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ADVANTAGES OF A SET OF SECOND IV\RMONIC Rl' cA-vrrrES* 

Roger Gram 1" and Phii. Morton 
Stanford Lincar {l-eccJerator CCl1~er, Stanford, C2,lifornia 

November 1, 1967 

I. INTRODUCTION 

The adcli.Uon of highcr lunmonics to the accelerating wave is not new. Allen 

and Rees at SLAC have studied the addition of a set of high harmonic· cavities cldvGl1 

by the beam to control the bunch length in electron-positron storage rings. Klaus 

at LRL considered thc addition of several higlJ8r harmonics to improve the bune:h-

ing factor. People at CERN have also sLudied the use cf both the first and higher 

harmonic cavities to accelerate thc beam in ordel' to reduce the power requirements. 

Symon at Wisconsin has investigated the use of a second harmonic in order to double 

the number of buuches. 

The purpose of this paper is to i1lYcstigate some of the advantages of including 

a separate set of rf cavities operating at twice the frequency of the main accelerating 

cavities. The results show thaL"the maximulll value of the pha.se oscillation fre-
. . 

qucncy (,) can be redllCed bctween 30 and 50\\" the bunching factor B can be in-s . 

creased by 20 to 40%, the total power can be reduced up to 40%, the variation of 

the space charge betatron frequency shift with longitudinal position is substantia ley 

reduced, and the possibility of separately controlling the phase focusing and the 

energy gain Illay be useful in treating the problem of accelerating through transi-

tion energy. 

In this paper the relative pmse between the two sets of ca vHies is always 

chosen such that the synchronous particle alTives at the main accelerating ea vities 

* Work supported by the U. S. Atomic Energy Commission. 
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when the phase of ti,e accelerating- field is <p sand arrive8 at the auxiliary 

cavities who!: the 8ecc1crating field is zero. Significant improvements may be 
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made if the relative ph:1se ang-le is varied; however, this is left [or fuiure study. 

II. NOTATION 

The notation ihai is us"cl in this report is given helo\\': 

VI V is the total peak voltage of the main cavities. 

V 2 V is the. total lwak voltage of the auxilbry ca vlties. 

CPs is the synCll1'OnOllS phase angle of the main cavities. 

h is the harmonic number of the main ea\itles. 

f is the revolution frequency. 

P is the momentum. 

17 =' p/f df/dp = (....!:.. _ 2_) 
y2 y2 

t 
Yt is the value of y at transition ellcrgy. 

:;: "(~t;';:'f,:ft::'::::~,"l mom,"wm. 

Ws is the phase oscillation frequency. 

a subscript 0 refers to the value of parameter when VI = 1.0 and V2=o.o, 

a subscript m refers to the maximum value of a parameter, and 

a subscript £ refers to the linear value of a parameter. 

The energy gain per turn for a.particle which crosses the main accelerating 

cavities at a phase angle of <p is thus given by 

(1) 
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The phase motion of a partide is dcseribecl by the following Hamiltonian: 

(
:m h(l,l) i:l + 

~
--J _ 
1 ~.' .' 2,' f ; 

~ ~'O •• 

tV (fLf) 
J 

with 

'J 
I' .,' "'i ( cO - (I)' I 
l,/-: .• ; > I I .:; .\. 

m. REDUCTION OF LINEAR SYNCrllOTRON OSCILL'i.TION FREQUENCY 

Tho linear synchrotron oscillation frequency 'J, is given by 
sx 
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(2) 

(3) 

(4) 

Thus, in order to decrease "'sf. by use of second harmonic, v 2 must be negative~ 

However there is a limit to how much \ve can decrease v
2 

before '" , becomes 
" S.t. 

imag·inary. From now on we will always assume that Vi is positive and 

1.r '> -
1 -

1T. - (5) 

so that "'sf. is always real. We sec that in principle we can always make ~£ 

go to zero. However, when "'Sf = 0 the motion is completely nonlinear, and the 

value of '" n is irrelevant, since none of the particles oscillate at this frequency. 
s~ . 

So far, nothing has been discussed as to how the voltage v 1 V and the syn-

chronolls phase 1>s must vary as the voltage v
2

V changes. In order for the 
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investigation to be lncnningru~as V 2 is varied~ it is necessary for the nlaxin1ulll 

stable phase area A (callcd the bucl;ct arc8) and the volta::;c gain per turn of 
III . 

the synclu'onous particle to be hcld constant. ·The bucket aTE:a of one of the h 

buckets is g·iVCll by 

(6) 

where I( is the maximum value for which there are two roots to the equation 
m 

F(¢) ~ KIll and the limits arc determined by F(¢l ) = F(qJ2 ) = K • The voh-m 111 m 

age gain per turn of the synchronous particle is 

r e "iF, V cO 
IS • 

(7) 

The constraints that r~~ r and A = A determine v
1

(v,,, cp ) and cp (v
2

, cp ). 
. 0 m mo "so s so 

These functions of v
2 

are shown in Figs. 1 and 2 and the con;esponding linear syn-

chrotron oscillation frequency "'Sf is shown in Fig. 3 for several different values 

o 
of cp so. Note that for angles of cp so < 30 as v 2 c1ecrea ses (becomes more 

negative) vI dscreases and cp inereasBs to satisfy the above constraints. s . 

IV. NONLINEAR SYNCHROTRON FREQUENCY BEHAVIOR 

Since the nonlinear motion of particles enclosed in the if bucket becomes 

more important as the linear frequency wsQ decreases, it is necessary to deter­

mine how the frequency W changes with particle oscillation amplitude for various s 

values of v
2

. We will characterize the amplitude of a particle by the area thit 

its phase trajectory encloses; for example·, if a particle's plk'1se trajectory en-

closes an area A, then we define its phase oscillation frequency to be "'s (A). The 
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phase oscillation frequency is g;iven by 

where 

W = s.Co ( 
'-II I, .1' .~ \1 , ,., (0 )'~ r.. ~ J \..J . 1"..-" ..... , e.G 'Do --------_._., ... 

~-L i{ f,., .l 

K is a constant that varies between zero and Km' and the limits of <1>1 and 

<P2 are given by K = F(q\) = F(cf2)' The corresponding plL'"tse area is given 

by 

The dependence of ws(A) upon the valuc of v 2 is shown in Figs. 4 through 7 

for variolls valucs of <p with again the constraints that the bucket area and . so . 

synchronous energy gain per tLU'n be held constant. Note that for small values 
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(8) 

(9) 

(10) 

of negative v
2 

the maximtUn value of W is governed by the linear value while 
. s 

for larger values of negative. v2 the maximum 'value of Ws is governed by the 

nonlinear values. Thus, while the linear value of Ws can be reduced to zero, 

there is a limit to how far the maximum values of Ws can bc reduced. At-

. tempts to further reduce the maximum value of Ws by varying the relative phase 

of the two rf systems have not been made, and it is possible that sllch attempts 

might be more successful. 
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v. INCREASE OF 13UNCITING FACTOR 

The .b'llllching factor 13 entering space charge calculations is the ratio of 

average io pcak particlc dcnsijey. The variation of B with v
2 

is siudied in 

this section. If we aSSUlne that the plmse area A within a phase trajectory is 

uniformly filled with particlcs, then the number of particles within an clement 

d¢ 

to 

is proportional to W(¢)dq,. The average particle density is proportional 

~ fWd? = ~ A and the bUl1chiJlg factor is 
21r 4r.' 

where 

W 
m 

and K is the constant used in Eq. (7). The dependence of B(A) upon v 2 is 

shown in Figs. 8 through 11 for various values of tp • For the case where so 

(10) 

(11) 

the phase space occupied by the particles is 70% of the bucket area, the bunch-

ing factor is shown as a function v2 in Fig. 12 for several values of tp so. 
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VI. TOTAL POWEll ImQUlIlliMEl\'T 
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The total amount of power reqtUl'cd by a system of rJ cavities is dependent 

upon m~my factors, and a complete description of the system mast be knO\m be­

fore definitc answcrs can be 9btainccl. However, it is still interesting to make 

some estimates of how the addition of a set of second harmonic cavities will 

cllangc the power requirements. 

The power delivered to the beam will be independent of the rf system and so 

will not change by adding additional second harmonic caviticls. 

The power losses in the ferrite and wa.lls account for the major portion of 

the POWC1' requircm ent aJld is considered here by asswning that the shunt ilUpecl-

ance per unit length is constant, independent of frcquency. If the shunt impedance 

of the first harmonic caviLy is eCJual to S, then the ShtUlt impedance of thc second 

harmonic cavity (which is o11e-half or Lh.e length of the first harmonic cavity) is 

. S equal to 2f' where f is equal to ono when the tuning range of the sccond harmonic 

cavity is equal to the tuning Hmge of tte first hal'lllonic cavity, and f « 1 for a 

narrow tlUung range of the second harmonic cavity. The total power losses can 

be written as 

p= ( Y:'i\'2. f 
f\J I ) . ,(12) 

where N1 and N2 are the munber of first and second harmonic cavities, respec­

tively, and i VI V IN!I and!v2v INzl are the peak voltages per cavity. By deIilung 

Po as the power loss for the case where VI = 1.0 and v2 ~ 0.0, we have 

( 1,./ t (13) 
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For the case where we have an equal lltllnbcr of fil'st and second harmonic 

cavities (N 1 ~ 1{2)' the power loss ratio is given by 

P /" -
I I <I 

while for the case where we ha\'e equal gap fields on both sets of cavities (the 

FN-I08 
0430 
0434 

(11) 

(15) 

voltage on a second harmonic cavity is one-half the voltage on a fiTst harmonic 
v 2 

cavitt since the gap dimensions 3.re in the ratio 0.5:1 and thus N2 = 2 :v-- N1} 
1 

the power loss ratio is given by 

(16) 

For the case \{'here the second harmonic cavityhas a narrow hilling range, the 

power loss ratio is approximately given by 

(17) 

The power requirements for these various cases are shown as a function of v 2 

in Figs. 13 thrOLlgh 16 for various values of rp • _ so 

The above treatment for power losses in the dual cavity system is by no 

means complete. For example, by removing the restriction that the auxiliary 

cavity does not-accelerate the synchronous particle, it should be possible to 
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further reduce the total power loss. Also, for the ease where the tuning range 

of the main cavity is dose to 2:1, it may be possible to usc the alLxiliary cavity 

in the laUer part of the tunillg range RS a fundamental cavity to aid ill the aeccl-

eration~ * 

Vll. VAlUATION OF BE'l'ATHON Fl1EQUENCY 
WITH LONGITUDINAL POSITION 

Since th8 var]n.tion of the space ehargc betatron frequency shift with 10ng-iLu-

dinal pOSition call introcjuee synchrobctatron l:csonances, it is desirable to reduce 

this variation. The variation of the betatron frequency arises from the fact that 

the particle density varies with longitudinal position. For the case where the 

variation of the transversc beam dimensi ons is small over the lcngth of a blmeh, 

. the VaCU\Ull chamber height is sIllall compared to the bunch lcngth, and image ef-

fects are negligible, the betatron frequency shift 61' is propoltional to the particle 

density per unit length A. If we asslime that thcphase area within a phase trajec-

tory is uniformly filled with particles, then 6v is proportional to the canonical 

momentum W. Figllre 17 shows the variation of Wand hence 6 v with longitudin~l 

posit{on for two values of v2 with ¢ = 30 0 and AlA = 0.75. The betatron fre-so mo 

queney shift 6v can also be written as 
~ 

/::.-Z) = k L 0. n v..~ ( :nr It 
(18) 

where K is a constant ar,d L the bunch length. 

*The authors woulc1like to th8llk Dr. 1\1. A. Allen for pointing out this possibility. 
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Sevcral valnes of a arc given in the table below for the two curves in Fig. 
n 

n an 

vZ/vl -- 0.0 vz7v1 - -.4 
c----- . 

0 .558 .435 

1 .232 .118 

2 .079 .073 

3 .043 .040 

4 .028 .026 
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17. 

The value of the avc,:age bci:fltron frcquc>llcy shift is rcduced by including a set 

of second har1110nic cavities, but more important(as call be seen from Fig. 17 

or by comparlng the values of aIr the variation of c'v with z is rcduced by approx­

imatcly a factor of 2. 

VIII. USE OF HIGHER HARiVlOl\'lCS 
IN ACCELEHA_TING TH110UGll TRANSITION 

The problcm of bmlCh 1cngth oscillations duc to space charge forces at transi­

tion enc-rgy ha~ been pointed Ot;t by S~renseen and Hercwardl -4 and a mcthod of 

correcting it callcd the "trip10 switch" has been proposed. The introduction of a 

highcr harmonic set of cavmes eould also be useful in correcting the bunch length 

oscillations. 

The introduction of the higher harmonic cavities, phased such that the synch;:o':' 

nous particle arrives when the voltage on these cavities is zero, can be used to 

cancel the defocllsing space charge force. For the higher harmonic cavities, let 

the harmonic number be p times the ftmd~_mental frequency and the total voltage 
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be v V. Then Eqo (301) of ltd. 4, which dcseribDs the llnear phase motion, is 
p " 

modified as given below: 

(.! I R'( F 0 d q \ r e~!. 
;!l ( h 7f~ ~!~·C ) + I 'ifi. 

where 1i=1>-<Ps 

N = total milliber of partIcles 

( .; _.' ') ,I.. » 'tr,"> ). 'I'· 
\ }It, ..... I 

2 l' is the maximlUll bnnch length for a pa.rabolic bunch 
n1ax. 

R is the radins of the accelerator 

g is a geometrical factor 
o 

t is time at transition energy o 

R is the radius of the accelerator 

(Note that in this equation ry is positive below transition and that the phase is " 

jumped only on the flmdamental eavity.) 

Thus, in order to cancel the space chargc c1efocusing, we must have 

(19) 

1J" ; 
f' 

3IT h. 3.0 £~ )~o N 
p.z V (('- R if:: "(20) 

with r the classical palticle radiuso We sce that it is inverscly proportiona.l o 

to the harmonics factor p; however, if p becomes too large, the linear approxi-

maHon for the focnsing due to the higher ha.rmonic cavities is invalid. Thus, we 

must restrict p by 

F -< 
(21) 
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We take, for example, a booster with the following paJ:funetcrs: 

-lG . r = 1. 53 x 10 em 
.' 0 

g = 2.5 
o 

N = 1 x 10
12 

E = 0.838 MeV o 

eV = 0.8 MeV· 

R= 75 m 

'" =O.3rad "'ma.x . 

p=4 
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and obtain v = 0.0358. This is a rather small voltage and should be easy to 
p 

obtain in prac:tice. 
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