2 351 r —SFlr

1- B _ 5
4-5F2r »

LT -4 (47)

A -6

1-8
3 4 - L
= 383 EBI —5F3r )

(48)
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Stress

To obtain the stress invert Egs.

after using Eq. (4)

. (2=
Or T 2T+ |:Berr (2 B)Ee
=1 B - 5.
995 = T Tiy L=(2-B)e, *Be
o S
ro  I+v “ra’

where k is the
temperature to say 4.2°.

strain from Egs.

FN-306
1620
(48-50) of Ref. (2). Thus,
o= (2-B)e, +(4-3B)k], (49)
go-(2-B)e_ +(4-38)k], (50)
(51)

thermal expansion coefficient integrated from room
Using the homogeneous contribution to the

(46-48) the homogenecus contribution to the stress

becomes ‘
A r 2 ~5(2-B))e_ _+1(4-38)k ~(1-B)B;
1 2 17822732 1 1’71
1-B8 1-8
2 l -4 1 4 -6
£3c £ +95—= 31 +5§:§EIElr +5F, x lcos4s
-2 1 1
14y "'A?-r "'2—(2—82)Ezz+—2“(4—382)k2"(l"62)32 ;}
E °rr < ’
1~ 1-B
2 -4 4 -6
..|:3C2r +92 82 r +5-2—_—3B—2 E2r +5F2r ]cos48
=2 1 1 1 i
2,173 -4, 1783 4 y
—[3C r +92 83 +57—7?—E3r +5F3 ]cos49 . (52)
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A 1 1
1-R 1-8 '
2 1 -4 1 4 -6 i
!
A2 ~L(2-8)e__+L(4-38,)k,-(1-8,)B
1+v _ 2 2 2/ %z2 7 2772 2/°2
E ‘a0
1-8 i-8
2 2 -4 4 -6
+[3C2r +32-82 D2r +152_382 Ezr +5F2r Jecosds
R 83(1+~s SHlnr) -1 (2-4)e, +2(4-38,)k,~(1-5,)B
3 37E; 3)€,5,%3 31 k37 {1-B3) B,
\. l B 4 1-8 4 L
+|:3C r +32T D3r +15§-——3—B—E r +5F3r }00546, ,(53)
- 1-B 1-8 -
‘ 2 1 -4 4_ -6
\ 3C1r 6-——2_81 Dlr +102_351 Elr 5Flr /l
; 1—8 1-8
1+v -/ 2_ 4 2 4_ -6 .
—'E'— Ure = <\\ 3C r 67—6— +102 382 I‘ 5F2r f,»51n49
} 1-8 1-6 |
2 3 -4 3 4 -6
L 3C3r "62_83 D3r +10'2—3—g— 3r "SF r ] e (54)
Particular Solution
The particular solution of Eg. (33} may be found by integrating
and dropping those terms already included in the homogenecus form.
Thus
= Bl-g(2+0)r 3,03 e+l anr ] (55)

o B 2 2

The contribution to the particular solutions (P4,Q4) of Egs. (34-35)

arising from a term on the RHS of the form r 3 may be found by letting
Py €Y -1

= r . Thus
9 D
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4
16C+8BD = ub (56)
4
8C+16fD = ub (57)
or
1 .4 1.4

The remaining contribution to the particular solution (P4, Q4)
arising from the terms on the RHS proportional to r and to rlnr may

be found by assuming solutions of the form

p (R+S1nr+Tln’r)r3, (59)

4

Q, = (U+Vinr+win’r)r>. (60)
Substituting into Eg. (34) gives
[ (16-8B) (R+U) -6B8S+4 (1-B)V-2RT]r
+[ (16=8R) (S+V)-12RT+8 (1-8)W]rlnr
+(16—86)(T+W)rln2r = -p{(1-A)r+4rinr]. (61)
Substituting Eq. (59-60) into Eq. (35) gives
[ (-8+16R) (R+U) -4 (1-B)S-6V-2W]r
+[ (-8+16B) (S+V) -8 (1-8)T-12W]rinr
2

+(=-8+168) (T+W)rln“r = ul-(1l+X)r+d4rinr] {(62)

In this substitution the term on the RHS of Egs. (34-35) proportional
to J:'-3 has been deleted since this contribution has already been found.
Setting

T+W = 0 (63)

eliminates the term in rlnzr from Egs. (61-62). Equating the co-

efficients of rinr on each side of Egs. (61-62) gives
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{(16-8B) (S+V)-128T+8(1-B})W = ~4yu, (64)
{-8+16B) (S+V)=-8(1-B)T-12W = 4u. {65)
Solving Egs. (63-65) simultaneously gives
T = §(1+B)§; W 6(l+B)E' (66)
s+ = 5 (1-p)k (67)
12 B°

Equating the coefficients of r on each side of Egs. (61-62) gives

L (16~-8B) (R+U)-6BS+4 (1-B)V-2BT] = -u(1l-ir), (68)

[{-8+16B) (R+U) =4 {1=-B)S-6V-2W] = -u(l+Ar). (69)

Solving Egs. (68-69) simultaneously gives

= - L prl g = 2 Brloogl
S = 12 6[3(19 11B)Y+(1+B8)A], V = 178 [g(ZS 17RY+(1+B) 2], (70)
R+U = - B [L(254118)+(1~B) 2] (71)
106 L6 .

Since R and U are ceoefficients of r3, a term that is already included
in the homogeneous solution, it is possible to choose one relation

between R and U arbitrarily. Hence let U = 0. Then

R = -%g%{%(zalls)ﬂl—s)ﬂ, U = 0. (72)
Collecting all the contributions gives
_ub 1l o4-1 1.1 ) 3
P, = Eiﬂsb rlo bl 25+118) + (1-8) A Dx
| )
—-13“-2-[%(19—113)+(1+s) Ie3lnr+d(14g) r21n%r ), (73)
RTH [ S NS TN s P 3
Q, = BL24b r 5l £(25-178) + (1+) Al "1nr
.
—%—(l+B)r3ln2r L. (74)
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Displacement

The particular solution exists only in the region of conductor
(b<r<c}. If this part of the solution is thought of as an additional
displacement to be added to the homogeneous forms previously found,

then

Aur = P0+P4cos4e Aue Q451n48, (75)

where Po’ P4, Q4 are given in Eg. (55) and Egs. (73-74).

S5train

Using Egs. (61-63) from Ref. (2) the incremental strains are

given by
.
he . = %.i—%(2+3l)r2+3r21nr+zb r 2—%b4r-21nr
+{}£&Bb4r - [6(151 —118)+ (748) A ]r2
;
—§?[11—195+-6(1+5)x]rzlnr+%(1+s)r21n2r1cos4ej ) (76)
J
1 2.1.2 4 -2
Aeee = %i-—§(2+k)r +§r lnr+%b r “1nr
? 1.1 2
L24(4+8) —Z§[3(25+118)+(1~B)l]r
7y
+j?[27—198+6(1+B)k]rzlnr—%(l+6)rzlnzr]cos463 , (77)
)
IR 4.-2, 11,40 2
Be g = % —57(1+28)b T2+ h £ (25-38) 2]

l |

+12[ (l B)+3(l+B)l]r lnr——(l+B)r In rjalnde . (78)
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Stress
The incremental stress is related to the incremental strain

using Egs. (49-51) after dropping the terms in €,, and k. Thus

_ E ;1 1,

Aorr = I;UEEBAerr 5(2 B)Aeee] (79)

Acee = l+v[ (Z—B)Aerr 2BA€ 1, (80)

AG . = B A (81)
ro 1+v="r0"°

Applying these relations to Egs. (76-78)gives

1

_ E _u 1 _ _ 2.1, 2
AGrr = 1Ty E:‘§[2(l BY+(1-2R) A ]r f(l 2BYr"1nr
+le4r_2—lb4r_21nr
4 2
r

+i -5 (4=8)b"r 4+ 5g [3(25-778) +2 (1-56) A ]x

!

;

_%[9(l—B)+2(l+B)A]rzlnr+%(l+8)r21n2r]00548j L (82)
AG.. = & Hgvi[z(l ~B}+(3-28) A re-L (3 28)r’lnr

ge = I¥v B 18 r? r
%(2 B)b r 2+%b4r—2lnr
[ésb r” ]6[%(151—99B)+2(7—3B)A]rz
1 1
+§§[22(1-s)+12(1+s)x]rzlnr—%(1+s)rzlnercos4e}. (83)
_E _u._1 -2 1.1

Aore = 115 5 ?E(l+23)b r +12[ (25~ 3B)+l]r

.

[ (l ~-BY+3(1+p)A]r lnr—£(1+8}r 1n2r}81n48 (84)
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Boundary Conditions

Within the innermost cylinder (a<r<b) and within the outermost
cylinder (c<r<d) Egs. (44-45) and Egs. (52-54) are complete ex-
pressions for the displacement and stress. Inside the middle
cylinder and for Model B Egs. (44-45) must be supplemented by Egs. (55,
73-75) to give the general expression for displacment. 1In addition,
Egs. (52-54) must be augmented by Egs. (82-84) to give the complete
form for stress. Using the complete forms the boundary conditions

are as follows.

At r=a, the innermost radius

ol =) <o, (85)
At m=h oft o a e ), (86)

ot - ol = £, (87)

ult - ulTa g, (88)

ult - ul= 0, (89)
At r=c

AMEEIRER RO (90)

ofith- ol £ (o), (91)

wlP- w0, (92)

wlt 2n) -ul o) = ca, (93)
and, after removing term proportional to 6

ué+)— ué-)= 0, (94)

At r=d, the ocutermost radius



Note that fr and fe are given by Egs. (11-12

£

ro+fr4cos46,

il

fe451n48.

Since the normal stress O and the radi

both isotropic terms and terms proportional

relations to be obtained from Egs. (85-95).

indicates that there are twenty unknowns (Al

A.G,B,C,.D,E.F.c__). The

37373737373 37z=

relation.

In detail Eg. (85) gives

E

FN-306
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(95)
) and may be written as
(96)
(97)
al displacement u_ involve
to cosd8 there are 19
An examination of Eg. (52)

B1C1D1E1F1A2B2C2D2E2F2

viral theroem will be used to supply the last

1 -2 1
l+vl' I:“'Ala _(l Bl)Bl——?—(z—Bl)EZZ]
E
- gk sy o0
1
E 1-8 1-8
1 2 1, -4 1. .4 -6, _
l__}f\‘)z[—3cla "9-2_—611318. “52-—3—B-IEla -SFla ] = 0, (99)
E 1-8 1-8
1 2 1. =4 4 -6
W [3C1a —62—_E—Dla +10W‘Ela —5Fla :l— 0. (100)
1 1 1
At r=b, Egs. {86-89) give
—EE-EA b 2+ (1-8.)B.+5(2-8.)¢e_ ]
I+v] "1 1/°172 1’ %zz
b2 a2 (1-g)B.-L(2-8.)e. ]
l+v2 2 2°'72 2 2° "2z
o2 Lia-3p.)k.+ B 1(4-38,)k,~A0__ _(b)-f__(b), (101)
- I+\)2 2 2772 z 1'™1 rro ro '

l+vl
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E 1-3 1-8
1 2 1. . -~4 1 4 -6
5750, b~ +55 E b +5F,b i
l+vl 1 2- Bl 381
E, 1-3 1-8
2 2 -4 2 4 -6
e —2 - ~3C, b 95" 3 Dyb =55 =33 s=3g-E,P —5F,b ]
Vo 2 2
~A rr4 (b) -f 4(b):
Eq 1-8 1-8
2 1y -4 1 4 -6
1+ [~3C;b"463—5=D b “=105—zz=B 0 +5F b °]
Y1 1 1
E 1-B 1-8
2 2 2 -4 2 _ -6
e [3c,b ~6gmg =g D b +105—gr 5=35-F b 5F ,b ]
2 2 2
Acre4 (b}-fe4 (b) r
-1 -1 o
Alb Blb+A2b +B2b = Auro(b),
1-28 3 ~-2B
3 1y 1, .5 -5
3, 1728y -3 372F; -5
-C b +-2—B——Dz F‘EB—ZEZb +F b = Aur4 (b) 7
~C,b3-p, b 3-E. pI-F b5
1 1 1 1
3 -3 5 -5
+C2b +D2b +E2b +F2b = ..Aue4(b) .
At r=c Egs. (90-93) give
E
2 -2 1
T;U;[Azc T{1-8,)By+5(2-B,)¢, ]
Es 2
t—=[-A_.C “- 1- =
Thvg-"83% G5 B3) (5+ 83lnc) (1-83)By-5(2-8,)¢e ]
E E
= 3 1 2 1
= =gro— - 5{4-3B, )k, o - - _
T+vy * 2 3k, T+, 7(4-38,)kytho () =F__(c),

(102)

(103)

(104}

(105)

(106)

{107)
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E 1-8 1-8
2 2 -4 2 4 -6
[3C c +9§-—D c +52_382E2c +5F,c ]
Eq 2 1Bz 4 1-By 4
l+v —_ - BC c 9§—EED 3C —52 3B3E € —5F3c ] = Acrr4(c)—fr4(c). (108)
E, 1-8, 1-8
2 -4 _ 2 4 -6
E 1-8 1-R
3 2 3. -4 3, 4 -6+ _ _
+I¢3§[3C3c —62_B3D3c +102 363 3C 5F3c ] = Aore4(c) f84(c), (109)
-1
-1 1
+A,C +EGG lnc+B3c = Auro(c). (110)
C.co- L 282 -3+3-282E CS—F e
2 2-B., 82 2—382 2 2
3 1285 _3 3-285 o 5
-C C +—2——-D C m—E c +F C = /_\ur4 (C) ' (111)
2ﬂG3C = ca, (112}
—C.c3-D.c 3-E.c’-F.c"°
2 2 2 2
3 -3 5 -5 _
+C3c +D3c +E3c +F3c = Aue4(c). {(113)
At r=d Eg. (95} gives
3 oa a0, (16,) bedina) - (18,08, -L2-84) ¢ ]
V3 2 By
Eq
= Ty (4-38,)k {114)
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E 1-8 -4 1—83

3 2 4 -6

I
e
-

{115)

E 1-8 1-8
3 2 3 ~4 3 4 -6
1+U3[3C3C 62—_-B;;D3C +10§_—3-B—-3-E3C —5F3C ]

H
=]

{116)

Note that Aor and Acrr4 are the isotropic and cosd46® terms of

Yo

Egq. (82). Similarly Aor84 is the sind® term of Eg. (84). Likewise

Aua = P

ro o' Aur4 = P4 and Aue4 = Q, of Eg. (75). Note also that the

double current sheet excitation (Model A) is obtained by setting
AGrr = AOBB = Acre = Aur = Aue = 0 while the thick cosine two theta

excitation (Model B} is obtained by retaining the additional

stresses and displacements but setting fro = fr4 == f64 = 0.

Use of the Virial Theorem

The wvirial theorem is used to obtain the final relation among the

unknowns. It states that

ff(srr+0 +Uzz)rdrde = [ r-T-nrdé+W

r=rs B’ (117)

68

where the double integral is throughout the cross section of the
material under stress. The single integral is over the cylinder at

r=r (iron shield) and W, is the magnetic energy per unit length

B
contained within the region bounded by r=rg. The RHS of Eg. {(117)
has been evaluated in Egs. (14) and (16} for Model A and in Egs. (29-

30) for Model B. From Egq. (47) in Ref. (2) one remembers that
G, = v(crr+cee)+E(ezz—k). {118)

The LHS of Eg. (117) becomes

LHS(117) = ff[l+u)(orr+cee)+E(ezz—k)]rdrde, (119)
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or using Egs. (52-53)

LHS (117) = 2NIE(1—B)[-G(1+%+élnr)—e _+3k-2B]rdr

Z

+2ﬂf(1+v)(Acrr+A086)rdr, {(120)

where the subscripts have been dropped since it is to be summed

over each structural region. The indefinite integral is

Indefinite LHS(117)

=HE(l~BK-G(1+%1nr}—ezz+3k—2B]r2

+TER (1-8) [ (2+1) rt-rfinr-pinry, (121)

where Egs. {82-83) were utilized to obtain the second term. Placing
this second term on the RHS and summing over all regions gives the

final relation.

2__2
ﬁEl(l—Bl)[—ezz+3k *2Bl](b ~a”)

1

2 2
+nE2(1-62)[-ezz+3k -2B2](c -b*“)

2

2 2
+ﬂE3(l—83){[— 3—€ZZ+3k3—ZB3](d -c7)

G

~2§1[d21nd—c21nc] }= RHS (122}, (122)
3

where for Model A (double sheet cosine two theta)

1 2

RHS (122) = 37 4, -4

2 . 2
{ b” (1+5b ry )lb

3
b 4 -4, . .
+27;(l+5c rs )lblc

2 4 -4,. 2
+c” (1+5c r )lc }. (123)
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In Eq. (123) ib and ic are given by Egs. (19-21).
For Model B (thick cosine two theta)
RHS (122) = {7 d_° {-4b4ln%+(c4—b4)[1+%(c4—b4)rs-4]}
1 2. 21%V 4, o, 4 4 1,4 4 _ -4
+FTd, I:VE'{—4b Ingt(c™=b )[1+§(c b r ]} ’ (124)

where Jg is given in Eg. (31).

Numerical Calculations

The condition of stress, strain and displacement that exists in
three nested hollow cylinders as a result of thermal cooldown, pre-
tension in the outer cylinder, and two different cosine two theta
axial current distributions in the middle cylinder has been calculated
as a function of the central guadrupole gradient. Twenty algebraic

relations in Egs.(98-116) and Eg. (122) among the twenty unknown co-
efficients (AlBlClDlElFlAzB2CZD2E2F2A3G3B3C3D3E3F3ezz) have been solved.
Thus, for example, the state of stress at any point in the gquadrupole
structure may be found. It is usually clear whether a guantity is
stress or strain. Otherwise, R is radial, T is theta or aximuthal, Z
is axial or longitudinal. With regard to position A,B,C,D are the
radii bounding the various media. To indicate which side of a boundary
radius, P is used for positive and M for negative. Thus, for example,
RTBP indicates the (r,8) component at radius B but in the material

between B and C. As explained previously(z)

‘/3J2 is a stress which
is to be compared with the yield stress in tension.
Numerical results are given relative to a beam line gquadrupole.

The following cases were calculated
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Case Cool Down Pretension Excitation
1 No No No
2 No No Yes
3 No Yes No
4 No Yes Yes
5 Yes No No
6 Yes No Yes
7 Yes Yes No
8 Yes Yes Yes
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Cool Down, With Pre Load, With Excitation

Case 8.




