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Subject I THE EFFRCT OF LONGITUDINAL ZPACE CHARGE FORCES O A DRIFTING
. BRUNCHED BEAM
Iintroduction

If a bunched beam Is allowed to drift for some distance,
the self-force will speed up the leading particles and retard
tne lagging ones. To the extent that the force is linear in
displacement of a varticle from the center of gravity of the
bunch, this effect 1s not too sericus, since the effective
area occupied by the particles in phase space remszins con-
stant and the mis-orientation of the enclosing ellipse can bhe
corrected by a sultable adjustment cf the externally applied
forces. ilowever, the self-force is certainly non-linear to scme
degree, both in dependence on longitudinal position and on
amplitude of transverse motion; the resulting distortion and
smearing in phase space can not te undone in practice.

Since the non-linear contributions from a reasonably
smooth density distribution within a ounch tend to be smaller

ts

473

than the linear contribution, and since a forma.’ :m exi
for handling the linear problem exactly, an estimate of the
erfzect can be cobtained by linearizing the forces. If the
resulting numbers are negligible, the effect is probably
nezligible; 1f not, a more high powered treatment may be
indicated. The numerical examples in this note are for the
case of a linac team drifting between tanks or from final
tank to a debuncher and beyond, the situations which prompted

this investigation.
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The Znvelope Zquation

If the initial distribution of particles in longitudinal
nhase space is contained within a bounding ellipse and if the
self-forces are linear in longitudinal displacement, then in
the course of time the boundary will remain elliptical, of
constant area but changing orientation and axis ratio. At
any moment, 1t can be characterized by three parameters,

as follows:

i P, 2 2 5 2 -
4 = Z, (t)o~ + oo (t)z2 - 2/zm (tip, (t) - 22 pz, (1)

where p and z are, respectively, deviations 1in longitudinal

momentum and position from the average and

W o= % (ellipse area)
zm(t) = maximum value of 2 on the ellipse
pm(t) = maximum value of p on the sllipse

as indicated in figure 1.
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z and p otey the eguations of motion:
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dp = g
ot z (33

where {1 is the particle rest mass, yM the total esnergy of
reference particle, and k 1s the linearized ccefficient
representing the space charge force, the explicit form of
which will be discussed in the next section.

Equations of motion for z, and P, can be obtained by
differentiating #wq. (1) and using relations (2) and (3). The

result 1is

dz 2 D

=5 = 1 /pm 2, - W (4)
MY3Zm

dpn, "

- o 2, 2 2

dt T Pp /@m Zp — W (5)

This pair of eguations is entirely equivalent to (2)
and (3), but much better suited to the purpose since they
refer direectly to the interesting features of the bounding
ellipse. It should be noted that they are quite non-linear,
particularly since k can be a complicated function cf Zs
according to thne model used to estimate the space charge
force. Thus (2) and (3) are not directly soluble, since k
is an undetermined functlon of time.

By differentiating Eq. (&) and substituting (5) where
needed, we arrive at an equation for the length of the bunch

as a function of time:
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i‘ Z = Z Z + i 3 (6)
2 cine 3 332, 3
dt Py (My=) %

which 1Is kncwn as the envelcove =quation.

For the purpcse of seeing how much p. is affected by

m
the self-force, 1t is convenient to obtain a first integral
directly by dividing (5) by {(4) and integrating. This yilelds:

P

2 2 3 g x
Py = Py = 2My j. h(zm)zmazm,
Zmi
where the subscript denotes Initial values. Feor any reason-

able model of the space charge force, k(zm) decreases suf-

ficiently rapidly for large =, that the Integral is finite,

even for a single punch drifting forever. Thus, the magnitude

of the effect for 2 beam traveling tc a debuncher iz given by:

2 . oo
bpy,© S 2Hy3‘[ k(z, )z dz, (8)
Zmi
reterminatvion of kiz.)

As a model for the distribufion of particies in real

space we take a cylinaer of length 2z and radius, a, moving

m
down the axis of a conducting pipe of radius, b. The density
is assumed to be uniform in radlus but decreasing paraboli-

cally to zero =zt the ends of the bunch; i.e., p ~ 1 = Z-

The induced charges on the pipe are assumed to follow
the same depvendence on z, which model is probably accurate

enough for the range of parameters in questlion and certainly
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simpler to nandle than the exact Green's function expres—
sions. Tinally, the longitudinal field on the axis is as-
sumed to act on a1l particles, regardless c¢f fheir transverse
positions.

This model is about the most realistie that can be
handled analytically. It can be seen from the formulas
below thav the fleld on axis increases for large z more
slowly than linearly, so that an overestimate of the effect
should follow from using a2 value cof ¥ corresponding to small
z. It should be noted, however, that such propertiles are
quite model-sensitive; for instance, in a uniformly charged
eylinder, the force constant at the center is.smaller, but
the field increases rapidly toward the ends of the bunch.

It can be shown bty apprlying Hamiltonian transformations
to the phase-space =llipse of Fig. 1 that, to the extent
that the transformations are linear, tfthe assumed form of the
density distribution in z is maintained during the motion,
the only change being in the time-dependent scale factor, Zne
This polint of consistency 1s essential to this method of cal-

culation.
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The full expression for the field on axis 151

acz 3 2Y

Yol 2 ; Ty + Z
Ve~ 2 za -1 ™M
eE(z) = 3—- { Z2m + - [ sinh Y "'——a
m

T =7
Y
2
1 2 . a®\3/2 _ 2 . a“\3/2 ]
+ §[((zm - z) o+ —2) Gz + z)° + —5-)
Y Y
- % we? 3 z [sinh—l y Zm + sinh™ " vy Em_%_E_J
Yz
m

2 2
+ ‘/(Zm - z)2+ % - ‘/(Zm + z)2 + E’E—’ s (9)
Y Y

where | is the total number of narticles in the bunch,.

Zetaining linear terms in z:

2
2 pA
eE(z) -~ SNQ% zZ 11+ -8 sinn™* Y EE - vyl + QE— 5
a2 Zm | Y2zm Y Zm
2 -1/2
2 -1 Z 5
3Ne” Z_ sinh yom~ {1+ 535 (10)
-2 3 b Yoz,
Y Zm

50 that

lThe fact that the bunch 1s in motion iIn the lab system is

taken into zccount by using the elementary expressiocn for
the force between two moving particles; see, for examole,
Smythe, sect. 16.05, Ea. (2).
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3Ne a - o a
Zpk(z,) = 5 1+ ——> cinnh Ya -/1+ 5
Y 2y Y Zm
2 z 2 -1/2
3Ne -1 Em D
55 sinh Y 5 " 1 +
Y Zm [~ Y Z'rn
2, 2 2.2 ~-1/2
2
_3we® | 1 - a A+ %m oyat [y 4 Y %
a2 Yzm a2 b2 b2
2, 2
z
2 TP 4 J{ + Y %m
+ a 2 a ac . (11)
2, 2 ' 32
Y 2n YZp + /1 + Y°Z,
b b

Application to Debunching

If the beam is allowed to drift for such a distance
that the final spatial extent 1s large compared to the initial
one, ba. {7) is best sulted to show the effect of the self-
forces. After dividing by the sguare of the reference mo-
mentum and performing‘the indicated integration on relation

(11), we obtain:

A 2 Ap 2
_-E — =
(p )F (p )1 (12)

é

‘ mi
2 2

éﬂgi 2 einnt Mo+ A4 ] zg - 2 sinn™7 ng
iepla)  YZn 2 a Yz,

ZmF

vhere ég has its usual meaning and the subsc¢ripts refer to

initial and final values.
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Zefore csutstituting specilic numbers Tor the AL Zinac,
1t might bhe worth pointing cut a few surprising fsatures of
Za. {12). The relation between increased momentum spread and
neam current 1s guadractic rather than linear; Z.e., if the
increase is large, it 1is provortional to the sauare root of
intensity. Furthermcre, the area of the elllipse in phase
space does not appear expllicitly, nor does its initial orien-
tation. #inally, the increase is not as sensitive to beam
radius as was indicated by A more primitive calculation.

The right hand member of Zg. (12) is given in Table I
for various values of a and zp, assuming a beam current of
100 ma at 200 eV and 200 Me, and taking b to be 4 cm or (a+l)

whlch ever is liarger. The cuantities a and z_ are expressed

m

in centimeters.

a\z, 0 1. 2. 4. 6. 3, 10.

i/2 25.7 11.3 7.2 4.1 2.8 2.2 1.8
1 12.0 7.2 4.8 2.9 2.1 1.6 1.3
i 2.1 1.6 1.4 0.96 2.75 0.62 0.48

The table can be used 1in the following way: if, for
example, é% = 1073, 2.4 = Lloem (4° at 200 Mc), 2 o 4 cm

(expansion in a drift distance of about S0 meters ), and

a = 1 cm,

cm
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One might conclude that an expansion tc a large radius
is nhelpful but, pursulng the beam farther, its radius must
spon be broupght down to ~ 1 cm to mateh the booster require-~
ments. Thus, even 1f the debuncher reduced the spread to a
negligible value, the final momentumn spread after complete
debunching in the booster weould be:

1/2
(é%) =[ 0+ 1c7%2.9 - o)] = 1.7x1073
F

Q
Another interesting example is z.3 = 2 cm (37 at 200 Me),

a = 1 en, (é%) = 1073, and no debuncher cavity. Then
i

(é%) = [(10“3)2 + 10788 - o)]l/2 = 2.4x1073,
F

which would indicate that one might do as well oy manipulat-

ing the beam in the linac as hy adding a separate cavity.

The separate cavity should be very useful at low beam cur-

rent, but the opresent analysis suggests that in the 100 ma

range 1t would only serve fo make matters not guite as bad

as they might otherwlse be.
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Application to Inter-Tank Drift Spaces

In passing from one tank to the next, the vunenh shape
in phase space 1s dlstorted even at low Intensity, which
makes it difficult to establish a criterion for the sericus-
ness of space-charge effects. We shall assume that the low
intensity distortion is not damaging, in the sense that it
gives rise to a mismateh but the effective phase-space area
is conserved. The procedure will be to compute the additional
distortion due tc space charge, find the area of an ellipse
similar to the low intensity one which encloses the actual
ellipse, and use the fractional increase in that area as a
measure of the space-charge effect. The taecit assumption is
that the present formalism, though linear, indicates the mag-
nitude of the non-linear contributions, so that the change in
area represents a real loss in quality. Incidentally, this
assumption is not inveolved in the de-bunching case because
in the process of de-bunching and re-bunching in the hooster
the Inherent cuality 1s lost and only the total momentum
spread 1s significant, irregardless of whether it arose from
linear or non-linear effects.

The ratio of the area of 2 "matched”" (in the sense de-
fined above) low intensity ellipse to the enclosed ellipse
resulting from the linearized treatment of space charge

effects can be shown to be:

q C/w = 4 + /AE -1 (14)

3
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2.2 .2 2. 2 2y
-2 (pd zg -~ Y (psc Zog M ) s (15)

in which p; and z, are the wvalues of 1< and z. after a

d

drift at zero intensity and Pse and 2z are the corresponding

sc
quantities in the presence of space charge.

These four quantitles can be obtained for arbitrary size
and crientation of the ellipse at the end of a tank by inte-
grating Eq. (%) through the drift space, first with k = 0
and then with a value of k corresponding to the actual beam
intensity. This procedure determines . Eqg. (7) then glves
P The present report will be restricted to an estimate of
the space charge effect in the approximation that the beam
leaving a tank iIs represented by an ellipse lined up with the
axis system (pmzm = W) and that the change is 2 in traversing
the drift space 1s sufficlently =small that z, may be con-

sidered constant in Za. (6). In this case, Za. (14) boils

down to:
Wew ~ W Lk(z )z,
i) AE
where L = length of drift space
AE = half width of energy spread

Table I 1llustrates the magnitude of the effect for the
AL linac according to Eaq. (16), assuming a current of

100 ma, a = 1 em, b = 4 cm, an injection phase spread of #30°
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and energy spread of #50 keV, and assuming normal damping to
obtain a phase and energy spread at the end of each tank. It
might be tempting to obtain the overall effect by multiplying
the eight E%E ratios (~2.2), tut this would he misleading
since the beam 1is generally mismatched for various reasons

and the option of zadjusting tank amplifudes and phases has

been ignored.

Table II
Drift Space Ho. Length {(m) zm(cm) %E %%K E%E
1 .22 .70 £.2 1.06
2 .60 .81 3.5 1.11
3 .75 .87 3.6 1.11
4 1.0 .89 2.9 1.13
5 1.0 .92 3.1 1.12
5 1.0 .93 3.3 1.11
r 1.0 95 3.4 1.10
8 1.0 96 3.5 1.10

Further Work

A computer program nas been written by A. _arren to
sclve the basic equation (€). Although the first integral
can be obtalned analytically [Ea. (12)}], it is inadequate to
describe what happens in the real case of driftling for a
given distance or time. It is planned fo use this program

to examine specific linac-booster configurations, and to
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investigate the tank-tco-tank drift for a variety of rossible
beam configurations. An attempt will also be made to study
pre-punching phenomena; in this case, the initial team con-
figuration on leaving the buncher is far from the idealized
2llipse assumed in this analysis, but it should ke possible
to get some idea c¢f the influence of space-charge forces on

the bunching process.



