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1. INTRODUCTION

The addi{ion of higher harmonics to the accelerating wave is not new, Allen
and Rees al SLAC have studied the additfion o:f a set of high harmonic cavitics dviven
by the bea in to control the bunch length in electron-positron storage rings., Klaus
at LRI considered the addition of several higher harmonics fo improve the bunch-
ing factor. People at CERN kave also studicd the use of both the first and higher
harmoenic cavities to accelerate the beam in ordexr 1;6 recuce the power rcciuirements.
Symon at Wigconsin has investigated the use of a second harmonic in order to double
the number of bunches.

The purpose of this paper is to investigate some of the advantages of including
a separate set of rf cavities operating at twice the frequency of the main aécplerating
cavities. The _reSults _show that the maximum value of the phase oscillatic_m fre-
queng:iz Ly can be reduced between 30_ and 50%, the bunching factor B can be in- -
creased by 20 to 40%, the toial power can be reduced up to 40%, the variation of
the space charge betairon frequency shift with longitudinal position is substantially
reduced, and the possibility of separately controlling the phase focusing and the
energy gain may be useful in treating the problem of accelerating through transi-
tion energy.

In this paper the relative phase between the two sets of cavities is always

chosen such that the synchronous particle arrives at the main accelerating cavities
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when the phase of the aceelerating field is qbs and arvives al the auxiliary
cavitics when the accelerating ficld is zero., Significant improvements may be

made if the relative phase angle is varicd; however, this is lefi for future study.

*

II. NOTATION
The notation that is used in this report is given below:

v,V is the tofal peak voltage of the main cavilies,

1
V2V is the total peak voltage of the auxiliary cavitics.
qﬁs is the synchronous phase angle of the mzin cavitices,
h  is the harmonic number of the main cavities.

f  is the revolution frequency.

p is the momentum.

7=p/t Afdp= (%-—lz)
vy
i

Y, 1s the value of y at transition encrgy.
E_=rest energy of particle,

i

W, s the phase oscillation frequency.

E-E .
W = (_____s_) is the canonical momentum,

a subscript o refers to the valué of pafameter when vy = 1.0 and Vzﬁ 0.0,
a subscript m refers to the maximum value of a parameter, and
a subscript ¢ refers to the Iine-ar value of a parameter.

The encrgy gain per turn for a particle which erosses the main accelerating

cavities at a phase angle of ¢ 1is thus given by

o E S '
T e\/[v. S @ ¥ Sea(g-4) | e
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'The phase motion of a particle is described by the following Hamilionian: gi ;: '
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I, REDUCTION OF LINEAR SYNCHROTRON CSCILLATION F'REQUENCY

The lincar synchrotron oscillation frequency ¢, is given b
; quency i & b

A h—F";eV)"a s

&LJEJ: = “"’“““;""""‘ e . FH( (F )
- WY E, J
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by use of second harmonic, v, must be negative.

Thus, in order to decrease Wy
before A becomes
24

However there is a limit to how much we can decrease vy

imaginary. From now on we will always assume that vy is positive and

v, - L "
2 5 o T -, 6)

so that Wey is always real. We see that in principle we can always make W,
go to zero. However, when Wep = 0 the motion is completely nonlinear, and the
value of Wep is irrelevant, since none of the particles oscillate at this frequency
So far, nothing has been discussed as ;:0 how the voltage Vi

V changes. In order for the

V and the syn-

chronous phase must vary as the voltage v
5 ° 2
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investigation to be mcnning[uljas Vv, Is varied, it is necessary for the maximum

2
stable phase areca Am (called the buckel area) and the voltage gain per turn of
the synchroéncus pariicle to be held constant, The buclket area of onc of the h

buckets is given by

where Km ig the maximum value for which there are two roots to the equation

F(¢) = K| and the limits are determined by F(¢ 1m) = F@op ) =K, - The voli-

age gain per turn of the synchronous particle is

F - E v { V S/,'/?’t« ('[6_’5 P
o )

The constraints that [ = ]S and Am = Amo deternnng vl(vz, ¢SO) and qbs(vz, qbso).

These functions of v, are shown in Figs. 1 and 2 aund the corresponding linear syn-

2
chrotron oscillation frequency Wep
o

of 4)80 . Note that for angles of Peo < 307 as v

is shown in Fig. 3 for severzl different values
9 decreases (becomes more

negalive) vy Azcreases and ¢S increases to satisfy the above constraints.

IV. NONLINEAR SYNCHROTRON FREQUENCY BEHAVIOR
Since the nonlinear motion of particles enclosed in the rf bucket becomes

more important as the linear frequency Wy decreases, it is necessary to deter-

i
mine how the frequency 28 changes with particle oscillation amplitude for various
values of v2 . We will characterize the amplitude of a particle by the area that
its phase trajectory encloses; for example',- if a particle's phase trajectory en-

closes an area A, then we define its phase oscillation frequency to be ws(A). The

-4 -
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phase oscillation {requency is given by

i e G S |
G =g, Tf \ "C—,”gf § \ T | -

TSN
7

{
¢ ¥V K-F
where l
A fﬁ /
ah peVos G170
Ysto ™ F ( T ()
| %L ke Er) .

K is a constant that varies belween zevo and. Km’ and the Jimits of @1 and
¢, are given by K= F(dy) = F(¢>2) . The 003:1'é5pc)11ding phase area is given
by

5 ) Ui
E) -tlf {: ¥/ E f:’}- !n’- uw.:.a.m‘-?‘-'-"""\

B LN S L rray o _
A : Q._ 7 H? | J K- F('—P') - (10)

The dependence of ws'(A) upon the value of A\ is shown in Tigs. 4 through 7
for various values of b0 with again the constraints that the bucket area and
synchronous energy gain per turn be held constant, Note that for small values

of negative v ‘the maximum value of W is governed by the lincar value while

2

T T value cgati cimy ) is g n ’
for larger values of negative v, the maximum valuc of . is gover ed by the

2
 nonlinear values. Thus, while the linear value of Wy can be reduced to zero,
there is a limit to how far the maximum values of W, can be reduced. At-
‘templs to further reduce the maximum value of Wy by varying the relative phase

of the two rf systems have not been made, and it is possible that such attempts

might be more successful,
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V. INCREASLE OF BUNCHING FACTOR.

The bumching factor B entering space charge calculations is the ratio of
average to peak particle densily. The variation of B with Vo is sfudied in
this scction., If we assuine that the phase area A wilhin a phase trajectory is

uniformly filled with particlcs, then the nmunber of particles within an element

d¢ is proporiional to W(¢ydg. The average particle density is proportional

1 , 1 - .
— A7 - “ - dipmon
to 5 Wwdo in A, and ithe bunching factor is
A _ : :
B=gmr— 0 (19)
: 4nWm _
where
2 '
ByeVE, | - |
W_=f{—— K-F( ):I ) (1Y)
m Fhn [ 5 | .

and K is the constant used in Eq. (7). The dependence of B(A) ubou vy is
shown in Figs. 8 through 11 for various values of ‘*bso' For the case where
the phase space occupied by the particles is 70% of the bucket area, the bunch-

ing factor is shown as a function v, in Fig. 12 for several values of b0

2
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VI. TOTAL POWER REQUIREMENT 0434

The totui amount of power requirved by a system of rf cavitics iis dependent
upon many factors, and a complete description of the system must be known be-
fore def-inite answers can be obtained. However, it is slill interesting to make
some estimates of how the addifion of a set of second harmonice cavities will
change the power requirements.

The power delivered to the !_mam will be indapendent of the xf gsystem and so
will not change by adding additional sccond harmoenic cavities.

The power losses in the ferrite and walls accowtt for the .m.ajor poriion of
the power requirement and is considered here by assuming that the shunt imped-
ance per unit length is constant, independent of frequency. If the shunt impedance
of the first harmonic cavity is equal to 8, then the shunt impedance of the second
havmonic cavity (which is one-half of the length of the fivst havmonic cavity) is
équal to —2-S-T , where f is egual Lo one wﬁen the tunjbng range of the second harmonic
cavity is equal to the tuning range of the first harmonic cavily, and f < 1 fora
narrow tuning range of the second harmonic caﬁty. The total power losses can

be written as )
N, ( Y -)2' Hz {2V ¢

P=w it s V)

where Nl and N2 are the number of first and second harmonic cavities, respe-c—
~ tively, and i\er/N ll a.ndlvzv /N 2{ are the peak voltages per cavity. By defining

Po as the power loss for the case where v. = 1.0 and Vg = 0.0, we have

1

F/}oo - (’D’,z + A i}%};“ ’b’": ) .(13)
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For the case where we have an equal number of {irst and second harmonic
cavitics (Nl = N2)= the power loss ratio is given by
’ 1 4 f | '
. :}" .y -

while for the case where we have equal gap ficlds on both sets of cavities (the

voltage on a second harmonic cavity is onc-half {he vollage on a first harmonic
v

caviyy, since the gap dimensions are in the ratio 0.5:1 and thus N2 =2 v I\zl},

the power loss ratio is given by
SRV r _ ' :
/ - np ‘.i g Iq’p P | .
o - & P Ve
/P, _( ! i A - : (16)
For the case where the second harmonic cavity has 2 narrow tuning range, the
power loss ratio is approximately given by
P . ) z . B -
ty - e .
VA AL IR T 17)
The power requirements for these various cases are shown as a function of Vo
in Figs. 13 through 16 for various values of ¢so'
The above treatment for power losses in the dual cavity system is by no

means complete. For example, by removing the restriction that the auxiliary

cavity does not-accelerate the synchronous particle, it should be possible to

-8 -
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further reduce the tofal power loss. Also, for the case where the tuning range
of the main cavily is close {o 2:1, it may be possible to u;;e_the aw;i].iary cavity
in the latter part of the tuning range as a { undﬁmcntal cavily to aid in the accel-
c-:ratiomié; .
- V. VARIATION OF BETATRON FREQUENCY
WITH LONGITUDINAL POSITION
Since the variation of the space charge betatron frequency shift wilth longitu-
dinal position can introduce synchrobetatron resonances, it is desirvable fo reduce
this variation. The variation of the betatron fr‘equcncy arises from the fa;t {thal
the particle density varies with longitudinal positien. For the case where fhe
.variation of the transverse beam dimemaioné is small over the length of a bunch,
. the vacuum chamber height is sraall comparéd to the bunch length, gnﬁ image ef-
fects are hegli@‘_ble, the betatron frequeﬁcy shift Ar is proportional to the particle
density per unif length A. ¥ we assume thaf the phase area within a phase trajec-
tory is uniformly filled with particles, then Ay is proportional to the canonical
momentuun W, TFigure 17 shows the variation of W and hence Ay with longii;;ldingl
position for tw_o values of vy with ¢ =30°and A/Amo =0.75. The betat.rc-m- fre-

guency shift Ay can also bz written as
o)

AD= K 7. Cop (_,%(:Hrn 3/'_ ‘}'o{n)

nsd a8 |

.where K is a constant and L the bunch length,

*The authors would like to thank Dr. M. A. Allen for pointing outl this possibility.
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Several values of a_ are given in the table below for the two curves in ¥Fig. 17.

n n |
Vo/v, = 0.0 Vo /vy = =45

0 558 .435

1 . 232 .118

2 - 079 | . 073

8 . 043 . 040

4 o8 _ . 026

Thé value of the average betatron freguency shift is reduced by including a set
~ of second harmonic cavilies, buﬁ more imporiant fas can be s-een from ¥ig, 17
or by compavring the values of al? the variation of Ay with z is reduced by approx-
imately a factor of 2.
VHI. USE OF HIGHER HARMONICS
IN ACCELERATING THROUGH TRANSITION

The prc_nbiem of bunch lengih oscillations due to sps.cé charge forces at transi-
tion ene.rgy h?s beeﬁ pointed OL:lt by Sgrenseen and Herewardl -4 and a method of
Qorrecting 1L called the "triple évzifch" has been proposed. The introduction_.- of a '
higher harmonic sel of cavities could also be useful in correcting the bunch length
oscillations. . | | — | )

The introduction of the higher harmonic cavities, phased such that the syx-mhro.—'
nous parl;iclé érrivés when the voltage on these cavi.ties is zero, can be used to

cancel the defocusing space charge force. ¥or the higher harmonic cavities, let

the harmonic number be p times the fundaraental frequency and the total voltage

-10 -
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be v V. Then Ed. (3.1) of Ref. 4, which deseribes the lincar phase motion, is
p .

modified as given below:

- T v/
d / RYE, o!L!'-: \ fﬁi,‘ (g N "_;,') TR
( rg [ -i % i3 } 1

- —— s & ( |
') o ) ¥ Pl e, eyl ve" ) R
ce N plr du I 2 b o A _‘
et ta] .“2 F “ -y
Sh o oh ' 19
= L \ (o | - 49
TN
:)\ \{') i (f ‘1'./", v }

where ¢ =¢ - ¢
N = total nwmber of particles
2},'r§nm is the maximum bunch length for a parabolic bunch
R is the radius of the accelerator
o is a geometrical factor
to is time at {ransition energy
R is the radius of the accelerator

(Note that in this equaﬁon n is positive below transition and that the phase is

jumped only on the fundamental cavity.“)

Thus, in order to cancel the space charge defocusing, we must have

37 h 9o E, vy N

N — _ . : L
P PeVX*R 4> (20)

with r, the classical particle radius. We sce that it is inversely proportional
to the harmonics factor p; however, if p becomes too large, the linear approxi-
mation for the focusing due to the higher harmonic cavities is invalid. Thus, we

must restrict p by

)

< ; .
F A fmas (21)

-11 -
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We {ake, for example, 2 booster wilh the {ollowing parameters:
h=84 eV = 0,8 MoV - -
PR 53 x 10710 cm v =7
g0=205 ' R=75n1
N—fiylﬂl?‘ = 0,3 rad
ST ‘ Prnay T 008 1ad
EO = 0.938 NV p=4.

and obtain vp = 0,0358, This is a rather small voltage and shovld be easy to

oblain in practice.
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