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Subject ~HE EPFSCT OF 2PACC: CHARGE FORCES ':.:<; A DRIFTING 

3lJi,c;HED SEAl,j 
Introduction 

If a bunched beam is allowed to drift for some ciistance, 

t!".e self-force v]ill speed up the leading particles and retard 

the lagcing ones. To the extent that the force is linear in 

displacement of a particle from the center of gravity of the 

bunch, this effect is not too serious, since the effective 

area occupied by the particles in phase space remains con-

stant and the mis-orientation of the enclosing ellipse can be 

corrected by a suitable adjustment of the externally applied 

forces. iIov/ever, the self-force is certainly non-linear to some 

degree, both in dependence on longitudinal position and on 

amplitude of transverse motion; the resulting clistortion and 

smearing in phase space can not be undone in practice. 

Since the non-linear contributions from a reasonably 

s~ooth density distribution within a Dunch tend to be smaller 

than the linear contribution, and since a forma~~~~ exists 

for handling the linear problem exactly, an estimate of the 

effect can be obtained by linearizing the forces. If the 

resulting numbers are negligible, 'che effect is probably 

negligible; if not, a more high powered treatment may 8e 

indicated. The numerical examples in this note are for the 

case of a linac team drifting betv]een tanks or from final 

tank to a debuncher and beyond, the situations which prompted 

ch~s investigation. 
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If t~e initial distribution of oarticles in longitudinal 

phase space is contained within a bounding ellipse and if the 

self-forces are linear in longitudinal displacement, then in 

the course of time the boundary will remain elliptical, of 

constant area but changing orientation and axis ratio. At 

any moment, it can be characterized by three parameters, 

as follows: 

-_,2 pz, 

where p and z are, respectively, deviations in longitudinal 

momentum and position from the average and 

w = I (ellipse area) 
1T 

zm(t) = maximum value of z on the ellipse 

Pm(t) = maximum value of D on the ellipse 

as indicated in figure 1. 

p 

z and p obey the equations of motion: 

dz = 
dt 

(1) 

( 2 ) 



dp = kz 
dt 
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where M is the particle rest mass, y~ the total energy of 

reference particle, and )( is the linearized coefficient 

representing the space charge force, the explicit form of 

which will be discussed in the next section. 

(3) 

Equations of motion for 2m and Pm can be Obtained by 

differentiating Eq. (1) and using relations (2) and (3). The 

result is 

= 1 

This pair of equations is entirely equivalent to (2) 

and (3), but much better suited to the purpose since they 

refer directl~ to the interesting features of the bounding 

ellipse. It should be noted that they are quite non-linear, 

particularly since k can be a complicated function of zm' 

according to t~e model used to estimate the space charge 

force. Thus (2) and (3) are not directly soluble, since k 

is an undetermined function of time. 

By differentiating EIJ. (4) and substituting (5) where 

needed, we arrive at an equation for the length of the bunch 

as a function of time: 

(4 ) 

(5 ) 
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_2 k(zm) 2 
a = + "J 

dt 2 2m 

"' 
Zm 

(I1y 3)2 z 3 l'ily -- m 

which is known as the enveloDe equation. 

, 
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For the purpose of seeing how much Pm is affected by 

the self-force, it is convenient to obtain a first integral 

(6 ) 

directly by dividing (5) by (4) and integrating. This yields: 

P 2 
m 

2 3 
D = 21,1y -mi 

Zm f ldzm)z:ndzl~' 
zmi 

where the subscript denotes initial values. For any reason-

able model of the space charge force, k(zm) decreases suf­

ficiently rapidly for large 2m that the integral is finite, 

even for a single bunch drifting forever. Thus, the magnitude 

of the effect for a beam traveling to a debuncher is given by: 

2 lip < m 

00 

2!.jy 3 f k(zm)Zmdzm ( 8 ) 

zmi 

Determination of k(z_) 

As a model for the distribution of partic:0s in real 

space we take a cylinder of length 2zm and radius, a, moving 

down the axis of a conducting pipe of radius, b. ?he density 

is assumed to be uniform in radius but decreasing 

cally to zero ~t the ends of the bunch; i.e., P ~ 

paraboli­

z2 
1 - ;-2 

m 
The inducec: c!"lar.r;es on the pipe are assumed to follovi 

the same denendence on z, 'Ilhich model is probably accurate 

enough for the range of parameters in question and certainly 
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simpler to handle than the exact Green's function expres-

sions. ~inally, the longitudinal field on the axis 1s as-

surned to act on all particles, regardless of their transverse 

positions. 

This model is about the most realistic that can be 

handled analytically. It can be seen from the formulas 

below thac the field on axis increases for large z more 

slowly than linearly, so that an overestimate of the effect 

should follow from using a value of k corresponding to small 

z. It should be noted, however, that such properties are 

quite model-sensitive; for instance, in a uniformly charged 

cylinder, the force constant at the center is.smaller, but 

the field increases rapidly toward the ends of the bunch. 

It can be shOlm by applying Hamiltonian transformations 

to the phase-space ellipse of Fig. 1 that, to the extent 

that the transformations are linear, the assumed form of the 

density distribution in z is maintained during the motion, 

the only change being in the time-dependent scale factor, zm' 

This point of consistency is essential to this method of cal-

culation. 



r~he full expression for 

rJe 2 
[ zz 2 za

2 
[ eE(z) = + 

2y2 a 2z 3 
m 

m 

sinh- l z~ - z 2 
+ Y + Y a 

-6-

the field on 

sinh-.L Y 
z1':1 

axis 

+ z 
a 

is l 

?'1-lil6 
2 Q L~ 0 

zm + z 
.1zm z)2 '12 

+ + 
a 2 y2 

-1 z - Z J + sinh y rn b 

'"here :: is the total number of particles in the bunch. 

~etaining linear terms in z: 

eE(z) - 1 + 

3Ne
2 

[ -1 
zm _ (1 + 

b2 r'] z sinh y y2 z 2 
y2 ;-3 b m m 

so that 

lThe fact that the bunch is in motion in the lab system is 
taken into account by using the elementary expression for 
the force between t'tIO moving particles; see, for example, 
Smythe, "ect. 16.05, ;:,q. (2). 

(9) 

(10 ) 
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Application to Debunching 
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If the beam is allowed to drift for such a distance 

(ll ) 

that the final spatial extent is large compared to the initial 

one, Eq. (7) is best suited to show the effect of the self-

forces. After dividing by the square of the reference mo-

mentum and performing the indicated integration on relation 

(11), we obtain: 
2 2 

( ~\ - (~) 
P "JF P i 

= 

sinh -1 YZm + 
a 

a 
yz 

m 

sinh -1 

where ~ has its usual meaning and the subscripts refer to 
p 

initial and final values. 

(12) 
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3efore sucs1:it~:ing speci:'ic numbers fer t~e ~iAL :'inac, 

~t night be ~lorth pointing cut 2 few surprisin~ features of 

:::0. : 12) . c~he relation betl'reen increased f'lomentwn spread and 

'~eam current is quadratic rather than linear: i.e., if the 

increase is lar~e, it is proDortionnl to the souare root of 

intensity. Furthermore, the area of the ellipse in phase 

space does not aDpear explicitly, nor does its initial orien-

tation. Finally, the increase is not as sensitive to beam 

radius as was indicated by a more primitive ~alculation. 

The right hand f'lember of Eq. (12) is given in Table I 

for various values of a and zm' assuming a beam current of 

100 rna at 200 :1eV and 200 Mc, and taking b to be 4 cm or (a+1) ern, 

which ever is larger. The quantities a and zm are expressed 

in centimeters. 

Table I 

106 ", (~) 
2 

a\Zm 0 1. 2. 4. 6. 3. 10. 

1/2 25.7 11. 3 7.2 4.1 2.8 2.2 1.8 

1 12.0 7.2 4.8 2.9 2.1 1.6 1.3 

4 2.1 1.6 1.4 0.96 0.75 0.62 0.48 

The table can be used in the following way: if, for 

"?xarnple :J z = 1 cm (4 0 at 200 ~c), Z = 4 cm mi ~ 

(exoansion in a drift distance of about 50meters ), and 

a = 1 cm, 
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or, for a = ~ cm, 

.96) = J 
1/2 

One might conclude that an expansion to a large radius 

is helDful but, pursuing the beam farther, its radiu~ must 

soon be brou~ht down to - 1 cm to match the booster require-

ments. Thus, even if the debuncher reduced the sp~ead to a 

negligible value, the final momentum spread after complete 

debunching in the booster would be: 

(~) F = [ 0 + 10-
6

(2.9 - 0) r/2 
= 1.7 X 10- 3 

Another interesting example is zmi = 2 cm (So at 200 Mc), 

a = 1 cm, (6~)i = 10- 3 , and no debuncher cavity. ?hen 

(~) F = [ (10- 3)2 + 10-
6

(4.8 - 0)r/2 
= 2.4 X 10- 3 , 

which would indicate that one might do as well by manipulat-

ing the beam in the linac as hy adding a separate cavity. 

'rhe separate cavity should be very useful at lovl beam cur-

rent, but the present analysis suggests that in the 100 rna 

range it would only serve to make matters not quite as bad 

as they might otherwise be. 
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Application to Inter-Tank Drift Scaces 

In passing from one tank to the next, the bunch shape 

in phase space is distorted even at low intensity, which 

makes it difficult to establish a criterion for the serious-

ness of space-charge effects. We shall assume that the low 

intensity distortion is not damaging, in the sense that it 

gives rise to a mismatch but the effective phase-space area 

is conserved. 'The procedure will be to compute the additional 

distortion due cO space charge, find the area of an ellipse 

similar to the low intensity one which encloses the actual 

ellipse, and use the fractional increase in that area as a 

measure of the space-charge effect. The tacit assumption is 

that the present formalism, though linear, indicates the mag-

nitude of the non-linear contributions, so that the change in 

area represents a real loss in quality. Incidentally, this 

assumption is not involved in the de-bunching case because 

in the process of de-bunching and re-bunching in the booster 

the inherent ,:uality is lost and only the total momentwn 

spread is significant, irregardless of whether it arose from 

linear or non-linear effects. 

The ratio of the area of a "matched" (in the sense de-

fined above) low intensity ellipse to the enclosed ellipse 

resulting from the linearized treatment of space charge 

effects can be shown to be: 

','1 /1-1 = A + IA 2 - 1 
sc 

(14 ) 



'"here A= [ ~ ~ o .::....: ,- + 
'se d 

- 2 
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in which Po and zd are the values of Pm and zm after a 

(15 ) 

drift at zero intensity and Psc and zsc are the corresponding 

quantities in the presence of space charge. 

~hese four quantities can be obtained for arbitrary size 

and orientat~on of the ellipse at the end of a tank by inte-

grating Eq. (5) through the drift space, first with k = 0 

and then with a value of k corresponding to the actual beam 

intensity. This procedure determines z ; Eq. (7) then gives m 

Pm' The present report will be restricted to an estimate of 

the space charge effect in the approximation that the beam 

leaving a tank is represented by an ellipse lined up with the 

axis system (Pmzm = W) and that the change is 

the drift space is sufficiently small that z 
m 

z in traversi~;; m . 

may be con-

sidered constant in Sq. (6). In this case, :Oqo (14) boils 

dm-In to: 

(16) 

where L = length of drift space 

L1E = half width of energy spread 

Table II illustrates the magnitude of the effect for the 

ilAL linac according to Eq. (16), assuming a current of 

100 ma, a = 1 cm, b = 4 cm, an injection phase spread of ±30 o 
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and energy spread of ±50 keY, and assuminr; nor"lal damping to 

obtain a phase and energy spread at the end of each tank. It 

might be temptinr; to 

"J 

obtain the overall effect by multiplying 

the eight ...2£ ratios 
H 

(_2.2), but this would be misleading 

since the heam is generally mismatched for various reasons 

and the oDtion of adjusting tank amplitudes and phases has 

been ignored. 

Table II 

Drift Space No. Length (m) Zm (cm) 
llE keY Wsc 
- em W-'-' 

1 .22 .70 6.2 1.06 

2 .60 .81 3.5 loll 

3 .75 .87 3.6 loll 

4 1.0 .89 2.9 1.13 

5 1.0 .92 3.1 1.12 

6 1.0 .93 3.3 loll 

"r 1.J .95 3.4 1.10 

8 1.0 .96 3.5 1.10 

Further Hork 

A computer program has been written by A. _arren to 

solve the basic equation (6). Although the first integral 

can be obtained analytically [Ea. (12)], it is inadequate to 

describe what happens in the real case of drifting for a 

given distance or time. It is planned to use this program 

to examine specific linac-booster configurations, and to 
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investigate the tank-to-tank drift for a variety of possible 

beam configurations. _'1n attempt ;Iill also be l'1ace to study 

pre-Dunching phenomena; in this case, che initial team con-

figuration on leavinf', the buncher is far from the idealized 

ellipse assumed in this analysis, tout it should be possible 

to get some idea of the influence of space-charge forces on 

the bunching process. 


